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Abstract
We present a coupled Eulerian–Lagrangian (CEL) formulation aimed at modeling the moving interface of hyperelastic materials
undergoing large to extreme deformations. This formulation is based on an Eulerian description of kinematics of deformable bodies
together with an updated Lagrangian formulation for the transport of the deformation gradient tensor. The extended finite element
method (XFEM) is used to discretize the mechanical equilibrium and deformation gradient transport equations in a two-phase
domain. A mixed interpolation scheme (biquadratic for the velocity and bilinear for the deformation gradient) is adopted to improve
the accuracy of the numerical formulation. The interface describing the deformed shape of the body is represented by the level set
function and is evolved using the grid based particle method. The performance of the scheme is explored in two-dimensions in the
compressible regime. For an adequate spatial and temporal discretization, our numerical results are in good agreement with theory
and with numerical results from the traditional Lagrangian formulation (in Abaqus). The advantage of the proposed formulation is
that material motion is not coupled with that of the mesh; this eliminates the issues of mesh distortion and the need for remeshing
associated with Lagrangian formulations when bodies undergo very large distortions. It is therefore well adapted to describe the
motion of complex fluids and soft matter whose physical properties are intermediate between conventional liquids and solids.
c 2014 Elsevier B.V. All rights reserved.
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1. Introduction
Many important and challenging problems in the areas of geophysics (e.g. ice sheet flow, mantle dynamics), soft
materials (e.g. deformation of hydrogels and biological cells) and material science (e.g. metal forming) involve large
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deformations or flow of solid material. In these conditions, it can be convenient to work with a fully Eulerian
description of solid deformation, especially when the boundaries of the solid domain are not moving [1,2]. For
problems where domain boundaries are free to move, however, a Lagrangian (material) description is required to map
solid deformation between reference and current configurations. Such a moving boundary problem also needs the
introduction of specialized numerical methods that can track an interface without remediating to expensive remeshing
techniques. In this context, we propose to address the challenges with describing the evolution of free boundaries
through the introduction of a coupled Eulerian–Lagrangian formulation, based on the combination of the extended
finite element method (XFEM) and the grid based particle method (GPM) [3].
Traditionally, a purely Lagrangian finite element formulation is used for solid mechanics because it is simple to
implement, computationally less expensive and does not need any interface-tracking techniques; however, in the case
of severe material distortion, it may suffer from numerical issues due to excessive mesh distortion. Many strategies
have been elaborated to tackle this issue including the use of remeshing with interpolation techniques between old and
new meshes [4–6], but the latter is generally cumbersome and displays a lack of accuracy. Another approach consists in
using the Deforming Spatial Domain or Stabilized Space Time (DSD/DST) formulation [7,8] which has been powerful
to handle fluid–structure interactions with large deformation of the fluid–solid interface. A more popular approach is to
employ the arbitrary Lagrangian–Eulerian (ALE) formulation, wherein, a deformation step on a distorted Lagrangian
mesh is followed with a remap step onto a spatially fixed Eulerian mesh. Some early work on ALE formulations can
be found in [9–15] and for a complete literature review of ALE and Space-Time methods for moving boundaries and
interfaces, the reader is referred to [16]. In both the ALE and DSD/DST formulations, the mesh moving techniques
typically aim at reducing the frequency of remeshing [17].
An alternative approach is to use a purely Eulerian formulation for solid mechanics. Although not as popular
as the ALE formation, a handful of Eulerian formulations have been proposed in the literature [1,2,18–20]. The
two main advantages of the Eulerian approach, as pointed by Benson [13], are: (1) it can handle arbitrarily large
deformations, so it can be suitable for studying soft matter and viscoelastic fluids, for example and (2) it allows the
creation, merging and vanishing of free surfaces or interfaces in a natural manner, so it can be used for studying
growth and phase transformation processes. Since the material is not fixed to the finite element mesh, but rather flows
through the mesh, an Eulerian formulation does not suffer from mesh distortion issues. The drawback of Eulerian
formulation for solids is its higher computational cost due to the need for computing velocity and deformation
variables separately, as opposed to a Lagrangian formulation, wherein only the velocity needs to be computed. In threedimensions, this means in an Eulerian finite element formulation for a compressible hyperelastic medium, there will be
13 unknown (3 velocity, 9 deformation gradient, 1 Jacobian determinant) nodal degrees of freedom (DOFs), whereas
in a Lagrangian finite element formulation there will be only 3 unknown (3 velocity) nodal DOFs [2]. Moreover, in
Eulerian formulations material interfaces and free boundaries need to be tracked using moving interface methods,
which adds to the numerical challenge and computational expense.
A critical issue in the case of Eulerian formulations is the handling of heterogeneous or multi-phase materials.
For two-phase materials that are bonded perfectly (i.e. no slip conditions at the interface) mixture theory approaches
work well, but for more general applications the discontinuity in material properties across the interface needs to be
handled carefully. Previously, Vitali and Benson [21,22] have employed the XFEM to model contact in multi-material
problems and Khoei et al., [23] have used the XFEM to embed elastic inclusions or inhomogeneities into solids;
however, these implementations relied on the ALE formulation to handle large deformations and require remeshing
from time to time. Herein, we develop a multi-material coupled Eulerian–Lagrangian (CEL) formulation by employing
the XFEM [24,25] and a level set representation of the interface [26], which does not require any remeshing. Tracking
the deformation-driven motion of the interface can then be accomplished by for instance, using the GPM [3] or,
alternatively, using an interface-capturing scheme such as the level set method [27,28]. Among the two options, the
GPM is computationally less expensive, simpler to implement, and can also handle arbitrary topological transitions
such as merging and vanishing of material interfaces. Another issue arising from the existence of a moving interface is
the imposition of interface constraints, however, recent work provides viable weak formulations by employing either
the Lagrange multiplier method [29,30] or Nitsche’s method [31,32]. Therefore, the imposition of interface conditions
is not currently addressed herein and the interested reader is referred to the above cited work.
In the present work, we develop a coupled Eulerian–Lagrangian formulation with moving interface associated
with the large deformations of soft solids. The momentum equations and the transport equations for the deformation
gradient are solved in a staggered manner in time. The velocity field is first calculated by solving the momentum
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equation in an Eulerian framework, and is then used to update the isochoric and volumetric parts of the deformation
gradient, separately, using an updated Lagrangian description. The position of the material interface is tracked using
the GPM [3] and the velocity field projected in the direction normal to the interface. We show that the method is
accurate in the regime of finite deformation and viable for investigating soft matter mechanics. The organization
of the paper is as follows: Section 2 introduces the kinematics, the governing and constitutive equations, and the
resulting weak form for the mechanical equilibrium of an elastic body. In Section 3, we present a numerical strategy
to discretize the weak form, the tracking of the interface and the Lagrangian transport of the deformation gradient
tensor components. Finally, the numerical convergence and accuracy of the method are demonstrated in Section 4
through the examples of a uniaxial extension of a rectangular bar, and the simple shear of a rectangular block. The
mesh-independent geometric discretization and the absence of mesh distortion problem is then demonstrated with
the test of a cylinder under compression and the indentation of a rectangular block. The latter results are validated
by comparing them with those from traditional Lagrangian formulation in the commercial software Abaqus. Some
concluding remarks are made in Section 5.
2. Formulation of the governing equations
2.1. Kinematics
In this study we consider a domain Ω containing an elastic body in the region Ω s (t). The domain Ω is delimited
by a boundary ∂Ω while the interface describing the current shape of the elastic body is denoted by Γ (t). Thus, Γ
splits the domain Ω into the solid domain Ω s (t) and its complement denoted by Ω \ Ω s (t). We employ the Eulerian
description of the motion and choose a fixed right-handed Cartesian system of coordinates {x = x j ê j , j = 1, 2, 3},
where ê j are the orthonormal basis vectors [33]. The motion of a physical particle P is expressed by the mapping
function x = χ (X, t) between its reference coordinates {X = X j ê j , j = 1, 2, 3} at an initial time t = t0 and its
current coordinates x at a subsequent time t > t0 (see Fig. 1). We assume that the function χ (X, t) is sufficiently
differentiable and single valued with the region Ω s (t). From an Eulerian viewpoint, the spatial velocity field v(x, t)
gives the velocity of the particle located at x at time t and is defined as
 
 
∂x
∂χ
=
= g [x(X, t), t] ,
(1)
v=
∂t X
∂t X
where g is a sufficiently differentiable function. The deformation of a solid particle is described by the tensor given
∂x
by F = ∂X
. The isochoric part of this tensor F̂ is given by:
F̂ = J −1/3 F,

(2)

where J = det[F] is the Jacobian determination of the deformation. The rate of change of the deformation gradient is
given by,
     
dF
d ∂x
∂v
∂x
Ḟ =
=
=
·
= LF,
(3)
dt
dt ∂X
∂x
∂X
T
where dtd denotes the material time derivative and L = ∂v
∂x = (∇v) is the velocity gradient with respect to the current
coordinates. We note here that the superscript T is used for the transpose of a tensor. The above equation can be split
into its volumetric and isochoric parts as,



dF̂
∂ F̂
1
=
+ v · ∇ F̂ = L − (∇ · v)I F̂,
dt
∂t
3

(4)

dJ
∂J
=
+ v · ∇ J = J ∇ · v,
dt
∂t

(5)

where ∇ =

∂
∂x j

ê j is the spatial gradient operator, I is the second order identity tensor and · denotes the dot product.
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Fig. 1. Schematic diagram of the domain and its evolution under an applied traction. The moving interface Γ (t) at any time t separates the solid
domain Ω s (t) from its complement Ω \ Ω s (t).

2.2. Strong from
The strong form of the governing equations, which include both mechanical equilibrium and transport equations,
can be written in the elastic body in Ω s (t) as [2]:
∇ · σ + ρf = 0,
dJ
− J ∇ · v = 0,
dt


dF̂
1
− ∇v − (∇ · v)I F̂ = 0,
dt
3

(6)
(7)
(8)

where σ is the Cauchy stress tensor and f the body force per unit volume in the current configuration. The above
equations are subjected to the following boundary and initial conditions:
v = v̄

on ΓvD ,

n · σ = t̄

(9)

on ΓvN ,

(10)
s

F̂(t = 0) = I in Ω (0),

(11)

J (t = 0) = 1

in Ω (0),

(12)

s

where ΓvD and ΓvN represent the Dirichlet and Neumann parts of Γ for the boundary conditions on velocity and
traction, respectively.
Remark 1. If the transport equations (7) and (8) are discretized using an Eulerian description, one needs to specify
boundary conditions on F̂ and J , in addition to initial conditions (11) and (12). To simplify our analysis, we propose
here to use a Lagrangian (particle) description to update F̂ and J and does not necessitate the use of above boundary
conditions. Ultimately, the formulation only requires initial conditions on F̂ and J .
2.3. Constitutive equations
To model the large deformations of the compressible hyperelastic domain, we consider the isochoric–volumetric
decoupling of the strain energy function as,
W = U (J ) + Ŵ (b̂),

(13)
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where b̂ = F̂F̂T = J −2/3 FFT . The specific functional forms of U and Ŵ are to be chosen to satisfy physical
conditions. Herein, we assume the functions proposed by Simo et al. [34,35] as,
κ
[ ln(J ) ]2 ,
2 

(14)
µ
Ŵ (b̂) =
tr(b̂) − 3 ,
2
where µ and κ represent the shear and bulk modulus of the material, respectively, and ‘tr’ denotes the trace of the
tensor and b̂ = F̂F̂T . The expression for the Cauchy stress is [2],
U (J ) =

σ (J, F̂) =


1
κ ln(J )I + µ dev(b̂)
J

(15)

where dev(b̂) = b̂ − 31 tr(b̂)I is deviatoric part.
Remark 2. The above functional form for U (J ) is chosen so that it satisfies several requirements [36]. First, in the
limit case when Ω s is compressed to a single point or is stretched to be infinitely large the strain energy always tends
to positive infinity, that is,
lim U = +∞ and

lim U = +∞.

J →+∞

J →+0

(16)

Second, the volumetric stress tends to negative infinity when Ω s is compressed to a single point and to positive infinity
when stretched to infinitely large, that is,
∂U
= −∞ and
J →+0 ∂ J
lim

lim

J →+∞

∂U
= +∞.
∂J

(17)

Hence U has to be an even power of ln(J ) so that U > 0 for all J .
Remark 3. As pointed out in [36] the assumed volumetric part of the strain energy function U does not satisfy the
2
polyconvexity because ∂∂ JU2 < 0 for ln(J ) > 1, that is, for all J > e where e is Euler’s number. However, this
inconsistency is not an issue in the current work as all our investigations were carried out for J < e.
2.4. Weak form
Introducing the test functions w, integrating by parts and using the divergence theorem, the weak form of the
equilibrium equation in the elastic domain can be written as: find v ∈ V for all w ∈ V 0 such that,


− (∇w, σ )Ω s − w, t̄ Γ N + (w, ρf)Ω s = 0,
(18)
v

where the notation (·, ·)Ω s indicates the L 2 inner product with respect to the domain Ω s , and V and V 0 are spaces
of sufficiently smooth functions for the continuous fields and their variations. By construction, we also require that
the test function w vanish on the Dirichlet boundary segments coinciding with the nodes of the underlying mesh in
order to enforce the essential boundary conditions. In general, the Dirichlet interface ΓvD may not coincide with mesh
nodes, in which case a weak formulation for imposing Dirichlet constraints, such as the Lagrange multiplier method,
the penalty method or the Nitsche’s method, can be implemented. We do not write the weak form for the transport
equations (related to F̂ and J ) because we will use an explicit scheme to update of the variables for each Lagrangian
particle, individually, as described in Section 3.5.
3. Solution strategy
We now present a novel numerical strategy that couples the Eulerian and updated Lagrangian formulations with the
objective of evolving the moving interface on a fixed Eulerian grid. For this the solid boundary Γ is represented by an
evolving level set function across which a discontinuity in velocity and deformation is described using the extended
finite element method. The interface describing the deformed shape of the elastic body is moved in an incremental
manner until equilibrium. For any increment, the method consists in computing the velocity field v in the current
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domain Ω s (tn ) by solving the equilibrium equation (18). The field variables F̂ and J are then updated point-wise
by using an explicit updated Lagrangian mapping algorithm between the material configurations at the current and
next increments (denoted by pseudo-time steps tn = t and tn+1 = t + dt, respectively). Between these increments
the interface is moved using the particle-based moving interface method. In the following sections, a more detailed
description of the methodology is presented.
3.1. Level-set representation of the solid interface
Mathematically, we here represent the boundary Γ (t) of the solid domain with the level set function φ defined as,
Γ = {x ∈ Ω | φ(x, t) = 0},

(19)

so that φ < 0 inside the solid domain Ω s (t) and φ > 0 outside the solid domain Ω \ Ω s (t). Although there are several
choices for φ, for stability, we choose it to be the signed distance function defined by:
φ(x, t) = ± min ∥x − x′ ∥
x′ ∈Γ

for all x ∈ Ω .

(20)

Practically, the function φ can be reinitialized at every increment using the locations of the interface in order to
maintain the properties of the signed distance function. When the interface is described by particles, the reinitialization
procedure is discussed in [3]. A more detailed description of the implementation of the interface evolution algorithm
will be given later in this paper (Section 3.4).
Remark 4. We note here that the level set method (LSM) [26] may also be used for evolving the interface in time.
However, the GPM [3] employed here provides an attractive solution to explicitly track Lagrangian particles on the
solid boundary instead of resorting to solving a level set evolution equation.
3.2. The extended finite element approximation
Following an Eulerian approach, a fixed and structured finite element discretization is introduced for the entire
physical domain Ω (including the space that does not belong to the solid body). The boundary of the body Ω s is
then defined with a multi-segment closed surface Γ that cuts through some of the elements. Since the field variables,
namely, v, F̂ and J have non-zero values in Ω s but identically vanish in Ω \ Ω s (t), field discontinuities naturally
occur across Γ . To handle this issue, we employ the extended finite element method (XFEM), as it is able to capture
the presence of discontinuities within elements, unlike the standard finite element method (FEM). We adopt a mixed
formulation wherein the velocity field v is interpolated with nine-node (biquadratic) element shape functions and the
isochoric part of the deformation gradient F̂ and its Jacobian determinant J are interpolated with four-node (bilinear)
element shape functions (see Fig. 2). This reads:
vi (x, t) =

9


N I (x)viI (t) +

I =1

F̂i j (x, t) =

4


4

I =1

N I (x)S I (x, t)aiI (t),

(21)

I =1

N̂ I (x) F̂iIj (t) +

I =1

J (x, t) =

9


N̂ I (x)J I (t) +

4


N̂ I (x)S I (x, t)DiIj (t),

(22)

I =1
4


N̂ I (x)S I (x, t)C I (t),

(23)

I =1

where N I and N̂ I denote the 9-node element and the 4-node element Lagrange shape functions, respectively; the
superscript index I is used for node numbering and the subscript indices i, j are used for numbering the Cartesian
components; v I , F̂ I , J I denote the standard degrees of freedom (DOFs) and a I , D I C I denote the corresponding
enriched DOFs at node I , respectively; the step enrichment function S I at enriched node I used to incorporate the
jump discontinuity in the fields is defined as,


S I = H (φ(x, t)) − H φ(x I , t)
(24)
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Fig. 2. Illustration of the Eulerian finite element mesh and the location of degrees of freedom on the mixed enriched finite element containing a
segment of the interface. Circles (◦) show the location of bilinear element nodes and crosses (×) show the location of biquadratic element nodes.
The interface (green line) cutting through the element is represented implicitly using the level set function φ. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

and the Heaviside function H is defined as,

1 φ > 0,
H (φ(x, t)) =
0 φ < 0.

(25)

Note that the level set function φ is continuous across the interface and so that it can be interpolated using the shape
functions N I and N̂ I .
Remark 5. Previously, Duddu et al. [2] proposed the above mixed formulation to ensure stability in the case of nearly
incompressible elastic solids (e.g. rubber with Poisson’s ratio ν = 0.48 − 0.5). However, even for a compressible
solid, the mixed formulation seems to yield better numerical accuracy and requires less number of iterations to reach
the tolerance limit for the residual.
In this study, we reduce the dimension of the domain by considering that it is uniform in the x3 direction (plane
strain conditions apply). This implies that v3 (x, t) = 0, F33 (x, t) = 1, F13 (x, t) = F32 (x, t) = 0; this allows us to not
consider them as nodal degrees of freedom (DOFs) in our analysis. Moreover, for clarity, we write the linear system
in the following matrix form:

v(x, t) = N̄v (x, t)v̄(t),
F̂(x, t) = N̄F̂ (x, t)F̄(t),

J (x, t) = N̄ J (x, t) J¯(t).

(26)

Here, the shape function matrices N̄v , N̄F̂ and N̄ J and element vectors v̄, F̄ and J¯ contain both standard and enriched
DOFs and are defined as:
v̄ = v̄reg ; v̄enr 
,
36×1


 1 1
T

T

reg


v̄ = v1 , v2 , . . . , v19 , v29 18×1 ;
v̄enr = a11 , a21 , . . . , a19 , a29 18×1


 reg enr 



F̄ = F̄ ; F̄ 32×1 ,

 1
1
1
1
4
4
4
4 T
, F̂22
, F̂12
, F̂21
, . . . , F̂11
, F̂22
, F̂12
, F̂21
]16×1 ,
nodal DOFs F̄reg = F̂11
(27)




enr
1
1
1
1
4
4
4
4 T


F̄ = D11 , D22 , D12 , D21 , . . . , D11 , D22 , D12 , D21 16×1







J¯ = J¯reg ; J¯enr 8×1 ,


 reg  1

T
T
J¯ = J , . . . J 4 ]4×1
;
J¯enr = C 1 , . . . C 4 4×1 ,
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 reg


enr

N̄v = Nv , Nv 2×36
reg
shape functions N̄F̂ = NF , Nenr

 reg Fenr 4×32

N̄ J = N J , N J 1×8
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(28)

with


reg
Nv = N1v , . . . , N9v 2×18 ,


reg
NF = N1F , . . . , N4F 4×16 ,


reg
N J = N̂ 1 , . . . , N̂ 4 1×4 ,
 I
N̂
 I

N
0
I
I

and Nv = 0 N I , NF = 00
0

0
N̂ I
0
0

 1 1

9 9
Nenr
v = S Nv , . . . , S Nv 2×18

 1 1
4 4
Nenr
F = S NF , . . . , S NF 4×16
 1 1

4 4
Nenr
J = S N̂ , . . . , S N̂ 1×4

0
0
N̂ I
0

0
0 
.
0
N̂ I

3.3. Linearization of the equilibrium equation
The discretized form of the equilibrium equation can be written from the weak form (18) by introducing the XFEM
approximation. Neglecting body forces, the element residual vector is given by,


Rv = −
BvT σ̃ dΩ −
N̄vT t̄ dΓ ,
(29)
Γve

Ωe

where Ω e is the part of the domain Ω s contained in the finite element e, Γve is the segment of the Neumann boundary
T
ΓvN intersecting the element e. Furthermore, σ̃ = [σ11 , σ22 , σ21 , σ12 ]4×1
is the symmetric Cauchy stress matrix,

T
¯
¯
t̃ = t1 , t2 2×1 is the surface traction vector and the gradient matrix of the 9-node element shape functions Bv is given
by:
∂N I



Bv = B1v , . . . , B9v , S 1 B1v , . . . , S 9 B9v

4×36

 x1


 0

with BvI = 
∂N I

 x2

0

0





∂NI 

x2 
.


0 


∂NI
x1 4×2

(30)

Although due to symmetry it is sufficient to represent the stress tensor σ̃ as a 3 × 1 array in Voigt notation, for the
purpose of matrix operations related to the divergence of stress in the above residual we prefer to use 4 × 1 array.
Using a Taylor’s expansion, we linearize equation (29) at time tn+1 and obtain:


∂Rv
0 = Rv (tn+1 ) = Rv (tn ) +
∆t,
(31)
∂t
which yields:


∂Rv
1
=−
Rv (tn ) ,
∂t
∆t

(32)

Using the transport equations (7) and (8) together with the constitutive relation (15), the above equation can be written
in the form of a linear system as [2]:
Kv (tn )v̄(tn+1 ) = −

1
Rv (tn ),
∆t

(33)
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Fig. 3. Grid based particle scheme. Figure (a) shows the one to one correspondence between the particles and the nodes inside the computational
tube, while (b) shows the local basis, centered on the particle y0 closest to the node considered p.

where Kv is the consistent tangent stiffness matrix. The discretization of the domain integrals using the extended finite
element approximation for obtaining the tangent matrix Kv is described in Appendix.
Remark 6. A common issue that arises in XFEM formulations is an ill-conditioned tangent matrix in (33) [37].
This is caused by the interface making very small cuts through elements. This can lead to large oscillations in the
Jacobian determinant and velocity fields and affect the rate of convergence. Several methods have been developed to
address that issue, such as using a modified step enrichment function [38], or applying XFEM specific preconditioners
[39,40]. Here we chose to use the enriched degrees of freedom (EDOF) blocking strategy, which consists in removing
the EDOF that have very little support. This method has the advantage of using a simple geometrical criterion to
determine which enriched degree of freedom should be neutralized, as described in [41].
3.4. The grid based particle method
To track the deformation of the interface Γ , we propose to use a grid based particle method (GPM) similar to
what was introduced in [3]. This method indeed possesses the twin advantage of tracking the interface explicitly
with particles while using the underlying fixed finite element mesh; this ensures a fairly uniform repartition of the
particles throughout the interface. Herein, we review the basic idea behind the particle based moving interface method
and discuss the procedure to update the interface position and deformations measures within the current numerical
scheme. The interface particles on Γ , whose position is denoted by the vector y, are chosen as the normal projection
of the underlying mesh nodes with position vector p. Since the interface is initially described implicitly as the zero
level set of a signed distance function φ(p, 0) at initial time t = t0 , its value gives the perpendicular distance between
mesh point and interface point. Considering that the gradient of level set function gives the local interface normal, the
initial coordinates of particles y are given by [3]:
y = p − φ(p, 0)n = p − φ(p, 0)∇φ(p, 0).

(34)

Note that the above expression is only valid when ∥∇φ∥ = 1, that is, when φ is a signed distance function. To limit the
number of particles, we define a so-called computational tube such that only nodes p, whose distance to Γ is smaller
than a cut-off value λtube , are taken into account (see Fig. 3(a)).
Remark 7. It is important to note here that there is a one to one correspondence between each particle y and node p,
thus, providing each interface particle an Eulerian reference mesh point. This ensures a quasi-uniform repartition of
particles along the interface throughout its evolution and avoids the need for node point redistribution schemes, unlike
the standard marker particle methods [42].
Between two subsequent time steps tn = t and tn+1 = t + dt, the particles are moved with the normal interface
velocity v⊥ = (v · n)n using a second order Runge–Kutta time integration procedure as follows:
yt+dt/2 = yt + v⊥ (yt , t)

dt
dt 2
+  · v⊥ (yt ), t
2
4

(35)
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yt+dt = yt + v⊥ (yt+dt/2 , t)dt +  · v⊥ (yt+dt/2 , t)

dt 2
,
2
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(36)

where  is the matrix of the angular velocity of the interface normal. Introducing the local coordinates ξ1 and ξ2 that
respectively run in the directions tangent and normal to the interface at point yt , the angular velocity can be written
as,


ω = − v⊥ · n

,ξ 1

z

and Ωik = ϵi jk ω j

(37)

with the permutation tensor ϵi jk = 12 (i − j)( j − k)(k − i), indices i, j, k = {1, 2, 3} and the out of plane vector
z = [0 0 1]T . The term (v⊥ · n),ξ 1 indicates the derivative of the magnitude of the normal velocity with respect to the
coordinate ξ 1 . The relationship between the local and global coordinates ξ 1 and y is given below.
After the position of the interface has been updated, the particle distribution on Γ may become uneven, and this
can affect the geometrical resolution of the interface. To overcome this issue, the interface is resampled after motion
by recomputing the particles as the closest points on Γ to the nodes p inside the updated computational tube (which
has moved with the interface). This is done by first approximating the interface with polynomials locally around
each particle. The procedure, explained here in the two dimensional case, is as follows: for each node p inside the
computational tube, the closest m particles yt0 . . . ytm are collected at time t, carrying with them the tangent st0 . . . stm
and normal n̄t0 . . . n̄tm to the interface before motion. Denoting yt0 as the particle closest to p, a polynomial of degree
n < m is fitted to the particles yt0 . . . ytm in the local coordinate system {st0 ; n̄t0 } centered on yt0 . The location ỹit of
particle i in this local coordinate system is given by:
 1
ξ
ỹi = i2 = Rt · (yit − yt0 )
ξi


(st0 )T
with R =
.
(n̄t0 )T
t



(38)

Taking the example of a quadratic polynomial (n = 2), the interface around particle y0 is represented in the
local referential as the graph function ξ 2 (ξ 1 ) = c0 + c1 ξ 1 + c2 (ξ 1 )2 , where the coefficients
c0, c1 and c2 are

found by minimizing the L 2 difference between the ξ 2 (ξi1 ) and the ξi2 . The coordinates ξ 1 , ξ 2 (ξ 1 ) define a local
parameterization rl (ξ 1 ) of Γ in the neighborhood of yt0 (Fig. 3(b)):

ξ1
r (ξ ) = 2 1 .
ξ (ξ )
l

1



(39)

The relationship between the local parameterization rl (ξ 1 , ξ 2 ) and the global parameterization of the interface
r(ξ 1 , ξ 2 ) is then found via rotation and translation operations in the form:
r(ξ 1 , ξ 2 , t + dt) = (Rt )−1 rl (ξ 1 , ξ 2 ) + yt0

(40)

with Rt = [st0 n̄t0 ]T ,

(41)

where Rt is the rotation matrix from the local basis {st0 ; n̄t0 } to the global basis {ê1 , ê2 }. The parameterization
r(ξ 1 , t + dt) can now be used to resample the interface, i.e. recalculate the closest
to the
 point on the interface

nodes p. This is done by minimizing the distance function d(r(ξ 1 , t + dt); p) = 1/2 r(ξ 1 , t + dt) − p with respect
quantities
to ξ 1 . In two dimensions, the solution can be found explicitly by solving a cubic equation.
 Other geometrical

can also be found using the parameterization r(ξ 1 , t + dt), such as the updated basis st+dt , n̄t+dt :
st+dt = r(ξ 1 , t + dt),1 = Rt

∂rl (ξ 1 , t + dt)
∂ξ 1

n̄t+dt = st+dt × z/|st+dt × z|.

(42)
(43)
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Finally, a new level-set function φ(p, t + dt) can be calculated as the signed distance function to Γ at nodes p as
follows [3]:

 t+dt
y
−p
t
(44)
· n̄ |yt+dt − p|,
φ(p, t + dt) = −sgn
|yt+dt − p| 0
where yt+dt is the particle associated with p at time t + dt and the “sgn” is the signum function. The reconstruction of
the level set function using the local polynomial approximation of the interface is computationally inexpensive, and
is used in the XFEM part of the algorithm. Let us summarize the GPM scheme in a pseudo algorithm as follows:
1. Given the initial level set function φ, find the coordinates of the particles that correspond to the nodes inside the
computational tube (initialization step).
2. Given the velocity field vt , update the position of the particle yt to its current position yt+dt .
3. For each particle y0 , find the neighboring particles to construct a local polynomial interpolation r(ξ 1 , t + dt) of the
surface Γ around y0 .
4. Given r(ξ 1 , t + dt), find the new particles by projecting the nodes inside the computational tube on the surface Γ .
5. Compute the new geometrical quantities such as the normal n̄t+dt and the level set function φ t+dt .
3.5. Lagrangian transport of F̂ and J
As the elastic body deforms, the material flows through the mesh, allowing finite element nodes to come in and
out of the domain Ω s . Because the interface Γ (t) describing the solid domain is moving, the transport of F̂ and J
cannot be described with a simple convection term, unlike when the domain boundaries are fixed [2]. To overcome
this issue, herein we propose to transport deformation quantities by employing an updated Lagrangian description. It
this scheme, first, the regular degrees of freedom J¯reg and F̄reg are updated as follows:
1. Given the velocity field vt computed with (33) and using the grid based particle method, the domain Ω s (t) and the
interface Γ (t) are updated to their new position Ω s (t + dt) and Γ (t + dt).
2. For each node i inside Ω s (t + dt), material particle at its spatial location xit+dt is backtracked to its position xit at
time t in accordance with the velocity field vt .
3. The fields Jit and F̂it known at time t are interpolated at point xit in Ω s (t) using the extended finite element
approximation.
4. Using the transport equations (7) and (8), Jit+dt and F̂it+dt at point xit+dt are computed as:
Jit+dt = Jit (1 + ∇ · vt (xit )dt),

(45)

1
F̂it+dt = F̂it (I + ∇vt (xit )dt − ∇ · vt (xit )Idt),
3

(46)

reg
reg
and assigned to the new regular degrees of freedom J¯i = Jit+dt and F̄i = F̂it+dt .

At the end of step 4, the regular degrees of freedom J¯reg and F̄reg have been updated at each node inside the new
domain Ω s (t + dt). However, since the interface has moved, the intersection between Γ and the underlying mesh has
changed and the enriched degrees of freedom J¯enr and F̄enr have to be updated as well. This is done by solving the
following equations in the elements cut by Γ :
J t+dt − J˜ = 0

∀ x ∈ ΩΓ ,

(47)

F̂t+dt − F̃ = 0

∀ x ∈ ΩΓ ,

(48)

where Ω Γ is the ensemble of the elements Ωe that are cut by Γ . The terms J˜ and F̃ are the updated values of the
fields, which can be calculated at any points x inside element cuts by Γ using Eqs. (45) and (46). The weak forms of
the above equations read,


w J , (J t+dt − J˜) Γ = 0,
(49)
Ω
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w F , (F̂t+dt − F̃)

ΩΓ

= 0,
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(50)

and the corresponding discretized forms are given by,
enr
enr
Kenr
J J̄g = R J ,

(51)

enr
enr
Kenr
F F̄g = R F ,

(52)

enr
where J̄enr
g and F̄g are the unknown global vectors of all enriched degrees of freedom; the global tangent matrices
are given by,
 
T enr
Nenr
N J dΩ e ,
(53)
Kenr
=
J
J
e

Kenr
F =

Ωe


e



Ωe

Nenr
F

T

e
Nenr
F dΩ ;

and the residuals matrices are given by,

 
 
reg ¯reg
enr T
˜
Renr
=
N
J
−
N
J
dΩ e ,
J
J
J
e

Renr
F =

(55)

Ωe


e

(54)


Ωe

Nenr
F


T 
reg
F̃ − N F F̄reg dΩ e .

(56)


In the above equations e indicates the matrix assembly of the global system from the element matrices. Thus, the
idea here is to simply calculate the enriched DOFs by performing the L 2 projections (49) and (50) [43] such that the
deformation field quantities are accurately described in the elements cut by the interface.
3.6. Algorithm
The numerical strategy progressively converges towards equilibrium by solving a series of pseudo steady states of
flow until the velocity vanishes everywhere in the domain. The initially non-linear problem is decomposed in linear
momentum and transport equation that are solved in a staggered way as follows:
1.
2.
3.
4.
5.

At time t = 0, F̂(0) = I and J (0) = 1.
In the elastic domain Ω s (t), given F̂t and J t , compute vt+dt by solving (33).
s
Given vt+dt , update the position of Γ , which yields the new domains Ωt+dt
.
t+dt
s
Given v
and Ω (t + dt) compute regular and enriched nodal degrees of freedom for F̂t+dt and J t+dt .
t+dt
If ∥F̂
− F̂t ∥ < Tol F and ∥J t+dt − J t ∥ < Tol J and ∥vt+dt ∥ < Tolv , end of computation. Else, set t = t + dt
and go to step 2.

4. Numerical examples
In this section, we present two numerical studies aimed at validating the CEL formulation using 1D theoretical
results for uniaxial tension and simple shear loading. Next, we consider a macroindentation test typically used to
characterize hydrogels and validate our numerical results with those from the standard Lagrangian formulation in
Abaqus. Finally, we study the case of extreme deformations by simulating the lateral compression of a soft cylinder
to demonstrate the capability of the CEL formulation.
4.1. Uniaxial extension of a rectangular bar
Let us consider a rectangular domain of dimensions 0.2 m (width x1 ) ×0.25 m (depth x2 ) containing a soft
hyperelastic solid that is of dimensions 0.2 m × 0.11 m. We assume that the solid, characterized by Young’s modulus
E Y = 15.0 MPa and Poisson’s ratio ν = 0.25, is fixed at the top end and subjected to normal traction of t̄ = −2ê2 MPa
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Fig. 4. Schematic diagram of the uniaxial extension of a soft rectangular bar. A traction of t̄ = −2 MPa is applied to the end of the bar to deform
it elastically.

(a) Initial velocity variation in the domain.

(b) Velocity variation with depth after every 25 iterations.

Fig. 5. Numerical results from the CEL formulation for the downward flow of material under applied uniaxial tension.

at the bottom end (see Fig. 4). The sides of the solid are constrained in the horizontal direction so that deformation
gradient component F11 = 1 at all times. We discretize the domain using square (9-node and 4-node) finite elements of
size h = 0.0125 m. We neglect the effect of gravity and assume zero body forces. The boundary and initial conditions
of this simplified benchmark problem are:

t̄ = 2ê2 on Γ ,



v1 (x1 = −0.1, x2 ) = v1 (x1 = 0.1, x2 ) = 0,
(57)
v(x1 , x2 = 0) = 0,



v(x, t = 0) = 0.
As soon as the traction is applied at pseudo-time t = 0, the material in the solid domain moves downwards with a nonzero velocity v and consequently the solid elongates in the x2 direction. The vertical component of the velocity field
v2 is negative (downward motion) and varies linearly in the x2 direction as shown in Fig. 5. With each pseudo-time
step the component v2 decreases and eventually the solid reaches its equilibrium state when v2 → 0.
Next, we investigate the performance of the mixed formulation for simulating compressible hyperelastic behavior
for ν = 0 and ν = 0.25 using three different finite element (FE) interpolation strategies:
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1. Bilinear: 4-node FE interpolation of v, F̂ & J
2. Biquadratic: 9-node FE interpolation of v, F̂ & J
3. Mixed: 9-node FE interpolation of v and 4-node FE interpolation of F̂ & J .
In the case of uniaxial extension in x2 , we have J = F22 > 1, since F11 = F33 = 1 and all other components
of F vanish. Therefore, it is sufficient to only observe the behavior of F22 from t = 0 until equilibrium. In the
following figures, we plot the variation of F22 in the x2 direction every 50 iterations. Note that the length of the
solid increases and the change in F22 decreases with each iteration as we approach equilibrium. We can see from
Fig. 6 that for ν = 0 the bilinear and mixed interpolation strategies work equally well, whereas the biquadratic
interpolation strategy suffers from spurious oscillations close to the traction boundary. From Fig. 6 we can observe that
for ν = 0.25 both the bilinear and biquadratic interpolation strategies suffer from spurious oscillations, whereas the
mixed interpolation strategy is least affected. This numerical example indicates that the mixed interpolation strategy
leads to better accuracy and stability compared to the uniform interpolation strategies. However, the mathematics
behind the superior performance of this mixed interpolation strategy for Eulerian solid mechanics in the compressible
regime has not yet been fully investigated and will be the focus of a future study.
We next investigate the accuracy of the scheme by comparing the analytical and numerical equilibrium stress
versus deformation curves. Using the constitutive law given in Eq. (15), we can derive the analytical expression for
the Cauchy stress component σ22 as,


2
1
−2/3
2
κ log(F22 ) + µF22 (F22 − 1) .
(58)
σ22 =
F22
3
Now, for different values of applied normal traction t̄· ê2 = σ22 ∈ [−4 4] MPa we numerically evaluate the equilibrium
value of F22 for three different values of Poisson’s ratio ν = 0, 0.25 and 0.45. These numerical results are then plotted
as a scatter over the analytical solution (solid lines) given in (58). The excellent match of the numerical results with
the analytical solution in Fig. 7(a) illustrates the accuracy of the method. We also evaluate the variation of the error in
the reference (initial) volume of the solid at each iteration to check for the conservation of mass. The initial volume
V (0) = 0.044 m3 and at each iteration (i) we can calculate the percentage error as,

1
V (0) − V (i)
(i)
ϵ (i) =
×
100,
where
V
=
d V.
(59)
(0)
(i)
V
Ωs J
The variation of ϵ (i) with iterations is plotted in Fig. 7(b). As we can see the error initially oscillates and after 500
iterations or so it gradually reaches a steady state. However, it is important to note that the percentage error ϵ (i) < 0.06
(i.e. error is less than 0.0006) indicating that the scheme is quite accurate in conserving the mass of the elastic
solid. Since the volume error is so low at all times, the convergence criterion is based on the L 2 error in velocity
or deformation gradient.
4.2. Simple shear of a rectangular block
Let us now study the shear flow of a solid under applied shear traction. Once again, we consider a rectangular
domain of dimensions 0.2 m × 0.25 m and solid domain of dimensions 0.2 m × 0.11 m. The domain is discretized
with an element size h = 0.0125 m. We assume Young’s modulus E Y = 15.0 MPa and Poisson’s ratio ν = 0.25. The
solid is fixed at the top end and subjected to shear traction of t̄ = −0.4ê1 MPa at the bottom end. On the left and right
boundaries, we impose zero velocity in the e2 direction to strictly prescribe horizontal shear flow. The boundary and
initial conditions of this simplified benchmark problem are,

t̄ = −0.4ê1 on Γ ,




F̂(x1 = −0.1, x2 ≤ 0.11) = F̂(x1 = 0.1, x2 ) = I,
(60)
J (x1 = −0.1, x2 ) = J (x1 = 0.1, x2 ) = 1,



v(x1 , x2 = 0) = 0,


v(x, t = 0) = 0.
We discretize the domain using the mixed interpolation strategy as discussed in the previous section with an
element length of h = 0.0125 m in both x1 and x2 directions. Due to the applied shear, the material flows from
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(a) Bilinear v, F̂ and J ; ν = 0.

(b) Bilinear v, F̂ and J ; ν = 0.25.

(c) Biquadratic v, F̂ and J ; ν = 0.

(d) Biquadratic v, F̂ and J ; ν = 0.25.

(e) Biquadratic v, bilinear F̂ and J ; ν = 0.

(f) Biquadratic v, bilinear F̂ and J, ν = 0.25.

Fig. 6. Performance of the mixed element formulation for uniaxial tension test. Variation of F22 along the length of domain is shown for bilinear,
biquadratic and mixed formulation for two compressible materials with Poisson’s ratio ν = 0 (left column) and ν = 0.25 (right column).

right to left as shown in Fig. 8(a), so the velocity is negative. In the case of simple shear flow in x1 direction, we have
F12 > 0, F22 = F11 = F33 = 1 and all other components of F are zero. Therefore, it is sufficient to only observe the
behavior of F12 from t = 0 until equilibrium. We next plot the match between the analytical and numerical curves for
equilibrium stress versus deformation. From the constitutive relation in Eq. (15), we can write the analytical expression
for the Cauchy stress component σ12 = µF12 . For four different values of applied shear stress, we plot the numerical
results (scatter) against the analytical solution (solid line) in Fig. 8(b). We observe an excellent agreement between
theory and simulation with a linear response in the applied stress range. Since shear flow is isochoric, the error in
volumetric deformation identically vanishes.
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(a) Analytical and numerical curves for stress
versus deformation gradient.

(b) Percentage error in elastic body mass with pseudo
time (iteration) steps.

Fig. 7. Validation and error analysis of numerical results from the CEL formulation for uniaxial tension test.

0.6
0.4
0.2
0
–0.2
–0.4
–0.6
–0.3
(a) Initial velocity variation in the domain.

–0.1

0.1

0.3

(b) Analytical and numerical curves for stress versus
deformation gradient.

Fig. 8. Numerical results from the CEL formulation for the shear flow of material under applied shear traction. The results are in agreement with
theory, thus, validating our scheme.

4.3. Indentation of a rounded rectangular solid
Let us consider a rounded rectangular solid made up of the same soft material as in the previous example
(E Y = 15.0 MPa and ν = 0.25). The dimensions of the straight portion of the rounded rectangle is 3.5 cm × 0.92 cm
and the rounded edges are semicircles with radius 0.46 cm. The solid domain and test configuration are chosen to
mimic a hydrogel placed onto a relatively rigid substratum, typically seen in tissue printing. The total computational
domain is 5.2 cm × 1.2 cm that is discretized using an element size h = 0.1 cm. Note that the computational domain
has to be at least as large as the elastic body under consideration. In this numerical example, however, additional
space is included in prevision of the deformation of the body, so that the solid (interface) boundary does not intersect
with the domain boundary, even when the solid undergoes extremely large deformation. A Gaussian-shaped vertical
pressure field with amplitude p (MPa) is prescribed on the top surface centered at mid-span as follows:
p(x1 ) = p0 exp(−x12 /α 2 )

(61)

where α = 0.25 cm is the standard deviation and represents the spread of the applied pressure around the central point.
The solid is restrained in the x1 and x2 directions on the bottom surface. It is important to note that the bottom surface
is restrained in the x1 and x2 directions by enforcing these Dirichlet conditions on the underlying grid nodes that are
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Fig. 9. Schematic diagram of the indentation of soft solid. A Gaussian type pressure load is applied to simulate the contact between a rigid indenter
and the solid. At the bottom the solid is allowed to slip, however, due to symmetry the center node is pinned.
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(a) Initial undeformed.
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(b) Equilibrium deformed reached after 200 pseudo-time steps
(iterations).
Fig. 10. Numerical results showing the Jacobian determinant of the deformation and the shape evolution of a soft rounded rectangular solid for
p0 = 6 MPa during indentation.

closest to the interface, and not on the interface itself. In order to limit the error created in doing so, we position the
rounded rectangle such as its bottom interface remains very close to the nodes of the underlying mesh. Alternatively,
Dirichlet boundary conditions can easily be enforced directly on the interface with the use of Lagrange multipliers.
The geometry and the boundary conditions are illustrated in Fig. 9. The initial undeformed shape and the final or
equilibrium deformed shape of the solid under an applied pressure amplitude of p0 = 6 MPa are shown in Fig. 10(a)
and (b). The surface plot of the Jacobian determinant J in Fig. 10(b) shows that the material experiences compression
at the center (J < 1) and some tension as we move towards the ends; however, far away from the center the material
is unstressed J = 1.
To benchmark our simulation, we analyzed the problem with a fully Lagrangian finite element formulation (using
the software Abaqus with the UHYPER subroutine). For p0 = 6 MPa, the deformed shape of the top surface of the
solid and the variation of J obtained from Abaqus and our coupled Eulerian–Lagrangian (CEL) formulation are plotted
against each other in Fig. 11(a) and (b), respectively. The maximum error in the displacement of the top surface δ is
1.28% and the maximum error in Jacobian J along the free surface is 0.39%. Next, we check the mass conservation
behavior of the CEL implementation by plotting the error in mass ϵmass with iterations or pseudo-time steps, as given
in Fig. 11(c). The error increases initially, reaches a maximum around 100th iteration and then decreases to reach a
steady state value as the equilibrium is attained. We also find that the L 2 norm of error in Von Mises stress and pressure
decreases very rapidly with element size h, as shown in Fig. 11(d). Next, to demonstrate the robustness and viability
of the approach, we apply a larger pressure amplitude of p0 = 40 MPa so as to simulate large material distortions.
The final equilibrium shape of the solid is shown in Fig. 12(a) where we note that material below the load undergoes
large compressive strains with J = 0.5 (that is, the material is confined to half its original volume). The evolution of
the solid boundary with pseudo-time is then shown in Fig. 12(b). As we can see the interface initially moves with a
high velocity and eventually reaches its final equilibrium shape after about 150 iterations. It is to be noted that at even
moderate load of p0 = 10 MPa the UHYPER implementation in Abaqus crashed just after a few iterations due to

297

L. Foucard et al. / Comput. Methods Appl. Mech. Engrg. 283 (2015) 280–302

1.1
0
1

J

–0.05
0.9

–0.1
–0.15

0.8
–0.2

–1.8–1.2 –0.6

0 0.6 1.2 1.8

–2 –1.5 –1 –0.5

(a) Displacement of top surface at equilibrium.
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(d) L 2 error in invariants at equilibrium.

(c) Percentage error in elastic body mass for
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Fig. 11. Validation of numerical results from the CEL formulation with the standard Lagrangian formulation in the commercial software Abaqus
for the indentation of a rounded rectangular solid. The L 2 error is calculated by taking the Abaqus solution from a very fine mesh as the exact
solution.
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Fig. 12. Numerical results showing the Jacobian determinant of the deformation and the shape evolution of a soft rounded rectangular solid for
p0 = 40 MPa during indentation. Abaqus UHYPER subroutine did not converge for this high load case, which demonstrates the robustness of the
current CEL formulation.

convergence issues. For higher loads, ALE algorithms can work; however, CEL formulations have the advantage that
it can be used to simulate extreme deformations without requiring mesh moving or remeshing schemes.
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Table 1
Percentage error in elastic body mass for different finite element mesh
sizes for the deforming cylinder under lateral compression at equilibrium.
Element size

Element in X-dir

Element in Y-dir

% Error

0.16
0.08
0.04

40
80
160

30
60
120

1.6
0.28
0.16

4.4. Lateral compression of a cylinder
In the previous two benchmark examples, the interface remained flat at all times. Herein, we shall consider an
example problem with a curved interface and demonstrate the ability of our formulation to handle its evolution as
the solid undergoes very large deformation. Let us consider an elastic compressible cylinder of radius R = 0.81 cm,
with E Y = 15.0 MPa and ν = 0.25, which is compressed between two planes on the top and bottom. The total
computational domain is 3.2 cm×2.4 cm that is discretized using an element size h = 0.08 cm. Plane strain conditions
apply and body forces are neglected. We set up the problem with four-fold symmetry about the origin. The boundary
and initial conditions for this problem are,

v2 (x1 , x2 = 0) = v1 (x1 = 0, x2 ) = 0,


v(x, t = 0) = 0,
(62)

F̂(x, t = 0) = I,


J (x, t = 0) = 0.
We define a vertical force that is applied on the portion of interface Γ ; this force function is defined as an exponential
repulsive force to avoid penetration between the cylinder and the two compressive planes:

t̄(x) = (φ(x) − d0 ) exp(d0 − φ(x))e2 if φ(x) ≤ d0
(63)
t̄(x) = 0
if φ(x) > d0
where d0 represents a cut-off distance over which the repulsive force is applied, and is taken here to be 1% of the
radius of the cylinder. As the planes move closer, only a portion of solid cylinder is subjected to compression, which
is clear from the contour plot of J in Fig. 13. For example, in Fig. 13(b) we can see that the material in the center
is compressed (i.e. J < 1), whereas the material on the sides is not (i.e. J ≈ 1). As the planes move even closer
the solid deforms into an elongated shape as shown in Fig. 13(c) and (d), when the material at certain points is
compressed to less than half its initial volume (J ≈ 0.4). Note that the planes are gradually moved to the final
position shown in Fig. 13(d) until iteration i = 80 and then held in position. At iteration i = 112, the velocity in the
domain vanishes (less than tolerance), so the stress in the solid is at static equilibrium. As opposed to the presented
method, a Lagrangian finite element formulation would suffer from large mesh distortion in this deformation regime.
To check whether the numerical implementation conserves mass, we consider three mesh sizes as shown in Table 1
and calculate the % error in V0 after each iteration (pseudo-time step). As expected the coarsest mesh has the highest
% error of 1.6 and with the refinement of mesh, the % error reduces to as low as 0.16.
5. Conclusion
We presented a stable and convergent coupled Eulerian–Lagrangian (CEL) formulation for modeling the large
deformations of soft compressible hyperelastic materials. The equilibrium equations are solved in an Eulerian
framework and the transport equations of deformation gradient and Jacobian determinant are solved in an
updated Lagrangian framework; thus, the strategy is exactly the opposite of that employed in an arbitrary
Lagrangian–Eulerian (ALE) formulation. The mixed element formulation, although originally proposed in [2] for
handling incompressibility, is observed to improve the accuracy of the numerical scheme even in the case of
compressible media. The numerical results of uniaxial tension and simple shear studies agree well with theory
indicating the accuracy and feasibility of the approach. The numerical study of indentation of a rounded rectangular
block demonstrates the robustness of the implementation as compared to standard Lagrangian finite element
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(a) Initial interface at iteration i = 0.

(b) Deformed interface at iteration i = 25.

(c) Deformed interface at iteration i = 50.

(d) Deformed interface at iteration i = 112.
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Fig. 13. Numerical results from the CEL formulation for lateral compression of a circular cylinder. The cylinder is located between two rigid
planes on the top and bottom that moved towards each other so that four fold symmetry is maintained. The planes are gradually moved to the final
position shown in (d) until iteration i = 80 and then held in position. At iteration i = 112, the velocity in the domain vanishes (less than tolerance)
so that the stress in the solid is at static equilibrium.

implementation in Abaqus. It is clear that the presented formulation is attractive when materials undergo extreme
deformation and distortions such as that observed for very soft and visco-elastic media. It can also be an interesting
strategy for modeling fluid–structure interactions using a fully Eulerian framework. This class of problem is often
encountered in biology [44–46] (e.g. in cell mechanics and growth) or in studying the mechanics of soft-matter
[47–49].
Appendix. Element tangent matrix for the equilibrium equation
In Eq. (33), the tangent matrix corresponding to the linear system obtained by discretizing the equilibrium equation
is given by,


 


1˜
˜
˜
T ∂σ
T
T ∂σ
˜
˜
−∇ F̂N̄v + F̂Bv − F̂B̌v + Bv
−∇ J N̄v + J B̌v
dΩ .
(A.1)
Kv =
Bv
3
∂J
∂ F̂
Ωe
In the above equation,

∂σ
1 κ
{1 0 0 0}T − σ̃
=
∂J
J J
4×1


δσ1111 δσ1122 δσ1112 δσ1121
δσ2211 δσ2222 δσ2212 δσ2221 
∂σ

=
∂ F̂ δσ1211 δσ1222 δσ1212 δσ1221 
δσ2111 δσ2122 δσ2112 δσ2121 4×4


µ
2
δσi jlm =
δli F̂ jm + δl j F̂im − δi j F̂lm .
J
3
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˜ ˜
˜ indicates that ∇ F̂,
The tilde superscript (·)
F̂ and J˜ˆ are interpolated using the fields from the previous time step F̂t and
t
J as follows:

˜ 
∇ F̂ = BF1 F̄(t) BF2 F̄(t) 4×2
∇ J˜ = B J J¯(t)

˜ 
F̂ = N̄F1 F̄(t) N̄F2 F̄(t) N̄F3 F̄(t) N̄F4 F̄(t)
J˜ = N̄ J J¯(t)
and the matrices BFk , B J , NFl and B̌v are written, for k = 1, 2 and l = 1, 2, 3, 4:


BFk = B1Fk , . . . , B4Fk , S 1 B1Fk , . . . , S 4 B4Fk


B̂ J = B1J , . . . , B4J , S 1 B1J , . . . , S 4 B4J

2×8



NFl = N1Fl , . . . , N4Fl , S 1 N1Fk , . . . , S 4 N4Fl


B̌v = B̌1v , . . . , B̌9v , S 1 B̌1v , . . . , S 9 B̌9v

4×32


4×32


1×36

with
∂ N̂ I
 ∂ x1


 0

=

 0



0


I
BF1

∂ N̂ I
 ∂ x2


 0

=

 0



0

0

0

∂ N̂ I
∂ x1

0

0

∂ N̂ I
∂ x1

0

0


0 


0 



0 


I
∂ N̂ 
∂ x1



I
BF2

B IJ =
B̌1v =

NF1



0

0

∂ N̂ I
∂ x2

0

0

∂ N̂ I
∂ x2

0

0

∂ x1

∂ N̂
∂ x2

∂NI

∂NI



∂ N̂ I

x1
 I
N̂
 0
=
 0
0

4×4


0 


0 



0 


∂ N̂ I 
∂ x2

4×4


I
2×1



x2
0
0
0
0

.

1×2

0
0
N̂ I
0


0
0

0
0 4×4



NF2

0
0
=
0
0

0
N̂ I
0
0

0
0
0
0


0
0 

0 
N̂ I 4×4

L. Foucard et al. / Comput. Methods Appl. Mech. Engrg. 283 (2015) 280–302



NF3

0
0

=
0
0

0
0
0
0

N̂ I
0
N̂ I
0


0
0

0
0 4×4

NF4


0 0
0 0
=
0 0
0 0

0
0
0
0
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0
N̂ I 

.
0 
N̂ I 4×4
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