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a b s t r a c t
The present paper introduces a concurrent adaptive multiscale methodology for elasticity problems in
which macroscopic deformation strongly interact with microscopic deformation ﬁelds at the scale of
the microstructure. This situation occurs in a variety of important situations such as ductile fracture,
shear banding and when sharp discontinuities are present in the material domain. Our analysis starts
from the idea that numerical simulations must ensures that numerical accuracy is maximum while the
error from homogenization is minimum. While the ﬁrst usually implies that element size must be reﬁned,
the second implies that elements may not be smaller than the representative volume elements (RVEs) of
the microstructure. To accommodate these two conditions, a ﬁnite element method is introduced such
that continuum elements can be replaced by explicit RVEs through properly deﬁned macro–micro kinetic
conditions reminiscent to those used in classical homogenization. When combined with adaptive reﬁnement, the methodology provides a ﬂexible numerical method in which both continuum and microstructural descriptions can naturally coexist within a single simulation. We show, through various examples
that the proposed framework addresses the important issue of reaching the optimal modeling accuracy
for a minimal computational cost.
Ó 2012 Elsevier B.V. All rights reserved.

1. Introduction
Understanding how the macroscopic behavior of materials depend on their underlying microstructure has been a classical research issue in materials science but is also becoming a key
question in biology and medicine. The link between structure
and properties is indeed a central feature of the development of
fracture resistant and multifunctional materials [53,47] and holds
the key to our understanding of how biological tissues respond,
evolve and remodel [49,48,43]. A number of methodologies have
been introduced to address this problem, most of which can be
gathered under the umbrella of homogenization theory [36,21,
17,18,54,29,30]. In this context, macroscopic behavior is cast in
terms of a constitutive relation that is derived via appropriate average of the microstructure behavior in a representative volume element (or RVE) [11,52,40,28]. The RVE, commonly deﬁned as the
smallest material volume that is statistically representative of
the microstructure, therefore holds a central role in homogenization. Indeed, its size must always be signiﬁcantly smaller than
the characteristic length scale of the macroscopic problem for continuum assumptions to be valid. As such, continuum theories are
usually not capable of accurately capturing material’s behavior in
situation where highly heterogeneous deformation ﬁelds are observed. In elasticity, this typically occurs in the presence of stress
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concentrations due to the presence of sharp corners, inclusions
or defects whose sizes are comparable to the material’s microstructure. In these cases, continuum theory can predict neither
the local stress ﬂuctuations at the material’s scale (which usually
are key to damage nucleation), nor the possible size effects exhibited by the microstructure (such as those observed in cellular
materials [2]). Beyond the elastic range, highly heterogeneous
deformation are omnipresent in situations such as in fracture
[26], shear banding [20,37], and indentation [24,35]. In an effort
to improve the predictability of continuum formulation to small
scale problems, a number of extensions have been introduced to
capture material’s size effects and higher deformation modes
[35,32,23]. This included higher order continuum theories such
as the theory of Cosserat [8,10,14], the micromorphic theory
[44–46], the strain-gradient theory [7,12,13] as well as non-local
formulations in which the material response of a material point
depends on its neighbors [3–5].
Although the above formulations have signiﬁcantly improved
our understanding of small scale material response [46], they are
still based on continuum assumptions that implicitly assume a
scale separation between the macroscopic problem and the deformation of the RVE. In fact, when the wave length of a macroscopic
deformation ﬁeld is at the same order as that characteristic size of
the microstructure, it can be argued that the global material
response becomes less important than its local response. In this
case, the local response is affected by the stochasticity of the
microstructure and a deterministic continuum framework is no
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longer applicable. This raises an important issue in multiscale
modeling. On the one hand, the above considerations imply that
a small scale material description (including microstructural details) is necessary in problems that display highly heterogeneous
macroscopic deformation. On the other hand, such a reﬁned
description in macroscale domains often leads to an intractable
computational problem. An optimal solution is therefore found in
methods that can adequately couple a ﬁne material description
in regions of highly localized deformation and a coarse description
in regions of homogeneous deformation. This idea was used in concurrent methods such as the bridging scale method [37,31,50,6] in
which a microscopic region (near a crack tip for instance) can be
determined a priori. Such methods are then able to couple continuum models (such as ﬁnite element) and small scale material
descriptions (such as molecular dynamics). A recurrent problem,
however, is that the small scale region cannot, in general, be determined before hand. In this context, Ghosh et al. [19,16,34,39,38]
introduced a concurrent multiscale method using Voronoi cell ﬁnite element method (VCFEM), which is based on adaptively reﬁning mesh on three different levels of subdomains with various
resolutions. The ﬁrst level is a conventional displacement based ﬁnite element model based on constitutive moduli obtained from
homogenization of microstructural parameters. The second level
is an intermediate level used for switching between macro and micro description models, with higher computational demand compared to the two other levels. The third level subdomain, where
damage evolution initiates and periodic boundary condition
assumptions for microstructural RVE fail, a detailed microstructural model is formulated using VCFEM. This method addresses
damage evolution in composites and heterogeneous materials in
an accurate and efﬁcient way.
In the present work, we introduce a novel adaptive multiscale
method whose fundamental basis rests on the minimization of
both numerical error and homogenization error. The numerical error typically arises from the fact that numerical approximations
(provided by shape functions in ﬁnite elements) introduce a difference between computational and exact solutions in continuum
mechanics. While this error is known to decrease with element
size, excessive element reﬁnement may lead to a situation in which
element size becomes comparable to that of the microstructure. In
this case, we show that additional reﬁnement can induce signiﬁcant errors in the continuum approximation of the material response. To address this issue, we introduce a numerical method
in which elements, once they reach a critical size, can be replaced
by explicit RVEs that coexist with a macroscopic continuum
description. Upon combining this method with conventional adaptive reﬁnement techniques, we obtain a computational formulation that possesses two major advantages. First, it maintains a
relatively low computational cost since a coarse scale continuum
description is used in regions of homogeneous deformation. Second, it provides a reﬁned description of the microstructure in regions of heterogeneous deformation and does not violate the
fundamental assumptions of continuum theories. In addition, the
method provides a ﬂexible framework, based on only two levels
of material description, in which the location and size of the microscopic domain does not need to be predetermined and can eventually evolve with material deformation.
The paper is organized as follows. In the next section (Section
2), we provide an analysis of two different types of errors that
may arise in a ﬁnite element analysis and derive a criterion that
governs the allowable element size. In Section 4 we then introduce
a bridging scale method in order to enable RVEs to coexist with a
surrounding macroscopic ﬁnite element mesh. In the 4th section
we combine the embedded RVE method with adaptive reﬁnement
in order to derive the ﬁnal form of the proposed method. A few
examples are then discussed to assess the efﬁciency and accuracy
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of the framework. Section 5 ﬁnally provides a summary of the work
and suggests few improvements and extensions for the future.
2. Error in homogenization theory and ﬁnite elements
One of the principal objectives of multiscale methods is to ensure that modeling accuracy is maximum while the computational
cost is minimum. A low computational cost can usually be obtained by using a coarse-grained homogenized continuum model
such that unnecessary ‘‘ﬁne scale’’ degrees of freedom are appropriately smeared out. Such an approach, however can introduce
some inaccuracies in the solution, especially when the typical
wave length of deformation is on the order of characteristic length
of the microstructure. In fact, modeling accuracy might be dictated
by several factors. On the one hand, numerical discretization error
arises from the fact that the approximation provided by ﬁnite elements does not exactly capture the exact continuum ﬁelds such as
displacement, strains or stresses in most situations. On the other
hand, a so-called homogenization error may arise from the fact
that continuum theories can only describe an average material response, which may not be enough in certain cases. We see in this
section that these two types of errors lead, in certain situations,
to very inappropriate solutions if continuum theories are solely
used.
2.1. Homogenization error
Let us ﬁrst assess the homogenization error that can result from
the use of coarse grain continuum formulations. We base our arguments on classical ﬁrst-order continuum theories, i.e., the stored
energy in an elastic body exclusively depends on the ﬁrst gradient
of the displacement ﬁelds. While this may seem restrictive, the
arguments presented in this section may be extended to high-order theories if needed.
Consider a macroscopic elastic body that is contained in a
closed domain X and delimited by a boundary C. Refering to a
Cartesian coordinate system with coordinates fxi g; i ¼ 1; 2; 3, the
state of a material point P, located at position x can usually be described in terms of continuum quantities such as the displacement
ﬁeld uðxÞ, the strain ﬁeld ðxÞ or the stress ﬁeld rðxÞ. From a multiple-scale view point, these macroscopic quantities are interpreted
as averages over a material domain that is small relative to macroscopic dimensions. As depicted in Fig. 1, this domain is often denoted as the representative volume element (or RVE) and
traditionally deﬁned as the smallest material domain that statistically describes the material’s microstructure. For simplicity, we
b with side length of
represent such an RVE as a square domain X
^L, delimited by a boundary C
b and in which the highly ﬂuctuating
microscopic displacement, strain and stress ﬁelds are represented
^; 
^ and r
^ , respectively. Relationships between macro and micro
by u
quantities (represented by } here) are then established in terms of
the average operation:

Fig. 1. Continuum macrostructure and heterogeneous microstructure associated
with the point located at position x.
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Z

1
b:
}d X
bj b
X
jX

ð1Þ

In particular, for a ﬁrst-order continuum theory and small displacement assumptions, an inﬁnitesimal change in macroscale elastic energy dW is related to its microscopic counterpart through the HillMandel condition [42,25]:

^ : d
^ i;
dW ¼ hr

ð2Þ

^ gs and the superscript s is used to denote the sym^ ¼ frdu
where d
metric part of the second-order tensor. Consistent with a ﬁrst-order
theory, we assume that the displacement ﬁeld in the RVE can be given by the expansion:

1
^u
^r
^u
^ ðnÞ ¼ u
^ ð0Þ þ hr
^ i  n þ n  hr
^i  n þ u
^ f ðnÞ:
u
2

ð3Þ

Here, n is a nondimensional local coordinate deﬁned as
n ¼ ðy  xÞ=b
L and the vector y is the position vector in a coordinate
system whose origin is the geometric center of the RVE. Further^ ¼ @=@n and the
more, the local gradient operator is deﬁned as r
^ f ðnÞ describes the ﬂuctuating component of the displacequantity u
ment that is not captured by the series expansion. Now realising
that the average ﬁelds at the microscale are equal to the macroscale
ﬁelds, we obtain:

^u
^u
^r
^i ¼ b
^i ¼ b
hr
L ru and hr
L 2 rru:

ð4Þ

Using this approximation in (3) and subsequently in (2) leads to the
following expression of the macroscopic elastic energy:


.
^ duf i;
^:r
dW ¼ r : d þ s.. b
L rrdu þ hr

ð5Þ

^ i and the
where the macro-stress is logically given by r ¼ hr
^  ni. Since ﬁrst-order theostress-couple s is introduced as s ¼ hr
ries only express the elastic energy in terms of the ﬁrst term on
the right hand-side, it remains valid only if the last two terms are
sufﬁciently small to be neglected. As will be discussed in Section
3.1.2, the last term identically vanishes by enforcing proper boundary conditions in the RVE. The middle term, however, can only be
neglected if


.
s.. bL rrdu  r : d:

ð6Þ

The couple stress s is a bounded quantity [30] that can only remain
within the same order of magnitude as the macrostress r. Furthermore, since the strain is typically on the order of (but less than)
unity, the above condition can be rewritten in terms of a conditions
on the second displacement gradient as follows:

eh ¼ b
Ljjrrujj  1;

ð7Þ

where the L2 norm of the second displacement gradient is written in
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
indicial notation as jjrrujj ¼ ui;jk ui;jk . Here, we introduced a
homogenization error quantity eh that must remain small everywhere in X for ﬁrst-order theory to remain valid.
2.2. Discretization error
As discussed previously, the discretization error is measured by
the difference between the exact continuum solution and the
solution provided by the numerical scheme (ﬁnite elements in
our case). In the present work, we are particularly interested in
the error in strain ﬁelds (or displacement gradient) in individual
elements. In this context, let us consider that the body X is decomposed in a number of ﬁnite elements and deﬁne Xe the physical
domain associated with an arbitrary element e. The discretization
error ed in this element may then be written in terms of the difference between the exact solution of the displacement gradient ui;j

and that provided by the ﬁnite element approximation uhi;j as follows [9]:

ed ¼

Z
Xe

1=2



ui;j  uhi;j ui;j  uhi;j dXe
;

ð8Þ

where the Einstein convention related to summations on repeated
indices is applied. To assess this quantity, it is useful to introduce
a local Cartesian coordinate system zi with origin in the geometric
center of the element, in which the exact displacement ﬁeld can
be written in term of a Taylor series expansion as:

1
i þ vij zj þ Hijk zj zk þ Oðz3 Þ;
ui ðzÞ ¼ u
2

ð9Þ

 is a displacement vector at z ¼ 0; v is interpreted as the
where u
deformation gradient tensor and H is a third-order tensor representing the second displacement gradient in the element. Further,
for ﬁrst-order continua, it is sufﬁcient to consider linear (or bi-linear) two-dimensional elements in which the displacement uh can
be written as a function of z as:

 hi þ vhij xj :
uhi ðxÞ ¼ u

ð10Þ

Here, the superscript h denotes the numerical solution. Note that for
four nodes ﬁnite element, the approximate displacement also contains some bi-linear terms, but this does not affect the remainder
of the derivations. The difference between exact and approximate
displacement therefore reads:

1
ui ðzÞ  uhi ðzÞ ¼ ei þ Bij zj þ Hijk zj zk ;
2

ð11Þ

u
 h and B ¼ v  vh . The above equation is representawhere e ¼ u
tive of a family of conics with center zc [9]. Furthermore, it can be
shown that the error in displacement shown in (11) identically vanishes at nodal locations and takes a maximum value at the center zc
of the cone. One can further ﬁnd that [9], under an appropriate
change of coordinate, (11) can be rewritten in terms of the error e
at the center of the cone and new coordinates 
z that have their origin at zc , in the form:

1
ui ðzÞ  uhi ðzÞ ¼ i  Hijk zj zk :
2

ð12Þ

For the sake of simplicity, let us evaluate the error in a square element, whose size h is given by the length of its side. In this case, the
center of the cone coincides with the geometric center of the element, i.e., z ¼ 
z. Substituting (12) in (8) then leads to:

e2d ¼ Hijm Hijn

Z
Xe

2

zm zn dX ¼

h
Hijk Hijk :
12

ð13Þ

Recognizing that the tensor H is a measure of the second displacement gradient rru in the element, the discretization error can ﬁnally be written as:

ed ¼ hcjjrrujj;

ð14Þ

pﬃﬃﬃﬃﬃﬃ
where c ¼ 1= 12 and the L2 norm jj  jj was deﬁned in the previous
section. This result shows, as discussed in [51], that the discretization error can be written in terms of the second displacement gradient and is a decreasing function of the element size h. This is a
particularly useful result as the evolution of both discretization
and homogenization errors may now be assessed in terms of element size. For instance, let us consider a situation in which the
norm of the second displacement gradient jjrrujj is ﬁxed and we
wish to investigate the gain in accuracy by decreasing the element
size h. Using (7) and (14), it is possible to plot both homogenization
and discretization errors as a function of h as illustrated in Fig. 2a.
By deﬁning the total error e as the maximum of eh and ed , it becomes clear that the error decreases linearly with element size as
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Fig. 2. (a) Evolution of error measures with element size when the quantity jjrrujj is ﬁxed. (b) Critical element size in terms of the norm of the second displacement gradient
jjrrujj.

long as h > b
L=c. However, further reﬁnement (h < b
L=c) ceases to
improve the accuracy of the solution as the homogenization error
becomes dominant.
2.3. Limits of the continuum based ﬁnite element method
From the above analysis, it can be seen that, in order to be accurate, a solution must ensure that both the homogenization error eh
and the discretization error ed are signiﬁcantly smaller than unity.
Practically, we can therefore deﬁne maximum allowable errors
emax
and emax
such that the solution is satisfactory if:
h
d

eh < emax
h

and ed < emax
:
d

ð15Þ
emax
h

We note here that the quantity
measures the difference between the typical length scale associated with strain gradient and
the size of RVEs. To ensure that we do not violate the assumptions
of continuum mechanics, a guideline would consist of choosing emax
h
such that jjrrujj remains smaller than 1% of 1=^L, i.e. emax
is less
h
than 0.01. In contrast, the discretization error measures the difference between the ﬁnite element approximation and the analytical
solution. The choice of emax
is therefore an important indicator of
d
numerical accuracy. In the present study, we choose emax
¼ 0:01,
d
i.e. the numerical solution is always at least 99% accurate. Since
the discretization error decreases with element size, according to
(14), classical reﬁnement techniques can be used such that the size
c
of elements is smaller than a critical size h deﬁned as:
c

h ¼

emax
d
:
cjjrrujj

emax
c
L:
h >  dmax  b
c eh

ð17Þ

This enforces a strong condition on the critical element size so that
the assumptions of ﬁrst-order continuum theory are satisﬁed. As
depicted in Fig. 2b, an element’s size reaches a critical value
c
h ¼b
Lðemax
=cðemax
ÞÞwhen the second displacement gradient is such
d
h
that jjrrujj ¼ emax
=b
L. This result is important as it implies that in
h
certain cases, the variation of strain is so large that the validity of
the continuum theory fails regardless of the size of elements. To
better understand this, let us consider the case in which the relation
between the maximum discretization and homogenization errors is
emax
¼ cðemax
Þ. In this case, (17) states that continuum assumptions
d
h
are violated if the element size is smaller than the size ^L of the RVE.
One can interpret this as follows. When the element size is larger
than that of the RVE, they can be considered as appropriate domains
on which homogenized material response can be used. However, as
they become smaller than the RVE, the average material response is
no longer valid and elements should be replaced by a more accurate
description of the material’s structure. To address this issue, we
next introduce a computational method that naturally substitutes
continuum elements by RVE when the minimum element size is
such that it violates homogenization theory. The method guarantees that both discretization and homogenization errors converge
to small values, regardless of the second displacement gradients.
3. Finite element with embedded RVE

ð16Þ

As a result, it can be seen that as the second gradient of deformation
increases, the element size should inversely decrease in the fashion
exhibited in Fig. 2b. Now enforcing the condition on homogenization error in the form b
Ljjrrujj < emax
and using (16), one obtains
h
c
the following condition on the element size h :

As discussed above, when the size of elements becomes close to
that of the RVEs, the validity of homogenized constitutive relation
breaks down. Relying on the error criterion deduced above, we derive a numerical approach in which ﬁnite elements can be replaced
by RVEs in the case when element size becomes critical (h ¼ hc ).
This idea is depicted in Fig. 3, in which the cases of a single embedded RVE and a patch of embedded RVEs are shown. A potential

Fig. 3. Illustration of embedded RVE in a macroscopic ﬁnite element mesh; (a) case of a single embedded RVE and (b) case of a patch of embedded RVEs.
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issue with this method is that RVEs and macroscale elements are
representative of a material at very different resolutions and the
bridging between macroscopic forces and displacements and their
microscopic counterparts is usually subjected to debates. This section addresses this issue by introducing three possible types of
macro–micro conditions.

To appropriately bridge the mechanics of an embeded RVE to
the surrounding macroscopic elements, it is ﬁrst useful to derive
a relationship between the kinematics at the macroscopic (continuum element) and microscopic (RVE) level. This is the object of this
subsection.
3.1.1. Macro–micro kinematic
Let us consider an initially rectangular shaped RVE on which a
macroscopic ﬁnite element is superposed (Fig. 3a). The kinematic
compatibility conditions then imposes that the deformation of
the element is ‘‘in average’’ the same as that of the RVE. To investigate the mathematical consequence of such a statement, let us
ﬁrst write the microscopic displacement in the RVE as follows:

ð18Þ

I

where NI is the macroscale shape function associated with node I
and uf ðnÞ is an arbitrary ﬂuctuation ﬁeld. The displacement gradient
in the element may then be written in terms of the differential
^ as:
operator r

^ uðnÞ ¼
r

X I
^ uf ðnÞ;
B ðnÞUI þ r

ð19Þ

I

where we introduced the derivatives of shape functions as
BI ¼ @N I =@n. The average displacement gradient in the RVE can then
be written as:

X I I
^ ui ¼
^ uf i;
hr
hB iU þ hr

ð20Þ

where the average deformation of the element is given by the ﬁrst
term on the right hand side. Thus, the compatibility of RVE and element deformation implies that the gradient of ﬂuctuation ﬁelds
must vanish, in average, in the RVE. This yields:

Z
1
b ¼ 0;
^  n dX
u
bj b
C
jX

ð21Þ

where n is the unit normal vector to the boundary of the RVE and
we applied the divergence theorem to obtain the surface integral.
The above equation is important as it gives a condition on the ﬂuctuating displacement on the edge of the RVE; it will prove useful in
deriving coupling conditions between macroscale and microscale as
discussed in the next sections.
3.1.2. Relationship between macroscopic and microscopic forces
Let us now assess the relationship between macroscopic nodal
forces and microscopic RVE surface forces. In this context, it is useful to ﬁrst write the variation of energy in an RVE as:

^ ¼
dw

Z

^
X

^ ¼
r^ : d^ dX

Z

^
C

^;
^t  du
^ dC

ð22Þ

where ^t is the Cauchy stress vector on the RVE boundary. Assuming
that the variation of energy, associated with the ﬂuctuation ﬁeld,
vanishes globally [29], i.e.,

Z
^
C

^ ¼ 0;
^t  duf dC

where the macroscopic nodal forces are related to the traction
forces ^t on the boundary by:
I

f ¼

XZ

^:
NI^t dC

ð25Þ

^
C

It should be noted that the magnitude and distribution of ^t depends
^ . We next review three
on the type of displacement ﬂuctuations on C
type of conditions on ﬂuctuation ﬁelds that ﬁnd their analogue in
traditional computational homogenization.
3.2. Types of macro–micro coupling assumptions
3.2.1. Strong displacement coupling
The simplest way of verifying (21) consists of enforcing the ﬂuc~ to identically vanish at every point on the RVE
tuation ﬁelds u
~ ¼ 0 in (18) yields the following relationship
boundary. Setting u
between micro and macro displacement:

uðnÞ ¼

X

NI ðnÞUI ;

^:
n2C

ð26Þ

I

This condition clearly enforces the microscopic displacement to
precisely follow the macroscopic displacement variation interpolated by the macroscopic shape functions. From a numerical view
point, the above constraints can typically be enforced with the Lagrange multiplier method, in which two constraints (represented
by a vector c) are enforced at every microscopic node that belongs
to the boundary. This therefore leads to a system of equations of
2Nm where N m is the number of microscopic nodes on the boundary.
b , the conMore precisely, considering a microscopic node n on C
straint cn is given by:

cn ¼ un 

X I
N ðnn ÞUI ¼ 0;

ð27Þ

I

I

^ uf i ¼
hr

ð24Þ

I

I

3.1. Multiscale RVE-FEM bridging method

X I
uðnÞ ¼
N ðnÞUI þ uf ðnÞ;

X I
f  dUI ;

^ ¼
dw

ð23Þ

one can substitute (18) in (22) and ﬁnd the traditional expression
for the energy of a macroscopic element:

where nn is the location of node n in the local coordinate system of
the RVE. This constraint is associated with a Lagrange multiplier kn
that can be identiﬁed as the microscopic traction force at node n.
Fig. 4a illustrates the deformation of adjacent microscopic RVE
and macroscopic element resulting from a strong displacement
crouping. Note that no small scale ﬂuctuations are allowed on the
edge of the RVE; this coupling may thus be compared to Dirichlet-type boundary conditions in classical homogenisation, which
are known to overestimate the stiffness of the RVE.
3.2.2. Weak displacement coupling
A way to remove some of the contraints on the RVE is to apply
the so-called weak displacement coupling. In this case, we seek to
minimize the effect of ﬂuctuating ﬁelds on each boundary of the
RVE. Denoting each of the four boundaries by the parameter a
(a ¼ T; B; R; L for the top, bottom, right and left boundaries, respectively), an error measure can be deﬁned for each boundary as:

e¼

Z
^a
C

uðnÞ 

X

!
^ a ¼ T; B; R; L:
NI ðnÞUI dC

ð28Þ

I

To enforce that (21) is weakly satisﬁed, we minimize the error of
each boundary with respect to the macroscopic displacements. This
leads to the following system:



@e
^;
gI UJ ; uk ¼
¼ 0 8I; J 2 C
@UI

ð29Þ

where uk is the displacement of microscopic node k that belongs to
the boundary. It can therefore be noticed that the weak coupling
leads to the application of 2N equations, where N is the number
b a (N = 3 in the illustration
of macroscopic nodes on boundaries C
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Fig. 4. Representation of the three types of micro–macro boundary coupling constraints; (a) strong displacement coupling, (b) weak displacement coupling and (c) quasiperiodic boundary coupling.

in Fig. 4b). Enforcing those constraints via the Lagrange multiplier
method leads to the deﬁnition of 2N multipliers kI , which can be
interpreted as macroscopic nodal forces. This usually represents a
signiﬁcant decrease in the number of contraints compared to the
strong displacement coupling conditions. Consequences of the weak
conditions are depicted in Fig. 4b, in which the microscopic deformation displays ﬂuctuations on the RVE edge although the RVE conform to the deformation of surrounding elements in an average
fashion. This situation may thus be thought as analogue to the case
of Neumann boundary conditions in classical homogenization.
3.2.3. Quasi-periodic boundary coupling
This condition is based upon the assumption of the periodicity
of the microstructure and aims to dictate a periodic deformation
of RVE while conforming to the surrounding macroscopic continuum. In the case of an initially rectangular RVE considered in this
study, it is possible to deﬁne two corresponding points on opposite
^ T and C
^ B for top and bottom RVE boundboundaries denoted by C
^ L and C
^ R for left and right boundaries, respectively. Furaries and C
ther introducing the outward unit normal vectors to these
boundaries by nT ; nB ; nL and nR , one can show that (21) is veriﬁed
if:

~ T ðnÞ and u
~ R ðgÞ ¼ u
~ L ðgÞ;
~ B ðnÞ ¼ u
u

ð30Þ

where n and g are the local RVE coordinates shown in Fig. 1. This
automatically implies from (18) that:

duT ðnÞ  duB ðnÞ ¼

X I
X I
N ðn; 1ÞdUIT 
N ðn; 1ÞdUIB ;
I

I

ð31Þ

I

X I
X I
duR ðgÞ  duL ðgÞ ¼
N ð1; gÞdUIR 
N ð1; gÞdUIL :

ð32Þ

I

Enforcing these constraints leads to the introduction of Lagrange
multipliers for each pair of nodes on corresponding boundaries.
These multipliers have the physical meaning of traction forces
and can be used to ﬁnd the macroscopic forces via (25). This type
of periodic boundary coupling not only preserves micro structural
periodic behavior, which is expected for all periodic materials, but
also results in a more physically sound solution compared to other
conditions. Using linear quadrilateral elements for continuum modeling of structure, this formulation by itself leads to both periodicity
in deformed state and conformity of macro–micro displacement.
However, for higher order elements (i.e., quadratic elements), this
formulation does not fully ensure conformity of deformation between RVE and macro-elements. To resolve this issue, periodic
boundary coupling conditions can be enforced in combination with
weak displacement coupling condition on one of two opposite

b T and C
b R , for instance). As depicted schematically in
boundaries ( C
Fig. 4c, such coupling conditions lead to quasi-periodic deformed
state, which allows ﬂuctuation of micro displacement and conformity between RVE and adjacent elements. Note that when large
strain and rotation gradient exits, RVEs lose their rectangular
shapes and become non-periodic. This is the reason why the term
‘‘quasi’’-periodic conditions is used. Finally, it is important to mention that since adjacent RVEs share the same microscopic nodes, no
Lagrange multipliers are needed for coupling their displacement.
The Lagrange multipliers are only used to enforce kinematic constraints between microscopic and macroscopic nodes on the continuum-microstructural boundary.
4. Adaptive multiscale method: computational aspects and
examples
This section now introduces a multiple scale algorithm that
combines the concepts of embedded RVEs discussed above and
that of adaptive element reﬁnement. Given a speciﬁc elasticity
problem, the methodology’s objective is to minimize discetization
error via reﬁnement, and to provide maximum accuracy in terms of
material modeling by embedding RVEs when the critical element
size is reached. The method is based on the algorithm presented
in Fig. 5. The numerical method is based on rectangular quadratic
(nine-node) ﬁnite elements in order to facilitate the calculation of
the discretization error deﬁned in (14). In particular, the second
gradient of a displacement ﬁeld in point x in a quadratic element
can be written as a 6  1 matrix as:

"
#T
9
X
@ 2 ux @ 2 ux @ 2 ux @ 2 uy @ 2 uy @ 2 uy
rruðxÞ ¼
¼
GI ðxÞuI ;
2
2
2
2
@x @x@y @y @x @x@y @y
I¼1

ð33Þ

where uI ¼ ½uIx uIy T is nodal displacement vectors at node I and GI ðxÞ
is a matrix given by:

2
G ðxÞ ¼ 4
I

@ 2 N I ðxÞ
@x2

@ 2 N I ðxÞ
@x@y

@ 2 N I ðxÞ
@y2

0

0

0

0

0

0

@ 2 N I ðxÞ
@x2

@ 2 N I ðxÞ
@x@y

@ 2 N I ðxÞ
@y2

3T
5 :

ð34Þ

With this notation, it is straightforward to show that the L2 norm of
second gradient of displacement in a quadratic element takes the
form:

krruðxÞk2 ¼

!1=2
Z 

9
T
X
 I T
I
I
I
u xÞÞ
G ðxÞ G ðxÞdX u ðxÞ
:
I¼1

X

ð35Þ

58

F.J. Vernerey, M. Kabiri / Comput. Methods Appl. Mech. Engrg. 241–244 (2012) 52–64

Fig. 5. Algorithm used in the adaptive multiscale method.

Finite element reﬁnement then consists of subdividing elements
that display large error measures into four sub-elements. This technique is known to introduce hanging nodes that are present in small
elements but are non-existent in adjacent elements of larger size
(Fig. 6). To solve this discrepancy, large elements, such as that depicted on the right of Fig. 6, are enriched with addition shape functions associated with the hanging node in a way that conventional
conditions on shape functions (continuity and partition of unity) are
satisﬁed. The form of the new shape function, presented in the
appendix, ensures that a force equilibrium is appropriately enforced
between elements of different sizes.
Upon convergence of the multiscale algorithm, the computational problem reduces, for a linear elastic material undergoing
small deformation, into a linear system of the form:

2

KM
6
4 0

0
Km

IMm

ImM

32

3 2 M3
uM
f
7
6
m 7 ¼ 6 m 7;
T
u
5
4
4
5
f 5
ImM
k
c
0

ITMm

ð36Þ

where subscript M and m represent ‘‘macro’’ continuum elements
and the ‘‘micro’’ embedded RVEs, respectively, while K; u and f
are used to represent stiffness matrices, nodal displacement vector
and external force vector, respectively. In addition, the symbol k

represents Lagrange multipliers that enforce the macro–micro conditions c ¼ 0 derived in the Section 3.2. We note that the stiffness
matrix is decomposed into different parts: the ﬁrst diagonal block
KM represents the macroscopic stiffness associated with continuum
elements and the second diagonal block Km represents the stiffness
arising from the presence of RVEs. Displacements at macro and micro levels are then coupled via the presence of interaction matrices
IMm and ImM that represent the derivative of the macro–micro constraints c with respect to macro and micro displacements, respectively. It can generally be observed that the system is clearly
decoupled into a macroscopic problem (continuum elements), a
microscopic problem (RVE) and their interactions. Finally, we note
that for consistency between micro and macroscales, the constitutive relation at the continuum scale is ultimately derived from a
ﬁrst order computational homogenization procedure (Fig. 5). For instance, in the present study, an isotropic, linear elastic constitutive
relation is obtained by relating the average RVE strain to the average RVE stress after subjecting the RVE domain to appropriate
boundary conditions. For more information on this method, the
reader is referred to [44]. We next illustrate the features of the
method and assess its performance in terms of accuracy and cost
by considering a few examples. We mostly concentrate on macroscopic elasticity problems for which the material is described at
the microscale by a voided linear elastic microstructure. The distribution of voids in the RVE is chosen such that the overall response
remains isotropic.
4.1. Example 1: Effect of coupling constraints

Fig. 6. Illustration of hanging nodes between elements of different sizes.

The ﬁrst example aims at investigating the role of using different constraints on the deformation of embedded RVEs. As such, we
consider a purely academic problem of a square domain, discretized with eight microscopic elements that possesses an embedded
RVE in its center. The domain is then subjected to inhomogeneous
deformation through the application of displacement boundary
conditions depicted in Fig. 7. The deformation of the embedded
RVE is then assessed for the three types of boundary coupling conditions introduced in the previous section.
Regardless of the coupling conditions, it can be seen that the
RVE globally displays signiﬁcant bending modes. This implies that
the norm of the second displacement gradients jjrrujj is not negligible and ﬁrst-order theory cannot accurately describe the
mechanical response of the composite. In addition, we note that
the type of constraints have a strong effect on the ﬂuctuating strain
ﬁelds in the RVE. Strong displacement coupling tends to attenuate
strain concentrations near the RVE boundary while the weak displacement coupling allow very large ﬂuctuations. The term ‘‘quasi-periodic boundary coupling’’ is also justiﬁed in this example,
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Fig. 7. (a) Single RVE embedded in a continuum region, (b) brute force approach, (c) strong displacement coupling, (d) weak displacement coupling, (e) quasi-periodic
boundary coupling and (f) shear strain ﬁeld obtained from brute force approach.

as seen in Fig. 7, the microscopic displacement ﬁelds are periodic
across the RVE, while the global RVE deformation is not. We note
that the latter constraint provides a better estimation of microdeformation, as it implicitly assumes that the adjacent macroscopic elements possess a microstructure with the same arrangement as that in the RVE. Furthermore, it is well known from
traditional computational homogenization that periodic boundary
conditions gives the best estimation of the material behavior. We
therefore choose this type of coupling in the next examples. For
further validation, we compared the strain ﬁelds obtained from
these three constraints with numerical results obtained from a
‘‘brute force’’ approach that consists of using a microstructural
description in the entire macroscopic domain. This strategy is expected to be highly accurate but its computational cost is often relatively high, if not intractable, for large problems. As shown in
Fig. 7f, the strain and deformation ﬁelds obtained from the brute
force approach are in best agreement with results obtained after
applying the quasi-periodic boundary coupling on the embedded
RVE.

level, the beam is then represented by a porous linear elastic
microstructure represented by the RVE depicted on the right of
Fig. 8, for which the matrix is made of rubber with Young’s modulus E = 10 MPa and Poisson’s ratio m ¼ 0:3. continuum elements is
obtained from ﬁrst order computational homogenization. For this
material, under the plane strain condition, the homogenized
Young’s modulus and Poisson’s ratio are E = 4.71 MPa and
m ¼ 0:338, respectively.
This problem is of particular interest as the existence of ﬁxed
supports with sharp angles introduces a singular strain ﬁeld in
their neighborhood. This implies that continuum assumptions
(for ﬁrst-order model) are not valid in a small region surrounding
the supports, which motivates the use of the proposed multiscale
model. We particularly aim to assess the performance of the multiscale framework by measuring computational accuracy and cost
for different ratios of material and macroscopic length-scales. On
the one hand, cost is measured by the computational time for a
speciﬁc simulation on a single CPU computer. On the other hand,
accuracy is evaluated by comparing the local strain ﬁelds near
the ﬁxed supports to those predicted by a brute force approach.

4.2. Example 2: Three-point bending test of a porous elastic beam
The next example illustrates how the combination of ﬁnite element adaptivity and the concept of embedded RVE provides an
efﬁcient and accurate method to describe problems that are sensitive to multiple length scales. We thus consider a rectangular
beam, in plane stress conditions, of length L and thickness L=3 subjected to three-point bending conditions. More precisely, the beam
is supported by two rigid supports of ﬁnite-length and subjected to
a distributed vertical load p on its top (Fig. 8). At the microscopic

Fig. 8. Three point bending test. In this simulation, L ¼ 6 and p ¼ 100 KN=m.
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Fig. 9. Results comparison from microscale (left) and the brute force (right) approaches. Comparisons are provided for L=b
L ¼ 24 (top) and L=b
L ¼ 48 (bottom).

Fig. 10. (a) Beam deﬂection and microscopic strains in critical regions when L=b
L ¼ 768 in which the very large strain gradient near the support’s angles is clearly visible. (b)
Computational costs of the brute force and multiscale approaches for different values of L=b
L.

In this context, Fig. 9 depicts simulation results of the half-beam
deﬂection and the associated microscopic deformation near the
support for different situations. In the ﬁrst case, for a ratio b
L=L of
the RVE size and the beam length equal to 24, as little as two levels
of reﬁnements are needed to converge to the ﬁnal solution. The ﬁnal solution shows that four RVEs are needed to accurately capture
the microstropic strain ﬁelds near the supports and the comparison with strain ﬁelds computed from a brute force approach are
excellent. In the second case, we considered a small microstructure, for which the ratio b
L=L is 48. Here, three levels of reﬁnement
were necessary to reach the ﬁnal solution which displays seven
RVEs split in two regions around the support’s two corners. Once
again, the local strain prediction from the multiscale method are
showing very good agreement with those obtained from the brute
force approach. Computational cost comparisons are then given in
Fig. 10b for cases in which L=b
L ¼ 12; 24; 48 and 96, respectively.
The graph clearly shows that gain in computation time increases
drastically as the scale separation between the macroscopic problem and the microstructure becomes more pronounced. This saving is attributed to the fact that the multiscale method only
needs an accurate description in critical regions (where large strain
gradients exist). As a result, an accurate solution can be obtained
for problems that show a very large scale separation such as shown

in Fig. 10a in which L=b
L ¼ 768. In this case, the corresponding
brute simulation was not tractable with a single CPU computer
while a converged multiscale solution was obtained after seven
stages of reﬁnement.
4.3. Example 3: Stress concentration near a corner
The last example treats another classical elasticity problem that
contains a singularity in its solution. Consider the square domain

Fig. 11. (a) Original benchmark problem and its reduction using symmetry
arguments (b). At the microscale, we consider a periodic microstructure represented by the RVE shown in (c).
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Fig. 12.
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61

over RVE elements for (a) L=b
L ¼ 16 (b) L=b
L ¼ 2048.
Fig. 15. (a) 1-Irregular mesh, (b) possible hanging nodes positions in an irregular
element.

Fig. 13. Comparison between Brute Force approach (BF) and Adaptive Multiscale
method (AM) computational cost.

shown in Fig. 11a, subjected to a vertical distributed loading on its
top and bottom boundaries. Assume that this solid is represented,
at the microscale, by an elastic material that consists of a periodic
distribution of small square shaped voids of volume fraction 25%.
Material’s elastic properties are the same as those used in the previous example. Using symmetry arguments, the domain is then reduced to a quarter of its size (Fig. 11b) with adequate displacement
boundary conditions. The presence of a sharp corner induces
increasingly large strain gradient as one approaches it; this implies
that ﬁrst continuum theories are limited in providing an accurate
solution in this area. In Fig. 12, we present simulation results in
the case where the size ^L of the microstructure is 32 times and
2048 times smaller than the macroscale domain (represented by

L), respectively. For both cases, we start from an initial mesh that
comprises three square elements of size L=2. As expected, since
the solution exhibits large strain gradients near the corner, adaptive reﬁnement occurs in this region. When the size of element is
equal to ^
L, RVEs are naturally embedded in the macroscale, leading
to the microscale regions shown in the ﬁgure.
Similarly to the previous example, we assessed the efﬁciency of
the method by measuring computational time for different values
of L=b
L ranging from 4 to 256 and compared it to brute force simulations when possible. Once again, the trend showed that brute
force simulation time exponentially increases with L=b
L while the
cost of the multiscale simulation remains affordable for very large
values of L=b
L. We also assessed accuracy by computing a local
strain value near the corner (see Fig. 13) with both brute force
and the multiscale method. As shown in Fig. 14, we obtained an
excellent match between the two solutions, conﬁrming that accuracy is maintained despite the lower computational cost.
5. Summary and perspectives
In summary, this paper introduced an adaptive multiscale
framework that is based on the following idea. The reduction of discretization error by adaptive reﬁnement may lead to a situation in
which element size become comparable to the microstructure
length-scale (or RVE size). In this condition, we showed that the
solution induces a ﬁnite homogenization error that tends to increase as reﬁnement proceeds. Based on this concept, we introduced an adaptive concurrent multiscale method in which below
a certain size, continuum elements are replaced by explicit RVEs.
In this context, we derived a set of bridging scale conditions,

Fig. 14. Comparison between Brute Force approach (BF) and Adaptive Multiscale method (AM) accuracy for four different ratios of L=b
L for (a) strain in Y direction and (b)
shear strain.
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Fig. 16. An irregular element with four hanging nodes on two edges and associated shape functions.

consistent with traditional homogenization theory that naturally
enable RVE to coexist with surrounding larger continuum elements.
By adequately combining the concept of adaptive reﬁnement and
that of embedded RVEs, we then introduced a ﬂexible concurrent
multiscale framwork in which one can obtain optimal macroscale
and microscale accuracy with minimal computational cost.
Although the efﬁciency of the method was demonstrated with
several examples, it still, at this point, suffers from few limitations.
First, due to their inherent periodicity, RVEs must originally possess a rectangular shape, which in turn enforces that the macroscopic ﬁnite element mesh should be regular and rectangular.
While this feature is usually not convenient when modeling domains that possess curved boundaries and internal interfaces, this
limitation can be addressed by invoking ﬂexible formulations that
describe interfaces independent from discretization. An example of
such a formulation is provided by the extended ﬁnite element
method [33]. Second, the present work focussed on the case of
small deformation, linear elastic problems, which is usually restrictive for most real-life applications. In fact, the proposed framework
can naturally be extended to describe nonlinear material behaviors
and ﬁnite strains, such as observed during plastic deformation,
damage and fracture [44,27]. In particular, the adaptive multiscale
method provides an ideal platform on which to study the phenomenon of ductile fracture, in which large scale features and local
deformation mechanisms in the process zone must be modeled
with maximum precision [46,45]. The potential of the method is
therefore signiﬁcant as it will, by enabling simulations of ductile
fracture at multiple scales, relate macroscopic fracture toughness
to the nature of a material’s microstructures; this capability is crucial for the development of future high-toughness materials.
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Appendix A
A.1. Element subdivision and shape functions
As depicted in Fig. 6, local mesh reﬁnement causes the appearance of so-called ‘‘irregular nodes’’ (or ‘‘hanging nodes’’) [15] on the
boundaries between reﬁned and unreﬁned domains. Subsequently,
unreﬁned elements, which hold these types of nodes, are known as ‘‘
irregular elements’’. Two different approaches have been introduced
in literature [15] in order to deal with this kind of irregularity:
(1) Constrained approximation: In this method [1], no degrees of
freedom are associated with hanging nodes and the stiffness
matrix is assembled using the standard shape functions.
However, since standard shape functions do not satisfy conformity of displacement on the element’s boundaries, it is
assumed that the displacement of such nodes is the average
of two adjacent regular nodes. Therefore, a pair of constraints are applied on each hanging node to enforce that
their displacement remains in between adjacent regular
nodes. These constraints can be applied by means of the
Lagrange-Multipliers method or by multiplying the global
stiffness matrix by a so-called connectivity matrix.
(2) Conforming shape functions: This method [22] consists of
assembling the global stiffness matrix by introducing new
shape functions, which satisfy both partition of unity and
conformity of displacement on the edges of irregular elements.
Since in our method, the macro–micro bridging is accomplished
by constraining micro nodes to macro nodes, for the ease of implementation, we adopted the second approach. We also restricted
ourself to 1-irregular mesh (the deﬁnition for which can be found
in [15]). As shown in Fig. 15b, for the case of 1-irregular mesh,
the method permits the incorporation of two additional hanging
nodes on each edge of 9-node quadrilateral irregular element. Sbaraj
and Dokainsh [41] presented an approach to formulate new shape
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functions for transition quadrilateral ﬁnite element for mesh grading. Following a similar approach, we introduced new sets of shape
functions for 9-node quadrilateral elements. In what follows, shape
functions are deﬁned on quadrilateral 9-node parent element deﬁned be X (Fig. 15). In order to satisfy the conformity of displacement, shape functions associated with all possible hanging nodes,
(Fig. 15b), for all n; g 2 X , can be written as:

N10 ¼ ð4nð1 þ nÞ  HðnÞÞ  ð0:5gð1  gÞÞ;
N11 ¼ ðþ4nð1  nÞ  HðþnÞÞ  ð0:5gð1  gÞÞ;
N12 ¼ ðþ0:5nð1 þ nÞÞ  ð4gð1 þ gÞ  HðgÞÞ;
N13 ¼ ðþ0:5nð1 þ nÞÞ  ðþ4gð1  gÞ  HðþgÞÞ;
N14 ¼ ðþ4nð1  nÞ  HðþnÞÞ  ðþ0:5gð1 þ gÞÞ;
N15
N16
N17

ð37Þ

¼ ð4nð1 þ nÞ  HðnÞÞ  ðþ0:5gð1 þ gÞÞ;
¼ ð0:5nð1  nÞÞ  ðþ4gð1  gÞ  HðþgÞÞ;
¼ ð0:5nð1  nÞÞ  ð4gð1 þ gÞ  HðgÞÞ:

In this deﬁnition H is heaviside function deﬁned by:

HðvÞ ¼

þ1 for
0

for

v > 0;
v<0

ð38Þ

Once an irregular node i (i ¼ 10; 11; . . . ; 17) (Fig. 15b) exists, it takes
the value Ni in (37), otherwise, it vanishes for all n; g 2 X . In addition, the standard quadratic shape functions, Ni (i ¼ 1; 2; . . . ; 9), are
modiﬁed as:

N1 ¼ N1  0:375ðN10 þ N 17 Þ þ 0:125ðN11 þ N16 Þ;
N2 ¼ N2  0:375ðN11 þ N 12 Þ þ 0:125ðN10 þ N13 Þ;
N3 ¼ N3  0:375ðN13 þ N 14 Þ þ 0:125ðN12 þ N15 Þ;
N4 ¼ N4  0:375ðN15 þ N 16 Þ þ 0:125ðN14 þ N17 Þ;
N5 ¼ N5  0:75ðN10 þ N11 Þ;

ð39Þ

N6 ¼ N6  0:75ðN12 þ N13 Þ;
N7 ¼ N7  0:75ðN14 þ N15 Þ;
N8 ¼ N8  0:75ðN16 þ N17 Þ;
N9 ¼ N9 :
This method satisﬁes both the partition of unity and conformity of
displacement between adjacent elements. Fig. 16 shows an irregular
element with four hanging nodes, and some of its shape functions.
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