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From knots to crystals: Machine-learned potentials for self-assembling topological
solitons in liquid crystals
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Knotted fields in classical and quantum systems have long been recognized for their nontrivial topologies
and particlelike behavior, but practical applications have been limited by the difficulty of stabilizing them.
Recently, stable knotted solitonic textures—heliknotons—were discovered in chiral liquid crystals, forming
adaptive crystal assemblies via elastic distortion-mediated interactions. We use machine learning to develop
single-site coarse-grained potentials that accurately capture these chiral anisotropic effective interactions. The
resulting potentials accurately reproduce experimentally observed heliknoton assemblies and enable simulations
at length scales and timescales far beyond the range of fine-grained continuum models. This general framework
is readily transferable to other topological solitons, providing a powerful route to understand, predict, and

ultimately control their collective behavior and dynamics.

DOI: 10.1103/fbx1-n36k

I. INTRODUCTION

In the 19th century, Gauss and Kelvin proposed that knots
within fields could behave like particles, even representing
atoms [1-3]. Although this early model did not describe actual
atoms, it played a pivotal role in the emergence of mathemat-
ical knot theory. Skyrme and others extended this perspective
by modeling subatomic particles as topological solitons [2—4],
while knotted field structures also emerged in classical and
quantum field theories, fluid mechanics, particle physics,
and cosmology [2—-11]. Singular vortex lines and topological
solitons were identified as particlelike building blocks in su-
perconductors, magnets, and liquid crystals [12—14]. Yet these
knotted structures were long considered as isolated objects,
often appearing as energetically unstable or metastable tran-
sient features [7-9,15-18], rather than particlelike building
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blocks able to self-assemble into extended crystals necessary
for them to behave as ordered metamatter. Realizing such
behavior requires both the stability of the topological build-
ing blocks and precise control over the interactions between
them.

Chiral liquid crystals (CLCs) host a multitude of topo-
logical structures, including skyrmions, torons, hopfions, and
mobiusons, stabilized by the medium’s intrinsic chirality
[19-28]. Notably, heliknotons—Hopf solitons embedded in
a helical background, or equivalently vortex knots in the
immaterial helical axis field—exhibit particlelike behavior
such as Brownian motion and hierarchical self-organization
into crystalline structures [26,27]. This behavior overcomes
key barriers to forming ordered assemblies of solitonic meta-
matter. Unlike atomic, molecular, or colloidal crystals, the
symmetry of heliknoton lattices can be tuned by small ex-
perimental adjustments [26,27,29], making them promising
platforms for metamaterial designs, information storage, un-
conventional computing, light modulation, and photonics.
Understanding how such assemblies emerge and respond to
perturbations naturally raises the question of what effective
forces govern heliknoton interactions.

The forces at play manifest as strongly anisotropic in-
teractions, with pair potentials tunable from attractive to
repulsive, spanning tens to thousands of kg7, arising from
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long-range perturbations of the surrounding helical fields [26].
Although these broad features are well established, the de-
sign principles of how to use these effective interactions to
control resulting collective behavior remain elusive. Mod-
eling these systems is challenging because the solitons are
highly sensitive to small variations in material constants,
applied fields, geometry, and boundary conditions. This chal-
lenge is further compounded by the highly deformable nature
of the underlying field configurations, particularly at higher
soliton densities. Previous studies have primarily relied on
fine-grained (FG) simulations [26,27] and collective-variable
models to describe the dynamics of individual solitonic ob-
jects [30-32]. Particlelike descriptions are appealing as they
provide a tractable framework for studying collective phe-
nomena. Existing approaches include iterative Boltzmann
inversion [33] or simplified models based on exponentials,
Gaussians [34,35], or elastic multipoles [36]. While these
methods capture the qualitative aspects of soliton dynamics
and interactions, they either assume rigid textures, limiting
the insights into potential reconfigurability by external stim-
uli, or generalize poorly to strongly anisotropic or chiral
interactions.

In this work, we employ a machine learning (ML) approach
to develop effective coarse-grained (CG) potentials for model-
ing solitonic interactions and self-assembly, using heliknotons
in CLCs as a prototype. Our results show that helikno-
tons behave as quasiparticles that self-organize into complex
two-dimensional (2D) and three-dimensional (3D) crystal
structures, closely matching experimental observations. This
demonstrates the power of our approach for modeling large
systems of heliknotons in silico, which would be prohibitively
expensive using fine-grained methods. More specifically, it
provides a quantitative, particlelike description of topological
solitons with deformable field configurations and strongly
anisotropic interactions. Our framework is generic and can
be extended to other classes of topological solitons, enabling
the understanding, prediction, and control of their collective
behavior and dynamics, and opening opportunities for the
design of topological metamaterials.

II. RESULTS

To quantify heliknoton interactions, we first compute pair-
interaction energies for a range of configurations using FG
simulations based on the Frank-Oseen free-energy functional,
which captures the elastic cost of distortions in the nematic
director field within a confined cholesteric medium. These
energies are then used to train a CG model in which each
heliknoton is represented as an effective particle defined by
its geometric center and orientation, as illustrated in Fig. 1.
The interaction potential is expressed as a linear expansion in
symmetry functions that are descriptors of the local structure,
following Ref. [37], with parameters optimized to reproduce
the FG energies. In particular, the orientational dependence
is represented using S functions that form a complete basis
set capable of capturing arbitrary angular variations [38,39].
This representation is fully differentiable and thus provides
direct access to forces and torques, thereby enabling efficient
dynamical simulations. A concise description of the construc-
tion is provided in the Appendix, while a detailed account can

FIG. 1. Cross sections through the horizontal midplane showing
(a) the heliknoton’s director field n(r) and (b) the helical field x(r).
The nonpolar n(r) can be smoothly vectorized without introducing
singularities, as illustrated by the color scheme based on the two-
sphere order parameter space of vectorized n(r). The linked loops
in panel (a) correspond to preimages of vertical orientations in this
vectorized n(r) field. In panel (b), the light red tube shows singular
regions in the nonpolar yx(r) field, forming a trefoil knot; orienta-
tions of x(r) are represented by a colored sphere with diametrically
opposite points identified. (c¢) Schematic of the position and orien-
tation coordinates used in the coarse-grained model of heliknoton
pair interactions. The gray isosurfaces surrounding the preimages
and vortex knots highlight localized regions where x(r) exhibits
significant deviations from its uniform far-field background.

be found in Ref. [37]. The FG simulations were performed
using elastic constants chosen to match those of the exper-
imental liquid crystal mixtures LC-1 and LC-2 reported in
Refs. [26,40] (see Table I in the Appendix).

We validate our ML model on thin LC cells, where heli-
knotons are effectively localized near the horizontal midplane
for cell thicknesses d < 3p and large electric fields [26]. In
this case, the heliknoton pair interactions are only a func-
tion of their in-plane separation Ax, Ay, as they share a
common orientation that is a function of their z coordinates
(see the Appendix). Figure 2(a) shows the two-dimensional
pair-interaction potential of heliknotons in the LC-1 mix-
ture, for cell thickness d = 3p and applied voltage U =
2.2 V. At separations r = \/Ax? + Ay? > 5p, the interac-
tions decay to zero. Even in the simplest case of 2D confine-
ment, the pair interactions between heliknotons are strongly
anisotropic. Figure 2(b) shows the radial profiles of the in-
teraction potential along different 6 = tan~'(Ay/Ax). The
CG model @ (lines) accurately reproduces the anisotropic FG
interaction potential AF (symbols), with a root-mean-squared
error (RMSE) of 3.9kgT (T = 293 K), much smaller than the
total interaction-strength range (~6000kgT).

Figure 2(c) shows the convergence of the training error as a
function of the number of terms N, used in the CG model. As
shown by the parity plot in the inset (N; = 32), we obtain ex-
cellent agreement between the model predictions (®) and the
pair potential (AF’) sampled from FG simulations. Using the
trained CG potential ®, we then simulate the self-assembly
of heliknotons via Monte Carlo (MC) simulations [41-43]
(see the Appendix). Figure 2(d) shows snapshots of the heli-
knoton assemblies at successive stages of the simulation. The
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FIG. 2. Results for LC-1,d = 3p, and U = 2.2 V: (a) Pair-interaction potential of heliknotons confined to the horizontal midplane of the
LC cell, obtained from FG simulations, shown as a color map. (b) Radial profiles of the FG pair potential AF' (symbols) compared with the
CG model @ (lines) along different angles 6§ = tan~!(Ay/Ax). (c) Convergence of training errors as a function of the number of terms N, in
the CG model. The inset shows the parity plot comparing the sampled potential AF with the trained CG model ®. (d) Heliknoton assemblies
at successive stages of a Monte Carlo simulation using the CG model; the black symbols represent heliknoton cores and time is measured in
MC sweeps (MCS). (e) Horizontal cross sections of n(r) at different heights within a unit cell from FG simulations; the color spheres indicate

the local orientations of n(r).

resulting structure that self-assembled in our simulations is a
rhombic crystal with a centered rectangular unit cell, in close
agreement with the experimental observations [26]. Although
the apparent self-assembled lattice of particlelike solitons is
rectangular, the crystal retains the chirality of the underlying
chiral nematic host medium and heliknoton textures, as evi-
dent from Fig. 2(e), which show horizontal sections of n(r)
obtained from FG simulations of a unit cell.

Subsequently, we test our ML approach to capture small
changes in experimental conditions by training the models on
data from FG simulations in the LC-2 mixture (d = 2p) at
electric field strengths of 3.3 and 4.2 V. We first perform MC
simulations using the CG potential at 3.3 V, to identify the
crystal lattice self-assembled by the heliknotons. Initializing
a crystallite in this state [Fig. 3(a), left], we then switch the
interaction potential to that at 4.2 V and observe its expan-
sion [Fig. 3(a), right]. FG simulations using the Frank-Oseen
functional [Fig. 3(b)] yield slightly different lattice constants,
likely reflecting the absence of many-body interactions in the
CG model. To test this, we compare the three-body energy
AF;j of a heliknoton triplet (i, j, k) arranged in an equilat-
eral triangle of length r versus the sum of pairwise energies
AF;j, AFj;, AFy in Fig. 3(c). For separations r > 2.5p, we
observe good agreement between the full three-body poten-
tial and the sum of two-body terms. At smaller separations,
although the pairwise sum underestimates the total interaction
energy, the qualitative behavior is still successfully captured.
Nonetheless, the CG simulations are highly efficient, complet-
ing in about 2.7 h on four Intel i9-13900 CPU cores, compared
to 28.1 h for the FG simulations on an Nvidia RTX A4000
GPU.

Because the pair potentials obtained from our ML model
are functions of heliknoton separation and orientation, we can
straightforwardly compute the resulting forces and torques
acting on the heliknotons and simulate their dynamics. We
demonstrate this for a pair of heliknotons initially separated
by 2.4p along the y axis, a configuration where both forces and
torques are close to zero. Figure 3(d) shows a one-dimensional
section of the machine-learned pair potential along the y
axis for two different voltages U =1.25 and 1.6 V, at a
cell thickness d = 2p in LC-1 (solid lines), together with
the corresponding experimentally obtained pair potentials at
U =1 and 1.4 V (symbols) from Ref. [26]. Figure 3(e) shows
the time evolution of the separation distance of the helikno-
tons obtained from Brownian dynamics simulations (see the
Appendix) using the ML potentials, rescaled to match the
experimental data, as discussed below.

It may be noted that although the well depths are roughly
matched, the simulation voltages are about 0.25 V higher
than in the experiments, and the positions of the minima and
maxima are shifted by about 10%. This small discrepancy is,
however, not a limitation of the ML method, as the RMSE of
the ML potentials are only ~0.2% of the total pair-interaction
range sampled from the FG simulations. Rather, it arises
from simplifications employed in the Frank-Oseen calcula-
tions used to sample the interaction potential, in particular, the
omission of the electrostatic nonlocal field effects (related to
rather large dielectric anisotropy of the liquid crystal medium)
and the saddle-splay (K»4) contributions. Although there is
room to improve the fine-grained simulations, this lies beyond
the scope of the present work. Nevertheless, when the dy-
namical trajectories from simulations are rescaled to account
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FIG. 3. (a)—(c) Results for LC-2, d = 2p: (a) Electrostriction of a heliknoton crystal obtained from MC simulations, following a voltage
change from U = 3.3 to 4.2 V. (b) Corresponding horizontal sections of the director field obtained from FG simulations following the voltage
change. (c) Comparison of three-body energies vs the sum of pairwise energies from FG simulations. (d), (e) Results for LC-1, d = 2p:
(d) Heliknoton pair potentials from experiments (symbols) compared to the one-dimensional section of the CG potentials obtained from
simulations (lines). (e) Time evolution of heliknoton pair separation obtained in experiments compared to simulations. The simulation data
have been scaled to fit the experiments. The experimental data are from Ref. [26].

for the shifts in the potential mentioned above, we find good
agreement with the experimentally observed structures and
dynamics.

We next consider the experimentally realized case in which
heliknotons form a stretched kagome lattice with staggered
z positions (LC-1, d =3p, U = 1.7 V) [26]. In our simula-
tions, this configuration is obtained at U = 2.08 V. In this
setting, it is also necessary to sample the energy of a single
heliknoton as a function of its z position, since individual
heliknotons interact with the LC cell surfaces. The z po-
tential shown in Fig. 4(a) exhibits a wide minimum around
the vertical midsection (1.5p) of the cell. Figure 4(b) shows
the three-dimensional heliknoton pair potential for separation
distances 1.75p and 2.25p, as color maps on spherical shells
truncated by the sampled vertical range, whereas Fig. 4(c)
presents the corresponding horizontal sections of the potential
at different vertical separations Az. The twist observed in
Figs. 4(b) and 4(c) clearly shows that the interactions are not
only anisotropic but also chiral.

MC simulations using the CG model confirm the stability
of the stretched kagome crystal with staggered z positions
[top panel, Fig. 4(d)], as observed experimentally [26], when
initialized in this configuration. The opposite-handed config-
uration, with the z positions swapped, is higher in energy
by about 330kg7 and unstable. Self-assembly from a dilute
gas, however, produces rhombic crystals, with the heliknotons
either near the horizontal midplane or adopting staggered z
positions [bottom panel, Fig. 4(d)], the latter being lowest in
energy. The discrepancy with experiments likely arises from
simplifications in the FG simulations, as already discussed in
the context of Fig. 3. The ML-derived potential reproduces the

pair-interaction landscape sampled using the FG simulations
with an error of only ~0.2%.

Our method is not limited to 2D systems and is suf-
ficiently general, capable of simulating 3D crystals. Fig-
ure 5(a) shows the z dependence of the potential experienced
by a single heliknoton at U =3.8 V for a cell thick-
ness of 6p in LC-1. The z potential exhibits sinusoidal
oscillations with a period of 0.25p with large barriers
appearing as the heliknoton approaches the top or bot-
tom surfaces of the cell. We fit this potential using a
combination of sinusoidal terms and even polynomials
in z.

In Fig. 5(b), we show the corresponding 3D interaction
potential of heliknoton pairs at two separation distances r =
1.75p and 2.25p, with the interaction strength represented
by a color map. This corresponds to a total z-displacement
range of 3.5p and 4.5 p, respectively, giving rise to pronounced
chiral features in the pair interactions that depend on the
z separation of the heliknotons. Although more challenging
than the earlier cases, the ML model nevertheless converges
with the inclusion of additional terms, reaching an RMSE
of ~13.7kgT for a model with N; = 128 terms, as shown in
Fig. 5(c). This corresponds to an error of less than 0.25% of
the total interaction-strength range.

MC simulations using the trained CG potential & first
lead to the self-assembly of monolayers of heliknotons into
rhombic crystals, which, when guided together as done in
experiments [26], form triclinic crystals. In the triclinic crys-
tal, the heliknotons are coaligned, as seen in Fig. 5(e), with
a vertical separation of ~2p, qualitatively matching the ex-
perimental observations [26], despite the simplifications used
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FIG. 4. Results for LC-1,d = 3p and U = 2.08 V: (a) z dependence of the potential experienced by an individual heliknoton. (b) Three-
dimensional heliknoton pair potential shown for separation distances 1.75p and 2.25p, shown as color maps on spherical shells truncated by
the sampled vertical range. (c) Horizontal sections of the pair potential at different vertical separations Az. (d) Snapshots from MC simulations
showing the stability of a stretched kagome crystal (top) and self-assembly into rhombic crystals (bottom); colors represent the z position of
the heliknotons. The insets show the two observed rhombic crystals (not unit cells) along with the corresponding energy per heliknoton.

to generate the training data. Interestingly, inspection reveals To demonstrate how the ML-based CG model improves
that the model contains the S function (dot-product) pairs search efficiency, we present an example where a simple
Xy -P1)Xy-#y) and (Y -75)(Yy - P17), which, although cycling of the applied voltage reconfigures a heliknoton as-
achiral by themselves, inherit chirality due to the coupling of =~ sembly. Figure 6(a) shows the two-dimensional pair potential
X and Y, ; with the helical background (see Fig. 7 in the = of heliknotons in LC-2, for cell thickness d = 2p at applied
Appendix), via a sinusoidal (odd) contribution in the vertical voltages U = 4 and 4.5 V. We observe a substantial change

separation of heliknotons. in the anisotropy of the interactions, with increased energy
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FIG. 5. Results for LC-1, d = 6p, U = 3.8 V: (a) z dependence of the potential experienced by an individual heliknoton. (b) Three-
dimensional heliknoton pair potential for separation distances 1.75p and 2.25p, shown as color maps on spherical shells. (c) Convergence
of training errors with the number of terms N, in the CG model. The inset shows the parity plot comparing the sampled potential AF with
the trained CG model ®. (d) Snapshots from MC simulations showing the 3D assembly obtained using the ML potential ¢ along with the
corresponding energy per heliknoton; colors represent the z position of the heliknotons. (e) Visualization of the unit cell of the triclinic crystal
obtained from simulations using the ML potential. x, is the far-field helical axis.
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plots comparing the interpolated potentials (®) vs the ground truth from the FG simulations (AF') along with the RMS errors.

barriers. When allowed to self-assemble at 4.5 V, the helikno-
tons form a rhombic crystal [top panel, Fig. 6(b)]. Cycling the
voltage from 4.5 down to 4 V and back drives the heliknotons
into a stable rectangular lattice [middle and bottom panels of
Fig. 6(b)], highlighting how the ML-based CG model enables
rapid exploration of assembly pathways that would be com-
putationally prohibitive with fine-grained simulations.
Crucially, our method is not limited to the discrete voltages
at which the CG models are trained, but enables interpola-
tion across voltage values. Given the CG potentials trained
at a set of voltages {U}, expressed as ®; =}, w,?i Gy,
where w,?,_ and Gy, are the coefficients and symmetry func-
tions at U;, we construct a voltage-dependent model: ®(U) =
2_i 2k Wk (U)Gy,. The voltage-dependent weights wy, (U)
satisfy wy, (U;) = w,?l_ and can be interpolated using standard
methods, provided the training voltages U; are sufficiently
close. As an example, we use cubic spline interpolations of
the weights wy,(U) to estimate interaction potentials at 3.45,
3.75, and 4.05 V from CG models trained at 3.3, 3.6, 3.9, and
4.2 V, each containing Ny = 32 terms, giving a total of 128
terms in the interpolated model, for LC-2 cells with thickness
d = 2p. As shown in Fig. 6(c), the interpolated potentials
(dash-dotted lines) accurately reproduce the radial and angu-
lar dependence of the interactions observed in FG simulations
(symbols) across the entire interpolation range. Figure 6(d)
compares the interpolated potentials (®) against the ground

truth (AF) obtained from FG simulations. The errors range
from about 17 to 100kgT, which are relatively small com-
pared to the interaction scale of ~10*kgT. This framework
can be further extended to interpolate over material constants,
enabling efficient exploration of a broader parameter space
without retraining the CG potentials.

III. DISCUSSION

In summary, our work establishes a general framework
for modeling topological solitons as quasiparticles described
solely by their geometric centers and orientations. By
constructing machine-learned coarse-grained potentials, we
demonstrate the self-assembly of heliknotons into complex
closed and open crystal lattices, in qualitative agreement with
experiments. This approach enables dynamical simulations
over length scales and timescales far beyond the reach of
fine-grained continuum methods. Importantly, because the
model uses particle-centered descriptors of local structure
as regressors in a linear framework, the resulting interac-
tion potentials remain physically interpretable, in contrast
to typical black-box machine-learning approaches. Remark-
ably, this representation and approach remain accurate even
when the heliknoton textures are highly deformed, as in
the dense assemblies considered here. Although this regime
involves many-body interactions, our results show that a
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pair-interaction-level representation can nevertheless capture
the essential physics despite the complex underlying field
configurations.

This framework can also be extended to interpolate
interaction potentials across system parameters, enabling ef-
ficient exploration of large material and control-parameter
spaces, as demonstrated in our voltage-dependent analysis.
Such capabilities open the possibility of systematically dis-
covering collective phases and reconfiguration pathways in
assemblies of topological solitons. More generally, the pre-
sented framework is readily transferable to other topological
textures across a wide range of nonlinear and topological sys-
tems, opening opportunities to investigate collective behavior,
phase transitions, and programmable self-assembly in systems
ranging from soft condensed matter to magnetic and quan-
tum materials that host particlelike topological excitations
[27,44-49].

The use of our computational approach may aid in the
design of light-matter interactions and photonic crystals and
optical metamaterials based on topological solitons [50,51].
Since the crystalline and other self-assemblies of particlelike
topological solitons can be accurately predicted for a vast
parameter space corresponding to different materials, confine-
ment, surface boundary conditions and applied fields, these
predictions can be used to enable steering and localization
of laser light by topological solitonic meta-atoms, which may
find technological utility in wide-angle beam steering, optical
energy storage, and electro-optic applications. While chiral
nematic and blue phases are known to be capable of acting as,
respectively, one-dimensional and three-dimensional photonic
crystals [51], the computationally guided self-assembly of
various crystalline lattices of heliknotons and other topolog-
ical solitons may allow for new forms of self-assembled and
highly reconfigurable photonic metamaterials, including for
the visible spectral range when lattice parameters of solitonic
crystals can be brought to the submicrometer range.

From a more fundamental perspective, the facile learning
of how topological solitons and knotted vortices self-organize
into crystalline arrays may provide computational and experi-
mental insights into vortex knot reconnections and topological
invariant transformations during various knot fusion and fis-
sion processes that can occur within crystalline arrays [9,29],
potentially providing pure and applied mathematics inspira-
tions.
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APPENDIX: METHODS

1. Frank-Oseen free-energy calculations

The interaction energies of heliknoton pairs are obtained
from fine-grained simulations based on the Frank-Oseen
free-energy functional, which describes the energetic cost of
spatial deformations of the nematic director field n(r):

K K 21 7?
Fbulk=/d3r w2+ 2. v+ =
2 2 p

+%[n x (Vx> — GOZAG(E ‘n>2},

(AD)

where Ki;, Ky, and K33 are the Frank elastic moduli asso-
ciated with splay, twist, and bend deformations, respectively,
p is the cholesteric pitch, €, is the vacuum permittivity, and
A€ is the dielectric anisotropy. We neglect the contribution
of saddle-splay (K34) deformations, as no singular defects are
present in our system, the surface boundary conditions exhibit
strong anchoring, and prior work has shown that including the
K>4 term does not significantly affect the results in such cases
[26,50].
The surface anchoring energy follows the Rapini-Papoular
form [53]:
2 W 2
Furface = — [ d r?(" 1), (A2)
where W is the anchoring strength and ny =y is the easy axis,
corresponding to unidirectional planar anchoring. We employ
periodic boundary conditions along the x and y directions.
The free-energy functional is numerically minimized using
a variational relaxation routine employing second-order finite
differences. At each step, n(r) is updated as n™% = n9'4 —
aAt[F],,, where [F],, is the functional derivative of F' with

TABLE 1. Material parameters of the LC mixtures used in the
Frank-Oseen calculations.

Mixture Ky (pN) K (pN) K33 (pN) Ae
LC-1 6.4 3 10 13.8
LC-2 14.1 6.7 15.5 34
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FIG. 7. The S function pairs that contribute to the chirality of
the CG model, visualized as color maps on the unit sphere defined
by 7 1J-

respect to the component n; [40], and At = Ah?/[2 max(K)]
is the maximum stable time step, where A/ is the computa-
tional grid spacing and max(K) is the largest elastic constant
[25], and O < o < 1 is a reduced relaxation rate. n(r) is nor-
malized after each update.

We initialize a pair of heliknotons (/,J) at a prescribed
separation vector r;; = (Ax, Ay, Az), followed by numerical
minimization of the free energy. The pair-interaction potential
is then computed as

AF = F, — 2F, + F, (A3)

where F; is the free energy (FE) of the relaxed dimer config-
uration, F is the free energy of a single isolated heliknoton,
and Fj is the free energy of the uniform cholesteric state. Sim-
ulations were performed for the liquid crystal mixtures LC-1
and LC-2 studied in Ref. [26], with the material parameters
listed in Table I, and with helical pitch p = 5 um and surface
anchoring strength W = 10~ J/m?.

In our simulations, both the external field E and the far-
field helical axis yx, were aligned along the z direction and
nonlocal field effects were excluded. The simulation volume
was discretized into a computational grid with 32 points per
pitch p, per axis. The x and y dimensions of the simulation cell
were taken sufficiently large (L > 12p) to minimize interac-
tions with the periodic images. For a given set of parameters,
a single heliknoton is first generated using an ansatz [29,54]
and relaxed for 64 000 steps at a relaxation rate o = 0.35.
This prerelaxed ansatz is then used to initialize the pair con-
figurations that were subsequently relaxed for a further 2000
steps to obtain the pair potential. For LC-2 at 4.5 V, the
heliknoton ansatz was prerelaxed for 64 000 steps with a sur-
face anchoring strength W = 10~° J/m? followed by another
16 000 steps at W = 10~* J/m?, prior to sampling the in-
teraction potential. The pair interactions were sampled on a
cylindrical grid, with a radial resolution of 0.1p, azimuthal
resolution of 7.5°, and vertical resolution of 0.05p. This cor-
responds to approximately 2400 data points for the 2D cases
and about 200 000 points for the 3D case shown in Fig. 5.

2. Machine-Learned Coarse-Grained Potentials

Our CG model treats each heliknoton as an effective
particle, with the total energy of the system given by
the sum of pairwise interactions. A dimer configuration is
characterized by the center-to-center separation ry; = |ryy|,
and the angular variables Q; = Q;(X;,Y;, Z;), where X;, Y;,

and Z; are the body-fixed axes representing the orientation of
the heliknoton i € {I, J}, as well as Q;; = (¢, 0), describing
the orientation of r;;. For heliknotons embedded in a CLC
with planar anchoring at the top and bottom surfaces, the
orientation of heliknoton 7 is coupled to its vertical position
z; by the helical constraint: X; = (cos gz;, singz;, 0), Y; =
(—singz;, cos gz;, 0), and Z; = (0,0, 1), g = 27 /p. Follow-
ing Ref. [37], we express the interaction potential as

Ny
q)IJ = ZU)ka, (A4)
k

where Gy = Gy (ryy, 5, 2y, Q) are symmetry functions
characterizing the local environment of the interacting parti-
cles, wy are the expansion coefficients, and N; is the number of
terms, chosen to achieve the desired accuracy. The symmetry
functions are factorized as

G = A (ri)Wi (21, 5, Q) fe(ry), (AS)

where A(r;y) and W(€2;, 27, ©;7) encode the radial and ori-
entational dependencies, respectively, and f,(7;,) is a smooth
cutoff function. Following Refs. [37-39], we write

Wi (€2, 27, Qpy) = HSj(SZI, Qy, Q)%
J

(A6)

where a;; € {0, 1, 2,3, ...} is an exponent and §; are from a
set of orthogonal functions known as S functions. For achiral
interactions with spatial inversion symmetry, only the first 15
lowest-rank even S functions are required. These correspond
to the cosines of the angles between the orientation vectors
{X[, Y[, Z[}, {Xj, Yj, ZJ}, and f'” = I‘]j/?’]j. Chiral interac-
tions require another nine lowest-rank odd S functions that
involve cross-products of these vectors. We define the radial
part A(r7y) = exp[—ni(r;y — Ry)?] and the cutoff f,.(r;y) =
[cos(mwryy/r.) + 1]/2 for r; < re, and zero otherwise [55].
Here, n; and R are tunable parameters, and r. is the cutoff
distance for the interactions.

The construction of the coarse-grained potentials begins
with generating a large but manageable pool of candidate
symmetry functions by varying 1, R, and a; over a suit-
able range of values. Specifically, n was chosen from the
set {34.6,6.56,2.48,1.24,0.73,0.47}. For a given 15, the
set of R values is given by R =[1.1 + 0'«1/65661']‘19, where i €
{0,1,2,3, .-}, with the constraint R < r, (r. = 6p). The an-
gular basis functions W were constructed as products of the 15
lowest-rank even S-functions, raised to positive integer pow-
ers a;, with the constraint > ;aj < amax- The CG potential is
constructed by iteratively adding the symmetry function with
the largest correlation to Eq. (A4) until the desired accuracy
is achieved. Full details of the implementation are provided
in Refs. [37,56]. The FG data were split into training and
test sets with a typical ratio of 80:20, respectively. For most
cases studied here, setting an,x = 8 yielded accurate coarse-
grained representations of heliknoton pair interactions, using
N; = 32 terms selected from the candidate pool, with RMSE
below 10kgT. For LC-2 at U = 4.5 V, however, convergence
required up to 64 terms with ap,x = 16.

The effective number of candidate functions is substan-
tially reduced by the fact that several of the lowest-rank S
functions vanish or become constants due to the alignment
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of heliknotons with the helical background. Interestingly, odd
S functions were not required, despite the intrinsically chiral
nature of the heliknoton textures. In this regard, although the
learned heliknoton potentials are constructed from (achiral)
dot-product features of the in-plane orientation vectors, such
as (X7 -7y)(Xy - #y) and (Y - #15)(Y ;- Fyp), the coupling of
the heliknoton orientations X; and Y; (i € {I,J}) with the
helical background renders these features chiral (see Fig. 7).
Specifically, under the constraints X; = (cos gz;, sin gz;, 0),
Y; = (—singz;, cos gz;, 0), where z; is the vertical position of
heliknoton i and ¢ = 27 /p, it can be shown that the angular
basis functions mentioned above gain an odd contribution
 sin(gAz), which changes sign when heliknoton J is posi-
tioned above (+Az) versus below (—Az) heliknoton /. It also
changes sign under a reversal of the handedness (¢ — —¢q)
of the helical background. Thus, handed interactions emerge
naturally and can be fully captured even without explicitly
chiral descriptors.

3. Self-Assembly and Dynamical Simulations

The self-assembly simulations were performed using the
virtual move Monte Carlo algorithm that identifies clusters

of interacting particles and moves them collectively based on
the gradients of the potential energy [41-43]. As the inter-
action potentials present sizable energy barriers (~100kgT)
in some cases, we employ an annealing protocol in the sim-
ulations, starting from a high temperature (kg7 ~ 50) and
cooling the system slowly to obtain large, defect-free crys-
tallites. Simulations were typically performed for 2 x 10°
MC sweeps (corresponding to N trial moves), extending to
107 MC sweeps in some cases. The 3D heliknoton assem-
bly shown in Fig. 5 was obtained by placing self-assembled
monolayers at vertical separations in the range 1.5p to 2.5p,
followed by relaxation to identify stable structures.

The dynamical simulations shown in Fig. 3(b) were per-
formed by numerically integrating the overdamped limit of
the Langevin equation,

= —iwb, + /2D y,(t), (A7)

kgT

where @; =) ; @15, D is the diffusion coefficient (treated
as an adjustable parameter to match experimentally observed
dynamics), and n; is a Gaussian thermal noise satisfying
(Mia )N jp(t")) = 8;j8ap8(t —1'). We do not consider rota-
tional motion as the heliknoton orientations are fixed in this
case, being confined to the vertical midplane of the LC cell.
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