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Abstract

We introduce an adaptive concurrent multiscale methodology (ACM2) to handle situations in which both macroscopic
and microscopic deformation fields strongly interact near the tip of a crack. The method is based on the balance between
numerical and homogenization error; while the first type of error states that elements should be refined in regions of high
deformation gradients, the second implies that element size may not be smaller than a threshold determined by the size of
the unit cell representing the material’s microstructure. In this context, we build a finite element framework in which unit
cells can be embedded in continuum region through appropriate macro–micro boundary coupling conditions. By combin-
ing the idea of adaptive refinement with the embedded unit cell technique, the methodology ensures that appropriate
descriptions of the material are used adequately, regardless of the severity of deformations. We will then show that our
computational technique, in conjunction with the extended finite element method, is ideal to study the strong interactions
between a crack and the microstructure of heterogeneous media. In particular, it enables an explicit description of micro-
structural features near the crack tip, while a computationally inexpensive coarse scale continuum description is used in the
rest of the domain. The paper presents several examples of crack propagation in materials with random microstructures
and discuss the potential of the multiscale technique in relating microstructural details to material strength and toughness.
� 2014 Elsevier B.V. All rights reserved.
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1. Introduction

Today’s technological advances in micro- and nanofabrication will soon enable the design of new materials
that are sustainable, durable and multifunctional through a careful control of their micro-architecture. Proof-
of-concepts have already been provided by a number of biological materials that, due to their highly organized
microstructure, overwhelmingly exhibit a high fracture toughness, despite their weak building blocks [15].
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Fracture resistance is also particularly desirable for next generation of synthetic materials. However, unlike
biological materials, they do not benefit from the efficient, but lengthy evolution process to optimize their
properties. The development of man-made materials must therefore rely on the use of rational design and
mathematical modeling to accurately describe material failure and subsequently predict microstructures that
can resist failure the most. So far, research efforts have been hindered by the fact that fracture mechanics in
heterogeneous media typically involve two distinct and separate length-scales. On the one hand, the growth of
a ductile crack occurs via the evolution of damage ahead of the crack tip, in a relatively small region, known as
the process zone [61,2]. In this region, materials usually exhibit a complex behavior involving inelasticity, dam-
age and eventually a strain-softening response that may induce size effects [2,33]. A micromechanical modeling
approach [37] is often necessary to accurately capture these mechanisms and their effects on fracture resis-
tance. On the other hand, fracture initiation and propagation highly depends on macroscopic loading, geom-
etry and macroscopic material features. At this level, a continuum description is usually preferred due to its
ability to describe uniform material deformation and its low computational cost. Because of this scale sepa-
ration, theoretical studies on the role of microscopic damage on fracture properties have been limited to either
unrealistically small domains or overly restrictive assumptions. Instances include the studies of ductile crack
growth in metallic alloys [45,39,60], or numerical predictions of the fracture resistance of biological silica-
based composites [47], to name a few.

From a theoretical and computational viewpoint, a number of alternative strategies have been proposed to
address the multiscale dilemma. For instance, a potential solution was provided by the development of higher
order continuum theories such as micromorphic theories [61,59,60], micro-continuum models [56,19], Cosserat
theory [9,13,24] or strain gradient theories [23,22,14] in order to capture microstructural size effects when the
material deformation becomes inhomogeneous. These methods have been particularly successful when the dis-
placement fields are nonuniform, but smooth, such as during plasticity and the early stages of material’s fail-
ure. However, when the deformation fields become strongly non-uniform and non-smooth, the very validity of
continuum assumptions becomes questionable and new approaches must be considered. In this context, the
use of microstructural descriptions provide a clear solution but they often involve computational problems
that are intractable over domains of realistic size. This has motivated the development of multiscale methods
that can bridge microstructural material descriptions (in regions in which highly heterogeneous deformation
occurs) and the continuum description (where the deformation field is homogeneous) [40,30]. For instance, a
class of concurrent multiscale methods [41,32,62,6] was introduced based on the idea that a microscopic region
can be determined a priori (such as around a crack tip) and coupled with a coarse grained continuum region
via appropriately designed bridging scale conditions. Using a similar idea, Ghosh et al. [26,25], Moorthy and
Ghosh [35], and Raghavan and Ghosh [44,43] introduced a method based on Voronoi Cell Finite Element
Method (VCFEM) to deal with problems in which the microscopic region is not a priori determined but is
informed by the nature of the numerical solution. Finally, we have previously introduced a finite element
based adaptive concurrent multiscale method (ACM2) that provided a dual (micro–macro) description of
an elasticity problem by adaptively splitting a physical domain into a microstructural component (with refined
description) and macroscopic continuum component [20]. The adaptivity of the method relied on the idea that
element refinement should result from two kinds of approximation errors: discretization and homogenization.
This led to the idea that continuum finite element description can only be refined up to a certain level after
which elements must be replaced by a more refined microstructural description provided by so-called unit
cells.

Despite the number of powerful methods, establishing a relationship between microstructure and the mech-
anisms of damage evolution and crack propagation still remains a challenge. We therefore propose to extend
the concepts behind the ACM2 to address this shortcoming. The contributions of this paper are several folds.
First, we present a method for which a crack is naturally accounted for at both micro and macro scales by
coupling the aforementioned multiscale technique with the extended finite element method. Second, because
strain and rotation fields are often large in the vicinity of the tip of a loaded crack, we present an iterative
nonlinear formulation of the ACM2 for finite deformation and nonlinear material response. Third and finally,
we account for damage nucleation and evolution in the crack tip region by modeling the microscopic material
response with a lattice model. This feature is critical to capture the phenomenon of crack propagation in het-
erogeneous materials. We show, via a variety of examples, that the ACM2 enables both continuum and explicit
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microstructural descriptions to coexist within a single simulation and therefore ensures a low computational
cost and provides highly accurate results. From a more theoretical viewpoint, the approach addresses the well
known issues associated with strain softening and localization by automatically refining the description and
therefore capturing microstructural size effects within regions of localized deformations. By doing so, the
method also has the potential to reconcile concepts from damage mechanics (which considers microscopic
phenomenon only) to those from fracture mechanics (which is inherently macroscopic). We particularly illus-
trate this point by demonstrating, through a simple example, that it is possible to establish a relationship
between microstructure and the overall mechanics of a crack, represented by the resistance curve. In other
words, the proposed study provides a tool that, in the long term, can lead to the computational design of mate-
rial’s microstructures with optimized fracture resistance capabilities.

The paper is organized as follows. In the next section, we provide an overview of the ACM2 to study frac-
ture and briefly recapitulate the error analysis, refinement techniques and bridging scale coupling conditions.
In Section 3, we focus on the case of multiscale linear elastic fracture with finite deformation and perform a
number of studies to illustrate the behavior and performance (accuracy and efficiency) of the ACM2. Section 4
then concentrates on the case of damage and crack propagation in heterogeneous microstructures. A summary
of the paper’s contributions is finally provided in Section 5 along with concluding remarks.

2. Multiscale adaptive formulation to model fracture in heterogeneous media

The general idea behind the ACM2 is to provide both a microscopic description (in the process zone) and a
macroscopic description (further from the crack tip) adaptively as fracture proceeds. The strategy relies on a
combination of finite element analysis, adaptive refinement and unit cell modeling for periodic microstruc-
tures. Before we give further details, let us first describe the general idea behind the proposed method. Refer-
ring to Fig. 1(a), let us consider a macroscopic domain characterized by presence of a preexisting crack,
represented by a surface Cc. The material in this domain is assumed to be heterogeneous at the microscale with
a periodic structure that is represented by the unit cell of side length L̂. Fig. 1(b) shows an example of such a
unit cell for a microstructure that possesses a pseudo-random distribution of voids and inclusion. We note that
there are no restrictions on the size of the unit cell, as long as it is significantly smaller than the macroscopic
domain. The proposed method can thus be used for a variety of heterogeneous materials with inclusions and
voids (for instance, steel, concrete, bone) or periodic molecular and atomic structures (crystalline solids). To
preserve the mutiscale requirement (low computational cost and high accuracy [17]), the ACM2 consists of
discretizing the macroscopic domain with coarse finite elements and adaptively refining the mesh in the neigh-
borhood of the crack tip (Fig. 1(c)), where the deformation is highly inhomogeneous. As the size of elements
become comparable to the size of a unit cells, however, the ACM2 proposes a strategy in which continuum
elements are replaced by unit cells (Fig. 1(d)).
Fig. 1. (a) Macroscopic domain with a preexisting crack, Cc, which is modeled as a line of displacement discontinuity. (b) Schematic of a
unit cell of length L̂ representing the material’s microstructure. (c) Illustration of macroscale refinement around the crack tip to reduce
numerical error. (d) Continuum elements are replaced with unit cells in the region of high strain gradients.
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A consequence of this operation is that the computational domain is split into two subdomains, namely, the
macro- and the micro-domain. The material description in the macro-domain is provided by a pure continuum
approach for which the constitutive relation can be derived by performing first order homogenization on the unit
cell (Fig. 1(b)) [58]. At the microscale, the domain consists of a “patch” of connected unit cells, which provides an
explicit microscopic description without a need for homogenization [20,49,55,8,5,42]. This feature is critical as
classical homogenization procedures are known to be inaccurate in the regime of material’s failure and localiza-
tion. For clarity, the details of the refinement strategy and the micro–macro transition are left to the next section.
It is clear, however, that the framework involves a concurrent technique that is reminiscent of the bridging scale
method [62,41,32]. It can however be distinguished from it in three significant aspects: (a) the microscopic
domain is not a priori determined and is computed from an adaptive refinement strategy, (b) the ACM2 is devel-
oped for quasi-static problems and differs in the treatment of the bridging scale boundary conditions, and (c) the
ACM2 is suitable for all micro-domains characterized by continuum, discrete or molecular structures.

2.1. Crack description at the macro and micro-scales

The co-existence of macroscopic and microscopic material descriptions calls for a similar definition of a
crack at two levels. At the macroscale, it can be represented by a dimensionless surface Cc across which dis-
placement fields are discontinuous. Although this representation does not cause any major issues with regular
finite elements [48], it is not the case for the ACM2. Indeed, the nature of the multiscale refinement requires a
regular and uniform discretization, made of rectangular finite elements and unit cells [20]. This condition is
restrictive to the modeling of curved cracks as they cannot follow element boundaries. The extended finite ele-
ment method (X-FEM) [34] provides a natural solution to this shortcoming since it enables a discretization-
free description of a crack at the expense of adding discontinuous degrees of freedom to elements that are cut
by the surface Cc. In such elements, the discontinuous displacement is traditionally written as:
uðxÞ ¼
X
I2SI

NIðxÞuI þ
X

I2SIenr

N IðxÞðHðxÞ � HðxIÞÞaI ð1Þ
where superscript I denotes node number, u and a are the continuous and discontinuous displacement degrees
of freedom, respectively, N are the conventional shape functions for a two-dimensional element and H is the
Heaviside function [34,3]. In addition, SI and SIenr are sets of ordinary and enriched nodes, respectively.

At the microscale, a crack (particularly near its tip) often takes the form of a region of finite width in which
various complex processes, such as crack bridging [7,11,10,54], micro-cracking [52,29] or necking between coa-
lescing voids [53,51,50], take place. Its simplistic approximation into a line of discontinuity is therefore unsuit-
able at this level. The presented method has the advantage of addressing this issue by representing the crack tip
region within a structurally refined domain (Fig. 1(d)) which naturally lends itself to capturing the transition
between the macro- and microscopic description of a crack. Microscopically, a crack tip can therefore be mod-
eled in various ways, according to its nature and history, including a micro-notch of finite radius, the presence
of a dense distribution of microcracks or even a region of diffused damage. In the present study, we limit our-
selves to the first situation as it provides a fairly accurate representation of a ductile crack in a porous matrix
[45]. We note that the different resolution used to describe a crack at the micro and macro-scales results in an
apparent mismatch between the crack surfaces at the micro–macro boundary (Fig. 7(b)). While this issue does
not affect the results reported in this paper, it can potentially be solved by assigning an initial opening to the
macroscopic crack in the stress-free state.

2.2. Adaptivity and multi-scale refinement

While details of the adaptive multiscale refinement procedure have been discussed in a previous paper [28],
we give here a brief summary of the method.

2.2.1. Discretization error

Traditionally, FEM refinement strategies aim at minimizing the discretization error which is defined the
difference between the approximate numerical solution and the exact solution of the elasticity problem. In
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[12] a classical discretization error for triangular finite element was introduced. Taking the same approach in
[20] we have shown that the discretization error over an square-shaped, two-dimensional element can be
expressed with the simple expression:
ed ¼
hffiffiffiffiffi
12
p krruðxÞk ð2Þ
where ed is the discretization error, h is the side length of the element, uðxÞ is displacement field in the element.
Furthermore, the symbols r and k � k denote the gradient and L2 norm operators, respectively. Refinement
strategies aim at computing the value of (2) over all macroscopic elements and propose to refine the size of
elements when this error measure becomes larger than a given tolerance emax

d . While it is satisfying in most
situations, this strategy does not converge for problems admitting singular strain fields, as observed in fracture
mechanics. Indeed, if strain gradients are singular, it is clear that the discretization error (2) will tend to infin-
ity, regardless of the element size.

2.2.2. Homogenization error

To address the above shortcoming, another type of error measure, denoted as “homogenization error”
must be invoked. At the continuum level, the introduction of constitutive relations relies upon the concept
of homogenization, in which appropriate averaging operations over a representative volume element (RVE)
are performed. Since these operations are only valid when macroscopic deformations vary uniformly over
the RVE, sharp localization events may sometimes be incompatible with continuum assumptions. The
Homogenization error aims at quantifying the loss of accuracy provided by continuum models when the
deformation field deviates from uniformity. The continuum approximation (for traditional Cauchy materials)
is based on the concept of first order homogenization, which itself relies on a truncated Taylor series that is
accurate where second displacement gradients are relatively small compared to leading order terms. We have
shown in [20] that the homogenization error eh over an element can thus be written in terms of the norm of the
second displacement gradient as:
eh ¼ L̂krruk ð3Þ

where we had defined L̂ as the side length of the unit cell (Fig. 1(b)). It should also be noted that despite the
similarity in their expressions, ed and eh are representative of two fundamentally different sources of errors. On
the one hand, the former represents an error source that is purely numerical and arises from the approximate
nature of the finite element solution. On the other hand, the latter quantifies the error that originates from
continuum assumptions and therefore finds its source within the concept of homogenization and the represen-
tative volume element (or unit cell).

2.2.3. Multiscale refinement procedure

For maximum accuracy, a numerical solution must ensure that both the homogenization error eh and the
discretization error ed remain small compared to unity. Practically, we can therefore define maximum allow-
able errors emax

h and emax
d such that the solution is satisfactory if eh < emax

h and ed < emax
d for all macroscopic

elements. A discussion on the meaning and acceptable values for these criteria is provided in [20]. Combining
these requirements with (2) and (3), it can be shown that there exists a critical element size hc, below which any
further refinement will only increase the discretization error. This critical size is given by:
hc ¼ aL̂; where a ¼
ffiffiffiffiffi
12
p

emax
d

emax
h

ð4Þ
One can generally interpret this result as follows; when elements are significantly larger than the unit cell
and the deformation field is uniform, a homogenized material response is appropriate to represent their
mechanical response. However, as their size becomes comparable or smaller than the size of a unit cell, it
is no longer appropriate to use a macroscale, homogenized response and elements should be replaced by a
more accurate, microstructural description. This is accomplished by substituting these elements by explicit
unit cells that concurrently exist within the macroscale FEM description (Fig. 1(d)).
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2.3. Macro–micro coupling

Let us now discuss the conditions to be enforced at the boundary between macroscopic and microscopic
domains. In [20], we have introduced three types of displacement coupling conditions (namely strong coupling,
weak coupling and quasi-periodic boundary coupling) that are reminiscent of the different types of boundary
conditions that can be applied to a representative volume element during computational homogenization [31].
We have also shown that quasi-periodic boundary coupling provided the most accurate prediction of the
microscopic strain in unit cells by allowing realistic fluctuation fields on its boundaries [20]. In the context
of fracture, however, such boundary coupling cannot always be applied as discussed below. A mixed approach
using both strong displacement and quasi-periodic conditions is therefore taken.
2.3.1. Quasi-periodic boundary coupling
As depicted in Fig. 2, this coupling condition enforces two constraints: First, the microscopic displacement

on the boundary Ĉ between the unit cell and the macroscopic domain follows on average, the macroscopic
displacement. This requirement can be enforced with the least-square method for which the error function
e, can be expressed as the difference between macro and micro-displacements on Ĉ. The error function is then
written as:
Fig. 2.
bound
unit ce
type o
e ¼
Xnnode

i¼1

ðuðniÞ � N jðniÞUjÞ2
 !1=2

; n 2 Ĉ ð5Þ
where U and u denote macroscopic and microscopic nodal displacements, respectively, n denotes the local
coordinates of a point in the unit cell as shown in Fig. 2 and nnode represents the number of microscopic nodes
on Ĉ. The conformity between macro and micro-displacements on Ĉ is then ensured by minimizing this error,
or equivalently, by enforcing that its derivative with respect to macroscopic nodal displacement vanish. This
leads to constraints functions cM

LS of the form:
cM
LS ¼

@e

@U
¼ 0)

Xnnode

i¼1

ðNkðniÞUk � uðniÞÞ ¼ 0 ðno sum on kÞ ð6Þ
Second, to ensures that the fluctuation fields on the microscopic domain are represented accurately, additional
constraints should be added to specify that unit cells that belong to the boundary Ĉ deform in a quasi-periodic
fashion. This leads to the following requirements [20]:
(a) Microscopic domain, made of a patch of unit cells, in the vicinity of a crack tip. (b) Schematic of a unit cell on the macro–micro
ary and illustration of the displacement fields when quasi-periodic boundary coupling conditions are applied, (c) The periodicity of
ll deformation is not respected when it is intersected by a crack. Strong boundary coupling conditions are therefore applied on this
f unit cells.
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cBT ¼ ½uT ðnÞ � uBðnÞ� �
X

I

N Iðn; 1ÞUI
T �

X
I

N Iðn;�1ÞUI
B

" #
¼ 0

cLR ¼ ½uRðgÞ � uLðgÞ� �
X

I

N Ið1; gÞUI
R �

X
I

N Ið�1; gÞUI
L

" #
¼ 0 ð7Þ
where subscripts B; L; T and R denote bottom, left, top and right boundaries of a unit cell, respectively. A con-
sequence of these conditions is thus that unit cells display similar fluctuation fields on opposite boundaries
while the conformity between macroscopic and microscopic displacement fields is ensured in an average sense
(Fig. 2). These features stem from our assumptions of the periodicity of the microstructure.

2.3.2. Strong boundary coupling

Although the quasi periodic boundary coupling conditions can be applied on almost any unit cell at the
micro–macro boundaries, an exception must be made for those that are located on the crack path
(Fig. 2(c)). Indeed, unlike the microstructure, a crack is not periodically present in all unit cells; this implies
that the application of periodic coupling likely leads to a very inaccurate approximation of fluctuation fields
on Ĉ. In this situation, we therefore propose to apply the so-called strong coupling conditions in the form:
cSC ¼ uðnÞ �
X
I2SI

NIðnÞUI �
X

I2SIenr

N IðnÞwðnÞaI ¼ 0 ð8Þ
where SI and SIenr are the set of all ordinary and enriched nodes, respectively, on the boundary Ĉ and aI

denotes the enriched nodal degrees of freedom corresponding to the macro nodes appearing in (8). It is impor-
tant to note that this requirement ensures that macro and micro-displacement conform exactly on Ĉ as
depicted in Fig. 2(c).

3. Modeling of elastic cracks in heterogeneous media

The objective of this section is to establish the basis of the ACM2 for fracture mechanics and microstruc-
tural damage. The formulation is first introduced in the context of elastic fracture for two reasons. First, it will
enable us to discuss the implementation of the method in the presence of a crack without the complexity of
damage evolution. Second, the case of nonlinear finite deformation and the associated iterative procedure
can be introduced in a simple situation. In the following examples, the material is assumed to be elastic, peri-
odic and porous with a representative unit cell containing two voids of radius L̂=6 centered at coordinates
. (a) Macroscopic domain and associated unit cell for a porous and periodic medium. The relationship between matrix elastic
ties and macroscopic elastic properties is derived by computationally performing a first order homogenization [58] procedure on the
ll. (b) The algorithm of nested iterations for the nonlinear elasticity problem.
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ð�L̂=10;�L̂=10Þ with respect to the center of the domain (Fig. 3(a)). The matrix material is modeled as a Saint
Venant–Kirchhoff model that relates the microscopic (second Piola–Kirchhoff) stress ~S to the microscopic
Green–Lagrange strain ~E via elastic constants ~k and ~l as:
~S ¼ ~k � trð~EÞ1þ 2~l~E; and ~E ¼ 1

2
ðr~uþ ðr~uÞT þ ðr~uÞT � r~uÞ ð9Þ
We note that this model is merely an extension of a linear, isotropic elastic material to the range of large defor-
mations. At the macroscale, we then assume that the material retains the characteristics of a Saint Venant–
Kirchhoff material and compute the associated elastic constants �k and �l via a first order computational
homogenization procedure prior to the multiscale analysis (Fig. 3) [59] We note that these constants are deter-
mined once and are used at the entire macroscopic domain.
3.1. Numerical problem

Numerically, the multiscale method relies on a nonlinear algorithm with two-level nested iterations
(Fig. 3(b)). On the one hand, the “inner” level of iterations seeks to determine the nonlinear elastic solution
of the two-scale problem. On the other hand, the “outer” level analyses the converged elastic solution, com-
putes the two types of error defined in Section 2.2 for macroscopic elements and refines the description accord-
ingly. We discuss here each of these numerical aspects in further details.
3.1.1. Finite elasticity problem and macro–micro constraints

Let us consider a physical domain with an embedded crack and a numerical FEM discretization that is split
into a macroscale and a microscale domain as represented in Fig. 3(a). Consistent with this domain decom-
position, we introduce three types of degrees of freedom: the macroscopic nodal displacements �u, the micro-
scopic nodal displacements ~u and a set of Lagrange-multipliers, denoted as k that are used to enforce
constraints at the micro–macro boundary. The energy W c of the system can then be written:
W cð�u; ~u; kÞ ¼ W ð�u; ~uÞ þ kT cð�u; ~uÞ ð10Þ
where W is the total energy in the absence of constraints and the constraints c are written in terms of the var-
ious conditions developed in Section 2.3:
cð�u; ~uÞ ¼ ½cLS cBT cLR cSC� ð11Þ
It is furthermore convenient to decompose the functional W c into a macroscopic component �W which is only a
function of the macroscopic displacements and a microscopic component ~W , written in terms of microscopic
displacements only. Further splitting these energies into components ( �W int and ~W int) from internal forces and
components ( �W ext and ~W ext) associated with the work of external forces, we write:
W ð�u; ~uÞ ¼ �W intð�uÞ þ ~W intð~uÞ � �W extð�uÞ � ~W extð~uÞ ð12Þ
Recognizing that the solution of the multiscale elasticity problem is found by minimizing the constrained
energy W c, the governing equations are obtained by stating that the gradient of (10) with respect to the inde-
pendent variables, �u; ~u and k must vanish. This condition yields:
W c
;�u ¼ �f int � �fext þ kT c;�u ¼ 0

W c
;~u ¼ ~f int � ~fext þ kT c;~u ¼ 0

W c
;�k ¼ cð�u; ~uÞ ¼ 0 ð13Þ
where the subscripts denotes partial derivatives and �f int ¼ �W int
;�u ;

�fext ¼ �W ext
;�u ;

~f int ¼ ~W int
;~u and ~fext ¼ ~W ext

;~u are the
internal and external forces at the macro and microscale, respectively. Within the total Lagrangian formula-
tion, these forces can be expressed in terms of the macroscopic and microscopic stresses �S and ~S as
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�f int ¼
Z

�X0

BT
0f�Sgd �X0 and ~f int ¼

Z
~X0

BT
0 f~Sgd ~X0

�fext ¼
Z

�C0

N�td �C0 and ~fext ¼
Z

�C0

N~td ~C0 ð14Þ
in which �X0 and ~X0 are respectively the macroscopic and microscopic element domains in the reference con-
figuration, while �C0 and ~C0 denote element edges that belong to the domain boundary C. In addition, the
matrix N contains the finite element shape functions and B0 is the matrix containing their derivative. Details
on these standard notations can be found in [4]. The final system of nonlinear equations (13) can then be
solved numerically via the Newton–Raphson method relying on the following linearized form:
�rþ kT �Gþ �Kd�uþ �GT dk ¼ 0

~rþ kT ~Gþ ~Kd~uþ ~GT dk ¼ 0

cþ �Gd�uþ ~Gd~u ¼ 0 ð15Þ

where the residual functions are defined by �r ¼ �f int � �fext and ~r ¼ ~f int � ~fext, the interaction matrices were intro-
duced as �G ¼ c;�u and ~G ¼ c;~u and the macroscopic and microscopic tangent matrices take the form �K ¼ �r;�u and
~K ¼ ~r;~u. For finite deformation elasticity, the stiffness matrices can generally be decomposed into a material and
a geometrical component; for the sake of clarity, we show the detailed expressions in Appendix A. It is finally
important to note that we implicitly used the fact that the second derivatives of constraint functions with
respect to displacement fields �u and ~u identically vanish. The incremental numerical formulation therefore con-
sists of finding the ith increment in nodal quantities ðiÞD ¼ ½ðiþ1Þd�u ðiþ1Þd~u ðiþ1Þdk� by solving the matrix equation:
ðiÞ �K 0 ðiÞ �GT

0 ðiÞ ~K ðiÞ ~GT

ðiÞ �G ðiÞ ~G 0

2
64

3
75

ðiþ1Þd�u
ðiþ1Þd~u
ðiþ1Þdk

2
64

3
75 ¼

�ðiÞ�r� ðiÞkT ðiÞ �G

�ðiÞ~r� ðiÞkT ðiÞ ~G

�ðiÞc

2
64

3
75 ð16Þ
This form clearly shows the decomposition of the problem into a macroscale component (matrix �K), a micro-
scale component (matrix ~K) and interaction matrices �G and ~G enforcing the coupling conditions between the
macro and micro-domains.

3.1.2. Multiscale refinement
Based on the computed elastic solution, the discretization and homogenization errors defined in (2) and (3)

are calculated in all macroscopic elements and compared to tolerance values. Elements that exhibit large errors
are subsequently split into four smaller elements following a technique discussed in [20]. This refinement pro-
cedure continues until elements reach the critical size hc expressed in (4), after which it is replaced by a unit cell.
While the initial discretization is usually at the macroscale, it should be noted that an exception should be made
in the case of fracture. Indeed, in the presence of a crack, the LEFM solution predicts singular strain fields vary-
ing with r�1=2 (r being the distance from crack tip) around the crack tip. This implies that both error measures
(ed and eh) will automatically exceed their tolerance in the crack tip region as the strain gradients diverge. Based
on this argument, the initial FEM discretization automatically includes a unit cell into the macroscopic element
that contains the crack tip as shown in Fig. 4. Furthermore, since the periodic assumptions corresponding to the
The periodicity of unit cells near a crack tip can be preserved by adding additional adjacent unit cells. Different numbers and
ents of such cells are considered for (a) straight crack and (b) inclined cracks.
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unit cell located at the crack tip is violated by the presence of crack (as discussed in Section 2.3), the method
aims at inserting adjacent unit cells on which periodic coupling conditions are acceptable. This procedure is
schematically illustrated for two different cases (horizontal and inclined crack) in Fig. 4.

3.2. Efficiency analysis: ACM2 versus brute force analysis

Let us first assess the efficiency of the proposed method compared to a fully microstructured analysis. For
this we consider a rectangular plate of size L� D with a horizontal edge crack, as shown in Fig. 5. Over the
bottom edge, motion is prescribed in both directions while over the top edge, displacements are held fixed in
the horizontal direction and prescribed with a value of dy ¼ 0:001� D in the vertical direction. The material’s
microstructure is assumed to be periodic and voided with the relative porosity of 0.0873 as shown by the unit

cell (of side length L̂) in Fig. 5. For simplicity, the voids are assumed to have a circular cross-section with a

diameter L̂
3

and located at the center of the unit cell. For the computations, the lamé constants of the micro-

scopic matrix material are taken to be ~k ¼ ~l ¼ 7� 106. The macroscopic material properties, derived from the

first order homogenization, are then found to be �k ¼ 6:0544� 106 and ~l ¼ 5:6528� 106. Our numerical
approach was then tested in two ways. First, the numerical accuracy was investigated by comparing the stress
components rxx and ryy at similar points in front of crack tip for all simulations (Fig. 5). Second, numerical
efficiency was measured by computing the variation in computational cost obtained from the ACM2 and brute

force (BF) simulations (or direct numerical simulation), for L=L̂ equal to 32, 64 and 128. It should be noted
here that brute force simulations provide an expensive solution technique since a refined finite element mesh is
used in the entire domain, irrespectively of the location of the crack. They however provide a good reference to

assess the relative cost of our multiscale method for different values of L=L̂. The gain in computational cost for

each pair of simulation is then assessed by showing the ratio nBF
dof =nACM2

dof , in which nBF
dof and nACM2

dof are the num-

bers of degrees of freedom in BF analysis and ACM2 analysis, respectively. From this figure one can observe
that the computational efficiency of the proposed method increases exponentially as the characteristic length
of the microstructure decreases, while the numerical results are in good agreement with the BF analysis.

3.3. Optimum refinement criteria and computational cost: case of an edge crack

We now propose to assess the accuracy and the computational efficiency of the ACM2 while varying the
refinement criteria by considering the case of a single edge crack that co-exists with the periodic microstructure
Fig. 5. (a) Rectangular domain with a horizontal edge crack is fixed at bottom edge and pulled vertically from top. (b) For different L=L̂
the table shows the number of degrees of freedom for both ACM2 and BF simulations and the graph shows gain in computational cost
when ACM2 is used. (c) Error in rxx and ryy fields in front of the crack tip for ACM2 and BF for different L=L̂. (d) Stress field rxx, in the
entire domain (bottom) and at the vicinity of the crack tip (top) for BF (right) and ACM2 when L=L̂ = 64 (left).
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whose associated unit cell is depicted in Fig. 3(a). To further illustrate the flexibility of the method, we consider
two situations: (a) the case of a horizontal, straight crack whose direction is in line with the mesh and (b) the
case of an inclined crack. For all simulations, the microscopic lamé constants are ~k ¼ ~l ¼ 7� 106 Pa and the
macroscopic lamé constant, derived from the first order homogenization, are �k ¼ 6:778� 106 and
~l ¼ 4:017� 106.

3.3.1. Horizontal crack

Let us consider a semi-infinite crack in an infinite domain under mode I loading (opening) conditions.
Numerically, the associated far displacement fields u, can be represented by the Linear Elastic Fracture
Mechanics (LEFM) solution around a crack as [61]:
u1 ¼
KI

2�l

ffiffiffiffiffiffi
r

2p

r
cos

h
2

� �
j� 1þ 2 sin2 h

2

� �� �

u2 ¼
KI

2�l

ffiffiffiffiffiffi
r

2p

r
sin

h
2

� �
jþ 1� 2 cos2 h

2

� �� �
ð17Þ
where r and h are polar coordinates in a system centered at the crack tip, �l is the macroscale shear modulus,
j ¼ 4� 3�l for plane strain condition and KI is the mode I stress intensity factor. These displacements are
applied as boundary conditions on a rectangular domain of size 512L̂� 896L̂ as depicted in Fig. 6(a). At
the micro-level, the unit cell domain is discretized with a structured mesh possessing 21� 21 quadrilateral
4-node elements, which ensured a precise description of the local stress and strain field around the crack
tip. We also found that denser discretization did not affect the multiscale refinement, but it involved a rise
in computational time to reach a very similar results. Also, the two voids are modeled with the X-FEM for-
mulation following the approach described in [16].

Since fracture is strongly affected by the magnitude of the strains in the immediate vicinity of the tip, it is
critical to accurately capture displacement fields in this region. We propose here to explore the role of the error
criterion on model accuracy by numerically subjecting a preexisting crack to a constant driving force
KIðKI ¼ 5� 105Þ and assessing the change in local displacement field with emax

d . We then argue that the value
of emax

d

� �
that leads to a negligible change in local displacement field is satisfactory. To identify this value, we

thus introduce a measure ea of the change in local displacement fields as follows:
ea ¼
Z

XT

kua � ua�1kdX ð18Þ
where XT denotes the unit cell that contains the crack tip. We then plot this measure in terms of the discret-
ization error in Fig. 6(b). The computational cost of the method is further estimated by the number of degrees
of freedom (size of the solution vector) necessary to obtain a fully converged and refined solution. Fig. 6(b)
thus shows (a) the drop in error ea and (b) the increase in computational cost resulting from decreasing the
tolerance emax

d . The figure also displays the microscopic regions for each values of emax
d and the associated

von-Mises stress fields. It can clearly be seen that decreasing the error tolerance provides a more accurate solu-
tion at the expense of computation cost. Interestingly, the accuracy seems to follow a bi-linear relationship.
For a value of emax

d greater than 1%, we observe a large gain in accuracy for relatively small changes in the
tolerance. However, when emax

d becomes smaller than 1%, the gain in accuracy is not as sharp.This feature
may be explained by the fact that at the critical value emax

d � 1%, the crack tip region (where the strain are
the most inhomogeneous) becomes entirely surrounded by unit cells. Further refinement results in adding unit
cells further from the crack, which only contributes mildly to the overall accuracy. On the other hand, an
important increase in computational cost is observed when emax

d becomes larger than 1%. It, therefore, seems
like an optimum value of the discretization error, which provide high accuracy and low computation cost, is
emax

d � 1%.
A study of computational cost (Fig. 7(a)) is then performed by calculating the total number of degrees of

freedom necessary to obtain an accurate solution using two strategies: (a) the ACM2 and (b) an equivalent
direct numerical simulation (DNS) strategy, where a refined (microscopic) description is used in the entire
macroscopic domain. Comparing the cost associated with the two methods, Fig. 7(a) clearly shows that the gain



Fig. 6. (a) Rectangular domain with a horizontal edge crack under a mode I displacement “K-field”. (b) Variation of the approximation
error defined in (18) and computational cost for different values of 1=emax

d . Corresponding refinement levels and associated von-Mises
(normalized by shear modulus l) stresses are also depicted.
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in computation cost with ACM2 increases drastically as the scale separation l=L̂, between the macroscopic
problem and the microstructure becomes more pronounced. These large computational gains are possible
thanks to the reduced number of embedded unit cells necessary to obtain an accurate solution, a feature that
is partly due to the applications of quasi-periodic boundary coupling. Indeed, the existence of displacement
fluctuations on the macro–micro boundary (Fig. 7(b)) largely contributes to the accuracy of the microscale
solution, even for small microscopic domains.
3.3.2. Inclined crack

To explore the behavior of the method when a crack is not in line with the mesh, let us now consider an

edge crack with an inclination h (h ¼ 51
�

degrees here) in a rectangular domain of size 512L̂� 896L̂ as shown
in Fig. 8. Mixed mode loading conditions are then provided by constraining the motion of the bottom bound-

ary in both vertical and horizontal directions and applying a positive vertical displacement dy ¼ 0:64L̂ to the
top boundary. Fig. 6(b) depicts the contours of von-Mises stresses in both domains in the vicinity of crack tip

region and depicts the change in accuracy with changes in error tolerance emax
d

� �i
. Once again, we clearly see an

optimal value of the error, which is estimated to be 0.004. This value is fairly consistent with that derived in the
previous example, which confirms the flexibility of the method, regardless of crack orientation.
3.4. Evolution of the refined region during incremental loading: case of double edge cracks

This section discusses the adaptivity of the refined microscopic region when a domain is subjected to incre-
mental loading. In this part we assume that the material remains in elastic regime after deformation. While not
necessary in the case of elasticity, incremental loading becomes a requirement when the material response
becomes history-dependent such as during plasticity and damage evolution. The problem of interest here con-
sists of a rectangular domain of size 128L̂� 224L̂ containing two parallel horizontal edge cracks that are offset
by a small distance 2h, as depicted in Fig. 9(a). The plate is then subjected to an incremental tensile vertical
displacement and a fixed horizontal displacement on top and bottom boundaries. Increasing the macroscopic
stretch results in the rise of the strain gradients around the two crack tips; this leads to a local mesh refinement
over this region and the evolution of the resulting microscopic domain as loading increases (Fig. 9(b)). It can
be observed that for large enough deformations, the microscopic region around the two cracks coalesce into
single region. To illustrate the refinement procedure, we show in Fig. 9(c) the number of new unit cells added
to the microscopic region for each of the four loading increments. One can observe that most of the unit cells



Fig. 7. (a) Comparison of the computational cost between the ACM2 and the brute force approach, for different ratios l=L̂. The
computational gains are significant when the characteristic length-scale L̂ of the material becomes small compared to the application
length-scale l. (b) Magnification of the microscopic region and associated fluctuation fields on the microscopic boundary.

Fig. 8. (a) A rectangular domain with an inclined edge crack under mixed mode loading conditions. (b) Variation of the approximation
error defined in (18) and computational cost for different values of 1=emax

d . Corresponding refinement levels and associated von-Mises
(normalized by shear modulus l) stresses are also depicted.
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are added to the system during second and third loading increment. This can be explained by the fact that
increasing dy from 0:16L̂ to 0:32L̂ induces highly heterogeneous deformations in the continuum region between
the two crack tips which triggers a localized macro–micro refinement in this region (Fig. 9(d)). After this point
however, increasing the loading magnitude only results in little refinement since the critical region (between
crack tips) is already in the microscopic domain.

Let us now investigate the convergence of multiscale refinement procedure described in Section 3.1. For
each loading increment, the ACM2 aims at solving the elasticity problem and at refining continuum elements
that display an excessive error. For each of the four loading increments, the refinement is performed until the
error in all continuum elements is below the given tolerance. In this context, Fig. 9(d) and (e) shows the num-
ber of continuum elements that are replaced with new unit cells at each refinement iteration and the associated
arrangement of unit cells at each iteration during the second increment, respectively. We observe that the num-
ber of newly embedded unit cells decreases with iteration number, showing good convergence. It is also noted
that the large number of iterations (6 and 5, respectively) needed for convergence at the second and third incre-
ments are due to the fact that large incremental displacements are applied. In practice, an optimal increment
size must therefore be determined to limit the number of iterations and thus minimize computational cost.



Fig. 9. (a) Rectangular plate with double edge cracks. (b) Initial and final discretization of the domain. (c) Number of new unit cells added
for each macroscopic increment. (d) von-Misses stress field (normalized by shear modulus l) over crack tip region at the end of each
increment. (e) Number of unit cells added to the microscopic domain at each refinement iteration for different loading increments. The
evolution of the microscopic domain during the second loading increment is also displayed
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4. Modeling localized damage and crack propagation in heterogeneous media

Modeling the physics of ductile crack deformation and propagation has always been a challenging compu-
tational problem due to its multiscale nature. Two routes can usually be taken. On the one hand, nonlinear
fracture mechanics is able to relate crack propagation to concepts such as fracture energy, the resistance curve
and fracture toughness, but it has been difficult to understand how microstructure affect these properties. On
the other hand, the field of damage mechanics, by taking a microstructural approach, has been successful at
relating microstructural features to damage nucleation and evolution. However, the relationship between these
models and fracture properties is still unclear. In this section, we address this issue by exploring the behavior
of the presented multiscale model when the material is capable of undergoing damage nucleation and evolu-
tion. For this, we consider a periodic and porous microstructure whose geometry was described earlier
(Fig. 3(a)) but for which the matrix material exhibits an elastic-brittle behavior, that can be computationally
captured with a lattice model [38,46]. It is important here to note that such a lattice model is chosen for its
simplicity of implementation and relevance to the problem of microstructural fracture. It is not, however, a
requirement of the proposed multiscale model, in which any microscale model (atomistic, molecular dynamics
or refined continuum models) could be utilized. Fig. 10 describes the lattice damage model considered in our
study, including the mechanical response of individual one-dimensional elements, their organization and the
influence of microscopic damage on the macro-scale. As depicted in Fig. 10(a), the physical state of a lattice
member is represented by two quantities: (a) its level of damage D and (b) its level of tensile stress r. The dam-
age D varies between 0 (when no damage is present) to the unity (when the material is totally damaged). For a
brittle material, we introduce a simple law governing its evolution:
D ¼ 0 if e < ec and D ¼ 1 if e > ec ð19Þ

where ec is the critical tensile strain in the element. We note that once D has taken the value of one, it may not
return to 0, regardless of the strain value. The uniaxial stress r is then calculated with Hooke’s law in the form:



Fig. 10
damag
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r ¼ Eð1� DÞe ð20Þ
where E is the Young’s modulus of the element. This relation clearly shows that the load carrying capacity of
an element is totally lost once it is damaged (D = 1). In practice, this implies that the element can be eliminated
from the problem. Using first order numerical homogenization techniques [59], we also show the pre- and
post-peak tensile behavior of the unit cell; one can distinguish three characteristic in the macroscopic response:
(a) a linear elastic region before damage occurs, (b) a maximum stress occurring at a critical strain value
approximately equal to 10�4 and (c) a strain-softening region that is associated with a redistribution of damage
at the microscale.

It is well known in the damage mechanics literature that the strain softening response is associated to dam-
age localization at the macroscale [41]. In other words, the post peak response does not represent the behavior
of the material as a whole, but only in a localized region characterized by high strain gradients. This obser-
vation implies that homogenization is only valid before the material reaches the maximum stress or displays
large strain gradients. The proposed multiscale method provides a perfect alternative for this issue since it
bypasses the need for homogenization in these situations. The extension of our method to history-dependent
damage model however requires an incremental procedure that is described next.

4.1. Incremental and adaptive formulation for history dependent material behaviors

The numerical approach relies on a nested iterative strategy as discussed in Section 3.1. There are however
two main differences in the implementation due to the inelastic response of the material. The first difference
appears in the inner iterative loop to compute the displacement fields. The second difference is in the multiscale
refinement techniques.the generality of the results proved.

4.1.1. a- Predictor–corrector incremental procedure
Damage nucleation and growth are phenomena can be characterized by their nonlinear behavior and

dependency on the history of prior events. For this reason, an incremental approach is critical to accurately
follow the loading path and the evolution of damage at every moment during the deformation history. Several
numerical strategies can be taken towards this goal. On the one hand, explicit incremental methods have been
attractive due to their simple implementation; they are however known to require excessively small increments
which drastically increase computational cost [1]. On the other hand, fully implicit methods (such as the
Newton–Raphson and the arc-length methods [4]) can address this problem but often exhibit stability issues,
especially in the context of the present strain softening material response [1]. We take here a different strategy
by presenting a semi-implicit predictor–corrector approach, whose salient features can be explained as follows.
Consider an initial material state, denoted by index i for which the displacement of nodes and damage in
. (a) Unit cell of voided microstructure with a brittle matrix represented by a lattice model. (b) The stress strain relation and
e measure D for a lattice element. (c) The macroscopic behavior of the material under tension displaying a strain-softening region.



F.J. Vernerey, M. Kabiri / Comput. Methods Appl. Mech. Engrg. 276 (2014) 566–588 581
lattice elements are respectively represented by vectors ui and Di. Starting from this state, an incremental
boundary condition D�u is applied and a solution is sought in the form uiþ1 and Diþ1. To determine this solu-
tion, an iterative scheme is performed in two steps. (a) predictor step: an elastic prediction of the displacement
fields �uiþ1

p is determined by assuming that all existing lattice elements behave in an elastic manner (D = 0). (b)

corrector step: The uniaxial strain e in lattice elements is evaluated and the previous solution is corrected by
assigning a damage D ¼ 1 to elements exceeding the critical strain ec. A new elastic solution (predictor) is then
recomputed from the newly determined damaged state and subsequently modified via the corrector step. This
iterative process continues until the elastic predictor solution converges; i.e., all undamaged elements display a
sub-critical strain level (see Fig. 11).
4.1.2. Multiscale refinement in the deformed configuration

We now discuss some important points pertaining to the incremental refinement procedure (see Fig. 11). For
this, let us consider that after N load increments, a macroscopic element e (in a deformed state) is characterized
with a large computational error (both discretization and homogenization) and must undergo a transition to the
unit cell description. A challenge in this situation is that the embedded unit cells must be inserted in a deformed
state. This issue may be addressed in the following manner [28]. First, the nodal displacements of the macro-
element are extracted and imposed on the unit cell, independent of the global simulation. A macroscopically
conforming unit cell deformation can then be obtained through quasi-periodic boundary conditions developed
in Section 2.3. This deformed unit cell may then substitute the continuum element, as part of the refinement pro-
cedure. It is important to note that upon substitution of unit cells in the macroscopic domain, the force equilib-
rium at the boundary between the new and the pre-existing unit cells is not satisfied. This issue can be addressed
by solving an intermediate elastic problem to cause forces to relax and meet global equilibrium. The details of
this procedure were discussed in [28]. In addition, when the macroscopic element undergoing the transition to
the microscale intersects with the crack patch, it is particularly useful to establish the relation between enriched
degrees of freedom, a (at the macroscale) and the crack opening dc (in the unit cell) through the formula:
dc ¼
X9

i¼1

Niai ð21Þ
where dc is the crack opening, Ni are the standard finite element shape functions and ai are the values of
enriched degrees of freedom. This equation follows from the X-FEM approximation of displacement fields
in a macroscopic element introduced in (8). For more details, readers are referred to [28].
4.2. Computational investigation of the role of microstructure in material toughness

The performance and predictions of the multiscale methodology are now investigated for crack propaga-
tion. Similar to the model introduced in Section 3.3a, we consider here a single horizontal edge crack in an
infinite domain, subjected to mode I (crack opening) conditions. Once again, the infinite domain is represented
by a rectangular domain with dimension that are significantly larger than the size of a unit cell and subjected
to incremental displacement boundary conditions that mimic the displacement fields around a crack predicted
by LEFM and presented in (17) (Fig. 12(a)). These boundary conditions are applied incrementally by increas-
ing the value of the stress intensity factor by amounts DKI until it reaches its final value Kf

I . We also note that,
although the coordinate of the crack tip changes during propagation, it is negligible compared to the size of
the macroscopic domain. Consequently, we assume changes in the radial distance r appearing in (17) can be
neglected throughout all simulations.

Fig. 12(b) shows the evolution of the local damage and the overall crack propagation for four distinct
values of the stress intensity factor shown by circles in Fig. 12(c). It is clear here that as the crack advances,
the large strain gradients associated with the crack tip move to the right, inducing a refinement of the material
description (to the microscopic level) ahead of the crack. It is therefore possible, with the proposed method, to
investigate the mechanisms of crack growth over relatively long distances without knowing the crack path a
priori. For such simulations, however, one sees that the size of the microscopic domain increases with crack
growth, rendering the method computationally costly. This aspect can be addressed in future studies by



Fig. 11. Algorithm of the incremental formulation for multiscale refinement and damage evolution in brittle materials.

Fig. 12. (a) Rectangular domain with an edge crack subjected to displacement K-fields (mode I). (b) Longitudinal strain, ~e, for lattice
elements at the microscale and strain in yy direction at the macroscale for the different stages of crack growth shown in the R-curve.
(c) Resistance curves for different increment size DKo
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noticing that strain gradients become small in the wake of the crack. In other words, it is potentially possible
to incorporate a “coarsening” algorithm that can revert the microscopic domains to macrocopic elements in
the wake of a crack. Such simulations would thus only contain a microscopic region at the crack tip, regardless
of the extent of crack growth. The effect of increment size on model predictions was investigated by plotting
the resistance curve (or R-curve), representing the crack extension d with respect to the applied KI field
(Fig. 12(c)), for different values of DKI . As expected, we notice that refining the increment size improves
the model’s accuracy until an optimal value DKo

I ¼ DKI=rc

ffiffiffî
L

p
is reached. This value is used for the remaining

simulations presented in this paper.
Interestingly, the simulations predict a rising R-curve, in spite of the fact that the matrix material is brittle.

This implies that the presence of voids in a brittle matrix has the capacity to change the material behavior from
brittle to fracture resistant. To better understand the mechanisms at play, we show in Fig. 12(c), the relation-
ship between the R-curve and the state of microstructural damage ahead of the tip. We observe three
interesting features: (a) the crack propagates in a step-by-step fashion by linking individual voids, (b) crack
propagation between two adjacent voids occurs in an unstable brittle manner, i.e., it propagates without
increasing its driving force, and (c) the associated zig-zag pattern of the crack results in an increasing
resistance of the material to crack propagation. These phenomena are responsible for both the overall rise
of the R-curve as well as its discontinuous, stair-case aspect. To further investigate the effects of the
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microtructure on fracture toughness, we then propose to assess the R-curve for materials distinguished by
three types of unit cells (Fig. 13(a)): (a) a matrix with large voids (volume fraction = 17.5%), (b) a matrix with
small voids (volume fraction = 4.4%), and (c) a matrix with no voids. Fig. 13 shows the damage and stresses in
the evolving microscopic domain at various stages of crack growth. As expected, the material without voids
exhibits brittle, unstable fracture, typically characterized by a straight and smooth crack pattern and a flat
R-curve. When small voids are present, we observe that the crack path is originally deflected by voids, a phe-
nomenon that contributes to increasing the slope of the R-curve. Eventually, the slope decreases and fracture
switches to brittle behavior. This transition can be observed on the microstructural level as the crack path
becomes smoother and only connects to voids that are present in its trajectory. Finally, the material with lar-
ger voids displays a similar trend but is able to deflect the crack for a longer period. This phenomenon arises
from the fact that microstructural voids display larger mechanical interactions amongst themselves and with
the crack at larger volume fraction. Ultimately this contributes to delaying the onset of unstable crack prop-
agation and thus increasing toughness.
4.3. Crack interactions and microstructural effects

This final example aims at illustrating the potential of the ACM2 in predicting crack growth in mixed mode
conditions and capturing the interaction mechanisms between multiple growing cracks. For this, we consider
the problem of two horizontal edge cracks in a rectangular domain, whose geometry is depicted in Fig. 9.
Boundary conditions then consist of applying a vertical displacement on both top and bottom boundaries
(Fig. 9) in an incremental manner with increment size j Dy j. We investigate here a material whose matrix
behavior follows the brittle constitutive relation introduced in (19) and more specifically examine two types
of microstructures: (a) a matrix with no voids and (b) a porous material with larger voids (as shown in
Fig. 10).

Before we analyze the model’s predictions, it is first important to present a study of the effect of incremental
size on the accuracy of the solution provided by the quasi-explicit framework presented in Section 4.1. To
achieve this, we first characterized the macroscopic behavior of the system by evaluating the variation of crack
growth a with an increase in external loading magnitude d, producing a curve shown in Fig. 14. We then
Fig. 13. (a) Crack growth pattern and longitudinal strain at the microscale for three different voided microstructures and (b) associated
resistance curves.
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measured the convergence of the solution by evaluating how this curve changed as the size of the incremental
loading j Dy j was refined. More specifically, we introduced an error measure ei, in the form:
Fig. 14
(a) a m
growth
for a v
ei ¼
Z af

0

ðdiðaÞ � diþ1ðaÞÞda ð22Þ
where the index i ¼ 1 : 4 denotes the increment size ranging from 100, 200, 400, 500 and 1000, respectively,
and af is the final crack length. The curve of variations in e with increment size (Fig. 14(d) and (e)), exhibits
fast convergence and displays a relatively small error if 400 increments is chosen, regardless of the microstruc-
ture considered. This value was therefore used for our study.

Let us now focus on the model’s predictions. Fig. 14 illustrates the crack growth pattern and the contours
of microscopic longitudinal strain (in lattice elements) and macroscopic tensile strain eyy (in 2D continuum ele-
ments) around the crack tips. We observe that for small applied loads, the microscopic regions remain cen-
tered around the tip of each crack but do not connect into a single region. However, as the loading
increases, crack growth induces an enlargement of the refined regions, which eventually connect as cracks
become closer to one-another. It is interesting to note that the crack growth prediction in the uniformly brittle
. Crack growth pattern, tensile (vertical) component of macroscopic strain fields and lattice strain in the microscopic domain, for
aterial with no voids and (b) a voided material. (c) Initial and final discretizations. (d) and (e) Imposed displacement, d, versus crack
, a, and the error measure defined in (22) for different increment size. Plots in (d) are for a matrix with no voids and plots in (e) are
oided matrix.
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matrix is in excellent agreement with other (macroscopic) numerical studies on brittle materials [36]. For the
alternate microstructure, however, the crack progression is affected by a variety of features including macro-
scopic loading conditions, the presence of adjacent cracks and the existence of micro-voids. As observed ear-
lier, the presence of voids tend to delay the propagation of the crack by decreasing the stress intensity factor
and by deflecting the trajectory of the crack.

5. Summary and concluding remarks

To recapitulate, we introduced an adaptive concurrent multiscale method (ACM2) to model fracture and
crack propagation in heterogeneous media. This class of phenomena have been challenging to model since
their behavior depends on both macroscopic loading and microscopic damage mechanisms occurring in the
crack process zone. The traditional large scale separation between these levels necessitates the introduction
of new classes of multiscale approach that can maximize modeling accuracy (at both macro and micro-scales)
while minimizing the computational demand. The proposed ACM2 addresses this need by relying on a few
important concepts:

	 Multiscale adaptive refinement. To minimize the approximation error arising from discretization and
homogenization procedures, an adaptive technique is presented which does not only refine macroscopic ele-
ments, but also substitutes them by a more detailed microstructural description (the unit cell) when they
reach a critical size. This feature endows the ACM2 with the capability to automatically detect and refine
the material description based on the heterogeneity of the deformation.
	 Domain coupling conditions that enable the incorporation of unit cells into macroscopic FEM simulations. A

set of coupling conditions are introduced at the boundary between unit cells and macroscopic elements,
enabling the existence of microscopic fluctuations at the edge of the microscopic domain. These conditions
are critical to circumvent the appearance of an artificially stiff boundary at the limit between micro- and
macro-scale.
	 Coupling with the extended finite element method (X-FEM) to model fracture. We used the X-FEM enrich-

ment functions to naturally enable the transition between the discontinuous displacement fields along a
macroscopic crack and their more complex form at the microscale.

The combination of these features enables a dual description of fracture in the form of a detailed micro-
structural modeling of a material in the complex and highly heterogeneous process zone ahead of the crack
and a coarse grained continuum description in regions that undergo homogeneous deformation. The paper
also introduced a nonlinear finite deformation formulation of the mechanical problem in order to investigate,
with high accuracy, the large deformations arising in the neighborhood of a loaded cracks. The proposed
strategy is based on a nested incremental procedure that alternates between finding a solution for the mechan-
ical problem and minimizing the approximation error via multiscale refinement. We showed, through exam-
ples, that adaptivity is critical in the context of fracture as it enables the microscopic domain to naturally
evolve with material’s deformation and damage. We finally presented a number of examples that illustrated
the accuracy, the computational cost and the ability of ACM2 to capture crack growth in different microstruc-
tures. Although the paper did not aim at predicting the behavior of real materials, the generality of the results
proved that the method can be later used to capture realistic material behavior such as nanoscale effects [61],
plastic deformation [21] and the effects of interstitial fluid flow in cracks [57,18], for instance. Furthermore,
while not addressed in our study, the problem of crack nucleation in a macroscopic specimen could be imple-
mented using global microstructural statistical information and the associated stress/strain at nucleation. Such
methods have been investigated in [27], for instance.

Besides the numerical aspect, it is worth mentioning that the development of methods such as the ACM2 is
an important step toward reconciling the fields of damage and fracture mechanics, which have been tradition-
ally separated by their disparate length-scales. More specifically, since the explicit microstructure is considered
ahead of a crack, the existence of a complex process zone and the associated size effects can be accurately cap-
tured. Such methods may therefore provide a better understanding of fracture size effects in ductile and quasi-
brittle materials in a near future. To illustrate this point, we presented examples of a porous material whose
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matrix was represented with a lattice model characterized by a simplistic damage model. We have shown that
the ACM2 was capable of predicting the fracture resistance curve associated with these materials and thus pre-
dict fracture toughness based on microstructural arguments. It should be noted, however, that the assumption
of structural periodicity may be unrealistic at this point and that the extension to the concept of ”representa-
tive volume element” for fully random microstructures is still an open question. Nevertheless, with further
developments, this class of methods can potentially be used to investigate and optimize the effect of micro-
structure on fracture toughness, which, in the longer term should make “in silico” material design a reality.

Appendix A. Total Lagrangian formulation

In this appendix, we provide details on the material and geometrical stiffness matrices in the Total-Lagrang-
ian framework presented in Section 3.1. We expressed the internal force vectors as:
f int ¼
Z

X0

BT
0fSgdX0 X0 2 X ðA:1Þ
in which the superscripts 
 and � are dropped for simplicity. The matrix B0 in this formula is equal to:
B0 ¼ B1
0 B2

0 � � � Bnne
0

	 

ðA:2Þ
where
BI
0 ¼

@NI

@x F 11
@NI

@x F 21

@NI

@y F 12
@NI

@y F 22

@NI

@x F 12 þ @NI

@y F 11
@NI

@x F 22 þ @NI

@y F 21

2
664

3
775 I ¼ 1; 2; . . . ; nne; ðA:3Þ
where nne denotes the number of nodes in each element of the macro- or micro-domains and F ¼ @u=@x is the
deformation gradient tensor. The matrix B0 consists of the derivatives of shape functions and the deformation
gradient which reflects the effect of deformation in the stiffness of the domain. In this context one can show
that:
@f int

@u
¼ K ¼ Kmat þ Kgeo ðA:4Þ
in which Kmat and Kgeo are the so-called material and geometrical tangent matrices, respectively. The material
stiffness matrix for an element is written as:
Kmat ¼
Z

Xe

BT
L CBLdXe ðA:5Þ
where BL is the matrix containing shape functions derivatives, Xe denotes the domain occupied by the element
and C denoted the material’s stiffness (or elasticity matrix). For the Saint Venant–Kirchhoff material consid-
ered in this paper, this matrix has the form (in Voigt notation):
C ¼ @S

@E
¼

kþ 2l k 0

k kþ 2l 0

0 0 2l

2
64

3
75 ðA:6Þ
In addition the geometric (nonlinear) stiffness of an element is written as:
Kgeo ¼
Z

Xe

BT
NLSBNLdXe ðA:7Þ
where BNL is:
BNL ¼ B1
NL B2

NL � � � Bnne
NL

	 

ðA:8Þ
and where for each node I ¼ 1; 2; . . . ; nne, we have:
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BI
NL ¼

@NI

@x
@uI

x
@x

@NI

@x

@uI
y

@x

@NI

@y
@uI

x
@y

@NI

@y

@uI
y

@y

@NI

@y
@uI

x
@x þ @NI

@x
@uI

x
@y

@NI

@y

@uI
y

@x þ @NI

@x

@uI
y

@y

2
6664

3
7775 ðA:9Þ
where uI
x and uI

y denote the x and y components of deformation field at node I, respectively.
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