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Q.1 Show that a topological space X is Hausdorff if and only if ∆ :=
{(x, x) | x ∈ X} ⊂ X ×X is closed.

Q.2 A topological group is a topological space G with a group structure
such that

• group multiplication G×G→ G : (g, h) 7→ gh is continuous

• inversion G→ G : g 7→ g−1 is continous.

Assume that G is a compact Hausdorff topological group and g ∈ G.
Let A = {gn | n = 0, 1, 2, . . .}. Show that Ā – the closure of A – is a
subgroup of G. Is this true without compactness of G?

Q.3 Recall that RPn – the real projective space of dimension n – is defined
as the quotient of Sn by the equivalence relation x ∼ −x, x ∈ Sn.
Here Sn is the unit sphere in Rn+1.

a) Compute the fundamental group of RPn when n ≥ 2.

b) Show that every continuous map RPn → S1 × S1 is homotopic to
a constant one when n ≥ 2.

c) Is the previous statement true for n = 1?

Q.4 Let M = R2, and consider the vector fields

X = 2x
∂

∂x
+ y

∂

∂y
, Y = x

∂

∂x
− 2y

∂

∂y

on M .

(a) Show that there exist local coordinates (s, t) in some neighbor-
hood U of the point (1, 1) such that the restrictions of X and Y
to U are given by X = ∂

∂s and Y = ∂
∂t .

(b) Find such coordinates explicitly, and verify directly that they
satisfy the conditions X = ∂

∂s and Y = ∂
∂t .

Q.5 Let a, b ∈ R, and consider the subset S of R3 defined by the equations

x2 + y2 − z2 = a, x+ 2y = b.

(a) Show that if b2 6= 5a, then S is a regular submanifold of R3.

(b) Describe the set S when a = b = 0. Is it a regular submanifold
of R3?

Q.6 Let π : R2 → T2 = R2/Z2 be the quotient map. Let (x, y) be the
standard coordinates on R2, and consider the 2-form

ω = dx ∧ dy

on R2.



(a) Show that ω is closed and exact on R2.

(b) Show that there exists a 2-form η on T2 such that π∗η = ω. (Hint:
it suffices to show that for any transformation f : R2 → R2 of the
form

f(x, y) = (x+ n, y +m)

for some integers m,n, we have f∗ω = ω.)

(c) Show that η is closed, but not exact, on T2. (Hint: Compute the
integral of η over T2.)


