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SUMMARY
A numerical technique that is based on the integration of the asymptotic solution in the numerical framework
for computing the local singular behavior of Stokes flow near a sharp corner is presented. Moffat’s asymptotic solution is used, and special enriched shape functions are developed and integrated in the extended
finite element method (X-FEM) framework to solve the Navier–Stokes equations. The no-slip boundary
condition on the walls of the corner is enforced via the use of Lagrange multipliers. Flows around corners
with different angles are simulated, and the results are compared with both those of the known analytic
solution and the X-FEM with no special enrichment near the corner. The results of the present technique
are shown to greatly reduce the error made in computing the pressure and velocity fields near a corner tip
without the need for mesh refinement near the corner. The method is then applied to the estimation of the
permeability of a network of fibers, where it is shown that the local small-scale pressure singularities have a
large impact on the large-scale network permeability. Copyright © 2014 John Wiley & Sons, Ltd.
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1. INTRODUCTION
Fluid–structure interaction is a problem of great relevance in many areas of engineering and applied
sciences. A large number of the flows considered in these types of problem include their interactions with structures with sharp corners or tips. Examples of these problems include the flow inside
a channel with sudden changes of radius [1–5], the flow through cracks and interfaces [6] or the filtration of particles through a porous membrane [7–9]. The presence of local curvature singularities
where the fluid interacts with the structure results in the appearance of pressure or velocity singularities, as described by Moffat in [10]. These singularities at the small scale are often associated
with flow separation or stagnation regions at the larger scale that are of great importance in many
engineering applications, and to describe them accurately still remains a significant computational
challenge.
Traditionally, in this type of fluid/interaction problem, the geometry of sharp corner and the singular fields around them are resolved through the use of local refinement of the spatial discretization
[1–5]. However, these types of algorithms are computationally costly and can never truly resolve
the local field discontinuities. Indeed, the standard finite element method uses a linear or quadratic
continuous space that ultimately fails to describe the hyperbolic pressure field that appears at the
corner tips [10].

*Correspondence to: Franck J. Vernerey, Department of Civil, Environmental and Architectural Engineering,
Material Science and Engineering, University of Colorado, 1111 Engineering Drive, 428 UCB, ECOT 422, Boulder,
CO 80309-0428, USA.
† E-mail: franck.vernerey@colorado.edu
Copyright © 2014 John Wiley & Sons, Ltd.

80

L. C. FOUCARD AND F. J. VERNEREY

To address that issue, Hawa and Rusak [11] developed a numerical–asymptotic matching method
to simulate a viscous flow through a suddenly expanding channel. In this work, the inner analytical
solution around the corner is matched with the outer numerical solution computed with the finite difference method. They successfully simulated the singularities near the corner for various Reynolds
number and channel expansion ratios. However, their numerical method still requires some level of
mesh refinement around the corner, and the spatial discretization of the corner is mesh dependent,
which limits the method to the study of right angle corners.
Another numerical–asymptotic matching method is the extended finite element method (X-FEM),
which was originally developed by Moës et al. in the framework of the X-FEM to compute the
discontinuous displacement and singular stress field around cracks inside an elastic body [12]. The
idea was to locally enrich the traditional C 0 finite element space around the crack tips with the
asymptotic solution for the displacement and stress fields. This enriched space allowed the finite
element method to describe the singular fields around the crack tip without the need for refinement
or remeshing [12–15]. The method has also successfully been applied to the simulation of the Stokes
flow around rigid particles, where the asymptotic solution for the pressure and velocity fields around
a cylinder is used to enrich the finite elements cut by the particle [16].
Recognizing the similarities between the pressure field of the flow around a corner and the stress
field around a crack tip, we here follow the same approach as taken by Moës et al. in [12] and
present a collocation method in the framework of the X-FEM to simulate the Stokes flow around
structures with sharp corners. We enrich the finite element space around corner tips with the firstorder symmetric and anti-symmetric modes of the asymptotic solution for a Stokes flow near a
sharp corner, following Moffat’s solution [10]. These special enrichment functions provide the finite
element method with the flexibility needed to accurately describe the singular pressure and velocity
fields around sharp corners. The no-slip boundary condition on the walls of the corner is enforced
via the use of Lagrange multipliers. The proposed approach has the following three contributions:
 The local field singularities near sharp corners are resolved without the need for computationally expensive mesh refinement.
 The enrichment functions are calculated for any convex sharp corners.
 The technique presented holds for any simultaneous combinations of sharp corners and
can handle the simulation of a Stokes flow with complex boundary condition without any
refinement and on a fixed structured mesh.
We show that the formulation is well adapted for investigating problems where physics at the
small scale have a large impact on the overall large-scale behavior. The outline of the paper is as
follows. Section 2 presents the governing equations and the asymptotic solution for the Stokes flow
near a sharp corner. Section 3 follows with the extended finite element discretization scheme and the
derivation of the weak form. The special enrichment functions used in the numerical discretization
are derived from the asymptotic solution in section 4. We then verify in section 5 the accuracy of
the method by calculating the error made when computing the flow velocity around the corners
of different angles, with and without special enrichment. The present method is also compared
with the X-FEM without corner enrichment but with different levels of mesh refinement for the
problem of a Stokes flow through a suddenly expanding channel. Finally, the method is applied
to the estimation of the permeability of a network of fibers, where it is shown that neglecting the
pressure and velocity singularities around the fiber tips leads to a significant underestimation of the
overall network permeability.
2. GOVERNING EQUATIONS
2.1. Basic equations
Consider a two-dimensional incompressible viscous flow in a domain , in which there exist one
or multiple no-slip rigid boundaries  taking the shape of thin plates or sharp corners (Figure 1).
The problem is characterized by the Reynolds number Re D H U= where H is the characteristic
length scale, U the characteristic fluid velocity,  the kinematic viscosity and  the fluid density.
Copyright © 2014 John Wiley & Sons, Ltd.
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Figure 1. (a) Fluid domain  and fixed structure  with no-slip/no-penetration boundary condition.
(b) Local polar coordinate system centered at the corner.

We choose here to remain in the Stokes flow assumption with R  1, where inertial effect may
be neglected. The velocity of a fluid particle is given in terms of its material time derivative v.x/ D
Dx=Dt , where x D ¹x yº is the current position of the fluid particle at time t . In these conditions,
the governing equations with the associated boundary conditions for the Stokes flow at the steady
state are written:
9
r 2 v  rp D f 8x 2  =
r v
D 0 8x 2 
(1)
;
with v.x/ D 0 8x 2 :
where p is the fluid pressure and f a body force. These equations govern the fluid flow in the domain
 and can generally be easily solved using the finite element method, as long as the geometry of
the boundary  does not include any curvature singularities, such as a sharp corner. However, when
such a sharp corner occurs in the geometry of , Equation (1) admits a singular solution near the
tip of the corner, which cannot be resolved with the classical finite element method. First, let us turn
to the asymptotic solutions for the fluid velocity and pressure near the corner tip, as they will be
needed when deriving the corresponding enrichment functions.
2.2. Asymptotic solution for the flow near a sharp corner
For
p simplicity, we adopt a polar coordinate system .r; / centered on the corner, where r D
x 02 C y 02 ;  D arctan .y 0 =x 0 / and the axes x 0 and y 0 are aligned with the corner’s bisector
(Figure 1). The corner is defined by the angle ˛ made with its bisector, where ˛ D =2 and ˛ D 
respectively correspond to a flat wall and a semi-infinite plate.
The asymptotic solution of the viscous flow near a sharp corner follows the paper of Moffat [10].
The streamline function .r; / solution to the Stokes equation r D 0 in the region 0 < r  H
can be written in the following separated form:
.r; / D r  f ./

(2)

where  is an unknown complex exponent that determines the structure of the flow, and it is to be
found as part of the solution, as described in section 2.3. According to [10], the function f ./ takes
the general form:
f ./ D A cos ./ C B sin ./ C C cos ..  2// C D sin ..  2//

(3)

where A; B; C and D are arbitrary complex constants. In the cases where  D 0; 1 or 2, the previous
equation degenerates into other forms that are not relevant to the problem studied here, and we will
Copyright © 2014 John Wiley & Sons, Ltd.
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henceforth only consider values of  such that  ¤ 0; 1; 2. The axial and radial velocities of the
flow are deduced from the stream function .r; / as follows:
vr D

1@
@
and v D 
r @
@r

(4)

and are subjected to the following no-slip/no-penetration boundary conditions at the wall:
vr .r;  D ˛/ D 0;
vr .r;  D ˛/ D 0;

v .r;  D ˛/ D 0

(5)

v .r;  D ˛/ D 0:

(6)

In general, any Stokes flow near a corner can be calculated as the linear superposition of an antisymmetrical (mode I) and symmetrical (mode II) solution with respect to the corner’s bisector x 0
(Figure 2). We now briefly present these two cases.
2.3. Mode I: anti-symmetrical case
In the anti-symmetrical case, which we will refer to as mode I, the flow is even, so the constants B
and D in (3) vanish, and f ./ reads:
f ./ D A cos ./ C C cos ..  2//:

(7)

Enforcing the boundary condition at the wall requires that f .˙˛/ D @f .˙˛/=@ D 0 and yields
a system of two equations for A and C :
²

A cos ./ C C cos ..  2//
D0
;
A sin ./ C C.  2/ sin ..  2// D 0

(8)

which admits non-trivial solutions only if  satisfies the following simple algebraic equation [10]:
sin ..  1/2˛/ D .1  / sin .2˛/:

(9)

Combining Equations (2), (7) and (8), one finds that the stream function in the anti-symmetrical
case is written:
.r; / D r  .cos ./ cos ..  2/˛/  cos .˛/ cos ..  2/// :

(10)

Figure 2. Asymptotic solution: pressure and stream lines for a viscous flow near a sharp corner ˛ D 0:8
for (a) mode I and (b) mode II. The pressure field is singular at r D 0.
Copyright © 2014 John Wiley & Sons, Ltd.
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The resulting stream lines and pressure field for ˛ D 0:8 in mode I are shown in Figure 2(a),
where the pressure is calculated by solving the momentum equation
rp D r 2 v

(11)

where v D vr er C v e is computed using Equations (2) and (4).
When the angle ˛ made by the two walls of the corner is less than a critical angle ˛ < 0:405
(or ˛ < 73ı ), Equation (9) admits complex solutions [10]. To calculate the stream function .r; /
in this case, we first decompose the exponent into its real and complex components  D R C iI
and rewrite Equation (9) as the following system of equations [17]:
²
sin .2˛.R  1// cosh .2˛I / D .1  R / sin.2˛/
(12)
cosh .2˛.R  1// sinh .2˛I / D .I / sin.2˛/
which can be solved for R and I using a Newton–Raphson non-linear solver, given a good initial
guess. Finally, using Equations (2), (7) and (8), one can write the stream function .r; / in the case
˛ < 0:405 as [10, 17]:
.r; / D r R ŒReal ¹Qº cos .I ln r/  Imag ¹Qº sin .I ln r/
with Q D .cos ./ cos ..  2/˛/  cos .˛/ cos ..  2////:

(13)

The resulting stream lines and pressure field are shown in Figure 3(a), where one notes the
appearance of an infinite number of self-repeating eddies as r decreases to zero.
2.4. Mode II: symmetrical case
The derivation of the solution for the symmetrical flow, or mode II, is extremely similar to mode
I, and we will therefore omit some details. In this case, f ./ should be an odd function, and we
therefore set A and C to be zero in Equation (3):
f ./ D B sin ./ C D sin ..  2//:

(14)

Enforcing the no-slip and no-penetration boundary conditions yields to following algebraic equation
for :
sin ..  1/2˛/ D .  1/ sin .2˛/:

(15)

Figure 3. Asymptotic solution: pressure and stream lines forming eddies for a viscous flow near a sharp
corner ˛ D 0:3 for (a) mode I and (b) mode II. The pressure and velocity fields vanish at r D 0 and show
no singularity.
Copyright © 2014 John Wiley & Sons, Ltd.
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Combining Equations (2) and (14) and the boundary conditions, one finds the stream function for
mode II to read:
.r; / D r  .sin ./ sin ..  2/˛/  sin .˛/ sin ..  2/// :

(16)

Similar to mode I, for ˛ < 0:405, Equation (15) admits complex solutions. Taking the same
approach as for mode I, a decomposition of the exponent  into its real and imaginary components
leads to the following form of the stream function:
.r; / D r R ŒReal ¹Qº cos .I ln r/  Imag ¹Qº sin .I ln r/
with Q D .sin ./ sin ..  2/˛/  sin .˛/ sin ..  2////:

(17)

The resulting stream lines and pressure field are shown in Figure 3(b) where similar to mode I, one
notes the apparition of an infinite number of self-repeating eddies as r decreases to zero. Let us now
turn to the numerical formulation and use the asymptotic solution presented earlier to derive the
corresponding enrichment functions.

3. EXTENDED FINITE ELEMENT FORMULATION
The idea of the X-FEM is to enrich a finite element space with additional functions. Our numerical
technique takes the same approach: the Stokes flow is solved using the traditional C0 conforming
finite elements (in our cases, four-node bilinear elements for the pressure and nine-node quadratic
elements for the velocity) space, and we enrich this space with additional degrees of freedom
that allow the pressure jump across an interface (the velocity stays continuous) and singular pressure/velocity fields around the corner tip. The velocity and pressure fields in this enriched space are
interpolated as follows:

X
XX 
X


Ni .x/pi C
Nj .x/ H.x/  Hj pLj C
Nk G l .r.x/; .x//  Gk pQk
p.x/ D
i

j

k

l

(18)

v.x/ D

X

NO i .x/vi C

i

XX
k



NO k F l .r.x/; .x//  Fk vQ k

(19)

l

where N and NO are the regular four-node and nine-node shape functions, H is the Heaviside function that provides the needed discontinuity, and F D ¹FI ; FII º and G D ¹GI ; GII º are the special
asymptotic corner tip functions for modes I and II. They are derived in section 4 from the asymptotic
solution presented in section 2.2. The term pLj corresponds to the enriched degrees of freedom associated with the jump in pressure across an interface while the terms pQk and vQ k are the enrichment
degrees of freedom associated with the near corner tip pressure and velocity fields.
Figure 4(a and b) illustrates the enrichment strategy used to model the flow around sharp corners
and tips. The full circles denote the node enriched with corner/tip functions and belong to the element that contains the corner/tip. The empty squares represent the nodes enriched with a Heaviside
function and belong to the elements fully cut by the corner walls.
In addition to the velocity and pressure degrees of freedom and their respective enrichment, let us
introduce the Lagrange multipliers I . These are used to enforce the no-slip/no-penetration boundary condition (1) on the corner walls and tip and are discretized at the intersection between the
corner walls and the underlying mesh, as shown in Figure 5.
are interpolated along the interface  using one-dimensional shape functions i .x/ D
PThey
2
N I .x/ I where I denotes the numbering of the nodes for each segment of the corner walls
N
I D1
i
and i runs over the dimensions 1 and 2 (in 2D).
Copyright © 2014 John Wiley & Sons, Ltd.
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Figure 4. Node selection for the slip and tip enrichment of a (a) corner and (b) plate. The black dots denote
tip enrichment for the velocity and pressure (only the four corner nodes in the case of the pressure) while
the squares indicate split enrichment for the pressure.

Figure 5. Discretization of the Lagrange multipliers in (a) simple cut element, (b) double cut element, (c)
corner tip element and (d) tip element.

3.1. Weak formulation
Introducing the test functions wv and wp , integrating by parts and using the divergence theorem, the
weak form of the governing Equation (1) in the fluid domain can be written as
.rwv ; rv/  .rwv ; pI/ C .wv ; f/ D 0
.wp ; r  v/ D 0

(20)

where the notation .; / indicates the L2 inner product with respect to the domain . We also need
to enforce the no-slip/no-penetration boundary conditions given in Equation (1) on the corner walls.
This is carried out by using the Lagrange multipliers . The corresponding variational form is then
given by: find v 2 V ; p 2 P and  2 L such that for all wv 2 V ; wp 2 P and w 2 L
.rwv ; rv/  .rwv ; pI/ C .wv ; f/ C .wv ; / D 0
.wp ; r  v/ D 0

(21)

.w ; v/ D 0
where w are the test functions associated with the Lagrange multipliers and V ; P and L are
admissible spaces for the velocity, pressure and Lagrange multipliers, respectively.

3.2. Discretized form
The discretized form of the equilibrium can be written from the weak form (21) by using the X-FEM
approximation as follows:
Kd D f
Copyright © 2014 John Wiley & Sons, Ltd.
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where K is the consistent tangent matrix, d D ¹v p º the global vector of unknowns and f the
force vector. The element contributions to K and f are as follows:
2 e e
3
kvv kvp kev
(23)
ke D 4 kepv 0 0 5
kev 0 0
®
¯T
fe D fev 0 0
(24)
with
Z
kvv D
kevp D
kev D
kepv D
kev D

Ze
Ze

BT  B d 

(25a)

O d
BT  N

(25b)

N 
NT  Nd

(25c)

O T  B d
N

(25d)

N T  Nd 
N

(25e)

e

Z

Ze
e

and
fev D

Z

NT  f d :

(26)

e

O N
N and B take the following form:
The shape function matrices N; N;
h
i
Q 1; : : : ; N
Q9
N D N1 ; : : : ; N9 ; N
h
i
O D NO 1 ; : : : ; NO 4 ; NLO 1 ; : : : ; NLO 4 ; NQO 1 ; : : : ; NQO 4
N


N D NN 1 NN 2
N
h
i
B D B1 ; : : : ; B9 ; BQ 1 ; : : : ; BQ 9

(27a)
(27b)
(27c)
(27d)

with
Ni D



Ni 0
0 Ni

Qi D
; N



NLO i D H  H i NO i ; NQO i
3
2 i
N;1 0
6 0 N;2i 7
7
Bi D 6
4Ni 0 5
;2
0 Ni
22  ;1 1  i 
F  F N ;1
66
0
6
Qi D 6
 
B
66 
44 F  F 1 N i ;2
0


 i
 i
N 0
N 0
8
;
:
:
:
;
.F

F
.F  F 1 /
/
0 Ni
0 Ni
h
i

D G  G 1 NO i ; : : : ; .G  G 4 /NO i

(28a)
(28b)

(28c)
3
2
0


6
F  F 1 N i ;2 7
7
6
7 ;:::;6
0
5
4
 

F  F 1 N i ;1


 
F  F 8 N i ;1
0

 
F  F 8 N i ;2
0



33
0



7
F  F 8 N i ;2 7
77
77 :
0
  55

F  F 8 N i ;1
(28d)

where F i and G i are the asymptotic functions used to enrich the standard finite element space
around the corner tips. They are derived in the next section.
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Remark
The computation of these quantities involves the assessment of integrals over elements that can be
numerically evaluated using Gaussian quadrature with four integration points in regular elements.
However, for the elements cut by the corners, the integration is performed by splitting the element
into sub-triangles using a Delaunay triangulation on the four corner points, the point at the corner
tip, and the two intersection points between the corner walls and the element edges. A fourth-order
Gauss integration is then carried out in each triangle, as described in [12].

4. ENRICHMENT FUNCTIONS
Here, we aim at identifying the asymptotic corner tip functions F and G that can span all the solutions for the velocity and pressure fields of a flow near a sharp corner. Similar to the asymptotic
solutions presented in section 2.2, we proceed by considering mode I and mode II separately.

4.1. Mode I: asymptotic enrichment for the anti-symmetrical case
Recalling Equation (10) for the stream function in mode I, one can use Equation (4) to compute the
axial and radial velocities as follows:
vr .r; / D

1@
D r  1 ..  2/ cos.˛/ sin..  2//   cos.˛.  2// sin.//
r @

(29)



@
D  r  1 .cos.˛.  2// cos./  cos.˛/ cos..  2///:
@r

(30)

v .r; / D 

Next, we write the flow velocity in the local Cartesian coordinate system ¹x 0 ; y 0 º:
vx 0 D vr cos   v sin  D  sin./r  1 .cos.˛.  2// cos./  cos.˛/ cos..  2///
C cos./r  1 .. 2/ cos.˛/ sin.. 2// cos.˛. 2// sin.//;
(31)
vy 0 D vr sin  C v cos  D sin./r  1 ..  2/ cos.˛/ sin..  2//   cos.˛.  2// sin.//
  cos./r  1 .cos.˛.  2// cos./  cos.˛/ cos..  2///:
(32)
Finally, we write the functions FI as the basis of functions that can span all the solutions vx 0 and vy 0
in mode I. After some calculation, and making use of trigonometry identities, the basis of function
FI for mode I is found to be
®
FI D r  1 sin ..  2// sin ; r  1 cos ..  2// cos ;
r  1 sin ..  2// cos ; r  1 cos ..  2// sin 

¯

(33)

where  is found using a non-linear solver on Equation (9), given ˛ and a good initial guess. The
basis functions GI for the pressure are derived in a similar manner. Given the stream function (10)
and the momentum Equation (11), the pressure field around the corner tip for mode I is found to be

1
r  2  2 ..  2/ cos.˛/ sin..  2//   sin./ cos.˛.  2///
.  2/Re
(34)

C  3 sin./ cos.˛.  2// C .  2/3 . cos.˛// sin..  2// C p1

p.r; / D 
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where p1 is the pressure away from the corner tip when r ! 1. An important feature of
Equation (34) is the fact that for ˛ < =2, the pressure shows no singular behavior at r D 0.
Indeed, for ˛ < 0:405, Equation (9) yields  > 2, and the term r  2 in (34) becomes zero at
r D 0. In that case, the corner always becomes a stagnation point where the pressure and velocity
are identically zero. In this work, we choose to focus on the cases where the pressure shows a
singular behavior and therefore only use enrichment functions for ˛ > 0:405. The basis functions
for the pressure in mode I are therefore written:
®
¯
GI D r  2 sin ./; r  2 sin ..  2// :

(35)

Remark
Alternative to solving Equation (9) a priori, the parameter  in the enrichment functions presented
earlier can also be found via an adaptive method for parametric X-FEM [18]. This method considers
the residual error based on the strong form to drive the algorithm and determine the parameter of
the enrichment function.

4.2. Mode II: asymptotic enrichment for the symmetrical case
Finding the corner tip asymptotic function for mode II is very similar to mode I. The basis of
functions FII that can span all the solutions vx 0 and vy 0 in mode II is found to be the same as for
mode I; only the value of the exponent  changes:
®
FII D r  1 sin ..  2// sin ; r  1 cos ..  2// cos ;
¯
r  1 sin ..  2// cos ; r  1 cos ..  2// sin  :

(36)

Next, the pressure field around the corner tip for mode II is found to be:

1
r  2  2 ..  2/ sin.˛/ cos..  2//   cos./ sin.˛.  2///
.  2/Re

C  3 cos./ sin.˛.  2// C .  2/3 . sin.˛// cos..  2// C p1 :
(37)
The basis functions for the pressure in mode II is therefore written:
p.r; / D 

®
¯
GII D r  2 cos ./; r  2 cos ..  2// :

(38)

Table I shows a summary of the asymptotic functions used as enrichment for both pressure and
velocity fields for both modes, which constitutes the main result of the present work.

Table I. Corner tip asymptotic functions.
Mode I

GI

®

¯
r 2 sin . /; r 2 sin ..  2/ /

®
FI
Mode II

GII

r 1 sin ..  2/ / sin ; r 1 cos ..  2/ / cos  ;
¯
r 1 sin ..  2/ / cos ; r 1 cos ..  2/ / sin 

®

¯
r 2 cos . /; r 2 cos ..  2/ /

®
FII

r 1 sin ..  2/ / sin ; r 1 cos ..  2/ / cos  ;
¯
r 1 sin ..  2/ / cos ; r 1 cos ..  2/ / sin 
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5. RESULTS
In this section, the numerical scheme presented earlier is used to solve for fluid flows with different
boundary conditions, and the results are compared with both the analytical solution and the X-FEM
without special enrichment. It is then applied to estimate the permeability of a two-dimensional
fibrous network.
5.1. Flow around a corner
Here, we investigate the accuracy of the numerical technique by comparing it with the analytical
solution developed by Moffat [10]. The velocity given by the analytical solution is imposed at the
boundary of the computational domain while a no-slip/no-penetration condition is enforced along
the wall of the corner (Figure 6). The Reynolds number is given by [10]:
Re D

Ur RealŒ 

(39)

Figure 6. Flow around a corner of angle ˛.The velocity given by the analytical solution is imposed at the
boundary of the computational domain while a no-slip/no-penetration condition is enforced along the wall
of the corner (shown in red).

Figure 7. Error Ev made in computing the flow velocity around the corner tip in modes I and II, for different
corner angle ˛. The error can be divided by up to a factor of 8 by using corner tip enrichment.
Copyright © 2014 John Wiley & Sons, Ltd.
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with as the kinematic viscosity and U as the fluid velocity away from the corner. The inertial
effect can therefore be neglected sufficiently close to the corner because for the cases investigated
here, RealŒ > 0. The parameters U and are chosen such that Re  1 everywhere in the computational domain. The error made in computing the velocity of the flow near a corner is calculated
as follows:
Z

L=2

Z



vnum .r; /  vasy mp .r; /



vasy mp .r; /

Ev D
0

drd;

(40)

where vnum denotes the velocity calculated using the numerical method, vasy mp the asymptotic
solution and L the length of the computational domain.
Figure 7 shows the error for different corner angle ˛, with or without special enrichment. We
observe that without enrichment, the error varies between 10% and 27% and decreases as the corner
angle increases. However, the incorporation of the corner tip enrichment developed earlier reduces
the error for all corner angles, by up to a factor of 8 and always stays under 5%. Figure 8 shows the
streamlines for the flow around the different corners. One notes that without corner tip enrichment,
the streamlines intersect the corner wall, which denotes a poor enforcement of the no-penetration
boundary condition. The effect of incorporating the corner tip enrichment can also be clearly seen
on the pressure field inside elements containing the corner tip, in Figure 10: with enrichment
(Figure 10(e–h)), the pressure field is singular around the corner tip and matches the behavior shown
in the asymptotic solution (Figure 2), whereas without corner enrichment (Figure 10(a–d)), the
pressure field only varies linearly inside the element and does not show any pressure concentration
around the corner tip.

Figure 8. Streamlines with and without enrichment for (a) ˛ D , (b) ˛ D 0:87, (c) ˛ D 0:75 and (d)
˛ D 0:47.
Copyright © 2014 John Wiley & Sons, Ltd.
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Figure 9. Streamlines and pressure fields for ˛ D ; ˛ D 0:87; ˛ D 0:75 and ˛ D 0:47. Left column
(a)–(d) without enrichment. Right column (e)–(h) with enrichment.

Finally, the convergence rate of the L2 norm of the error made in calculating the velocity and
pressure is reported in Figure 9. The velocity and pressure errors are respectively calculated as

ev2 D

Z

L=2

Z



vnum .r; /  vasy mp .r; / drd;
0

Copyright © 2014 John Wiley & Sons, Ltd.
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Figure 10. L2 error in velocity (circles) and pressure (crosses) as a function of mesh size
convergence rates for the velocity and pressure are 1.49 and 1.78, respectively.

ep2 D

Z

L=2

Z

0




ˇ
ˇ
ˇpnum .r; /  pasy mp .r; /ˇ drd;

x. The

(42)

where pnum denotes the pressure calculated using the numerical method and pasy mp the asymptotic
solution. The dotted lines in Figure 9 show the power law fitting the velocity and pressure errors,
calculated as
ef i t D k1 . x/k2

(43)

with k2 as the convergence rate and x as the mesh size. Although the pressure and velocity are
shown to converge to the reference solution, the rates of convergence appear to be suboptimal with
1.49 for the velocity and 1.78 for the pressure, compared with a theoretical convergence rate of 2
for the 9/4 mixed formulation. A first possible reason for the suboptimal convergence rates is the
Lagrange multiplier space used to enforce the no-slip boundary condition along the corner walls.
Indeed, a ‘naive’ discretization, that is, a Lagrange multiplier at each intersection between the interface and the underlying mesh, leads to a Lagrange multiplier space that does not satisfy the so-called
inf-sup or Ladyzenskaja-Babuška-Brezzi (LBB) condition [19]. This in turn creates oscillations in
the Lagrange multiplier field along the interface and affects the convergence rate. The method developed by Möes et al. in [20] addresses this issue by constructing the correct Lagrange multiplier
space and discretizing the Lagrange multiplier fields on nodes of the underlying Eulerian mesh.
A second possible reason is the criteria used to choose the nodes, which should be enriched with
the asymptotic solution. It has indeed been shown that using the so-called geometrical enrichment,
which consists in enriching more than one layer of elements around the singularity, can improve
the convergence rate in the X-FEM [21]. Both methods will be the object of future studies aimed at
improving the performance of the present formulation. Overall, the numerical technique presented
here is shown to significantly increase the accuracy of the simulation of a flow near a sharp corner
using the X-FEM, at a much lesser computational cost, than classical methods because no mesh
refinement is needed.
5.2. Channel with a sudden expansion
In this section, the proposed numerical method is applied to a simulation of a viscous flow through a
symmetric two-dimensional long channel of height h, which suddenly expands into a long channel
of height H . The flow through the channel is described in a Cartesian coordinate ¹x; yº system
where x runs along the length of the channel and y along the height of the channel. The sudden
expansion forms a sharp right angle located at x D 0, and the centerline of the channel corresponds
Copyright © 2014 John Wiley & Sons, Ltd.
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to y D 0 (Figure 11). A steady Poiseuille flow is imposed at the channel inlet section located at
x D x0 :

Uave 
vx D 2
(44)
.h=2/2  y 2
3h =16
vy D 0

(45)

where Uave is the average flow velocity at the channel entry. The outlet section x D x1 is located
far enough from the corner to have a steady Poiseuille flow profile. The Reynolds number is given
by Re D Uave h= , and Re is chosen such that Re  1 in order to stay within the Stokes flow
assumptions.

Figure 11. Two-dimensional channel with sudden symmetrical expansion. The expansion is characterized
by the ratio h=H .

Figure 12. Corner discretization for the two-dimensional channel with sudden symmetrical expansion. (a)
Two-level refinement, (b) three-level refinement and (c) four-level refinement. (d) One-level refinement
discretization of the corner when using the enrichment functions.

Figure 13. Pressure field and velocity streamlines for the two-dimensional channel with sudden symmetrical
expansion. The expansion is characterized by the ratio h=H D 0:5.
Copyright © 2014 John Wiley & Sons, Ltd.
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The results for the flow in an expanding channel were obtained from the X-FEM without corner tip enrichment but with several levels of mesh refinement and compared with the results from
the X-FEM with corner tip enrichment. The different mesh sizes and the corresponding corner discretization are shown in Figure 12. One can see that as mesh size decreases for the X-FEM without
tip enrichment, the resolution of the corner geometry improves but can never be fully resolved
as being infinitely sharp (Figure 12(a–c)), whereas the use of tip enrichment allows a perfect
geometrical discretization while using a larger mesh size (Figure 12(d)).
The pressure field is shown as a color gradient in Figure 13 while the streamline patterns for the
flow in an expanding channel for Re  1 and h=H D 0:5 with and without tip enrichment and for
different mesh sizes are compared in Figure 14. It is found that at least four levels of mesh refinement
were necessary without tip enrichment, whereas the same results could be obtained without mesh
refinement using the tip enrichment numerical scheme. It is also important to note that the results
of the X-FEM without tip enrichment converge toward those from the present numerical method as
the mesh size decreases.

Figure 14. Velocity streamlines for the two-dimensional channel with sudden symmetrical expansion, using
the extended finite element method without tip enrichment with four different levels of mesh refinement.
The streamlines are shown to converge towards those from using the present numerical technique.

Figure 15. Flow through a fibrous network. No-penetration boundary conditions are enforced at x D L and
x D L while an influx of q D 1 m s1 is prescribed at y D H=2.
Copyright © 2014 John Wiley & Sons, Ltd.
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5.3. Permeability of a fibrous network
In this example, we simulate a viscous flow through a fibrous network and estimate the equivalent permeability. A possible application for this type of problem is filtration membranes, which are
present in many important processes in bio-medical engineering [22, 23], food or renewable fuel
industry [24]. The system modeled here represents a cross-sectional area of a filtration membrane,
where the fibers constitute the membrane itself. For a low enough Reynolds number and pressure
gradient (or, equivalently, for an elastic modulus of the fibers high enough), the fibers can be considered as rigid and fixed in place. A cross section of a fibrous network of size L  H is considered,
with an influx q D 1 m s1 prescribed at y D H=2 while no-penetration boundary conditions
are enforced at x D L=2 and x D L=2 (Figure 15). Because the flow considered here is two
dimensional, the fibers are actually plates that extend infinitely in the out of plane direction.

Figure 16. Pressure field and streamline patterns for a viscous flow through a network with fiber density (a)
d D 0:1, (b) d D 0:5, (c) d D 0:9 and (d) d D 1:7. Figures (e) and (f) are a close-up on the pressure
singularities around fiber tips. Figure (g) shows the equivalent permeability keq as a function of fiber density
with enrichment (continuous line with circles)
and without
enrichment (dashed line). The relative difference


keq D keq  keq w/o =keq is shown in (h).
Copyright © 2014 John Wiley & Sons, Ltd.
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Different densities of fibers with random shapes and sharp tips are generated inside the computational domain. Recalling Darcy’s law for a flow through a permeable medium, one can estimate the
equivalent permeability of the network as follows [25]:
keq D 

2Hq
Pav .y D H=2/  Pav .y D H=2/

(46)

where Pav .y D H=2/ and Pav .y D H=2/ are the average pressure calculated at y D H=2 and
y D H=2, and  the fluid’s viscosity. Figure 16 shows the pressure field and streamline patterns
for the flow through networks with different fiber densities. It is important to note that the fibers
are generated independently from the underlying finite element mesh and can take any size, shape
and orientation, therefore making the generation of a network a straightforward process. Assuming
an average fiber length l0 , with the length of each fiber in the region Œ0:8l0 1:2l0 , the network is
characterized by the following two parameters:
n
;
(47)
dD
HL
S D

3 cos2 ./  1
;
2

(48)

where d is the fiber density computed as the number of fibers n in the area considered H  L, and
S is the order parameter [26] of the fibers with respect to their preferred alignment direction .
The brackets hi denote the spatial averaging operation. For an isotropic distribution, S D 0, while
for perfectly aligned fibers, S D 1. Assuming that the fibers do not intersect or touch, the case
d D 0 corresponds to a perfectly permeable material while d D 1 denotes a perfectly impermeable
material. The equivalent network permeability keq is plotted as a function of fiber density d for S D
0 in Figure 16(g), using the finite element method with (continuous lines) and without tip enrichment
(dashed line). As expected, one can observe that as the equivalent network permeability decreases,
the fiber density increases. However, it is important to note that without enrichment, the equivalent
network permeability is consistently
underestimated.
Indeed, the relative difference between the


two permeabilities keq D keq  keq w/o =keq (where keq w/o is the permeability calculated without
enrichment) increases with the fiber density, reaching 27% for d D 4:2 m2 (Figure 16(h)), and is
likely to keep diverging as the density of fibers increases. This discrepancy illustrates the multiscale
nature of this problem. While the present method can compute the pressure gradient at the larger
scale H , it also accurately describes the small-scale pressure singularities, which have a large impact

Figure 17. Equivalent permeability as a function of fiber orientation, with S D 1. Pressure field and
streamline patterns are shown for (a)  D 0, (b)  D =4 and (c)  D =2.
Copyright © 2014 John Wiley & Sons, Ltd.
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on the overall permeability. This multiscale description of a viscous flow through a network of
fibers is achieved while keeping the discretization of the fibers completely mesh independent, which
ensures a great robustness and efficiency of the method.
Finally, network anisotropy is considered, and the effect of a preferred fiber orientation on the
equivalent network permeability is studied. Figure 17(a–c) shows the pressure field and streamline
patterns for the flow through an anisotropic network .S D 1/ with different orientation  D 0; =4
and =2. The equivalent network permeability is found to decrease with the orientation angle 
(Figure 17) until it finds a minimum at  D =2 when the preferred orientation of the fibers is
perpendicular to the flow direction.
6. CONCLUSION
A new computational technique based on the X-FEM for describing the Stokes flow around structures with any number of sharp corners/tips in combination with Lagrange multipliers to enforce the
no-slip boundary condition was developed. The enrichment functions for the pressure and velocity
fields are derived for any convex corner. The results compared with the analytical solution for the
flow around corners of various angles show a good accuracy of the method and a large improvement
over the standard finite element method. It is also found that the results from the X-FEM without
tip enrichment for the flow through a suddenly expanding channel converge towards those of the
present numerical scheme as the level of mesh refinement increases. These results demonstrate that
enriching the finite element space with the asymptotic solution near the corner leads to converged
and accurate results for the problem of a viscous flow around sharp corners without the need for
complicated and time-consuming mesh refinement algorithms.
The equivalent permeability keq of networks with various fiber densities and anisotropy is estimated using the X-FEM with and without the proposed tip enrichment strategy. It is found that the
local microscale pressure and velocity singularities around the fiber tips have a large impact on the
macroscale behavior of the network; neglecting them can lead to an underestimation of the permeability of as low as 30% for the finite element mesh size considered. The present numerical method
is therefore well adapted for situations where the flow at different scales plays an important role,
and the mesh-independent discretization of corners and walls makes it ideal to compute the viscous
flow around multiple obstacles with sharp corners. The extension of the method in three dimensions
is being considered. Moffat’s solution and the present enrichment functions can easily be used in
three dimensions with minimum modification for the case of the flow around the edges of a plate.
Possible complications might occur in defining the correct Lagrange multiplier space to enforce the
zero velocity condition on the surface of the plate in three dimensions. Another difficulty resides in
resolving the flow around the corners of the plate in three dimensions, although there exist asymptotic solutions for the flow past a quarter plate [27], which can be used to develop the corresponding
enrichment functions.
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