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SUMMARY
We present a new approach based on coupling the extended finite element method (XFEM) and level
sets to study surface and interface effects on the mechanical behavior of nanostructures. The coupled
XFEM-level set approach enables a continuum solution to nanomechanical boundary value problems in
which discontinuities in both strain and displacement due to surfaces and interfaces are easily handled,
while simultaneously accounting for critical nanoscale surface effects, including surface energy, stress,
elasticity and interface decohesion. We validate the proposed approach by studying the surface-stressdriven relaxation of homogeneous and bi-layer nanoplates as well as the contribution from the surface
elasticity to the effective stiffness of nanobeams. For each case, we compare the numerical results with
new analytical solutions that we have derived for these simple problems; for the problem involving the
surface-stress-driven relaxation of a homogeneous nanoplate, we further validate the proposed approach
by comparing the results with those obtained from both fully atomistic simulations and previous multiscale
calculations based upon the surface Cauchy–Born model. These numerical results show that the proposed
method can be used to gain critical insights into how surface effects impact the mechanical behavior
and properties of homogeneous and composite nanobeams under generalized mechanical deformation.
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INTRODUCTION
The recent progress in nanotechnology has led to the understanding that materials whose
features reside at the nanometer length scales exhibit mechanical behavior and properties that
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can differ considerably from those expected in the corresponding bulk material [1–4]. The
main reason for these unique mechanical properties is due to nanoscale surface effects, which
arise as surface atoms have fewer bonding neighbors than do their bulk counterparts. A scaling
argument can then be presented in which these surface effects only become critical at nanometer
length scales due to the relatively large surface area to volume ratio that is characteristic of
nanomaterials [5–8].
The research that has gone into studying surface effects on the mechanical behavior and properties can be divided into three categories: theoretical, computational, and experimental. From a
theoretical perspective, there has been a relative abundance of work to study surface effects on
nanomaterials. The pioneering work in this area was performed by Gurtin and Murdoch, who
devised a linear surface elastic model for nanostructures [9]. This work has formed the basis
for future works, which have been performed by many authors, including Yang [10], Cammarata
et al. [4], Streitz et al. [11], Miller and Shenoy [12], He et al. [13], Sharma et al. [1], Sun and
Zhang [14] and Dingreville et al. [15].
Computationally, researchers have utilized both classical molecular dynamics (MD) and
continuum finite element formulations based on the surface elasticity formulation of Gurtin and
Murdoch to study surface effects on the mechanical behavior of nanomaterials. For example,
Shenoy [5] used MD to evaluate the surface elastic properties of different FCC metals and
discussed the importance of accounting for surface relaxation due to surface stress in calculating
the surface elastic constants. Similarly, Mi et al. [6] used MD to calculate the elastic constants
associated with various FCC metallic interfaces. It should be noted that the goal of both the
Shenoy and Mi et al. works was to directly calculate using MD the surface elastic constants
(surface stress and surface stiffness) that are needed for the surface elastic formulation of Gurtin
and Murdoch.
A recent trend in computational mechanics is the notion of using finite element method (FEM)based approaches to study surface effects on nanomaterials. The motivation for these FEM-based
approaches is to avoid the intensive computational expense that arises from fully atomistic simulations, while simultaneously capturing the essential nanoscale surface effects. The most common
approach has been to directly discrete the governing surface elastic equations of Gurtin and
Murdoch; this has been done by Wei et al. [16], She et al. [17], and He et al. [18]. A similar
approach to the one taken in the present work was done recently by Yvonnet et al. [19], who developed a computational technique combining the level set method and the extended finite element
method (XFEM) to study surface effects on nanocomposites. However, the approach of Yvonnet
et al. considered only weak discontinuities, i.e. the displacement across interfaces was assumed
to be continuous, while only discontinuities in stress and strain across interfaces (or surfaces) was
considered.
Alternatively, Park et al. [7, 20, 21] did not discretize the surface elastic equations of
Gurtin and Murdoch, and instead presented an extension to the standard Cauchy–Born model
called the surface Cauchy–Born (SCB) model in which surface energies were considered
to capture nanoscale surface effects. The SCB model was recently utilized to study surface
stress effects on the resonant frequencies (and thus elastic properties) of both FCC metal
and silicon nanowires [22–24], and surface effects on the bending behavior of FCC metal
nanowires [25].
This paper introduces a computational framework based on the theoretical development of
Gurtin and Murdoch [26], XFEM and level sets to capture surface and interface effects on the
mechanical behavior and properties of nanostructures. In particular, the presented method possesses
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the following advantages:
• Owing to its continuum mechanics underpinnings, the method is computationally tractable
and may be used to study surface and interface effects on nanostructures that have length
scales, i.e. 10–100 nm, which are significantly larger than those that can be studied using
fully atomistic techniques.
• The geometry of the structure is entirely defined by level set functions that are defined
independently from the finite element mesh. Simple, regular FEM meshes may thus be used
regardless of the geometric complexity of the nanostructure.
• The different elastic properties and constitutive response of nanoscale surfaces is described
with a continuum description that naturally fits into the XFEM methodology. Thus, no special
treatment is necessary to model jumps in stress, strain, and displacement arising due to free
surfaces, interfaces or interface decohesion.
• The method is able to describe complex material behavior in nano-composites such as plasticity
or damage. It thus presents a useful tool for studying surface and interface effects on the
deformation and fracture of nano-composite structures.
The outline of the paper is as follows. We first describe the XFEM-level set formulation including
the surface elasticity formulation of Gurtin and Murdoch. To validate the model, we study the
surface-stress-driven relaxation of a fixed/free nanobeam, and compare the results with those
obtained using both MD, and also the SCB model. Finally, we study the behavior of nanoplates
under tension and bending, and compare the results with newly obtained analytic solutions. We
demonstrate that the nanoscale surface effects are captured accurately, and demonstrate the length
scales at which the surface effects can be expected to begin having a significant effect on the
mechanical behavior and properties of nanomaterials.

CONTINUUM FORMULATION OF SOLIDS ACCOUNTING FOR SURFACE EFFECTS
Let us consider a two-dimensional (plane stress or plane strain) nano-structure in the x–y plane
(Figure 1). In this figure, we denote each enclosed domain—that may represent the matrix domain
and inclusion domains—by i so that  = 1 ∪2 ∪· · ·∪n where as i is the interface of
region i . The outward unit vector for each region is also denoted by n i . The displacement and
traction boundary conditions, respectively, are *u and * f . We now introduce the kinematics
of the medium in the context of small deformations. Assuming that the bulk undergoes a smooth
deformation, a material point belonging to  undergoes a displacement u(x). However, if one
allows for interface decohesion, a jump in displacement may exist for a point on  such that
[u](x) = u + (x)−u − (x), where u+ (x) and u− (x) denote different sides of the interface. Following
the work of Gurtin [26], we can introduce three strain measures , s , and d as follows:
 = 12 (∇u+∇uT )
s = P··P
d =

g
T·d

on 

in 
(1)

on 

where ‘·’ is used for the dot product. The quantity  is the conventional small strain measure in the
g
bulk, s is the interface deformation. Furthermore, d and d are a measure of interface debonding
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Figure 1. General outline of the nano-structure under study.

Figure 2. Local (t–n) and global (x–y) coordinates on a typical interface.

in local (normal and tangential directions to the interface) and global coordinates, respectively.
These strain measures are defined as




 
 
11 12
s 11 s 12
t
1
g
, s =
, d =
, d =
(2)
=
21 22
s 21 s 22
n
2
where t and n are local tangential and normal directions of the interface as shown in Figure 2. In
Equation (1), P is the tangential projection tensor to  and is defined by P = I−n⊗n (n is normal
to ), such that the components of the projections of a vector w and a tensor W on a surface of
normal n are given by:
ws = P·w and Ws = P·W·P

(3)

Furthermore, the transformation T rotates the local tangential coordinate system associated with
the interface to the global coordinate system. In other words, if wlocal is a vector in the local
coordinate system, this same vector wglobal in the global coordinate system is written as:
wlocal = T·wglobal

(4)

From these definitions, we can introduce three stress measures, r, rs , and rd as energy conjugate
g
of , s , and d such that, following [26], the force balance for the nano-structure can be written
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as follows:
divr+b = 0

in 

(5)

[r·n]+divs rs = 0

on 

(6)

<r·n>−rd = 0

on 

(7)

In the above equation, we used the fact that divs r = ∇r : P, where ‘:’ is the double tensor contraction
and the quantities b, [r·n], and r·n are the body force vector, jump, and average value of the
traction field across the interface, respectively. Furthermore, the boundary conditions in Figure 1
are written in the standard form as
r·n = −t

on * F

u = u∗

on *u

(8)

where t and u∗ are the inward traction and displacement, respectively. Using standard procedures
[27] one may derive the weak form of the boundary value problem:
find u ∈ {u ∈ H 1 (i ) and u = u∗ , u = 0 on *u }





r :  d+ rs : s d+ rd : d d = b·u d+








* F

t·u d

(9)

where we assumed that there are no applied external forces at the border of any open interface.
To complete the model, a constitutive relation has to be introduced to describe the mechanical
response of the composite under investigation. A variety of constitutive relations may be introduced
to relate stress and strain measures, including plasticity and damage in the bulk and at the interface.
In the present work, we restrict ourselves to the simple case of linear elasticity, which is valid
for our assumption of small deformation. For the constitutive relation between surface stress and
strain, in agreement with [4] and Shuttleworth’s equation we have:
rs = 0 I+

*
*s

(10)

where 0 is the surface tension in the undeformed configuration, I is surface unit tensor, and  is
surface energy coming from surface strain. Denoting r0 = 0 I, Equation (10) and [26], the linear
stress–strain relationship for our problem is written as
r = C : ,

rs = r0 +Cs : s ,

rd = Cd : d

(11)

where C, Cs are fourth-order tensors and show the elastic stiffness of the bulk and the interface
tension, respectively. Also, Cd denotes elastic stiffness of interface cohesion and is defined as
Cdpq = K t 1 p 1q + K n 2 p 2q

(12)

where K t and K n are cohesion constants in the directions t and n (Figure 2), respectively. Cs will
be defined in the next section considering surface elastic coefficients and the direction of surface
normal vector. Finally, the isotropic elastic response of the bulk material is characterized by two
Copyright 䉷 2010 John Wiley & Sons, Ltd.
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constants: the Young’s modulus E and the Poisson ratio . Substituting (11) into (9), one can reach
the final weak form as




 : C :  d+ s : r0 d+ s : Cs : s d+ d : Cd : d d




=








u·b d+

* F



u·t d

(13)

or using the transformation matrix T and tangential projection P defined in Equation (1), the weak
form can finally be written in the compact form:
Wb +Ws +Wd = Wext

(14)

where the bulk, surface, debounding, and external virtual energies Wb , Ws , Wd and Wext ,
respectively, are:

Wb =  : C :  d


Ws = (PP) : r0 d+ (PP) : Cs : (PP) d



(15)
g
g
Wd = (T·d ) : Cd : (T·d ) d



Wext = u·b d+
u·t d


* F

AN XFEM/LEVELSET FORMULATION FOR NANO-STRUCTURES
The solution of Equations (1), (5) and (11) typically gives rise to discontinuities across the
interface . Indeed, the existence of surface tension is associated with a jump in strain across the
interface (commonly called weak discontinuity), whereas the existence of a decohesion (through
the cohesive law) leads to a jump in displacement across  (commonly called strong discontinuity).
Many numerical techniques such as the FEM are developed for continuous field and fail to
describe such discontinuities. To address this issue, the XFEM was first introduced to incorporate
a jump in displacement occurring as a result of a propagating crack in a continuous medium
[28, 29]. A key feature of this method resides in that the description of the discontinuity is
independent of spatial discretization. Also, Belytschko et al. used XFEM in [30, 31] to define solids
by implicit surfaces and also to modeling dislocations and interfaces. The method was further
improved to model weak discontinuities, such as described in [32]. This method provides a natural
platform on which Equations (1), (5) and (11) can be solved with great flexibility and minimal
computational cost. In the present formulation, the displacement field ũ(x) is the sum of three terms
(Equation (16)) parameterized by u, ū, and ū¯ that are associated with continuous, strong, and weak
discontinuous fields, respectively, where last two terms do not have any kinematic interpretation.
The approximation of the displacement in an element will then be written in the general form:
ũe (x) =

n

I =1

N I (x)u I +

m

J =1

N J (x)(H (x)− H (x J ))ū J +
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Figure 3. (a) Enriched node whose support is cut by the interface (zero level set); (b) enriched nodes and
completely enriched elements for a closed interface; and (c) level set function and cutting plane to define
circular inclusions in a square domain.

where

⎡
N I (x) = ⎣

N I (x)
0

0

⎤

⎦
N I (x)

(17)

where the functions N I (x) are finite element shape functions associated with node I, N J (x) are
the shape functions associated with the nodes of an element that has been cut by the interface (Figure 3(b)) and H (x) and (x) are enrichment functions with the required discontinuities
(ridge function and Heaviside function, respectively [32, 33]). In Equation (16), n is the total
number of nodes per element, whereas m is the number of enriched nodes (mn). By definition,
an enriched node belongs to an element that is cut by the interface as depicted in Figure 3. To
define the geometry of interface in a general fashion, we introduce a level set function (x) such
that the interface is defined by the intersection of that a cutting plane, as depicted in Figure 3(c).
With this description, the sign of  is opposite in two sides of discontinuity. An attractive feature
of using level sets is that the unit normal vector n to the interface is determined by the gradient
of the function (x) as follows:
n(x) =

∇(x)
∇(x)

(18)

Let us now focus on the Heaviside and ridge functions appearing in (16). Referring to Figure 4,
the Heaviside function makes a jump in displacement (strong discontinuity); in contrast, a ridge
function causes a jump in strain field (weak discontinuity) across the interface that is related
to derivative of displacement. Without going into details, the Heaviside and ridge functions are
defined by (in one dimension):
H () =

1, >0
0, <0

and  j (x) = |(x)|−|(x j )|

(19)

The finite element equations governing the deformation of nano-composites is now derived by
substituting the displacement approximation ũe from (16) into the weak form given in (14) and
(15). For this, stress, strain, and elasticity matrices are first rewritten in Voigt notation [27].
Copyright 䉷 2010 John Wiley & Sons, Ltd.
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Figure 4. A general form of (a) heaviside and (b) ridge functions to define strong and
weak discontinuities, respectively.

Bulk energy
Starting with the bulk energy,the finite element approximation W̃be of Wbe gives rise to the
standard expression:


e
e
e e
eT
W̃b =  : C :  d = u ·
Be T {Ce }Be d ·ue
(20)


Ce



{Ce }

and
are bulk constitutive relation matrix for element e in tensorial and Voigt
where
notations, respectively. In addition, the standard B matrix is written in terms of the shape functions
N̄ as follows:
⎡
⎤
* N̄ I (x)
0
⎢ *x
⎥
⎢
⎥
1
⎢
⎥
⎢
⎥
⎢
* N̄ I (x) ⎥
⎥
(21)
Be = [Be1 Be2 . . . Ben+m ] and BI e = ⎢
⎢ 0
*x2 ⎥
⎢
⎥
⎢
⎥
⎢
⎥
⎣ * N̄ I (x) * N̄ I (x) ⎦
*x2

*x1

In the above equation, n and m are the number of nodes and enriched nodes of element e,
respectively and N is the finite element shape function; N̄ (x) equals N (x), H (x)× N (x), and
(x)× N (x) for a normal FEM, strong discontinuity, and weak discontinuity degree of freedom,
respectively; where, H (x) and (x) are Heaviside and ridge functions, respectively.
Surface energy
The contribution W̃se from the surface energy in element e is now derived. Using expression (16)
for u in an element, one can show that:


e
W̃s = (PP) : r0 d+ (PP) : Cs : (PP) d





eT

= u



B

eT

MTP ·{r0 } d+
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where {r0 } and {Cs } are expressions of the surface tension r0 and surface stiffness Cs in Voight
notation. The matrix M p gives the relationship between surface strain s and the bulk strain  so
that s = M p  [19, 26] and takes the form:
⎡
⎢
⎢
Mp =⎢
⎣

2
P11

2
P12

P11 P12

2
P12

2
P22

P22 P12

2P22 P12

2
P12
+ P11 P22

2P11 P12

⎤
⎥
⎥
⎥
⎦

(23)

Following MD simulations of nanomaterials (such as [1, 2, 5, 6]), one can build the surface elastic
coefficients matrix Ss as
⎤
⎡
S1111 S1122
0
⎥
⎢
S1122 S2222
0 ⎥
(24)
Ss = ⎢
⎦
⎣
0
0
S1212
where 1 and 2 stand for 100 and 110 directions, respectively. Consequently, for the nano metals
under study, the surface tension constitutive matrix is defined as:
{Cs } = MTp Ss M p

(25)

Debonding energy
Following [33] and Equations (16) and (19), one can write the amount of jump in displacement
across the interface in global coordinate for an element as
m


[uh (x)] =

J =1

NeJ (x)ūeJ

(26)

where N J and ū J are the same variables as in Equation (16) and m is the number of enriched
nodes in element e. Using Equation (26), we can reach the global debonding strain measure as:
⎡
⎤
*N Je
0
⎢ *x
⎥
m

⎢
⎥
g
d =
BeJ (x)ūeJ where BeJ = ⎢
(27)
⎥
*N Je ⎦
⎣
J =1
0
*y
By substituting Equation (27) into (15), one can write the internal energy corresponding with
debonding for one element as:

W̃de

=

(T·d ) : Cd : (T·d ) d




eT

= ū
Copyright 䉷 2010 John Wiley & Sons, Ltd.
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Be T TT Cd TBe d · ūe

(29)
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External energy
Finally, the finite element approximation of the external energy is only associated with standard
shape functions, and is given by:


e
W̃ext
= ue T ·
Ne T b d+
Ne T t d
(30)


* F

Final XFEM equation
Using Equations (20), (22), (28), and (30), and the weak form in (14) and (15), the XFEM equation
for one element finally takes the form:
(Keb +Ked +Kes )·de = feext −fes

(31)

where the nodal displacement de is comprised of contributions from the continuous, weakly
discontinuous, and strongly discontinuous fields:
¯ T
de = [u ū ū]

(32)

the tangent matrices for the bulk, surface energy, and debonding contributions are, respectively:

(33)
Keb = Be T {Ce }Be d



Kes =



Be T MTp {Cs }M p Be d

(34)

Be T TT Cd TBe d

(35)


Ked

=



and the surface tension and external force vectors are:

e
fs = Be T MTp ·{r0 } d



feext

=


eT



(36)

N b d+

* F

Ne T t d

(37)

A significant advantage in using the above formulation in the study of composite materials with
complex shapes (Figure 1) is that a structured finite element mesh can be introduced independently
from internal and external boundaries. Instead, a level set function will be introduced on top
of the XFEM mesh to describe material interfaces that can be associated with strong and weak
discontinuities. In particular, free boundaries do not need to conform to the FEM mesh but can be
described as an interface that is totally disconnected from the external region. This will be done by
enforcing a strong discontinuity to describe the displacement jump on the boundary. This feature
is very attractive and in fact necessary to model the elasticity of free surfaces in nano-materials, as
illustrated in the next examples. Referring to Figure 1, one distinguishes two regions, an internal
region 2 representing the medium under study and an external region 1 that plays no role in the
problem solution. Two strategies may thus be considered to solve this problem. In the first strategy,
one may consider the region 1 as a material with negligible stiffness, whose displacement is
Copyright 䉷 2010 John Wiley & Sons, Ltd.
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Figure 5. Typical gauss points: (a) normal element; (b) and (c) enriched elements.

continuous across gamma. This method does not require the existence of a strong discontinuity,
but suffers from the fact that it leads to an ill-conditioned global stiffness matrix (due to the small
or vanishing stiffness). The second strategy, which is described in this paper, overcome this issue
by considering a finite material stiffness in the external region, together with the existence of
a displacement discontinuity across the free boundary. The strong discontinuity ensures that the
displacement fields in the two regions are completely independent, and thus that the material in 2
does not influence the solution. This strategy therefore relies on the introduction of both a strong
and weak discontinuity (to describe surface elasticity) on the interface.
In this paper, bilinear four node quadrilateral elements are used. Furthermore, for integrating
purposes, four Gauss points are considered in normal and partially enriched elements. In addition,
following [34], sub-triangles are used on both sides of an interface in an enriched element. This
method allows to define enough Gauss points to perform the integration in the enriched region;
finally, the integration on surfaces is performed under the assumption that the interface consists of
a straight line on which we use two gauss points. Figure 5 shows the gauss points and sub-triangles
used in different situations.

NUMERICAL EXAMPLES
In order to illustrate the aforementioned model and for validation purposes, we investigate the
mechanical properties of five relevant nanostructures and compare the numerical results with the
analytical solutions. In particular, we concentrate on the following problems:
• The strain relaxation of nanoplates subjected to surface stress on its boundaries. We investigate
two cases: a homogeneous plate and a composite bilayered plate.
• The effects of surface elasticity on the axial stiffness of nanoplates (both in uniaxial deformation and bending).
• The effect of the combination of surface decohesion and surface elasticity on the overall
mechanical response of a plate with an inclusion.
For each problem, material interfaces (including the boundary of the structure) are modeled using
both strong and weak discontinuities. The strong discontinuity allows the structure under study to
Copyright 䉷 2010 John Wiley & Sons, Ltd.
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Table I. Sijkl (surface stiffness), E (bulk Young’s modulus), and  (Poisson ratio) for Au, Pt and Ni
from atomistic calculations [6].
Material

E (GPa)



S1111 = S2222 (J/m2 )

36
200
168
—

0.44
0.38
0.31
—

5.26
13.25
6.23
9.34

Au
1(Pt)
2(Ni)
1
2

S1122 = S2211 (J/m2 )
2.53
9.30
−4.72
−1.98

S1212 (J/m2 )
3.95
5.12
0.93
−4.94

0 (J/m2 )
1.57
2.52
1.37
0.34

deform independently from the surrounding medium, i.e. such that free surfaces are present on the
boundary of the nanostructure, while the weak discontinuity permits the description of stress/strain
discontinuity typically arising when a surface stress is present. All analysis are performed in twodimensional plane strain conditions, valid for plates whose depth are large in comparison with their
length and thickness. In this context, the plates are represented by a rectangular domain, discretized
with 50 4-node quadrilateral elements in the length direction, and 20 4-node quadrilateral elements
in the thickness direction, respectively. In terms of materials, we concentrate on three cases: gold
(Au), platinum (Pt), and nickel (Ni), whose surface properties are obtained from MD analyses
performed in [6] and shown in Table I.
Surface-stress-driven relaxation of a nanoplate
The first example we present focuses on validating the proposed XFEM/level set formulation as
compared with a benchmark atomistic calculation. The specific problem we consider is illustrated
in Figure 6, which demonstrates a fixed/free gold nanoplate of length L = 25 nm, with thickness
t = 10 nm, and infinite width w to mimic plane strain conditions. In this example, due to the
existence of tensile surface stresses, the gold nanoplate will undergo compressive axial strains.
The key point we wish to demonstrate, for the first time, is that the surface elastic formulation of
Gurtin and Murdoch is capable of capturing the surface-stress-driven axial relaxation. By noting
that the surface energy (force per unit length) on the nanoplate equals 0 , while the resulting axial
stress in the nanoplate is , we can state from equilibrium considerations along the axial direction
of the nanoplate that
wt = 2w0 +2t0 = 20 (w +t)
Because w

(38)

t, we can neglect t in the right-hand side of Equation (38), giving:

20
(39)
t
Finally, if the bulk Young’s modulus is E, the axial strain in bulk due to surface-stress-induced
compression can be written as:
=

20
(40)
Et
For the material properties of gold in Table I, Equation (40) gives an axial compressive strain
of 0.00872 in the nanoplate due to surface stresses. Furthermore, Figure 7 shows a comparison
for axial strain between Equation (40) and XFEM. As can be seen, when points along the axial
direction of the nanoplate that are far from the free end are considered, the theoretical results
ε=
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Figure 6. Schematic of a gold nanoplate, and the resulting XFEM discretization.

Figure 7. A comparison of surface-stress-driven compressive axial strain as computed using Equation (40)
and XFEM along the gold nanoplate length.

from Equation (40) and the XFEM simulations match exactly. We note that in Equation (40),
we have neglected the effects of Poisson ratio, surface elastic constants and boundary conditions;
because of this, the Poisson ratio and surface elastic constants have been set to zero in the XFEM
calculations.
To further validate the XFEM results, we compare them to results previously obtained by Park
and Klein [7] for the surface-stress-driven relaxation of a gold nanoplate obtained using both
molecular statics (MS) simulations using an embedded atom (EAM) potential for gold, and the SCB
model of Park and Klein [7]. For the MS simulation, a 25×10×80 nm fixed/free gold nanoplate
consisting of 1.25 million atoms was considered, with periodic boundary conditions along the
80 nm direction to mimic infinite plane strain conditions. For the SCB calculations, the same
25×10×80 nanoplate was considered, with no periodic boundary conditions; the 80-nm width
was chosen to mimic a very wide nanoplate. Twenty thousand 8-node hexahedral elements were
used to discretize the nanoplate for the SCB calculations. Both the MS and SCB calculations used
EAM potentials for gold, which are the basis for the material properties for gold shown in Table I.
Copyright 䉷 2010 John Wiley & Sons, Ltd.
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Figure 8. Surface-stress-driven axial compressive displacement profile from (a) XFEM and (b) SCB
calculations. (Right) Surface-stress-driven axial compressive displacement from the fixed end of the
nanoplate for XFEM, SCB and MS simulations.

Figure 8 shows the change in axial displacement versus distance from the fixed end for the XFEM,
MS, and SCB calculations. We first note that the XFEM results are qualitatively similar to the SCB
and MS results, in particular showing an essentially linear compressive displacement moving away
from the fixed end, with a decrease in compressive displacement once the free surface is reached.
We additionally note that the XFEM solution underestimates the compressive displacement along
the nanoplate, whereas the SCB solution overestimates the compressive displacement. The SCB
solution overestimates the compressive displacement because, as discussed by Park and Klein [7],
the homogeneous deformation assumption that is enforced by using the Cauchy–Born hypothesis
restricts deformation of the surface atoms, which thus results in the surface atoms having a
larger surface stress at equilibrium as compared with the MS calculation. In contrast, the XFEM
calculation underestimates the MS solution because the surface stress and surface elastic constants
that are used in the XFEM calculation are constant, and furthermore are equilibrated values as they
represent values taken from atomistic simulations in which the effects of surface relaxation have
been accounted for [5]. Because of this, the surface effects in the XFEM calculation are smaller
than in the MS simulation, and thus the XFEM displacements due to surface stresses are smaller
than are observed in the MS simulation.
Surface effects on the axial stiffness of a nanoplate
In the previous example, the XFEM results were shown to be independent of the surface elastic
constants. Because of this, and to verify and demonstrate the effect of surface elastic constants, we
consider the same nanoplate as shown in Figure 6, although with length L = 100 nm. In addition,
we impose an applied axial force F on the plate. Because of this, we expect that both the bulk and
surface elastic constants will be needed to resist the tensile deformation due to the applied axial
force. If we consider  and  as the axial stresses in the bulk and surface energy (force per unit
length) of the nanoplate, respectively, we can write:
F = (wt)+[2(w +t)]
Copyright 䉷 2010 John Wiley & Sons, Ltd.
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t, we can neglect t in the w +t term in (41) and write as:

If E and S1111
can write that:

F
= t +2
(42)
w
are the bulk Young’s modulus and axial surface elastic constant, respectively, we
ε1 =


E

and

ε2 =


S1111

(43)

where ε1 and ε2 are the axial strains in the bulk and surface, respectively. Combining Equations
(42) and (43) and noting that ε1 = ε2 = L/L, we obtain:
F/w Et 2S1111
=
+
= Kb + Ks
(44)
L
L
L
where K b and K s are the bulk and surface axial stiffness, respectively. From (44), we note that if
material properties for gold as previously shown in Table I are considered, because the bulk Young’s
modulus E is much greater than S1111 , we expect that the surface stiffness K s will be negligible for
large plates, while becoming increasingly important for smaller nanoplates. Furthermore, Equation
(44) demonstrates that the aspect ratio of the plate t/L will have a significant effect on the bulk,
and thus total stiffness of the nanoplate. Figure 9 shows the change in axial stiffness as a function
of the nanoplate length, where the nanoplate aspect ratio t/L was kept constant at 10. As can be
seen in Figure 9, an excellent agreement is found between the theoretical solution in Equation (44)
and the XFEM solution. We also note that Figure 9 demonstrates the logical finding that a positive
surface elastic coefficient S1111 , i.e. that would occur for most FCC metals, leads to an additional
resistance against deformation (axial or flexural) of the surface. When the surface area to volume
ratio becomes large enough, i.e. as the length of the nanoplate becomes smaller than 1000 nm in
Figure 9, the resistance due to the positive surface elastic constant manifests itself in the form of
an overall increase in axial stiffness for the nanoplate.
Surface and interface stress-driven relaxation of a bi-layered nanoplate
In our third numerical example, we seek to demonstrate the capabilities of the proposed XFEMlevel set approach in capturing not only surface stress effects, but also interface stress effects due to
a bi-material interface. Referring to Figure 10, we consider a fixed/free bi-layered Pt/Ni nanoplate,
with material properties for Pt, Ni and the Pt/Ni interface shown in Table I. To emphasize on the
effect of surface tension alone, the surface stiffness is neglected in this example. This will permit
to derive a simple analytical solution that can be compared with our numerical results.
If we consider w and t as the width and depth of the nanoplate, respectively, and if the depth
of each material (1 and 2) is t/2, for the equivalent section that is built of material 1, we can
calculate x (the neutral axis distance from the top end of section) so that:
3t t
t t
t
+nw
= x(w +nw)
(45)
4 2
24
2
where n = E 2 /E 1 and E 1 and E 2 are the Young’s modulus of material 1 and 2, respectively. Finally,
x can be calculated from Equation (45) as:
w

x=
Copyright 䉷 2010 John Wiley & Sons, Ltd.
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(46)
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Figure 9. Surface effects on the size-dependent axial stiffness of a gold nanoplate with a
constant aspect ratio of 10.

Figure 10. General outline of fixed/free bi-layered nano-beam including both surface and interface effects.

If we define 01 , 02 , and 012 as the surface energy (force per unit length) on materials 1, 2 and
the interface of materials 1 and 2, respectively, we can calculate the induced moment (M) in the
section that results from the material and surface elastic property differences between materials 1
and 2 as:
M = (01 w)(t − x)−(02 w)x +(012 w)
Copyright 䉷 2010 John Wiley & Sons, Ltd.
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Defining I and

as the moment of inertia and the equivalent radius of curvature respectively, i.e.:
1

=

M
E1 I

and ε1 =

y

(48)

where y and ε1 are the distance from the neutral axis and the axial strain due to the moment M
respectively, we find that:

ε1 = 

1
12

t
−x
01 (t − x)−02 x +012
2

2
t
t 3
3t
t
− x +n x −
(n +1)+
2
2
4
4

2



(49)
E1

To calculate the axial strain that comes from surface-stress-driven relaxation (ε2 ), and using the
same method used for homogeneous nanoplate, we find that:
ε2 =

01 +02 +012
t
E 1 (1+n)
2

(50)

Finally, the total axial strain due to surface and interface stresses can be written as:
ε = ε1 +ε2

(51)

Considering a fixed/free nanoplate, we can calculate the deflection  of the nanoplate to be
=

1 2
x
2

(52)

where x is the distance from the fixed end of the beam and can be calculated from Equation (48).
We first show in Figure 11(a) the deformed configuration of the bi-layered nanoplate, as well as a
comparison of the surface and interface stress-induced axial strain as calculated using both XFEM
and the analytic solution given in Equations (49)–(51). We additionally show in Figure 11(b) a
comparison between XFEM and the analytic solution for the transverse deflection of the bi-layered
nanoplate. In both cases, excellent agreement between XFEM and the analytic solution is observed.
Another interesting point to discuss is the fact that the bi-layered plate deflects downward, as
shown in Figures 11(a) and (b). This occurs because the surface stress for the bottom (Pt) surface
of the plate is larger than the surface stress on the top (Ni) surface of the nanoplate.
Surface effects on the size-dependent bending stiffness of a nanobeam
For the final numerical example, we consider surface effects on the size-dependent bending stiffness
of a nanobeam, where the problem schematic is illustrated in Figure 12. The material we use in
this example is gold (Au) whose properties are mentioned in Table I. For this problem, we consider
that the nanobeam has fixed/fixed boundary conditions, and is motivated by recent experimental
findings [35, 36] that have shown that the bending stiffness of FCC metal nanowires increases
dramatically with decreasing nanowire diameter. Before showing the XFEM results, we first derive
Copyright 䉷 2010 John Wiley & Sons, Ltd.
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Figure 11. (a) Axial strain comparison between XFEM and theory (Equations (49)–(51)) due
to both surface and interface stress for a bi-layered Pt/Ni nanoplate, (b) transverse deflection
comparison along a bi-layered Pt/Ni nanoplate between XFEM and theory (Equation (52)) due
to both surface and interface stress.

Figure 12. Schematic of a fixed–fixed nanobeam bent by an applied force F.

a theoretical solution to compare with the XFEM results. The bending equilibrium of the crosssection shown in Figure 12 can be written as



x y dA +2
A

t
f s dz = −M
2

(53)

where x is the axial stress of the cross-section and f s is the force induced on the beam surface
due to the surface elastic constant S1111 ; f s = S1111 εmax , where εmax is the maximum axial strain
that occurs on the top and bottom surfaces. By applying the standard relationships x = Eε and
Copyright 䉷 2010 John Wiley & Sons, Ltd.
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ε = (y/ymax )εmax and substituting the result into (53) we find that:

2E
εmax y 2 dA + S1111 twεmax = −M
(54)
t
A

Knowing that I = y 2 dA, where I is section moment of inertia around axis z, one can write:
−M
2E I
+ S1111 tw
t

εmax =

(55)

1
wt 3 ; therefore, we can simplify EquaFor the rectangular section shown in Figure 12, I = 12
tion (55) to:

εmax =

−M

(56)

wt( 16 Et + S1111 )

while for ε we can write:
ε=

−2M y

(57)

wt 2 ( 16 Et + S1111 )

If we now consider F and d as applied external force and its corresponding transverse deflection
of the beam, the energy equilibrium can be written as
Wext = F ·d = Wb +Ws +Wsh

(58)

where Wb , Ws , and Wsh are virtual internal energies corresponding with bending, surface, and
shear deformation, respectively; and, Wext is virtual external work. The internal energies can be
calculated as





−2M y
−2M y
d
Wb = ·ε d = E
wt 2 ( 16 Et + S1111 )
wt 2 ( 16 Et + S1111 )


=



4E
w 2 t 4 ( 16 Et + S1111 )2


y dA dx =
2

MM



E
3wt( 16 Et + S1111 )2

M ·M dx
(59)

and


Ws = 2


f s ·εmax w dx = 2
 

= 2S1111 w

=

−M



wt( 16 Et + S1111 )

2S1111
wt 2 ( 16 Et + S1111 )2
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−M
wt( 16 Et + S1111 )


dx


M ·M dx
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Figure 13. Comparison between XFEM and analytical solution for surface effects on the size-dependence
of the transverse stiffness of a fixed–fixed nanobeam with a fixed aspect ratio of 10.


In Equation (59) we used y 2 dA = wt 3 /12 as the moment of inertia for a rectangular cross-section.
For a rectangular section with shear force V , shear modulus G and the Poisson ratio :
Wsh =

6
5



6
V ·V
dx =
GA
5



2(1+)V ·V
dx
EA

(61)

where A is the beam cross-sectional area. Combining Equations (58), (59), (60) and (61) and
dividing by F we can write:
d=



2
wt 2 ( 16 Et + S1111 )

*M
12(1+)
M
dx +
5E A
*F


V

*V
dx
*F

(62)

Following the theory of beams [37] for the fixed–fixed beam shown in Figure 12, we can derive
that M = F L((x/2L)− 18 ) and V = F/2 for 0xL/2. After further simplifying Equation (62) for
a rectangular beam we find that:
K=

F/w
=
d

1
L3

3L(1+)
+
1
2
5Et
96t ( 6 Et + S1111 )

(63)

where K is total transverse stiffness of the fixed–fixed beam under study. Figure 13 shows a
comparison between the XFEM solution with the analytic solution in Equation (63) for fixed/fixed
nanobeams with a constant aspect ratio of L/t = 10. There are two key trends to note. First, the
agreement between the XFEM solution and the analytic solution is extremely good. Second, we
observe the same trends for gold, i.e. a significant increase in effective Young’s modulus due to
surface effects, that has been observed experimentally for fixed/fixed FCC metal nanowires both
experimentally [35, 36] and theoretically by Yun and Park [25].
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The effect of the combination of surface decohesion and surface elasticity on the overall mechanical
response of a plate with an inclusion
The last example illustrates the combined effects of surface elasticity and surface decohesion,
phenomena that can only be captured by considering both strong and weak discontinuities in
the XFEM approximation. Referring to Figure 14(a), let us consider an elastic plate with a
circular inclusion subjected to surface elasticity and interface decohesion. To describe surface
elasticity, a weakly discontinuous enrichment is considered according to Equation (24), while the
surface and bulk material properties [19] are given by E = 3 GPa,  = 0.3, S1111 = S2222 = 6.09 J/m2 ,
S1122 = S2211 = 6.84 J/m2 , and S1212 = −0.375 J/m2 , where E and  are the bulk Young’s modulus
and the Poisson ratio, respectively. The dimensions of the plate are varying from 10 m×10 m to
10 nm×10 nm (Figure 14) in order to study the size effect on effective stiffness and the inclusion
volume fraction is 0.2 for all simulations. To characterize matrix-inclusion decohesion, a linear
cohesive law is also considered at the interface in the form given by Equation (12). We consider
several interface stiffnesses K t and K n , ranging from zero to very large values (1.0e15 Pa) and
study the change of effective stiffness (K eff = yy /εyy ), where yy and εyy are the stress and strain
in the vertical direction in the plate, respectively. For this, the deformation of the plate is prescribed
as constant vertical displacement boundary conditions for the top and bottom edges and a fixed
displacement on the left and right boundaries (Figure 14(a)). The deformed configuration of the
plate for a weak cohesive stiffness is depicted in Figure (14), clearly showing the jump in displacement between points inside and outside the inclusion. The change in the normalized stiffness K eff
(with respect to the stiffness of the matrix material) with interface cohesion and plate dimension as
computed with our XFEM formulation is then depicted in Figure 15. As expected, Figure 15 shows
a rise of normalized effective stiffness with interface cohesive stiffness. The increase in effective
stiffness occurs up to interface cohesive stiffnesses of about K n = K t = 10 GPa and is followed by
a plateau as the interface decohesion becomes negligible compared with the plate deformation.
Figure 15 also shows the strong size effect arising from surface elasticity applied on the inclusion as
the plate dimension approaches nanometer dimensions. However, as cohesive stiffness decreases,
the inclusion properties have a reduced effect on the effective properties of the plate. As a result,
strong size effects are observed in the case of strong interface cohesion while when no cohesion
is present (K n = K t = 0), no size effects are observed. This example therefore illustrates how a
combination of weak and strong discontinuities is necessary to capture the interactions between
surface elasticity and surface decohesion at the nano-scale.

CONCLUSIONS
We have introduced an XFEM/level set framework for the study of small deformation elastic
behavior of nano-structures that possesses the following features:
• Owing to its continuum mechanics underpinnings, the method is computationally tractable
and may be used to study surface and interface effects on nanostructures that have length
scales, i.e. 10–100 nm, that are significantly larger than those that can be studied using fully
atomistic techniques.
• The geometry of the structure is entirely defined by level set functions that are defined
independently from the finite element mesh. Simple, regular FEM meshes may thus be used
regardless of the geometric complexity of the nanostructure. The geometry of the structure is
Copyright 䉷 2010 John Wiley & Sons, Ltd.
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Figure 14. General outline of the plate under study: (a) undeformed and (b) deformed (zero interface
cohesion). Sub-elements close to interface are used for plotting purposes only.

Figure 15. Changes of the plate effective stiffness with interface cohesion and scale.

entirely defined by level set functions that are defined independently from the finite element
mesh. Simple, regular FEM meshes may thus be used regardless of the geometric complexity of
the nanostructure. Another advantage of this method is that the external region that surrounds
the area under study is deleted from the main problem solution by introducing a strong
discontinuity. This method results in a well-conditioned global stiffness matrix by using a
finite stiffness for the external region.
• The different elastic properties and constitutive response of nanoscale surfaces are described
with a continuum description that naturally fits into the XFEM methodology. Thus, no special
treatment is necessary to model jumps in stress, strain, and displacement arising due to free
surfaces, interfaces, or interface decohesion.
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• The method is able to describe complex material behavior in nano-composites such as plasticity
or damage. It thus presents a useful tool for studying surface and interface effects on the
deformation and fracture of nano-composite structures.
The developed methodology was verified against four numerical examples involving surfacestress-driven relaxation of a nanoplate and a multi-material bi-layer nanoplate, surface effects on
the axial stiffness of a nanoplate, and surface effects on the bending stiffness of a nanobeam.
In all cases, the XFEM/level set numerical results were in excellent agreement with the derived
analytical solution. Furthermore, validation in the case of the surface-stress-driven relaxation of
the gold nanoplate was performed against benchmark atomistic and multiscale SCB calculations.
Finally, in the last example, a combination of weak and strong discontinuities was used to capture
the interactions between surface decohesion and surface elasticity in a plate with an inclusion. The
influence of surface properties and decohesion on the overall mechanical response of the composite
plate could thus be assessed. Since surface elasticity was only associated with the inclusion, we
observed a size dependence in the overall plate response when a finite cohesion between inclusion
and matrix was considered. However, no size effects were observed when the interface cohesion
vanished.
Future work will focus on incorporating the effects of plasticity and interface decohesion into
the proposed framework [38–40], as well as detailed investigations into how surface effects impact
the mechanical properties of nanomaterials.
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