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Abstract
The multi-scale micromorphic theory developed in our previous paper [Vernerey, F.J., Liu, W.K., Moran, B., 2007.
Multi-scale micromorphic theory for hierarchical materials. J. Mech. Phys. Solids, doi:10.1016/j.jmps.2007.04.008] is used
to predict the failure of heterogeneous materials illustrated by a high strength steel alloy possessing two populations of
hard particles distributed at two distinct length scales in an alloy matrix. To account for the effect and size of
microstructural features during fracture, additional kinematic variables are added, giving rise to the couple stresses
associated with each population of particles. The various stress and strain measures must satisfy a set of coupled
multi-scale governing equations derived from the principle of virtual power. A three-scale constitutive model is then
developed to represent the failure of the alloy from nucleation, growth and coalescence of voids from each population of
particles. For this, three distinct yield functions, each corresponding to a different scale, are introduced. Cell model
simulations using ﬁnite elements are performed to determine the constitutive relations based on the key microstructural
features. Two-dimensional failure analyses are then presented in tension and in shear, and show good agreement with
direct numerical simulation of the microstructure.
r 2007 Published by Elsevier Ltd.
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1. Introduction
Macroscopic properties are a key factor in the choice of material for a speciﬁc engineering application.
Nevertheless, the origins of a material’s behavior reside in the properties and their interactions that
take place at the scale of its microstructure. More speciﬁcally, materials fracture strongly depends on
the size, geometry, distribution and various properties of microscopic heterogeneities that can be found
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in the form of grains, ﬁbers or different size particles. In this work, we propose to use the multi-scale
micromorphic theory (Vernerey et al., 2007) to study the failure of a class of heterogeneous materials that
possess a hierarchical microstructure by considering the particular case of a well-studied engineering material:
high strength steel.
Many pure polycrystalline metals can be considered very ductile but are generally not strong enough for
most engineering applications. A way to improve strength is to add speciﬁc reinforcements in the form of
particles. In the case of high strength steel, there are typically two populations of particles distributed at
different length scales, commonly termed the primary and secondary particles. Secondary particles (such as
titanium carbide), ranging from tens to hundreds of nanometers in size, have the effect of reﬁning grain size
during thermal processing, and hence, increase the material’s strength. Primary particles (such as titanium
nitride) are byproducts of manufacturing process and are generally too large (approximately 1 mm in size) to
increase the material’s strength.
Ductile fracture of high strength steel is known to be controlled by the nucleation, growth and coalescence
of voids around both populations of inclusions. Within the past decades, substantial efforts have been devoted
to the development of continuum models based on the nucleation, growth, and coalescence from populations
of inclusions. One of the best-known micromechanical models was derived by Gurson (1977); he studied the
loss of load carrying capacity of a voided material during plastic deformation. In Gurson (1977), a yield
criterion is derived based on the evolution of a damage parameter, the void volume fraction. Similarly, Rice
and Tracey (1969) derived a model for the evolution of a void in an inﬁnite plastic matrix. A semi-empirical
relationship was developed between void straining and remote stresses in the matrix. Numerous extensions of
the Gurson model have been presented in the literature. Based on numerical simulations, Needleman and
Tvergaard (1984) modiﬁed the material constants of the Gurson model to provide a better description of
neighboring void interactions. The interaction of voids with particles, and especially the stage of void
nucleation from particles were investigated by Saje et al. (1982) and Goods and Brown (1979). Other models
include a more detailed description of the void growth mechanisms. For instance, Gologanu et al. (1995)
investigated the effect of void shape by considering an internal variable characterizing the eccentricity of
elliptic voids. This model was later extended by Pardoen and Hutchinson (2000) to provide a more accurate
description of void coalescence.
One of the major drawbacks of the above models together with all other local softening plasticity models is
that they are unable to capture the size of the localization region after the onset of softening (Bazant and
Jirasek, 2002). To overcome this issue, nonlocal models with the introduction of a parameter that
characterizes the typical length scale of the microstructure were developed (Pijaudier-Cabot and Bazant,
1987). In this context, Leblond et al. (1994) and Tvergaard and Needleman (1995, 1997) proposed a Gursontype model that was modiﬁed by introducing a nonlocal evolution for porosity. This method provides a
convenient way of introducing a length scale in the formulation but has two main limitations: ﬁrst, it is not
based on the underlying failure mechanisms and second, only the scale of primary particles is accounted for. In
fact, fracture of high strength steels is a complex process that involves localizations of the deformation across
several length scales, given by primary and secondary particles. This paper proposes to utilize the multi-scale
micromorphic theory (Vernerey et al., 2007) to incorporate deformation and length scales associated with both
populations of particles. The resulting multi-scale model of high strength steel possesses several characteristics.
First, it accounts for material deformation and damage across three scales, namely, the macro, or specimen
scale, micro or primary particle scale, and submicro, or secondary particle scale. Second, the constitutive
relation is derived from mechanism based averaging operations. Third, it remains a continuum model and
therefore remains computationally affordable.
The organization of this paper is as follows. After brieﬂy reviewing the fracture mechanisms of high
strength steel, we propose a multi-scale decomposition of the material’s microstructure. This gives rise to a set
of equations governing the physics of material failure at each scale of interest. The constitutive relation
is then introduced in the form of a multi-potential plasticity model and a nested homogenization
procedure is employed at each scale of analysis. In this procedure, the micro and submicro-scale
physics are related to the macroscopic stress–strain law. Finally, the model is evaluated through a onedimensional and a two-dimensional numerical analysis of the failure of a specimen under both tensile and
shear loading.
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Fig. 1. Stages of ductile fracture of high strength steels.

2. Multi-scale model
2.1. Ductile fracture mechanisms
In the study of ductile fracture mechanisms, the distinct role of primary and secondary particles can be
deduced by observation of the fracture surface. Because bonding at the particle–matrix interface is stronger
for secondary than for primary particles, nucleation and growth of voids from primary particles occurs ﬁrst.
Once the voids reach a certain size, the large local plastic strains promote nucleation of microvoids at the sites
of secondary particles that grow in a so-called ‘‘void sheet’’ linking larger voids. Finally, ﬁnal failure of the
material occurs when microvoids coalesce. The mechanisms of ductile fracture are summarized in Fig. 1,
showing six characteristic stages.
The ﬁrst subﬁgure gives a simplistic representation of the structure of high strength steel, with primary
particles, depicted as large, square shaped inclusions and secondary particles represented by the smaller,
circular inclusions. Stages 2 and 3 show the nucleation and growth of voids around primary particles. When
neighboring voids interact, an inhomogeneous band of plastic deformation can be observed between cavities.
As large voids grow, the intensity of plastic strain increases in these bands, eventually triggering nucleation of
voids from secondary particles as shown in stage 4. Finally, stages 5 and 6, depict growth and coalescence of
voids that have nucleated from secondary particles in the shear band between primary particles, leading to
fracture.
In the present work, material properties, size and volume fraction of particles are given in Table 1. The
quantity E denotes the Young’s modulus, n denotes the Poisson ratio, d, j are the average diameter and
volume fraction of particles, respectively, and s^ is the interfacial strength between particles and matrix. The
superscripts ‘‘p’’ and ‘‘s’’ denote primary and secondary particles, respectively. Similarly, we introduce the
properties of the matrix material in Table 2. E m ; nm ; s0y and h are the Young’s modulus, Poisson’s ratio, initial
yield stress and strain hardening parameter, respectively.
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Table 1
Material properties, size and volume fraction of particles
Ep (GPa)

np

dp (mm)

jp

s^ p

Es (GPa)

ns

ds (mm)

js

s^ s

630

0.3

1

0.02

1.0

630

0.3

0.2

0.02

3.1

Table 2
Material properties of the matrix material
Em (GPa)

nm

s0y (GPa)

h

210

0.3

1.6

0.42

Fig. 2. Proposed multi-scale framework for the modeling of high strength steel showing the three nested domains centered at x. The
square shaped particles are primary particles and the circular inclusions are secondary particles.

2.2. Multi-scale decomposition of the microstructure
As noted above, ductile fracture in high strength steel alloys is a highly nonlinear phenomenon that
encompasses several mechanisms across three scales: macro-scale, scale of primary particles, and scale of
secondary particles. Following Vernerey et al. (2007) it is possible to associate to each scale of analysis an
independent kinematic variable, arising from the introduction of material domains centered on a material
point x. The three kinematic variables and the associated nested domains shown in Fig. 2 are deﬁned as
follows:





the macro-velocity v is interpreted as the average velocity of the macro-domain Ō, a representative volume
element of the entire microstructure. The characteristic dimension of Ō is a multiple of the average spacing
between primary particles.
the micro-velocity gradient L1, is interpreted as the average velocity gradient in the micro-domain O1, which
represents the material between primary particles (secondary particles embedded in the matrix material).
The submicro-velocity gradient L2 is the average velocity gradient in the submicro-domain O2, which is
representative of material between secondary particles (matrix material).
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To simplify the description, we assume that the micro-domains O1 and O2 do not rotate relatively to the
macroscopic domain. This is consistent with the fact that mechanisms of void growth do not involve
signiﬁcant rotation at small scales. Therefore, only effects of stretch and shear are considered at micro-scales
and quantities L1 and L2 can be replaced by their symmetric counterparts, the rates of micro-deformation D1
and submicro-deformation D2 are written as follows:
D1 ¼ 12ðL1 þ ðL1 ÞT Þ and D2 ¼ 12ðL2 þ ðL2 ÞT Þ.

(1)

The generalized vector of strain rates is then written in the following form (Vernerey et al., 2007):
!
!
D ¼ ½ D ðD1  DÞ D1 r ðD2  DÞ D2 r ,

(2)

where D is the rate of macro-deformation. The quantity D1–D (respectively, D2–D) is the inhomogeneous
deformation resulting from localization that occurs from void (respectively, microvoids) nucleation and
growth. A generalized stress vector R can then be introduced as the power conjugate of D. We write
h
i
1
2
R ¼ r b1 b b2 b ,
(3)
1

1

where r is the symmetric macro-stress (Cauchy stress), b and b are the micro-stress and microscopic-stress
2

2

couple and b and b are submicro-stress and submicroscopic-stress couple. The micro-stresses and submicrostresses are interpreted as stresses and stress moments exerted by the microstructure to redistribute plastic
deformation around large voids and microvoids, respectively.
2.3. Internal power and governing equations
Introducing virtual kinematic quantities dv, dD1 and dD2, we show that the virtual internal power density of
the three-scale micromorphic material can be written in the form (Vernerey et al., 2007):
Z
dPint ¼
R  dD dO
O

Z 
1.
2.
!
!
1
2
r : dD þ b : dðD1  DÞ þ b ..dD1 r þ b : dðD2  DÞ þ b ..dD2 r dO,
ð4Þ
¼
O

where dD is the generalized virtual strain rate. Conﬁning attention to quasistatic case and denoting
macroscopic body forces as b and surface tractions as t, it is straightforward to show (Vernerey et al., 2007)
that the governing equations and boundary conditions are given by

 !


1
2
1
2
r  b  b  r ¼ b in O;
r  b  b  n ¼ t on Gt ;
1 !
1
b  r  b ¼ 0 in O;
2 !
2
b  r  b ¼ 0 in O;

1

(5)

b  n ¼ 0 on Gt ;
2

b  n ¼ 0 on Gt :

This is a system of three coupled differential equations, representing macro-, micro- and submicro-scales,
respectively. The ﬁrst equation represents the macroscopic equilibrium at a material point x. The second and
third equations are the equilibrium of stresses and stress couples arising at the micro- and submicro-scale at
1

2

the same material point x. Note that the micro-stresses b and b provide interactions between each microscale and the macro-scale.
3. Constitutive relations
The constitutive relation relates the evolution of the generalized stress measure to the evolution of the
generalized strain measure. In this work, the load carrying capacity of the material is characterized at various
scales by a coupled elasto-plastic model. While the macro-scale material response is based on traditional
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Fig. 3. Framework for the three-scale homogenization of high strength steel.

homogenization techniques (Nemat-Nasser and Hori, 1999; Hao et al., 2004), the micro-scales are based on an
averaging operation described below.
3.1. Averaging operation
At the micro-scales, homogenization operations are based on the introduction of meso-domains
I
I
Ō ðI ¼ 1; 2Þ associated with each micro-scale and centered on the material point x. The dimensions ‘¯ of
I
I
1
2
I
¯ ‘¯ b‘¯ , where ‘¯
the meso-domains Ō are such that the micro-velocity gradient L varies linearly in Ō and ‘b
I
is the dimension of the macro-domain. Typically, ‘¯ is a multiple of the dimension of the micro-domain OI.
1
2
1
Fig. 3 gives an illustration of the macro-domain Ō and two meso-domains Ō and Ō . The length ‘¯ is related
to the linear variation of inhomogeneous strain around the voids that directly depends upon their sizes. For
1
simplicity, we assume that‘¯ remains constant during deformation and we choose it as the average diameter of
2

the primary particles. Similar arguments are used to choose the length scale ‘¯ as the average diameter of
secondary particles. The next step in the homogenization (can also be interpreted as a statistical averaging
operator) at micro-scales is the introduction of inhomogeneous micro-stress b1 and submicro-stress b2; these
are power conjugates of the inhomogeneous deformations D1D and D2D, respectively. The homogenization procedure consists of replacing the stress ﬁeld bI(I ¼ 1, 2) in the meso-domain by an equivalent stress
I

I

I

b ðI ¼ 1; 2Þ and stress couple b ðI ¼ 1; 2Þ as follows. Let y be the position of a point in Ō ðI ¼ 1; 2Þ with
I

I

respect to its center. The components of stress b ðI ¼ 1; 2Þ and stress couple b ðI ¼ 1; 2Þ are then given by the
I

zeroth and ﬁrst (statistical) moments of the stress bI ðI ¼ 1; 2Þ in the meso-volume Ō (Vernerey et al., 2007):
I

b ðxÞ ¼

1 R
I

Ō

I

Ō

bI ðx þ yÞ dŌ

I

ðI ¼ 1; 2Þ:
I

b ðxÞ ¼

1 R
I

Ō

I

Ō

I

I

b ðx þ yÞ  y dŌ

(6)
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1
2
Note that this operation introduces length scales ‘¯ and ‘¯ in the model and can be interpreted through
Eq. (6) as a measure of the lever arm of the stress couples.

3.2. Elastic response
In this study, an additive decomposition of the generalized rate of deformation into an elastic part De and a
plastic part Dp is assumed:
D ¼ Dp þ De :

(7)

For damage models, elastic strains usually remain small compared to plastic strains and a linear
hypo-elastic response can therefore be assumed in the elastic regime. The relationship between an objective
rate (Jaumann rate) of generalized stress Sr and the generalized elastic rate of deformation De can thus be
written
2 3r 2
3 2
3e
r
C 0
0
0
0
D
6 b1 7
7
6
1
1
6 7
60 C B
0
0 7 6
D1  D 7
7
6 17
7 6
6
6 7
6 1! 7
1
1
7
6
6b 7 ¼ 6 0 B C
6
(8)
0
0 76 D r 7
7,
6 7
6
2
27
7
6 27
6 2
7
6
D
b

D
0 C B 5 4
5
6 7
40 0
4 25
2
2!
2
D
r
0 0
0 B C
b
1

1

2

2

1

where C is the macroscopic elastic matrix, C ; C and B are the microscopic elastic matrices and C , C and
2
B are the submicroscopic elastic matrices. Note that the zeros on the off-diagonal matrices arise from the
assumption that coupling terms between deformations at different scales are negligible in the elastic regime.
Some relationships between elastic matrices can be determined from averaging operations on the mesoI
domains deﬁned in Eq. (6). For this, let us assume that within the meso-domain Ō , the stress rate bI;r is
related to the quantity D1D through a local elastic matrix CI as follows:
bI;r ðx þ yÞ ¼ CI : ½DI ðx þ yÞ  DðxÞe :

(9)
I

Assuming that the elastic matrix CI remains constant within the meso-domain Ō , it is straightforward to
I

1

show, using Eq. (6), that the elastic moduli C ðI ¼ 1; 2Þ and C ðI ¼ 1; 2Þ can be written in the following form:
I
‘¯ I
I
C  I and B ¼ 0:
(10)
12
In the present study, the values of elastic constants that appear in CI(I ¼ 1, 2) are phenomenological and
their determination is left for future work. However, the best agreement between cell model computation and
1
multi-scale continuum simulations was obtained for C1 ¼ C2  10
C where C is the macroscopic elastic matrix.
A more elaborate representation of the elastic response at micro-scales could employ cell modeling techniques
and is the subject of future research. We now introduce the plastic constitutive response associated with
macro-, micro- and submicro-scales.
I

I

C ¼ CI ; C ¼

3.3. Plastic response
The material response in the plastic range is represented by a three-potential plasticity model. In other
1

1

2

2

words, the constitutive relations involve three yield functions Fðr; QÞ, F1 ðb ; b ; QÞ and F2 ðb ; b ; QÞ
associated with macro-, micro- and submicro-scale, respectively. The quantity Q, called the vector of internal
variables, represents a measure of the state of the microstructure (such as damage) at a material point. In our
model, Q consists of the macroscopic plastic deformation ep, porosity f, microscopic and submicroscopic
plastic deformation E1 and E2, respectively,
Q ¼ ½ p

f

E1

E 2 T .

(11)
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In the following, we present a derivation of the yield function and an evolution of internal variables
associated with each scale, starting at the macro-scale. While the macroscopic plastic response is determined
based on hierarchical homogenization techniques described in Hao et al. (2004), the microscopic and
submicroscopic constitutive relations remain empirical but physically motivated.
Note that although the material’s microstructure is typically anisotropic and discontinuous at small scales,
we assume that the above yield functions are isotropic and continuous for simplicity. The extension of this
work to anisotropic, non-smooth yield criteria will be considered in future work.
3.3.1. Macroscopic plastic response
The macro-scale material response reﬂects the overall material behavior for dimensions that are much larger
than the microstructure’s characteristic length. At this scale, the plastic deformation and damage is the result
from plastic slip in the matrix and void nucleation and growth around both primary and secondary particles.
Due to the weak bonding between primary particles and the matrix material, voids nucleate ﬁrst and grow
around the primary particles, creating bands of intense plastic strains. At sufﬁciently large strains, microvoids
nucleate and grow from secondary particles within these bands, triggering the so-called ‘‘void-sheet
mechanism’’ between larger voids. This mechanism was investigated by Tvergaard (1982, 1988). Thus, in
addition to the effect of void nucleation and growth from primary particles, the macroscopic yield criterion
must incorporate the effect of microvoid nucleation along with their growth and coalescence. Motivated by
the work of Perrin and Leblond (2000), the macroscopic yield function F is assumed to be Gurson-type in
which the porosity is modiﬁed to account for voids nucleating from primary and secondary particles. Hence,
the yield function is written in terms of three material parameters q1, q2 and q3 as (Table 3) follows:
 2


seq
3q2 sm
 1 þ 2q1 f cosh
(12)
F¼
 q3 f 2 ¼ 0,
sy
2sy
where the yield stress sy evolves with the level of plastic strain, measured by the scalar quantity ep and the
scalar f accounts for the porosity resulting from both voids and microvoids. We write
f ¼ f p þ f s,
p

(13)

s

where f and f represent the porosity due to voids and microvoids, respectively. Note that the porosity f s is
introduced to characterize the rapid failure of the material after the microvoid nucleation and is an effective
porosity that does not represent the average volume fraction of microvoids in a macroscopic volume. The
evolution equations for the macrosopic internal variables f and ep have the form:
8
_p ¼ ½r : Dp =½ð1  f Þseq ;
>
>
8
>
<
< f_P ¼ f_n þ f_g ;
s
p
(14)
_
_
_
f ¼ f þ f ; where
>
S
c
>
:
>
_
_
f ¼f ;
:
n g
where f_ ; f_ denote the rate of increase of porosity from nucleation and growth of voids around primary
c
particles while f_ accounts for void coalescence resulting from the void-sheet mechanism. Further details are
given in Appendix A.
Note: The authors acknowledge that the model given by Eq. (12) has some limitation with regards to
microstructural non-uniformity and anisotropy (Lee and Ghosh, 1999). However, it is a useful starting point
for purposes of demonstrating the present multi-scale methodology. Improvements on this model will be
considered in future research.

Table 3
Material parameters used at the macroscale
q1

q2

q3

0.91

1.9

0.95

ARTICLE IN PRESS
F.J. Vernerey et al. / J. Mech. Phys. Solids 56 (2008) 1320–1347

1328

3.3.2. Microscopic plastic response
The micro-stress and micro-stress couple are a result of inhomogeneous stresses induced by the growth of
voids around primary particles. At this scale, plasticity is governed by the behavior of the material
surrounding those voids, namely the matrix and secondary particles. Physically, the micro-stress and microstress couple yield at the onset of void-sheet formation (due to microvoid nucleation). Micro-stresses therefore
yield at the onset of microvoid nucleation and microscopic plastic deformation arises from microvoid growth.
In order to account for volumetric deformation in the mathematical formulation, we represent the micro-scale
plasticity by a simple Drucker–Prager-type yield function in the form:
1

1

F1 ðb ; b ; QÞ ¼ ðB1eq þ aB1m Þ  B1y ¼ 0,
B1eq

(15)

B1m

and
are equivalent and hydrostatic micro-stresses that are modiﬁed to account for the effects of
where
higher order stresses:
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 2 1;dev . 1;dev
1;dev
1;dev
1
..b
1
B ¼ 3b
:b
þ a b
;
eq

1
‘¯

2

B1m

¼

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
 
1;m 1;m

b

b

þ

b1
1
‘¯

2 1;m

b

b

1;m

(16)

:

1;dev

1;dev

1;m

1;m

The expressions for deviatoric stresses b
and b
, and hydrostatic stresses b and b are developed
in Appendix B.2. The yield stress B1y is assumed to be a function of the microscopic effective plastic strain E1
1
whose time derivative E_ is taken to be
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
!.
!
1
1
E_ ¼ 2ðD1;p  Dp Þ : ðD1;p  Dp Þ þ c1 ‘¯ D1;p r ..D1;p r .
(17)
3

The coefﬁcients a1, b1 and c1 are material parameters determined through the averaging operation (6) and
are summarized in Table 4. Details of the calculation are given in Appendix B.
Note: the form of the ﬂow potential in Eq. (15) was not derived from homogenization techniques and can
certainly be improved upon for a better description of the material behavior. However, it captures the main
features of mechanisms observed at this scale. Future research would involve the determination of ﬂow
potentials from homogenization techniques and consideration of anisotropy and probabilistic effects at
microscopic scales.
The evolution of the microscopic effective plastic strain follows from the equality of plastic work:
1.
!
1
1
½B1eq þ aB1m E_ ¼ b : ðD1  DÞp þ b ..D1;p r

(18)

which leads to the relation
1.
1
p
1
..D1;p !
b
:
ðD

DÞ
þ
b
r
.
E_ ¼
1
1
Beq þ aBm
1

(19)

As described in the previous section, the microscopic plastic ﬂow is the result of microvoid nucleation and
growth. The initial microscopic yield stress therefore corresponds to the onset of a void-sheet mechanism for
which a criterion is given in Eq. (A.16), namely:
p þ avs f ¼ bvs ðss Þ,

(20)

Table 4
Material parameters used at the microscale
a1

b1

c1

‘1 (mm)

h1

a

18

pﬃﬃﬃ
6 6

1/18

1

0

1
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where bvs is a function of the debonding stress s^ s . At the onset of a void-sheet mechanism, micro-stresses lie on
the yield surface, implying that F1 ¼ 0. Using Eqs. (20) and (A.16), we can write
B1y0 ¼ ðB1eq þ aB1m Þjf þavs p ¼bvs .
For simplicity, we assume that
B1y

¼

B1y0 ð1

1

(21)
B1y

is a linear function of E

1

1

þ h E Þ.

(22)

The coefﬁcient h1 remains an arbitrary constant and gives the sensitivity of micro-stress softening with the
amount of micro-deformation. Computations have shown that the behavior of the solution exhibits
insigniﬁcant variations when we modify the value of h1. In the following, we consider perfect plasticity for the
inhomogeneous response at the micro-scale; in other words, we choose h1 ¼ 0.
3.3.3. Submicroscopic plastic response
The submicro-stress and submicro-stress couples are a result of inhomogeneous stresses induced by
microvoid growth. At this scale, plastic instability occurs when the matrix material fails to carry stress
moments after the onset of microvoid coalescence (or instability of ligaments between microvoids).
Submicroscopic plastic deformation can subsequently be deﬁned as the plastic deformation of the matrix
material after the onset of void coalescence (necking of ligament). The yield function is written in the form of
J2 ﬂow plasticity modiﬁed to account for the effects of higher order stresses:
2

2

F2 ðb ; b ; QÞ ¼ B2eq  B2y ¼ 0,

(23)

where B2eq is the overall equivalent micro-stress and B2y is the micro-yield stress. The equivalent stress and rate
2
of plastic micro-strain E_ are written in the form:
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 2 2;dev . 2;dev
2;dev
2;dev
1
2
..b
B ¼ 3b
:b
þ a b
;
eq

2

1
‘¯

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
!.
!
2
2
E_ ¼ 23 ðD2;p  Dp Þ : ðD2;p  Dp Þ þ b2 ‘¯ D2;p r ..D2;p r ;
2;dev

(24)

2;dev

where b
and b
are deviatoric submicro-stress and submicro-stress couple and a2 and b2 are material
constants determined in Appendix B.1. The equality of plastic work implies that the increment of
submicroscopic effective plastic strain takes the form:
2.
!
2
b : ðD2;p  Dp Þ þ b ..D2;p r
2
_
:
E ¼
B2eq

(25)

Here, the yield stress B2y is taken as the value of equivalent stress B2eq at the onset of microvoid coalescence.
A measure of inhomogeneous plastic deformation in the inter-void ligament is provided by the effective plastic
micro-strain E1. The critical plastic micro-strain at microvoid coalescence is denoted by E1c and the yield stress
B2y0 can be written as
B2y0 ¼ B2eq jE 1 ¼E 1c :

(26)

The value of E1c can be interpreted as the microscopic plastic strain at the onset of microvoid coalescence.
This value was evaluated by measuring the plastic strain in a unit cell in uniaxial tension at onset of microvoid
coalescence. Perfect plasticity is also used at the submicro-scale (B2y remains constant, B2y ¼ B2y0). Summaries of
constitutive relations and homogenization techniques used in this section are given in Figs. 4 and 5.
3.4. A hierarchical scheme for the macroscopic plastic response
In this section, we describe the framework that is used to determine the macroscopic yield functio F.
This is done by using concepts from the hierarchical framework (Hao et al., 2004) and cell modeling
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Fig. 4. Summary of the constitutive relation.

techniques. One of the critical feature to capture from cell modeling is the strength of the interface between
particles and matrix material. For this, we used the cohesive model described next.
3.4.1. Matrix/particles cohesive law
The interfacial debonding energy at Fe–TiC interface for secondary particles and Fe–TiN interface for
primary particles is modeled by a force–separation relation obtained from ﬁrst principle calculations
(Freeman, 2002; Geng et al., 2001). Let s be the normal stress across the interface and d be the separation
between the two surfaces. The force–separation relation is written in the non-dimensional form as


s d
d
¼ exp 1  ,
(27)
s^ d^
d^
^ The peak debonding stresses at the
where s^ is the peak debonding stress and d^ is the separation when s ¼ s.
primary particle/matrix interface and secondary particle/matrix interface are denoted by s^ p and s^ d , respectively.
In the present work, a scaling of the force–separation relation (27) is necessary so that the results from quantum
mechanics can be used in a continuum framework at the particle scale. For this, we refer to Hao et al. (2004),
where the force–separation relation is scaled based on dislocation pile-up at particle boundaries.
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Fig. 5. Summary of the model and homogenization.

3.4.2. Hierarchical homogenization
The hierarchical framework used in this study is depicted in Fig. 6. Homogenization of the material at the
level of secondary particles is ﬁrst carried out to produce a homogenized constitutive relation that can be used
to model the material between primary particles. A cell model at the scale of primary particles is then used to
determine properties of the material at the macro-scale. At each scale, we introduce a representative cell O in
which homogenization procedures are performed. These operations provide a relationship between average
~
~ D):
quantities (r, D) in O and local quantities (r;
r¼

1
O

Z
O

r~ dO;

D¼

1
O

Z

~ dO.
D

(28)

O

~ are average and
The quantities r and r~ are average and local Cauchy stresses, respectively, and D and D
local rates of deformation. At each scale, the plastic behavior is determined by assuming a form for the yield
function for which material parameters are determined by curve ﬁtting the response given by the cell model.
The determination of a constitutive relation at the level of secondary particles is ﬁrst carried out to generate
a model that is used for the matrix material in the macroscale At this scale, we introduce an RVE that consists
of a domain that contains several randomly located particles as represented in Fig. 6 (plotted with contours of
equivalent plastic strain) and apply periodic boundary conditions described in Appendix C.
At the scale of secondary particles, the failure mechanisms of the material depend on the level of triaxiality.
In high triaxiality, they are explained by microvoid nucleation around secondary particles, growth and
coalescence. In low triaxiality, the softening arises from coalescence of neighboring microvoids that lie in the
direction of shear (McVeigh et al., 2007; Vernerey et al., 2006). As described in McVeigh et al. (2007), the
effect of these micro-mechanisms on the evolution of average stress state can be represented by a Gurson-type
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Fig. 6. Hierarchical framework for the determination of the macroscopic constitutive relation.

plastic potential F0 (Gurson, 1977) with adjustable parameters as follows:
 0 2
 0 0 
seq
3q2 sm
0
0 0
þ 2q1 f cosh
F ¼
 ð1 þ q03 ðf 0 Þ2 Þ ¼ 0,
sy
2sy

(29)

where the prime denotes the scale of secondary particles. Here, s0 m is the hydrostatic stress and s0 eq is the
equivalent stress. The determination of constants q0 1, q0 1 and q0 1 is described in Appendix C. The evolution of
the microvoid volume fraction f0 is decomposed into a nucleation term, growth term and coalescence term.
The evolution of each of these internal variables is described in Appendix A.1. Note that the function F0 is
only used temporary in order to determine the macroscopic material response. It is not used in the multi-scale
framework described in previous sections.
The macroscale yield function is then determined by considering the unit cell containing a distribution of
randomly distributed primary particles in a matrix whose response is given by Eq. (29). A similar averaging
operation is performed to lead to the form of the yield function (12) and the evolution of internal variables
given in Eq. (14).

4. Implemented multi-scale model results
4.1. One-dimensional analysis
The behavior of the three-scale micromorphic steel model is ﬁrst investigated in a simple one-dimensional
case. Consider a rectangular bar, which is stretched such that the ends move at velocity v in opposite
directions. The geometry, dimensions and boundary conditions are depicted in Fig. 7.
An imperfection is introduced in the center of the bar in order to trigger the onset of localization
within this region. This is done by assigning a 5% reduction of the initial yield stress in the central element.
In order to compute the solution accurately, the element size has to be comparable to the smallest length
2
scale ‘¯ (0.2 mm).
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4.1.1. Three-scale continuum solution
In Fig. 8, the evolution of the proﬁle of macroscopic logarithmic tensile strain is plotted as a function of
position along the bar. Each of the three distinct stages is observed in failure of the bar based on the size of the
corresponding localization region.




Stage 1 corresponds to localization of the deformation as a result of macroscopic material instability (due
to the nucleation of voids from primary particles in the center of the bar). The width of the localization
1
zone is due to micro- and micro-stress couple that are associated with the length scale ‘¯ .
Stage 2 corresponds to the second level of localization, associated with microscopic instability. At this
stage, due to sufﬁcient plastic strains and voids growth around the primary particles, microvoid nucleation
takes place, leading to a microvoid sheet. The width of the localization zone is due to submicro-stress and
2
submicro-stress couple that are associated with length scale ‘¯ given by secondary particles (Table 5).

Fig. 7. One-dimensional tensile bar.

Fig. 8. Logarithmic tensile strain proﬁle for different stages of deformation.

Table 5
Material parameters used at the submicro-scale
a2

b2

‘2 (mm)

h2

E1c

18

pﬃﬃﬃ
6 6

0.2

0

1
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Fig. 9. Solutions for conventional continuum and multi-scale continuum.



Finally, stage 3 is associated with ﬁnal failure of the material due to microvoid coalescence. This occurs
when submicro-stresses and stress couples reach the submicroscopic yield surface. At this stage, size effects
are no longer present and the solution becomes element-size dependent.

The three-scale micromorphic model therefore has the ability to accurately capture several instability points
during material failure, as well as the characteristic sizes of localization regions. This represents an appreciable
improvement from conventional continuum theories that failed in predicting post-localization behavior of
materials. For comparison, Fig. 9 depicts the solution given for a conventional continuum (one-scale) and
three-scale continuum solution. For the conventional continuum model, the constitutive relation consists of
macroscopic elastic constants and the macroscopic yield function developed in this paper.
Because it is a local model, the conventional continuum exhibits spurious strain localization after reaching
material instability. On the contrary, the multi-scale material model correctly captures the three stages of
ductile failure of steel: void nucleation and growth, microvoid nucleation and growth, and ﬁnally, microvoid
coalescence.
4.1.2. Effect of particle size
The effect of particle size is investigated for the one-dimensional problem. In Fig. 10(a), we vary the size of
primary particles. The consequence is a change in size of the plastic region at the micro-scale. However, no
change is observed in the localization zone at the submicro-scale. On the contrary, varying the size of
secondary particles has an affect on the size of the plastic region at the submicro-scale but no impact on the
localization zone at the micro-scale (shown in Fig. 10(b)). It is clear that secondary particles size only has an
inﬂuence on the size of the plastic region due to void-sheet mechanism. This emphasizes the relationship
between failure mechanisms and their associated length scales.
4.1.3. Effect of the carbide/matrix debonding stress
We now investigate the effect of debonding peak stress s^ s between secondary particles and matrix material.
The tensile strain proﬁles are plotted for different values of s^ s in Fig. 10(c). The ﬁgure clearly shows that
increasing the debonding stress has the effect of delaying localization of deformation at the scale of secondary
particles. This is a direct consequence of the criterion for void sheet driven coalescence given in Eq. (A.16).
4.2. Two-dimensional shear problem
Next, a two-dimensional plane strain ﬁnite element analysis of a shear test is performed to evaluate the
performance of the three-scale micromorphic model with respect to localization in shear conditions. The
geometry and boundary conditions shown in Fig. 11(a) are motivated by the experiments of Cowie et al.
(1989) (although the region considered here is smaller than the gage section in experiments).
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Fig. 10. Proﬁle of tensile strains for different particle sizes: (a) effect of the primary particles size; (b) effect of secondary particles size; and
(c) effect of debonding peak stress at TiC–Fe interface (secondary particles).

Two computations are performed. First, a direct numerical simulation (DNS) of the shear test with explicit
modeling of two populations of particles and second, a computation of the equivalent three-scale
micromorphic model. For DNS to be computationally affordable, the size of the shear specimen is scaled
down to micron size. Yet, due to the small size of secondary particles (0.1 mm), the typical size of an element is
10 nm. Fig. 11(b) shows the ﬁnite element discretization used for the DNS in which eight primary particles and
22 secondary particles can be distinguished. To reduce the computation size, we only modeled secondary
particles at the center of the specimen where failure is expected. The simulation is carried out with the
ABAQUSr ﬁnite element software, using 59,394 quadrilateral plane strain elements.
The ﬁnite element discretization for the multi-scale micromorphic simulation is shown in Fig. 11(c). To
2
capture submicroscopic ﬁelds, the element size has to be comparable to ‘¯ (0.1 mm). Similar to DNS, the
discretization is reﬁned in the center of the specimen that permits to reduce the number of quadrilateral
element to 892. The comparison between distribution of effective plastic strains at different times for both
DNS and three-scale micromorphic model is presented in Fig. 12.
The three stages of shear failure described above can be observed:





Stage 1: Void nucleation and localization of plastic deformation in a shear band between newly created
1
voids of width ‘¯ . This corresponds to macroscopic instability.
2
Stage 2: Microvoid nucleation and localization of plastic deformation in a band of width ‘¯ between
microvoids. This corresponds to microscopic instability.
Stage 3: Onset of microvoid coalescence and submicroscopic instability.
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Fig. 11. (a) Setting of the shear test experiment and ﬁnite element discretization used for (b) simulation with explicit microstructure and
(c) three-scale micromorphic model.

The evolutions of microscopic and submicroscopic shear stresses are depicted in Fig. 12(c) and (d). The
microscopic shear stress represents a couple that distributes strains in a band whose size is given by primary
particles. It is active in stage 1 but yields during microscopic instability, as microvoids nucleate. During stage
1, the submicro-stresses remain insigniﬁcant since the deformation is microscopic. However, they become fully
active after microscopic instability and ﬁnally yield in stage 3 due to microvoids coalescence.
The three-scale micromorphic model was able to provide an accurate description of various failure
mechanisms with their length scales. We now show how macroscopic response for the DNS compares to that
of the multi-scale model by plotting the average stress–strain curve in the specimen depicted in Fig. 13.
A good agreement between the two simulations is observed. The oscillations of the stress–strain curve of the
DNS are due to the existence of the explicit microstructure whose length scale is close to specimen size. These
oscillations would diminish if a larger specimen is considered.
4.3. Two-dimensional tensile test
The three-scale model is now evaluated with a ﬁnite element analysis of a specimen in tension under plane
strain conditions. Consider a square domain subject to tension by applying a velocity v on top and bottom
boundaries in opposite directions, as shown in Fig. 14(a). To start the localization, an imperfection is
introduced at the center of the domain by giving the central element a 5% reduction in yield stress.
Using the symmetric geometry of the domain, the problem is reduced to the study of the quarter cell and
boundary conditions shown in Fig. 14(b). The domain is discretized with 4121 quadrilateral elements whose
2
size compare to the length scale ‘¯ of the secondary particles.
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Fig. 12. (a) Snapshots of the plastic deformation of the shear specimen with explicit microstructure; (b–d) snapshots of the plastic
deformation, micro- and submicro-stresses of the shear specimen using the three-scale material model.

Fig. 13. Average shear stress–strain curve measured in the specimen.
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Fig. 14. Geometry, boundary conditions and ﬁnite element discretization of the tensile specimen.

Fig. 15. Contours of effective plastic strain at the macro-, micro- and submicro-scales at different stages of deformation.

The evolution of effective plastic strains at macro-, micro- and submicro-scales are depicted in Fig. 15 for
different times. Three stages of material failure are shown. The ﬁrst stage corresponds to material instability at
the bottom left corner of the specimen due to the imperfection. The interaction between the damaged zone and
the free surface on the right creates a band of intense plastic strains at 451 promoting void nucleation from
1
primary particles. The width of this shear band is related to the size ‘¯ associated with primary particles. As
the central crack grows, the intensity of plastic strain in the shear band increases (with high triaxiality in the
center and low triaxiality near the free boundary). Due to large shear strain levels near the free boundary, the
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criterion for nucleation of secondary particles (Eq. (A.16)) occurs ﬁrst in this area. Therefore, stage 2 can be
observed near the boundary as the microscopic plastic strain E1 emerges (due to the micro-stress instability),
starting from the free boundary and growing towards the crack. This inner shear band due to microvoid
2
growth has a width that is related to the size ‘¯ . Stage 3, or the ﬁnal stage is reached when microvoids coalesce.
In the multi-scale model, microvoid coalescence (which is measured by the submicro-strain E2) can be
observed to appear within the micro-shear band in the bottom right picture of Fig. 15. Although this
simulation is realized under plane strain conditions, the resulting mode of failure can be compared with the
‘‘cup and cone’’ fracture of a cylindrical specimen in tension. Similarly to what is observed on fracture
surfaces, the central region is due to nucleation, growth, and coalescence of voids from primary particles, due
to the high level of triaxiality and the ‘‘shear lips’’ are related to microvoid nucleation around secondary
particles, due to high level of shear in these regions.

5. Conclusions
In this study, the multi-scale theory of Vernerey et al. (2007) was successfully used to describe the multi-scale
character of damage and failure in steel possessing particle distributions at two distinct scales. The proposed
model has the following characteristics:






The internal power is written in terms of the velocity, rate of deformation at the scale of primary particles
and rate of deformation at the scale of secondary particles. This leads to a three-scale material model,
whose governing equations consist of a set of three coupled differential equations.
The constitutive relation in the plastic regime was written in terms of three yield functions characterizing
degradation of the material at different scales.
While the form of micro-scale yield function is purely phenomenological, most material constants are
determined using a proper (statistical) averaging procedure.
The model provides useful improvement compared to conventional models as it captures deformation
history after onset of macroscopic instability.

The model was evaluated for both shear and tension. In shear, the solution provided by the three-scale
micromorphic model was compared to the solution given by modeling explicit microstructures. We obtained
good agreement between the two solutions, as the three-scale material was able to capture localizations
occurring at two distinct length scales. The behavior in tension showed that the model was in-line with
underlying mechanisms of fracture. It could predict failure from primary particle in the center of the notch and
failure in a void sheet on the sides. This is similar to mechanisms observed in axisymmetric loading with the
cup and cone fracture.
Many aspects still need to be explored and improved in the newly developed multi-scale continuum
model. The ﬁrst concerns determination of the constitutive relation. At micro-scales, the form of plastic
potentials, evolution of plastic variables and so forth, were chosen empirically. A research direction
could be to perform averaging operations simultaneously with macro-scale simulation, similarly to the
global–local analysis introduced in Varvara Kouznetsova (2002) or the power equivalent approach
proposed by Liu and McVeigh (Comp Mech 2007). From a computational perspective, two problems
should be explored. One, when implementing the multi-scale model in the ﬁnite element method, the
element size is required to be on the order of the smallest microstructural length scale. This can result in very
expensive (time and cost) simulation on large domains. A solution to this problem resides in multi-scale
numerical methods such as those developed in Wagner and Liu (2003), Wagner et al. (2004), Kadowaki
and Liu (2004), McVeigh et al. (2006), and Liu et al. (2004, 2006, 1995). Finally, in modeling localization
and failure of materials, it is of interest to model material deformation up to the point of failure. However, at
this stage, the ﬁnite element methods yield inaccurate results before the ﬁnal point of failure due to high
element distortion. Numerical methods such as meshless methods may provide a solution to this problem
(Li and Liu, 2002; Liu et al., 1995).
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Appendix A. Hierarchical modeling
A.1. Homogenization at the scale of secondary particles
The yield function at the scale of secondary particles in Section 3.2 is written as
 0 2
 0 0 
seq
3q2 sm
F0 ¼
þ 2q01 f 0 cosh
 ð1 þ q03 ðf 0 Þ2 Þ ¼ 0.
sy
2sy

(A.1)

The determination of the constants q0 1, q0 2 and q0 3 in the yield function given in Eq. (13) is described in
Appendix C.3. This yields the following set of constants:
q01 ¼ 0:91;

q02 ¼ 1:9;

q03 ¼ 0:95.

(A.2)

The evolution of accumulated plastic strain is obtained by invoking the equality of macroscopic and
microscopic rates of plastic work:
s0 : D0 p ¼ ð1  f 0 Þsy _ 0p ) _0p ¼

s 0 : D0 p
,
ð1  f 0 Þsy

(A.3)

where sy is the yield stress of the matrix material. The evolution of the microvoid volume fraction f0 is
0
decomposed into three components. The ﬁrst, f_n , is due to the void nucleation from secondary particles, the
0
0
second, f_g is related to the growth of the void after nucleation has occurred, and ﬁnally, the third, f_c represents
the extra porosity arising from the coalescence process. We write
0
0
0
0
f_ ¼ f_n þ f_g þ f_c .

(A.4)

Due to the incompressibility of the matrix material, an increase of porosity is related to dilatational plastic
strain rate TrðD0 p Þ as follows:
0
p
f_g ¼ ð1  f 0 ÞTrðD0 Þ.

(A.5)

Following Saje et al. (1982), the rate of microvoid nucleation is taken as
0

B
0
f_n ¼ A01 s_ 0eq þ 1 s_ 0m ,
(A.6)
3
where the parameters A0 1 and B0 1 characterize the dependence of the nucleation rate on the equivalent stress
rate and hydrostatic stress rate, respectively, and are functions of the stress and deformation history.
Nucleation is assumed to follows a normal distribution around the mean value esp
N of plastic strain as follows:
!

2
f0
1 0p  0N
A01 ¼ pNﬃﬃﬃﬃﬃﬃ exp 
(A.7)
; B01 ¼ 0,
2
s0 sy
s0 2p
where f0 N represents the volume fraction of secondary particle and s0 is the standard deviation. Referring to
Goods and Brown (1979) and based on a large amount of cell model simulation, the critical plastic strain
depends on the amount of hydrostatic stress.
The nucleation model is investigated as a function of the decohesion energy at the interface of
particle–matrix. Computationally, the bonds between the particle and the matrix material were modeled using
non-linear cohesive elements. Following the previous study in McVeigh et al. (2007), the evolution of void
coalescence can be written as follows:
0
p
f_c ¼ B01 ð1  f 0 ÞTrðD0 Þ þ B02 _0p ,

(A.8)
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where B0 1 represents the acceleration of void growth in high triaxiality and B0 2 was added to represent the
shear driven void coalescence such that:
B01 ¼ 0;

B02 ¼ 0

B01 40;

B02 40

before the onset of coalescence;

(A.9)
after the onset of coalescence:
Cell modeling studies showed that the criterion for the onset of void coalescence can be expressed as follows:
f 0 þ ac 0p  bc 40,

(A.10)

where ac ¼ 0:1222 and bc ¼ 0:1236. In other words, coalescence takes place either at high void volume
fraction or at high plastic strains. The trade-off between those quantities is given by the relation (A.10).
A.2. Homogenization at the scale of primary particles
The macroscopic yield function is written in the form:
 2


seq
3q2 sm
F¼
 1 þ 2q1 ðf P þ f S Þ cosh
 q3 ðf P þ f S Þ2 ¼ 0.
sy
2sy

(A.11)

The evolutions of void volume fraction nucleating from primary and secondary particles are taken in the
following form:
P
n
g
S
c
f_ ¼ f_ þ f_ and f_ ¼ f_ .
(A.12)
n
g
_
_
The ﬁrst term f denotes the nucleation of voids around primary particles, the second f represents the
c
growth of those voids under the action of hydrostatic stress and ﬁnally, f_ is the coalescence term. The
coalescence stage can be explained with the void-sheet mechanism (Horstemeyer et al., 2000) as follows: as
larger voids grow, the plastic strain in the matrix material increase signiﬁcantly, leading to nucleation of the
smaller population of voids. The newly nucleated microvoids are then free to grow and coalesce in the
localization band often referred to as the void sheet. The rate of void nucleation from primary particles is
written in the form used by Saje et al. (1982) as follows:
n
f_ ¼ A1 s_ eq þ A2 s_ m .
(A.13)

Void coalescence occurs by growth and coalescence of voids nucleating from secondary particles in a void
sheet between larger cavities. Microscopic parameters such as secondary particle volume fractions,
distribution or decohesion energy determine this mode of coalescence and are introduced to the macroscopic
model via the material constants derived at the micro-scale. The form of the rate of void coalescence is
assumed to depend on the rate of hydrostatic strain and plastic strain rate in the form:
c
f_ ¼ Bð1  f ÞTrðDp Þ þ B2 _p ,
(A.14)
where B represents the coalescence due to nucleation and growth of microvoids in high triaxiality and B2
represents the shear driven microvoid coalescence. Similar to the coalescence model at the micro-scale, B and
B2 are such that:
B ¼ 0; B2 ¼ 0 before the onset of coalescence;
(A.15)
B40; B2 40
after the onset of coalescence:
The onset of void-sheet mechanism is related to the nucleation, growth and nucleation of small
voids in between larger voids as the larger voids impose high plastic deformations in the surrounding regions.
Hence, the criterion for void sheet driven coalescence is taken to be the void volume fraction of the larger
voids fP, and the equivalent plastic strain ep. Based on the micromechanical response of the RVE, the
onset of void sheet coalescence is identiﬁed by a sudden drop in the macroscopic stress. The average
void volume fraction and plastic strain in the RVE are then monitored at this point for different states of
triaxiality. This analysis is performed for different values of bonding energies at the secondary
particles–matrix interface. Cell modeling shows that a linear function can be used to approximate the
relationship between plastic strain and porosity at the onset of coalescence. In other words, the onset of void
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sheet driven coalescence is on the straight line given by
f þ avs p  bvs ðsS Þ ¼ 0,

(A.16)

where avs ¼ 0:0639 and bvs is a linear function of the debonding stress (in GPa):
bvs ðs^ S Þ ¼ ð0:0043s^ S þ 0:0186Þ.

(A.17)

Eqs. (A.16) and (A.17) can be interpreted as follows. Void-sheet coalescence occurs either in high volume
fraction and low plastic strain or in high plastic strain and low volume fraction. This can be explained by the
fact that both an increase of volume fraction and plastic strain have a direct inﬂuence on the strains between
larger voids. Finally, a stronger interface at the secondary particle/matrix, by postponing small void
nucleation, has the effect of delaying the coalescence.
Appendix B. Material models
B.1. Material constants for Von-Mises model
The derivation of material constants of the generalized Von-Mises plasticity model is similar to the
Drucker–Prager model presented in Section B.2 by setting a ¼ 0.
B.2. Material constants for Drucker– Prager model
In this appendix, we show the derivation of material constants for the generalized Druker–Prager model
utilized for the constitutive relation at the microscale. Let us ﬁrst develop an expression for the averaged
1;dev

1;dev

1;m

1;m

deviatoric and volumetric stresses b
,b
, b and b . Following from Eq. (6), we can write:
Z
Z
1;dev
1
1
1;dev
1;dev
b
¼ 1 1b
dO and b
¼ 1 1 b1;dev  y dO,
Ō ZŌ
ŌZ Ō
1;m
1
1
1;m
1;m
b ¼ 1 1 b dO and b ¼ 1 1 b1;m I  y dO.
Ō Ō
Ō Ō

ðB:1Þ

Performing the above averaging operations, it is straightforward to show that the deviatoric and volumetric
micro-stresses can be written as follows:
1;dev

bij

1;m

b

1;dev
1
1 1
1 1
1
¼ bij  bkk dij and bijk ¼ bijk  bllk dij ,
3
3
1;m
1
1 1
¼ bii and bi ¼ bkki .
3

ðB:2Þ

Next, the derivation of constants a1, b1 and c1 introduced in Eqs. (16) and (17) is addressed. We ﬁrst
introduce the rate of microscopic plastic strain _1 ðx þ yÞ evaluated at a material point x+y
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
_1 ðx þ yÞ ¼ 23ðD1;p ðx þ yÞ  Dp ðxÞÞ : ðD1;p ðx þ yÞ  Dp ðxÞÞ
(B.3)
1

and calculate an average of this quantity in the meso-domain Ō
ﬃ
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Z
1
1
1
2
1
E_ ðxÞ ¼
ð_ ðx þ yÞÞ Ō .
1
Ō Ō1

(B.4)
1

Taking advantage of the fact that the rate of micro-deformation varies linearly in Ō , we obtain:
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
!.
!
1
1
E_ ¼ 23ðD1;p  Dp Þ : ðD1;p  Dp Þ þ c1 ‘¯ D1;p r ..D1;p r ,

(B.5)
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where the constant c1 ¼ 1=18. Extending the idea of de Borst (1993) for the Druker–Prager model, the
material constants a1 and b1 are now determined based on the equality of the plastic multiplier and the
equivalent plastic strain:
1
1
E_ ¼ l_

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 þ 2a2 .

(B.6)
1

Let us ﬁrst write the plastic ﬂow directions r1 and r as follows:
r1ij ¼
1
rijk

¼

qF1
1;dev

qbij

qF1
1;dev

qbijk

1;dev

¼

3 bij
b1;m
þ
a
dij ,
2 B1eq
Bm

 1 2 1;dev
 1 2 1;m
bijk
a
a
bk
¼ 1
þa 1
dij :
1
Bm
Beq
‘¯
‘¯

ðB:7Þ
1

Let us now write the rate of plastic strain in terms of the plastic directions r1 and r :
!
1
1 1
ðD1;p  Dp Þ ¼ l_ r1 and D1;p r ¼ l_ r .

(B.8)

Using the above relations in Eq. (B.5), we obtain
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1. 1
1
E_ ¼ l_ 23r1 : r1 þ ðc1 ‘¯ Þ2 r ..r .
1

1

(B.9)

We can develop the above expression by using the expression of the plastic directions given in Eq. (B.7) to
obtain
1 ð3=2Þb
ðE Þ ¼ ðl_ Þ2

1;dev

_1 2

:b

1;dev

1;m 1;m

ð2=3Þb
1
þ ðl_ Þ2 3a2

b

1

1

þ ðc1 ‘¯ Þ2 ða1 =‘¯ Þ4 b
B1eq
1

1

1;dev . 1;dev

þ ðc1 ‘¯ Þ2 ðb1 =‘¯ Þ4 b
B1m

..b

1;m

b

1;m

.

ðB:10Þ

Using Eqs. (B.5) and (B.10), we can determine the material constants a1 and b1 as a function of c1. It is
straightforward to show that in this case, we must have
1
a ¼ 1 ¼ 18
c
1

and

rﬃﬃﬃ
rﬃﬃﬃ
2 1
2
b ¼
¼ 18
.
1
3c
3
1

(B.11)

Appendix C. Cell model
C.1. Periodic boundary conditions
Referring to Fig. 16, consider the initially rectangular periodic RVE of width D1, height D2 whose directions
are aligned with the axes yi. Let us choose four nodes, each belonging to a different boundary and write their
displacement as follows:




uL1 and uL2 are the displacements of the nodes on the left boundary in the y1 and y2 directions,
respectively.
R
uR
1 and u2 are the displacements of the nodes on the right boundary in the y1 and y2 directions,
respectively.
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Fig. 16. Set up of the cell model for periodic boundary conditions.




uT1 and uT2 are the displacements of the nodes on the top boundary in the y1 and y2 directions,
respectively.
uB1 and uB2 are the displacements of the nodes on the bottom boundary in the y1 and y2 directions,
respectively.

In order to apply the periodic boundary conditions, let us introduce two dummy nodes N0 and N00 of
respective displacements u0 and u00 . The displacements of nodes on the boundaries of the RVE are then
constrained as follows:
L
0
uR
1  u1 ¼ u1 ;

uT2  uB2 ¼ u02 ;
uT1  uB1 ¼ u001 ;
L
00
uR
2  u2 ¼ u2 :

(C.1)

This can be done in the commercial software ABAQUSr by using the linear constraint option. With those
constraints, only the four boundary conditions on the dummy node need to be prescribed and the average true
strain in the RVE is then given by the following relation:



3
2
u01
u001
"
#
log
1
þ
log
1
þ
6
D1
D2 7
11 12
6



7
(C.2)
¼6
7.
00
u2
u02 5
21 22
4
log 1 þ
log 1 þ
D1
D2
Moreover, the linear constraint implies that the total reaction forces on the boundaries of the RVE are the
forces f0 and f00 on the dummy nodes. The average Cauchy stress in the RVE deﬁned as the boundary traction
per unit area is therefore written as follows:
2
3
t01
t001
"
#
6 D 2 þ u0 D 1 þ u0 7
s11 s12
2
17
6
(C.3)
¼6
7.
t02
s21 s22
4 t002
5
0
0
D 2 þ u2 D 1 þ u1
C.2. Constant stress ratio with periodic BC
In this section, we describe the technique to keep the stress ratio R ¼ s11 =s22 constant through the
simulation. This technique is based on the work of Socrate (1995) and is done by prescribing the average strain
e22 through the displacement u0 2 and applying a pressure p ¼ s11 on the right and left boundaries of the RVE.
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Fig. 17. Set up of the cell model for boundary conditions with constant stress ratio.

This is done via the deﬁnition of a user-element in ABAQUSr (subroutine UEL) and the subroutine
DLOAD.
The procedure consists of computing the average stress s22 during the simulation and applying the pressure
p on the sides such that we have:
p ¼ Rs22 .

(C.4)

However, as the RVE is displacement controlled, the stress s22 is not explicitly known during the simulation
and must be determined through a special procedure. The latter consists in deﬁning a user element subroutine
that computes the stress s22 at each time step and pass it to the subroutine DLOAD that applies the resulting
pressure p on the left and right boundaries.
Referring to Fig. 17, we ﬁrst introduce an additional dummy node N, located straight above node N0 such
that the user element consists of two nodes and three degree of freedom as follows:




the displacement u2 of node N;
the displacements u0 1 and u0 2 of node N0 .

The procedure consists of applying the vertical displacement boundary condition on node N instead of N0
and linking the two nodes with a stiff spring of stiffness K. The tensile force t0 2 on node N0 is therefore given by
t02 ¼ Kðu2  u02 Þ.

(C.5)
0

It is then straightforward to obtain the stress s22 with the knowledge of u 1,
s22 ¼

t02
Kðu2  u02 Þ
¼
.
0
D1 þ u01
D 1 þ u1

(C.6)

This value can then be transferred to the subroutine DLOAD so that the pressure is given by Eq. (C.4).
C.3. Method to fit the yield function
In what follows, we describe the micromechanical cell simulation of the representative volume element used
to ﬁnd the material constants introduced in Section 3. The computational results serve two purposes: ﬁrst, they
are used to ﬁt the material constants that appear in the macroscopic yield function and second, they serve in
the determination of the constants in the evolution of the void volume fraction. The simulation are performed
on a two-dimensional square domain randomly ﬁlled with voids of volume fraction is f0. Furthermore, we
assume that the material is made of a periodic arrangement of such volumes, so that the boundary conditions
can be described by the periodic boundary conditions introduced in Appendix C.1. During deformation, the
principal strains are aligned with the axes of the initial cell so that the average shear strains e12 and e21 vanish

ARTICLE IN PRESS
F.J. Vernerey et al. / J. Mech. Phys. Solids 56 (2008) 1320–1347

1346

Fig. 18. RVE for porous material subject to periodic boundary conditions and associated tensile stress–strain curves for various
triaxialities.

at all time. Finally, the average strains e11 and e22 are such that the ratio R ¼ s11/s22 of principal stresses is
constant throughout the simulation. It is done by using the user element option in commercial ﬁnite element
software ABAQUSr as described in Appendix C.2.
The averaged stress on the RVE is given by Eq. (12). Using the divergence theorem, we can write the
average Cauchy stress in terms of the surface traction forces t~:
Z
1
~t  y dO.
r¼
(C.7)
Ō Ḡ
The equivalent stress seq and mean stress sm can be written in terms of the stress s22 as follows:

seq

sm ¼ 12 ðs11 þ s22 Þ ¼ Rþ1
2 s22 ;
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ pﬃﬃ
pﬃﬃ
¼ 23 ðs22  s11 Þ2 ¼ 23 ð1  RÞjs22 j;

Rp1:

(C.8)

We also introduce the triaxiality T as the ratio of the hydrostatic stress and the equivalent stress. In the
simulation, the stress s22 remains positive and we can write:
T¼

sm
1 Rþ1
.
¼ pﬃﬃﬃ
seq
3 1R

(C.9)

It is then possible to rewrite the yield function introduced in Eq. (16) in terms of the triaxiality parameter as
follows:


3q3
FðX ; f Þ ¼ X 2 þ 2q1 f cosh
TX  ð1 þ ðq2 Þ2 Þ ¼ 0.
(C.10)
2
where X ¼ seq =sy . Thus, for each simulation for a constant value of T, we obtain a curve X(f) as shown in
Fig. 18. This can be used for the calibration of material constants in F(X, f) using the least-square method.
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