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Liquid crystals have proven to provide a versatile experimental and theoretical platform for studying
topological objects such as vortices, skyrmions, and hopfions. In parallel, in hard condensed matter
physics, the concept of topological phases and topological order has been introduced in the context of spin
liquids to investigate emergent phenomena like quantum Hall effects and high-temperature super-
conductivity. Here, we bridge these two seemingly disparate perspectives on topology in physics.
Combining experiments and simulations, we show how topological defects in liquid crystals can be used as
versatile building blocks to create complex, highly degenerate topological phases, which we refer to as
“combinatorial vortex lattices” (CVLs). CVLs exhibit extensive residual entropy and support locally stable
quasiparticle excitations in the form of charge-conserving topological monopoles, which can act as mobile
information carriers and be linked via Dirac strings. CVLs can be rewritten and reconfigured on demand,
endowed with various symmetries, and modified through laser-induced topological surgery—an essential
capability for information storage and retrieval. We demonstrate experimentally the realization, stability,
and precise optical manipulation of CVLs, thus opening new avenues for understanding and technologi-

cally exploiting higher-hierarchy topology in liquid crystals and other ordered media.

DOI: 10.1103/PhysRevX.15.021084

I. INTRODUCTION

Topology provides a unifying framework for classifying
fundamental structural properties across a wide range of
physical systems [1-3]. Yet, applications of topological
concepts in different areas of physics can have quite
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different flavors. Practitioners in the fields of fluid dynam-
ics, liquid crystals (LCs), and elasticity have long and
successfully been using topology to classify field configu-
rations that cannot be morphed one to another by a
continuum deformation when described by different topo-
logical invariants [4]. Another notion of topological order
has emerged to explain high-temperature superconductivity
[5,6] and the quantum Hall effect [7], with applications to
spin liquids [8—10] and in quantum computation [11]. Such
quantum topological order, and its classical analog [12,13],
pertains to the space of all possible low-energy degenerate
or quasidegenerate configurations in discrete many-particle
systems consisting of two (or more) species. The number of
such low-energy configurations can grow combinatorially

Published by the American Physical Society
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Dimer model experimentally realized in liquid crystal-based combinatorial vortex lattices. (a) Vortex lattices are created in LC

cells with patterned tangential director orientation at the bottom surface and uniformly perpendicular director orientation at the top
surface. (b) Using photopatterning, we prescribe the director profile at the bottom surface. This panel shows a numerical simulation with
a patterned texture of a +1/2 and —1/2 nematic singularities at the surfaces connected by a vortex line. Such texture generates a vortex
line, pinned to the surface and extending into the bulk [34]. (c)—(e) We pattern a square lattice of +1/2 and —1/2 pinning sites and
observe a set of vortex lines connecting pairs of pinning sites. Each vortex line is described as a single dimer. The sketched dimer
arrangement in (c) corresponds to (d) the polarizing optical microscopy and (e) bright-field microscopy, respectively. (f)—(i) Preen-
gineered aligned state with horizontal dimer orientations as schematically visualized in (f) is experimentally observed under polarized
optical microscopy (g), bright-field microscopy (h), and phase-contrast microscopy (i), respectively. Thin gray rods in (c) and (f) depict
the photopatterned surface boundary conditions at the bottom surface. Double white arrows with black frames mark the orientations of

the crossed polarizers. All scale bars are 50 pm.

with the system size, and they can often be partitioned into
homotopy classes called topological sectors [14—18].
Although these configurations typically appear highly dis-
ordered, they obey topological laws—a situation described
as “constrained disorder.” Thence, violations of the topo-
logical constraints on the disorder manifest themselves as
charge-conserving fractionalized excitations that can be
created and annihilated only in pairs of opposite charge
[19,20]. Because of their inherent robustness, these topo-
logical quasiparticles are promising candidates for novel
information storage and computation paradigms [21,22].

Since the detection of topological phases in natural
systems has proved quite challenging, recent research has
focused on deliberately realizing these phases in artificial
systems. Examples include nanomagnets [18,23,24], col-
loids [25], and microwave guides [26] or even mechanical
metamaterials [27]. These engineered platforms facilitate the
study of fundamental and exotic phenomena such as mag-
netic monopoles, ergodicity breaking, exotic memory effects
[17,18,23,24], topological charge transfer [25], topologically
constrained kinetics [28,29], non-Abelian manipulation [27],
classical analogs to topological entanglement entropy [26],
and skyrmions [30,31]. However, there are currently no
reconfigurable experimental platforms for implementing
and controlling topological order in soft condensed matter
systems.

Here, we close this gap by introducing experimental
realizations of “combinatorial vortex lattices” (CVLs) in
LCs. CVLs are assemblies of topological defects that are

anchored to pinning sites and strategically arranged (Fig. 1)
to realize a combinatorial manifold of disordered configu-
rations. The extensively degenerate ensemble of configu-
rations of these CVLs mirrors and generalizes the
topological models studied in quantum and classical
statistical physics [5,6,19,32,33].

Because the configuration space of CVLs grows expo-
nentially with system size, it yields a residual entropy
comparable to that of frustrated magnets, with implication
for information encoding and neuromorphic computa-
tions. Importantly, CVLs support charge-conserving
quasiparticle excitations. Note that these are higher-hier-
archy topological defects, distinct from the usual nematic
defects of LCs. In other words, we employ conventional
topological defects in liquid crystals as building blocks to
construct a higher-level topology that is, instead, uncon-
ventional in LCs.

Compared to previous artificial realizations of classical
topological order, our CVLs offer unparalleled versatility—
they are designable, fully controllable, rewritable, and
experimentally characterizable, as we now show.

II. COMBINATORIAL VORTEX LATTICES

We experimentally realize rewritable CVLs by creating
lattices of nematic vortex lines within an LC medium where
the vortex lines connect photopatterned substrates at lattice
vertices [35,36]. In this arrangement, vortex lines serve as
dimers in a two-dimensional dimer model [32,37]. A dimer
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FIG. 2. Topological surgery on dimer arrangements. (a) Elementary update of dimers by flipping a pair of vertex lines. (b),(c)
Snapshots and corresponding schematics showing how the optical tweezer slowly drags one vortex line to approach, merge, and then
reconnect with the other. Gray rods map the LC director field n(r) as surface boundary conditions at the bottom surface, and the yellow
filled circle marks the position of the tweezer. (d) Collective renewal of dimer arrangements. (e),(f) Sequence of snapshots and
schematics visualizing the initial, transitional, and eventual dimer ensembles. The red dotted lines in the first three panels in
(f) correspond to the rewiring motion in (ii), (iv), and (vi) in (e). (g) Growing of dimers distinguished by a yellow-highlighted line
represents an elongated and diagonally wiring dimer. (h),(i) Snapshots and corresponding schematics showing that the tweezer moves
slowly to overcome increasing elastic energy and wires the vertex lines beyond nearest-neighbor lines. (j) Annihilation of loop-profile
dimers (blue-highlighted line). (k),(1) Experimental snapshots and schematics showing the moving trajectory of tweezer and the
accompanying collapse of the closed-loop vertex line. Double white arrows mark the orientations of the crossed polarizers. All scale bars
are 100 pm.
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model involves dimers covering lattice edges, ensuring
each node has precisely one and only one dimer. Our
CVL-based realization of the dimer model corresponds to
the prototypical system of classical topological order,
employed first in the context of high-7'. superconductivity
[5] and widely studied ever since. Other relevant (and more
general) models can also be realized as CVLs, as we
show later.

Vortex lines in LCs are singular, topologically protected
lines of discontinuity for the average orientation of rodlike
molecular axes, described by the nonpolar LC director field
n(r) [3]. In our experiments and simulations, the LC is
confined within a cell between top and bottom glass plates
of distinct boundary conditions [Fig. 1(a)]. One plate
establishes translationally invariant molecular orientations
perpendicular to the substrates, while the other plate
controls tangential-to-surface orientations of LC molecules
to form preengineered spatial patterns [depicted, respec-
tively, by the blue and green rods in Fig. 1(b)]. In our
experiments, these patterns are coordinated in the form
of optically controlled molecular orientations within a
10-nm-thin layer of azobenzene dye on the glass surface
[35,36,38]. The dye orientations are in practice controlled
by linearly polarized blue-light illumination, causing its
long molecular axes to orient orthogonally to the linear
polarization. By synchronizing the blue-light illumination
area with the corresponding light polarization using a half-
wave wave plate and polarizer, we can engineer the azo-dye
orientation profile with a pair of +1/2 topological defects
[Figs. 1(c)-1(i)]. Each unit within the £1/2 lattice contains
a vortex core, due to a symmetry-breaking effect, as the
orientation of LC molecules is ill defined in the vortex
center. The corresponding +1/2 lattice textures, along with
a group of vortex lines, are clearly observed in the polarized
optical micrographs in Figs. 1(d) and 1(g). Notably, when
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VIDEO 1.

compared to bright-field microscopy [Figs. 1(e) and 1(h)],
the visibility of vortex lines or dimers is enhanced under
phase-contrast microscopy [Fig. 1(1)].

Figure 1 illustrates the realization of a nematic dimer
model on a square lattice in which vortex lines play the role
of dimers. (Supplemental Material Video 1 [39] provides a
large-scale visualization.) Figures 1(c) and 1(f) show a
disordered and ordered dimer cover configuration, respec-
tively. The number of possible configurations can be
computed exactly and scales exponentially with the lattice
size, yielding an extensive entropy with promising utility in
information encoding. Specifically, the entropy per dimer
is [32] s =2G/x, where G is the Catalan constant,
G ~0.916.

III. DIRECT MANIPULATION WITH LASER
TWEEZERS

Our CVLs are rewritable and can be precisely manip-
ulated via optical tweezers, to either reconfigure the dimer
cover ensemble or also create hierarchically higher-order
topological defects as charged quasiparticles.

The topological nature of a dimer configuration is apparent
in that it can be changed only by a collective rearrangement
involving multiple dimers [40]. The simplest local update
that conforms to the covering rules involves the flipping of
only two parallel dimers [41]. Figures 2(a)-2(c) show how
the elementary update of a configuration can be performed by
using optical tweezers to obtain a guided reconnection of
vortex lines, a form of “topological surgery” analogous to
chromosome meiosis [42].

Technically speaking, for optical tweezers operating at a
wavelength of 1064 nm, the infrared beam spot heats up the
conductive layers on the inner surfaces of two glass plates.
The generated heat subsequently transfers to the thermo-
tropic LC, causing it to transition from nematic to isotropic
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Topological surgery enabled by the optical tweezer. (a)—(d) Polarized optical microscopy textures showing elementary

update of dimers, collective renewal of dimers, “growing” of dimers, and annihilation of a loop-profile dimer (blue-highlighted shade),
respectively. Sketched dimer arrangements before and after the optical surgery are provided below. Double white arrows mark
orientations of crossed polarizers. The videos are recorded by fixing the optical tweezer while moving the LC cells in the x-y plane.
Scale bars are 100 pm.
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VIDEO 2. Renewal of dimer configurations in a three-dimensional fashion. Transformation from in-plane vertical dimers into
complete longitudinal ones (left) and into partially longitudinal ones (right). Corresponding three-dimensional sketched diagram are
provided below. The movie was obtained by fixing the laser spot while mobilizing the sample between fixed crossed polarizers (double

white arrows). Scale bars are 50 pm.

states as indicated by a black spot in (ii)—(iv) in Fig. 2(b).
Following this transition, the optical gradient and elastic
forces associated with the moving tweezers allow us to drag
or elongate the vortex line [Figs. 2(b) and 2(c) and (a) in
Video 1].

An iteration of this elementary update enables a remaking
of the dimer cover, as Figs. 2(d)-2(f) show [see also (b) in
Video 1]. And yet, importantly, optically guided reconnec-
tions can also generate topological defects at a hierarchically
higher level. Notice how in Figs. 2(g)-2(i) and (c) in Video 1,
for instance, each step of a “growing” topological surgery,
accomplished through a series of reconnections among
nonparallel dimers, results in vortex lines that do not lie
on the edges of the square lattice. The resulting configura-
tions are, therefore, not proper dimer covers, as indicated by
the long, yellow-highlighted vortex line in the schematics in
Fig. 2(g). The nonparallel, long dimers can reversibly
undergo “shrinkage,” “reconnection,” and “extra growing”
with the use of optical tweezers and deliberate manipulation
as shown in Supplemental Material Video 2 [39].

Lastly, other types of defects can be introduced, such as
“overdimerizations” where the pinning sites anchor more than
one vortex line. In the situation illustrated in Figs. 2(G)-2(1)
[and (d) in Video 1], a loop of dimers has been added to a
regular dimer cover [Fig. 2(j)] so that each node is dimerized
three times. Then, Figs. 2(k) and 2(1) demonstrate how the
loop can be removed through successive reconnections.

IV. PSEUDOMAGNETIC FIELD, CHARGED
QUASIPARTICLES, AND DIRAC STRINGS

We can now characterize these defects, in particular, to
assess whether they can be removed through local

manipulations. Local stability is important if defects are
to be employed as mobile information carriers.

Figure 3(a) shows that a CVL configuration can be
described by an emergent pseudomagnetic field: Each edge
of the square lattice is assigned an arrow such that, if an
edge is unoccupied by a dimer, the arrow has a length of 1,
pointing toward a “blue” vertex and away from a “white”
vertex. Conversely, if the edge is occupied, the arrow points
in the opposite direction with a length of 3. Then, the net
flux of the pseudomagnetic field around any closed loop is
zero by construction, and in two dimensions, one can
introduce a pseudomagnetic potential (the so-called “height
function”) whose rotated gradient corresponds to the
pseudomagnetic field [Fig. 3(b)]. Intuitively, the fluctua-
tions of this height function label the disorder of the dimer
phase. This formalism allows for the identification of
defects as charged quasiparticles. The charge is equal to
the phase of the height function, or equivalently to one-
fourth of the flux of the pseudomagnetic field, as shown in
Fig. 3(a), which accounts for all the various defects
previously introduced in Fig. 2 (see also Supplemental
Material Video 3 [39]). Note that in the literature an
equivalent picture is presented, based on an emergent
pseudomagnetic field [13,24]. The two pictures are equiv-
alent (in two dimensions), by rotating the arrows by 90° and
replacing the flux of the field with its circulation.

Crucially, the net charge of a cluster of defects tells us its
stability. Figure 3(c) showcases various defects, captured
through phase-contrast microscopy, together with a
schematic representation. Consider the four charges in
the light-gray rectangle in Fig. 3(c): They correspond to
two charges = +1 and two charges = —1—because their
total charge is zero, they can be eliminated by performing
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FIG. 3. Quasiparticle excitations and Dirac strings in LC dimer lattices. (a) A dimer configuration can be expressed as a
pseudomagnetic field (black arrows on the edges of the square lattice). The blue pinning site has inward flux along the nondimerized
edges and 3 times larger outward flux along the dimerized edge. The white pinning site has outward flux along nondimerized edges and
3 times larger inward flux along the dimerized edge. The divergence of the field around a pinning site represents its pseudocharge Q. The
net charge of an improperly dimerized pinning site is nonzero, corresponding to quasiparticle excitations. (b) A properly dimerized
lattice generates a divergence-free pseudomagnetic field that can be described by a height function 4 as V x (0, 0, i). (c) Example of a
dimer ensemble with defects in the form of diagonal dimerization, obtained by laser tweezer rewiring. The diagonal dimer in the dark
gray box cannot be eliminated by line reconnection with the nearby dimers, because the net charge within the box is —2; instead, the two
diagonal dimers in the light gray box can, because their net charge is 0. (d) Two monopoles with Q = %1 can be spatially separated,
where their energetic costs scales approximately linearly with their mutual distance. (e) Vortex loop consisting of triple-dimerized
pinning sites can be annihilated in experiments (see Fig. 2) since it has a zero net charge. (f) The annihilation trajectory of a monopole
pair along the Dirac strings represented by green arrows connecting +1 and —1 monopole. Two rows show two possible choices (among
many) for the Dirac string and the subsequent rewiring steps. All scale bars are 100 pm.

two reconnections among vortex lines. Now consider Finally, charge-preserving defects in topological phases
instead the diagonal dimer in the dark-gray rectangle  are associated with a Dirac string—akin to flux lines
[Fig. 3(c)]. No reconnection with its neighbors can eliminate ~ connecting magnetic monopoles in spin ice [43]. For
this defect, because the total charge inside the dark-gray  example, consider Fig. 3(f), which shows two opposite
rectangle amounts to —1 —1 = -2 # (0. Reconnections  charges =1 connected by a vortex line, and the emergent
merely shift the location of the charge pair. To eliminate  pseudomagnetic vector field. Then, a line of vectors all
the diagonal vortex line, we need to move it next to another ~ pointing head to toe represents the flux of a possible Dirac
one of charge 1 4 1 = 2. Similarly, the monopole pair in string—and, thus, also a path for the mutual annihilation of
Fig. 3(d) is charge neutral and it could be annihilated butalso  the two defects, as depicted in Fig. 3(f). Interestingly, in this
even further separated. The overdimerized vortex loop in  case the defects connected by a Dirac string are linearly

Fig. 3(e) consists of two Q = —2 and two Q = +2 charges. confined, as the energy of the vortex line scales with its
Its charge neutrality means that it can be annihilated through ~ length: Thus, the two charges feel an attraction (see the
local rewirings as already shown in Figs. 2(j)-2(1). discussion at the end of Ref. [17]).
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V. GOING TO THE THIRD DIMENSION

Our CVL methodology can be extended to the third
dimension with a dimer model on a cubic lattice realizing a
so-called bilayer Coulomb phase [44]. When the +1/2
lattice is assembled in an LC cell with tangential surface
boundary conditions [Fig. 4(a)], where the inner surfaces of
both glass plates are photopatterned, each defect core
accommodates two pinning sites independently pinned
on the top and the bottom surfaces. Consequently, within
arepeat unit containing two 1/2 and two —1/2 singularities
on each surface, it is possible for the lines to wire in a three-
dimensional fashion by either wiring + and —1/2 pinning
sites at lattice vertices on each inner surfaces inseparably
[Fig. 4(d) and (i)—(iv) in Fig. 4(e)] or wiring two +1/2 or
two —1/2 pinning sites across the space of two inner
surfaces [Fig. 4(b) and (vii)—(viii) in Fig. 4(e)]. The
LC director field n(r) of each 4+ or —1/2 surface singu-
larity in the lattice is revealed by two alternatively dark and
bright brushes as shown in the polarized optical micrograph
[Fig. 4(d) and Supplemental Material Videos 4 and 5 [39]].

@) (b)
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However, the LC molecules within the lines are distorted,
giving rise to LC symmetry breaking on the core. The lines,
therefore, scatter imaging red light and appear to be a red-
dot array as viewed from the top surface of +1/2 lattice by
phase-contrast microscopy [Fig. 4(c)].

In this new scenario, we can still reconfigure the lines
using optical tweezers, but with greater freedom due to the
additional space dimension. This includes adjustments both
within planes and across the lines in the plane, relative to
those vertically across the LC layer, as illustrated by the
snapshots in Fig. 4(e). Real-time manipulation is shown in
Video 2. Conversely, vertical lines can be also dragged by
the tweezer and reconnected into lines floating in parallel to
the glass plates as illustrated in Supplemental Material
Video 5 [39]. Note that the dimer ensemble in (viii) in
Fig. 4(e) is in a more stable configuration as the length of
vortex lines (approximately 10-30 pm) are one order of
magnitude lower than that in (i) in Fig. 4(e) (approximately
100-200 pm). That is because the system’s elastic energy is
proportional to the length of the lines.
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FIG. 4. Three-dimensional LC dimer models. (a),(b) By photopatterning +1/2 lattice of singularities at both the bottom and top
confining surfaces, we can create vortex lines vertically connecting the pinning sites through the depth of the cell. (c) Phase-contrast
microscopy (left) and corresponding polarized optical microscopic texture (right) of such vertical dimers. (d) Simulated and
experimental polarized optical images showing three-dimensional vortex lines with in-plane wiring on the top surface (dark red) and the
bottom surface (light red). (e) Polarized microscopic snapshots (top) and corresponding schematic (bottom) showing the evolution of
dimers from horizontal to longitudinal wirings. Double white arrows mark the orientations of the crossed polarizers. (f) Three-
dimensional views of (b) and (d) showing the director field structure at selected vortex line cross sections. All scale bars are 50 pm.
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VI. BEYOND CONVENTIONAL DIMER
MODELS—FUTURE DIRECTIONS

We have so far focused on the dimer model, as a
particularly simple yet paradigmatic topological phase com-
pleted with quasiparticle excitations. However, the scope of
realizations possible within CVLs is remarkably vast and will
require further exploration in future work. We conclude this
report by demonstrating the potential of realizing novel
models with intriguing and still unexplored properties, such
as multiple dimer systems [45]. By introducing multiple
pinning sites into the lattice nodes, we can generate new
combinatorial configurations. Specifically, placing two pin-

number k of a topological singularity placed at the vertices
of photopatterned arrays and is twofold of k. This is driven
by minimization of the free energy of vortices that extend
from surfaces into the nematic bulk, which scales quad-
ratically with k and tends to replace one vortex with 2k half-
integer counterparts. For example, each vortex in £1 lattice
yields two pinning sites [Figs. 5(a) and 5(b)], and, similarly,
each vortex in +5/2 lattice is occupied by five pinning sites
[Figs. 5(c), 5(d), and 6], etc.

Hence, the addition of more pinning sites to the nodes of
a predesigned lattice allows for a natural extension of the
concept of a double-dimer model to a multidimer model

(Supplemental Material Video 6 [39]). Specifically, by
constructing a +3 lattice within the three-dimensional
landscape of the nematic bulk confined by two photo-
patterned plates, we can manipulate a super dimer ensem-
ble comprising six-, double-, and single-dimer models
within a single cell [Figs. 5(e)-5()].

ning sites yields what is known as a double-dimer model.
This model comprises two interlinked replicas of the
standard dimer model [Figs. 5(a) and 5(b)], is currently
studied by mathematicians [46,47], and involves scaling
and conformal invariance [45]. More generally, the number
of pinning sites at vertices is determined by the winding
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FIG.5. Realization of higher-dimer models. (a) A double-dimer ensemble in a £1 lattice landscape characterized by polarized optical
image (left) and phase-contrast micrograph (middle) and schematic drawing (right), respectively. (b) Reconfiguring on the double dimer
in (a) by flipping dimers. (c) Five-dimer model realized by +5/2 lattice. The core of each 5/2 defect is energetically split into five
pinning sites as observed from the microscopic images with (left) and without (middle) crossed polarizers and as visualized by the
schematic picture (right). (d) Enlarged schematic of a repeating unit (left) and corresponding simulated three-dimensional structure
(right). (e) Six-dimer model based on +3 square lattice in a planar LC cell. Each +3 singularity is encircled by 12 alternating bright and
dark brushes as viewed from its polarized micrograph and splits into six vortex lines on each surface as shown. (f),(g) Schematic
drawings of a 2 x 3 lattice in two dimensions (f) and a single unit in three dimensions (g). (h) The horizontal lines in (e)—(g) are optically
transformed into longitudinal ones as demonstrated by corresponding micrographs captured with and without crossed polarizers. (i),(j)
The corresponding three-dimensional schematic of a single unit and simulated structure of a 2 x 2 sublattice. Double white arrows with
black frames mark the orientations of the crossed polarizers. All scale bars are 200 pm.
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Here, multiple —1/2 and —1 surface singularities sur-
rounding each +3 singularity serve to compensate for the
+3 charge and meet the requirement of a zero net charge.
The number of —1/2 vortex connecting each vertex of the
lattice can vary, being either larger or smaller than that of the
near-neighbor vertices. This variation can be controlled to be
uniform throughout the lattice or to exhibit spatial varia-
tions. Moreover, the configuration is reconfigurable opti-
cally through repatterning or using laser tweezers or
electrically by applying voltage to confining electrodes
[36]. This demonstrates the rich variety of models that
can be realized using our method.

VII. DISCUSSION AND OUTLOOK

Advancing recent interdisciplinary efforts to implement
topological models [12,13,24,33,48] into artificial materi-
als [18,23-25,27-29], we have introduced CVLs as a
versatile experimental platform for realizing both proto-
typical as well novel types of dimer models in nematic LCs.
CVLs employ pinned nematic defects as building blocks to
realize topological phases and quasiparticles of conserved
charge that are locally stable and enable robust information
encoding. We showed how CVLs can be reconfigured
using laser surgery and that quasiparticle charge manipu-
lation can be interpreted as driven mobility of stable
information carriers. Similar to artificial spin ice systems,
which are also often described by dimer models [14,24,33],
CVLs present an ensemble of collectively constrained bits
that can provide a test bed for novel information encoding
and computation paradigms [21,22,49].

More broadly, CVLs hold promise for studying thermal
[50] or electromagnetically driven kinetics, by allowing the
direct optical observation of fundamental phenomena such
as slow relaxation, topologically constrained kinetics, and
ergodicity breaking. Furthermore, since the energetics of
CVLs can be finely tuned by using materials with different
elastic constants or by applying external electromagnetic
fields [36,51], the design space for effective CVL
Hamiltonians is vast. For example, future implementations
could incorporate models of interacting dimers in which the
ground-state degeneracy is replaced with a quasidegener-
acy of proliferating metastable states [52—54]. Such models
have been of interest in the study of glassiness for
computational purposes [55].

A particularly appealing aspect of CVLs, from both a
scientific and a technological perspective, is their high
degree of controllability and tunability. While we focused
above on laser manipulation, nematic LCs are highly
responsive to electric and magnetic fields [36,56], enabling
the integration of multiple sequential or parallel control
mechanisms. Specifically, recent advances in dynamic
noncontact photoalignment technology allow for spatial
patterning and reconfiguration of complex LC textures
[35,57-62] and open the possibility of optically writing
and reading information in CVLs. To enhance the infor-
mation density, multibeam-based approaches offer a path

for constructing CVLs at submicron scales [63—-65]. CVL
miniaturization promises a broad range of future
applications, including multilevel anticounterfeiting and
identification, topological photonics, electro-optics,
reconfigurable diffractive optics, solitonic light localiza-
tion [36], colloidal assembly [35], and other technologies
exploiting the multiplicity of states in CVLs.
Scientifically, the ability to create complex CVL designs
on demand and to control the topological invariants that
characterize individual vortices by realizing CVLs in LC
media exhibiting different symmetries opens vast oppor-
tunities for fundamental research. Our present study
focused exclusively on demonstrating the rich phenom-
enology of CVLs in uniaxial nematic LCs. An exciting
future challenge will be the creation of even more complex
CVLs in nematic media with lower symmetry, such as
orthorhombic and monoclinic biaxial nematics, ferromag-
netic colloidal nematics, or chiral LCs [66-69], which
possess different ground-state manifolds and, therefore,
exhibit topologically different types of vortex line defects.
For example, the non-Abelian vortex lines corresponding to
elements of the quaternion group emerge in biaxial nematic
LCs [68] and chiral nematic systems and are expected to
exhibit nontrivial connectivity at the vertices of CVLs [70].
Exploring and understanding the combinatorial diversity of
such topological superstructures will require concerted
experimental and theoretical efforts over the next decade.
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APPENDIX A: SAMPLE PREPARATION

The LC cells were made with two types of glass slides or
cover slips. Glass plates of type I were treated with 5.0 wt %
polyimide SE5661 (Nissan Chemicals) by spin coating at
2700 rpm for 30 s and then baking at 90 °C, followed by 1 h at
180 °C to set strong perpendicular boundary conditions for
n(r) at the LC-glass interface. Glass plates of type II were
spin coated using 1.0 wt % azobenzene dye SD1 in dime-
thylformamide at 3000 rpm for 45 s and subsequently baked

@)

—J

on a hot stage at 100 °C for 10 min to evaporate the residual
solvent. To build the glass cells for the LC confinement, glass
plates of type I and type II were assembled into a hybrid-
mode cell as schematized in Fig. 1(a). Alternatively, two
glass plates of type II were sandwiched into a planar-mode
cell as schematically shown in Fig. 4(a). Specifically, a fast-
setting epoxy glue containing silica spacer spheres (with
diameters ranging from 10 to 30 pm, from Thermo Fisher)
was placed near the corners of one glass surface; the other
glass plate was then lapped atop. After epoxy solidified, the
glass cells were then photopatterned with a predefined
geometry for n(r) to induce the desired single topological
vortex or their lattices via the method described in the
following. After the photopatterning, the cells were filled
with a nematic LC, 4-cyano-4’-pentylbiphenyl (5CB; EM
Chemicals) using capillary forces. To avoid unintentional
effects of ambient light on azobenzene dye alignment layers,
the samples were stored under dark-room conditions.

APPENDIX B: DESIGN OF VORTICES LATTICE

Square periodic arrays of vortices were designed as
surface boundary conditions of LC-filled volumes confined
between glass plates [36]. We first created patterns of two-
dimensional vortices to define the spatially varying boun-
dary conditions before arranging them into various periodic
arrays. In each defect, considering the energetic stability of

(b)

| —

FIG. 6. Five-dimer model in a square lattice of +5/2 vortices. Five pinning sites on each vortex core allow five dimers to extend and
pin with neighboring sites to architect a five-dimer model. Line arrangement in (a) can be translated to that in (b) by repeatedly flipping
the dimers in pairs as shown in (c). The vortex lines appear as dark and bright red under bright-field microscopy (a) and phase-contrast
microscopy (b), respectively. (c) The polarized (left) and bright-field (right) images before and after a pair of dimers flipping. Double
white arrows with black frames mark the orientations of the crossed polarizers. All scale bars are 100 pm.
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vortices [71], we adopted the ansatz for nematic director
n = cos(p)X + sin(¢)y with the angle between the director
and X axis being ¢ = k¢ + ¢, where k gives the topological
charge (integers of 1/2), ¢ is azimuthal angle measured from
the vortex point, and ¢ is a phase shift that defines local
spatial rotations of the nematic director field by the same
value without changing the topological charge.

The fabrication of vortex arrays could be done simply by
spatially placing the two-dimensional units of the arrays
[Figs. 5(e)-5(j) and 6] and then relaxing the director field
while minimizing the free energy. For instance, the lattices
with k = 3 implemented with this procedure have addi-
tional defects generated spontaneously due to the topo-
logical constraint of zero net charge [71]. In other cases, the
predefined vortices and their topology-compensating coun-
terparts (with opposite charges) were placed alternatingly
into square-periodic or other arrays that also have zero net
charges. As suggested by the geometry, the values of ¢
were chosen such that the boundary is smooth for vortex
lattices, with k being half integers.

APPENDIX C: PHOTOPATTERNING OF
VORTICES LATTICE

Our mesostructured patterns of vortex lines were built by
spatially connecting field configurations corresponding to
the arrays of vortex-pinning sites. Each pinning site was
generated by light-controlled orienting of azobenzene dye
molecules to define boundary conditions corresponding to
each nematic vortex with a desired winding number. To
locally anchor LC molecules and director in a specific
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Principles of photopatterning for predefined vortices array based on azobenzene dye. (a) Schematic of a custom-built setup for

direction at the LC-glass interface, the inner surfaces of the
according confining glass plates were functionalized
(coated) with an approximately 10-nm-thin layer of the
azobenzene dye, a polarization-sensitive light-responsive
photoalignment material. Upon being illuminated with a
small dose (approximately 200 mJ cm ) of linearly polar-
ized blue light, the azobenzene moieties of the dye
molecules tend to orient orthogonally to the polarization
direction of the illuminating light, yielding robust spatially
controlled surface boundary conditions [38] n(r) for the LC
(Figs. 1,4, and 5). By using a commercial LC microdisplay,
all desired two-dimensional boundary condition geometries
for n(r) can be predefined through spatially illuminating
linearly polarized blue-light patterns, as controlled on a
pixel-by-pixel basis with computer software. As schemati-
cally shown in Fig. 7(a), a blue-light pattern generated by a
computer is projected through the microdisplay with
1024 x 768 pixels (EMP-730, Epson) and then relayed
by a lens module to the back aperture of an objective. The
blue light imprinting the pattern is focused on the azo-
benzene dye layers. For the planar-mode cells, the two
azobenzene dye layers on the opposite inner surfaces of the
confining glass plates can be patterned for boundary
conditions sequentially or at the same time, depending
on the cell gap relative to the focus depth of the objective
[72]. In this study, we did simultaneous patterning of the
two surfaces of the cells by using low-magnification x4
objectives (numerical aperture of 0.13) and relatively small
cell gaps. The desired linear polarization was controlled by
a half-wave plate and a linear polarizer inserted at appro-
priate locations along the optical path [Fig. 7(a)]. By means
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spatial photopatterning arbitrary geometry on the azobenzene layers. A microdisplay with dense pixels is encoded with a predesigned
blue-light pattern. The pattern that initially diverges after the microdisplay is converged and collimated after a set of lenses. The
polarization of the collimated blue light is set to be a desired direction by rotating a half-wave plate and a linear polarizer. The polarized
blue light impinges the back aperture of the objective and finely focuses on the azobenzene dye layer on the inner surfaces of confining
plates. The azobenzene dye is blue-light sensitive and energetically favorable to rotate its long axes into a direction orthogonal to the
light polarization. (b) Vortices lattices such as =1/2 (top row) and £2 (bottom) arrays are accomplished via sequential illuminating the
segments separably, and each segment is set with certain linear polarization (double white arrows) to photoalign the azobenzene dye at
corresponding tangential direction (¢pp). After successive segments refreshing and polarization tuning, a complete pattern encoded with
vortices geometry is made. LC molecules, after infiltrating into the cell, are templated by the patterned azobenzene dye and form the
desired lattice.
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(a)

(b)

FIG. 8. Dimer model with a larger scale £1/2 vortices lattice compared to that in Fig. 1. (a),(b) Dimer model with constrained disorder
(a) and orderly aligned configuration (b). From left to right in (a) and (b) are polarized optical micrographs, bright-field micrographs,
and corresponding sketched dimer arrangements, respectively. Double white arrows with black frames mark the orientations of the

crossed polarizers. All scale bars are 100 pm.

of multistep illuminations synchronized with the linear
polarization rotation, any predesigned structure of boun-
dary conditions can be generated at will.

To define L.C vortices and their lattices, as schematically
illustrated in Fig. 7(b), the entire intended structure was
split into angular segments of roughly constant in-plane
director orientation, with the number of segments deter-
mining the smoothness of photopatterned structures. The
n(r) boundary condition for each pattern of the same
angular segment were generated by the same linearly
polarized excitation light projected onto the sample.
After multiple sequential projections done for different
azimuthal orientations of n(r), a complete geometry of
lattice of two-dimensional vortices was imprinted into the
spatially oriented azobenzene dye layer. The angular
resolution of patterning, defined by discrete changes of
the linear polarization direction between two adjacent
segments, was controlled to be within 1° to 45°, depending
on the need. For example, 10° angular resolution utilized in
the photopatterning of +1/2 defect lattices gives a rather
smooth texture revealed by its polarized optical microscopy
[Figs. 1(d), 1(g), and 4(c)—4(e)]. Lateral dimensions of the
light-programmed n(r) structures and lattice parameters
can be varied from micrometers to millimeters, as defined
by the projected size of the blue-light pattern and the
magnification of an objective. Examples are shown in
Fig. 8, which provides a large-scale visualization of
disordered and ordered dimer cover configurations emerg-
ing as LC vortex lattices upon filling in LC into glass cells.

The dimer patterns spontaneously emerge once a cell
with patterned confining substrates is filled with the
nematic LC, albeit it can be reconfigured by melting the

LC within the entire cell or locally by using laser tweezers.
From the LC perspective, the vortex lines are energetically
costly and typically tend to take the shortest distance
between two pinning sites. The multiplicity of different
connections between the pinning sites can be probed by
quenching such samples from isotropic state many times.
On the other hand, once the system is in the nematic phase,
to change the vortex orientation one needs to provide
enough energy for a vortex line to be extended and
recombined with another vortex line. Such topological
surgery was performed using an optical tweezer system that
locally melts the nematic order and allows one to extend the
vortex line. When this process joins two vortex segments,
they can reconnect and rewire into a new configuration. In
our experiments, once a dimer pattern is spontaneously
generated after the cell being filled with the nematic LC,
laser tweezers allow us to reconfigure it into desired dimer
patterns by laser-guided reconnection using the optical
tweezer system.

APPENDIX D: OPTICAL IMAGING AND
CONTROL WITH LASER TWEEZERS

Olympus optical microscopes working in transmission
and reflection geometries were utilized in the reported
studies. A charge-coupled device camera (Grasshopper3,
from PointGrey) mounted on an upright BX-51 or inverted
IX-71 microscope (both from Olympus) was used for
optical video microscopy. Olympus objectives with x2,
x4, and x 10 magnifications and numerical apertures within
0.06-0.4 were used for bright-field optical imaging. The
microscopes were additionally equipped with pairs of
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FIG. 9. Topological surgery on dimers. (a),(b) “Shrinkage” of dimer led by the minimization of LC elastic energy. The curved and
elongated vortex line or dimer causes pronounced distortion in the nematic system, which causes the line to relax back to a straight one.
During the relaxation, the line encounters another dimer and reconnects into a couple of lower-energy dimers. (c),(d) “Reconnection” of
dimer in a 3 x 3 sublattice by rewiring of nearest-neighbor dimers. (e),(f) Dimer “growing” as stretched over four pinning sites. In (a),
(c),(e), dimer arrangements before and after the topological surgery are schematically drawn. The green and pink ellipses denote dimers
in vertical and horizontal directions, respectively. A yellow-highlighted line represents a diagonally wiring dimer. In (b),(d),(f), the upper
row is experimental snapshots showing the dimer revolution without (b) or with [(d),(f)] the need of laser tweezers. The lower row is
schematic showing the corresponding dimer ensemble with LC director field n(r) beneath. Double white arrows mark the orientations of

the crossed polarizers. All scale bars are 50 pm.

insertable and rotatable linear polarizers and both quarter-
wave and half-wave plates, which we utilized for the
polarizing optical microscopy experiments.

The laser tweezers setup, which we used to optically
manipulate the LC vortex lines, is based on an ytterbium-
doped fiber laser (YLR-10-1064, IPG Photonics,
operating at 1064 nm) and a phase-only spatial light
modulator (P512-1064, Boulder Nonlinear Systems) with
512 pixels x 512 pixels, each with a size of 15 pm x
15 pm [51,73,74] integrated with an inverted IX-81
optical microscope (Olympus) [75]. The beam from the
laser is first reflected off the spatial light modulator and
then projected to the back aperture of an objective. The
computer-generated holograms are supplied to the spatial

light modulator by computer software at a rate of 15 Hz,
ensuring real-time preenvisaged manipulation within the
plane (Figs. 2 and 9) and across the LC cells (Figs. 10
and 11). In either cases, the net charge of a cluster of
defects should be zero to ensure the reconnection among
vortex lines as shown in Figs. 3(c) and 12. Polarized
optical images revealing details of laser manipulation
are captured and videos are recorded using the same
Grasshopper3 charge-coupled device camera. At a nomi-
nal laser power of 1 W, a x20 objective with a numerical
aperture of 0.5 was used to focus the laser beam for locally
heating and melting the LC by prompting a transition from
the nematic to isotropic phase and then quenching back to
the nematic state.
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FIG. 10. Three-dimensional LC dimer models. (a) A series of polarizing optical images showing how to realize a coexisting dimer
ensemble having both longitudinal and horizontal dimers in a single cell. That is, two lines stand longitudinally by connecting the
pinning sites at the top-bottom surfaces and two horizontal lines connect the pinning site in plane at the top-top or bottom-bottom
surfaces. (b) Three-dimensional sketch showing the transition of dimer ensembles with pink, green, and blue ellipses representing
horizontal, vertical, and longitudinal dimers, respectively. (c) Schematic showing spatial revolution of the vortex lines. Double white
arrows mark the orientations of the crossed polarizers. All scale bars are 25 pm.

(@)

FIG. 11. Optical manipulation of three-dimensional dimer models. (a),(c) Snapshots of bright-field micrography showing intermediate
trajectories of vortex lines from longitudinal to (a) in-plane horizontal or (c) diagonal connection using laser tweezers (shown as a
dimmed dot), which demonstrates an inverse process of topological surgery shown in Fig. 3(f). The background showing red color is due
to the insertion of a red filter to avoid unwanted effect from the imaging light. (b),(d) Schematic showing the corresponding steps. All
scale bars are 100 pm.
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FIG. 12. (a),(b) Phase-contrast micrograph and schematic view of dimer ensemble with diagonal dimerization. The dimers in light-

gray boxes in (b) can be eliminated with each other due to a zero net charge it encloses, while the dimers in the dark-gray box are not
allowed to be removed since they contain a nonzero net charge. Scale bar is 50 pm.

APPENDIX E: NUMERICAL SIMULATIONS

We model the LC equilibrium structures by numerical minimization of the free energy [76]:
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FIG. 13. Three-dimensional director structure of vortex lines in combinatorial lattices. The director field is shown for one dimer

oriented along the y direction and two dimers along the x direction. In all cases shown, the vortex line transitions from a patterned texture

with a 4+1/2 singularity to a texture with a —1/2 singularity. In the middle of the dimer, the director field can have a wedgelike shape
(bottom two panels), twisted shape (top right), or an intermediate shape (top left).
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where Q is the tensorial order parameter, A, B, and C are
phase parameters, L is the elastic constants, and Q° is the
surface-preferred order parameter. The tensorial description
of nematic order includes both the director as the main
eigenvector of the Q tensor and the scalar degree of order as
the main eigenvalue. Within defect lines, the scalar degree
of order drops toward zero. Equilibrium structures are
found using gradient descent on a finite difference mesh.
Q" profiles are prescribed at the top and the bottom surface,
and periodic boundary conditions are used at the side
surfaces. The height of the numerical simulation box equals
20Ax in Figs. 1 and 5 and 30Ax in Fig. 4, where Ax is the
mesh resolution. The surface anchoring strength is varied
between W = 0.1L/Ax and W = 3L/Ax. Phase parame-
ters are set to A = —0.43L/(Ax)?, B = —5.3L/(Ax)?, and
C = 4.33L/(Ax)?. The numerical approach was used to
simulate the nematic structure in Figs. 1(b), 4(b), 4(d), 4(f),
5(d), 5(j), and also 13.
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