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of the nature of the mechanical environment (such as ECM stiffness or the presence
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of stress and strain). To describe these processes in a consistent manner, the present
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paper introduces a mutiphasic formulation (fluid/solid/solute mixture) that accounts for

Mixture theory

four major elements of cell contraction: cytoskeleton, cytosol, SF and actin monomers, as

Mechano-sensing

well as their interactions. The model represents the cross-talks between mechanics and

Cell contractility

chemistry through various means: (a) a mechano-sensitive formation and dissociation of an
anisotropic SF network described by mass exchange between actin monomer and polymers,
(b) a bio-mechanical model for SF contraction that captures the well-known length–tension
and velocity–tension relation for muscles cells and (c) a convection/diffusion description
for the transport of fluid and monomers within the cell. Numerical investigations show
that the multiphasic model is able to capture the dependency of cell contraction on the
stiffness of the mechanical environment and accurately describes the development of an
oriented SF network observed in contracting fibroblasts.
Published by Elsevier Ltd

1.

Introduction

Biological tissues are very particular types of materials that
have the ability to change their structure, properties and
chemistry in response to external cues. This fast response
capability can be attributed to the out-of-equilibrium nature
of the tissue structure, resulting from a constant crosstalk between a population of cells and their surrounding
extra-cellular matrix (ECM). These interactions allow cells
∗ Corresponding author.
E-mail address: franck.vernerey@colorado.edu (F.J. Vernerey).
1751-6161/$ - see front matter. Published by Elsevier Ltd
doi:10.1016/j.jmbbm.2011.05.022

to sense stimuli conveyed by the ECM (Lambert et al.,
1998) (such as force, deformation or flow) and the ECM to
restructure due to the action of cells (characterized by traction
forces Tamariz and Grinnell, 2002; Dallon and Ehrlich, 2008
or enzyme degradation Vernerey et al., in press). In this
context, a large number of studies have demonstrated that
cell contraction and architecture were strongly dependent
on substrate stiffness (Wang et al., 2000; Solon et al., 2007;
Guo et al., 2006; Levental et al., 2006), giving mechanics
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a central role in cell-substrate interactions. Experimental
studies on contractile cells (such as myofibroblasts) generally
show that larger substrate stiffness results in higher cell
stability that manifests itself by large spreading areas and
generation of significant traction forces. In addition, actin
staining procedures have shown that fibroblast contraction
is associated with the formation of highly aligned stressfibers (SF) within the cell’s structure (cytoskeleton) that
anchor at the point of cell-substrate adhesion and often
span the entire length of the cell. The distribution and
orientation of these fibers correlate very well with the
presence of contractile forces applied by cells to their
underlying substrate. These phenomena clearly illustrate
the intricate interplay between mechano-sensing, force
generation and cytoskeletal structure, which is essential to
tissue remodeling.
Despite our more and more accurate understanding of the
molecular mechanisms responsible for contraction, there are
still many questions concerning the nature and mechanisms
of mechano-sensing and force generation (Vernerey, 2010). To
tackle these questions, it is necessary to develop mathematical models that are capable of describing the cross-talk between cellular mechanics and biochemistry in a quantitative
fashion. From a modeling standpoint, cell contractility has
often been considered in terms of prestress or prestrain, either within the context of fibrous networks (Mohrdieck et al.,
2005) or continuum mechanics (Nelson et al., 2005; Vernerey
and Farsad, 2011). While such simplified models capture well
the mechanical aspects of cell contraction, they are unable
to explain many features occurring from chemo-mechanical
interaction at the molecular scale, such as dependency of
contractility on substrate stiffness and ligand density. More
recent studies by Deshpande et al. (2006, 2008) introduced a
bio-mechanical model that is able to describe cytoskeleton
contraction by considering molecular mechanisms associated
with SF formation and focal adhesion assembly. This approach provides a promising means of capturing the chemomechanics of cell contraction but it neglects the multiphasic
aspect of the cell’s body in which monomer transport, interstitial fluid (cytosol) pressure and mass exchange can take
place. The inclusion of the above physics is critical to respect
fundamental physical principles such as mass conservation,
but also in capturing key cellular phenomena such as osmotic
loading and transport phenomena. In continuum mechanics,
these types of phenomena have traditionally been described
by the theory of porous media and mixtures Biot (1941, 1957);
Truesdell and Noll (1965); Bowen (1980); Rajagopal and Tao
(1995); Sun et al. (1999); Vernerey et al. (in press); these formulations were very successful in describing phenomena such
as growth Humphrey and Rajagopal (2002); Garikipati et al.
(2004), free swelling (Sun et al., 1999) and osmosis (Gu et al.,
1999). Applications to the cell have thus far been limited to
the flow-dependent mechanical response and swelling behavior of chondrocytes in response to their osmotic environment (Guilak et al., 2006).
The present paper proposes to extend the range of applications of mixture models to describe the coupled biochemical/mechanical processes responsible for cell contraction.
The formulation is based on a description of cells that incorporate four key components of contractility: a passive
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solid cytoskeleton, an interstitial fluid representing the cytosol, an anisotropic network of SF and a pool of globular
actin monomers that freely diffuse in the cytosol. To address the well known difficulties regarding stress partitioning and boundary conditions associated with classical theory
of mixtures (Rajagopal and Wineman, 1990), we take the
following approach. First, it is assumed that the two solid
constituents (passive cytoskeleton and SF) undergo the same
motion, which is consistent with the class of constrained
mixture models introduced in Humphrey and Rajagopal
(2002). Second, we adopt key concepts of poromechanics
(Terzaghi, 1943) that consist of describing the motion of
a fluid’s constituents relative to solid constituent through
diffusion-type relation (initially originated by Fick and Darcy).
In this context, the mixture problem is well-posed and provides a flexible and robust theoretical framework to study the
interactions between mechanics and chemistry (incorporating mass and energy exchange between constituents). The
key features of the proposed model are as follows: (a) The
SF network is described in statistical terms with a Von Mises
distribution whose characteristics (mean, deviation) evolve
in time. (b) The generation of contractile force by SF follows
length–tension and velocity–tension curves that are known
to accurately capture the behavior of sarcomeric structures.
(c) The anisotropic formation and dissociation of the SF network depend on the level of contractile stress in existing SF
and (d) SF formation is limited by the diffusion and quantity
of globular actin monomers present in the cytoplasm. By capturing these important physics, we show that the formulation is capable to reproducing the mechano-sensitivity of cell
contraction with respect to substrate stiffness as well as the
general architecture of contractile cells.
The paper is organized as follows. In the next section, we
provide the basis for the continuum description of the cell’s
body that contains both kinematics and structural components. Section 3 then concentrates on the conservation and
exchange of mass occurring within the cell during contraction
while mechanical equilibrium, SF contractility and cell elasticity are discussed in Section 4. Results and predictions of
the proposed model are then described in Section 5 in which
several problems are considered together with comparisons
with experimental studies. A general discussion of the model,
potential improvements and concluding remarks are finally
provided in Section 6.

2.

Constrained mixture description of cells

2.1.

Continuum assumptions and kinematics

From a material’s view point, a cell can be considered
as a complex composite structure, composed of a large
variety of interacting constituents, which may be solid (such
as microtubules, actin filaments, intermediate filaments),
fluid (the cytosol) or dissolved species (such as ions,
monomers, diverse proteins). Under the assumptions that the
characteristic length-scale associated with each constituent
is small compared to its size, a cell can be viewed as a
multiphasic continuum that can be very well described within
the framework of mixture theory. Since the objective of
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Fig. 1 – Illustration of the continuum formulation of the cell (Parker et al., 2008), decomposed into the cytoplasm and the
cortical membrane. In the cytoplasm, a material point is seen as a mixture of four constituents, namely the passive
cytoskeletal network, the contractile SF, the cytosol and dissolved G-actin monomers.

the present paper is to characterize the chemo-mechanical
processes responsible for cell sensing and contraction, we
propose to consider four constituents that are critical
components of the contractile apparatus of a cell: (a)
porous and passive cytoskeleton, made of a network of
incompressible filaments and referred with the superscript
s (as in solid), (b) an incompressible fluid representing
the cytosol, referred with the superscript f (as in fluid),
(c) dissolved globular actin monomers, referred by the
superscript m (as in monomer) and (d) a network of
contractile SF referred by the superscript p (as in polymer).
The latter is the active constituent of the cytoskeleton.
An illustration of this decomposition is given in Fig. 1. It
should be noted that the notion of incompressibility is to be
understood within the context of “homogenized equivalent
constituents”, this enables us to avoid complications
associated with incompressible constituents in their natural
state as described in Rajagopal and Tao (1995). The reasons for
choosing these four constituents lie in the nature of chemomechanical processes responsible for contractility; SF (from
actin monomers) are critical elements of contraction and
the presence of the cytoskeleton must be included to assess
cell deformation. In addition, the existence of the cytosol is
essential for monomer transport and its mechanical function
in resisting the cell’s internal pressure.
Considering a planar cell (under plane stress conditions)
as a closed domain Ω0 delimited by a boundary Γ0 in its
initial configuration, one may locate a material point P by
its position vector X in a Cartesian coordinate vector Xi , i =
1, 2. Upon deformation, at any time t, a material point
associated with each constituent (represented by superscript
α = s, f, m, p) occupies a position xα defined by a continuous
and differentiable function χα as:
xα = χα (X, t).

(1)

The material derivative Dα /Dt following the motion of
constituent α can then be introduced such that the velocity
vα of each constituent is given as:
vα =

Dα xα
.
Dt

(2)

Following these definitions, the relationship between spatial
and material time derivatives for a continuous and differentiable function A(x, t) reads:
Dα A
∂A
=
+ ∇A · vα
Dt
∂t

where ∇ is the spatial gradient operator. In this paper, a
Lagrangian viewpoint is adopted for the solid deformation
while an Eulerian description is adopted for fluid flow and
monomer transport. In other words, the solid skeleton is
considered as a reference frame in which we compute motion
and velocities. In this frame, we introduce relative velocities
ṽα as:
ṽα = vα − v

regarding material motion. As noted by Humphrey and
Rajagopal in their treatise on growth (Humphrey and
Rajagopal, 2002), there are many difficulties associated with
the definition of mixture motion, as well as the partial
stresses arising from different solid constituents. These
issues result from the fact that based on the knowledge
of mixture velocity, there exist a variety of ways to find
the individual velocities of constituents. To circumvent this
problem, we assume here that all solid constituents located
at the same material point at time t follow the same motion.
In other words, we assume that SF velocity is equal to the
passive cytoskeleton velocity, or equivalently:
ṽp = 0.

(5)

This assumption enforces a constraint to the model as
discussed in Humphrey and Rajagopal (2002), which motivates our appellation “constraint mixture model”. Furthermore
since cell deformation is measured by the deformation
of the passive cytoskeleton, it can be measured with the
Green–Lagrange strain in the passive cytoskeleton:
1 T
∂x
(F · F − I),
F = Fs =
(6)
2
∂X
where F is the deformation gradient, I is the identity tensor
and x = xs . Finally, in order to follow the changes in cell constitution in time, we define the volume fraction φα , associated with each constituent representing the relative quantity
of each constituent at a continuum point.
E=

Vα
(7)
V
α
where V is unit volume of constituent α contained in a unit
volume V of mixture at a material point x in the current configuration. Assuming that the cell is saturated with the four
constituents, volume fractions satisfy the following relationship:
φα (x, t) =

4
−

(3)

(4)

where v = vs . We now make a fundamental assumption

α=1

φα = φs + φf + φm + φp = 1

(8)
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Fig. 2 – Illustration of SF volume fraction at a continuum point and its representation with a Von Mises distribution
function.

at all times. A consequence of the above equation is that
while the volume fraction of each constituent may change
during cell deformation due to volume changes or mass exchange, their sum remains constant.

(Menzel et al., 2008; Gasser et al., 2006). In a nutshell,
p
this tensor is related to the fiber distribution φθ through a
directional averaging operation ⟨⟨•⟩⟩ as follows:
p

2.2.

Anisotropic SF distribution

A particularity of the cell’s internal structure is the presence
of an evolving, strongly-oriented network of SF. For such
anisotropic fibrous network, the volume fraction φp (x) does
not provide sufficient information and the description needs
to be enriched to account for the angular distribution of
fibers. Concentrating on the case of a two-dimensional planar
fibrous assembly in the neighborhood of a continuum point,
the direction of an individual SF is designated by the angle θ
measured between the fiber axis and the direction given by
p
the base vector x1 . Based on this, a volume fraction φθ can
be introduced as the ratio of the volume of fibers oriented
in the θ-direction and the total volume. This gives rise to
p
a distribution function φθ representing the variation in fiber
density with direction, as shown in Fig. 2(a). In this paper, we
propose to describe this distribution by the π-periodic Von
Mises distribution function (which may be though of as a
periodic version of the normal distribution) defined as Gasser
et al. (2006):


exp[b cos(2θ − 2θ0 )]
p
φθ (θ) = φp
(9)
I0 (b)
where I0 (b) is the Bessel’s function of the first kind of order
zero defined as:
∫
1 π
I0 (b) =
exp(b cos θ)dθ.
(10)
π 0
The Von Mises distribution is represented in Fig. 2(b) when the
largest fiber density is along the θ0 -direction. On the figure,
it can clearly be seen that the parameter b in (9) captures
the degree of anisotropy. In particular, when increasing
b from 0 to ∞, the SF orientation varies from a totally
isotropic distribution to a strongly oriented distribution in
the direction θ = θ0 . To further simplify the formulation, the
fiber distribution can be represented at a continuum point
by a structure tensor 8p , a concept that was originally used
to represent the evolution of the anisotropic structure of soft
biological tissues during large deformations and remodeling

8p = ⟨⟨φθ ⟩⟩

where ⟨⟨•⟩⟩ =

∫
1 π/2
•Mθ dθ
π −π/2

(11)

where the matrix Mθ is related to fiber direction vector a =
[cos θ sin θ]T by:


cos2 θ
Mθ = a ⊗ a =
cos θ sin θ


cos θ sin θ
.
sin2 θ

(12)

From this definition, one can show that the structure tensor
8p is symmetric and is related to the total volume fraction φp
of SF appearing in (8) by:
p

φp = ⟨φθ ⟩ = tr(8p )

where ⟨•⟩ =

∫
1 π/2
• dθ.
π −π/2

(13)

Here, we introduced the averaging operation ⟨•⟩ that relates
the total volume fraction of SF to the volume fraction in
specific directions. It is particularly useful to realize that, for
a two-dimensional distribution, the symmetry of 8p implies
that it can be represented in terms of three independent
variables {φp , η, θ0 }, where η refers to the degree of anisotropy
and θ0 shows the principal direction of SF. In this context, the
structure tensor may be constructed in the form:
8p = φp [ηI + (1 − 2η)Mθ0 ]

(14)

where I is the identity tensor and the matrix Mθ0 was
defined in (11). It can be seen that if η = 0, all fibers are
aligned in the same direction (defined by angle θ0 ), whereas
as η → 1/2, the distribution becomes isotropic. Because of
their similar physical interpretation, it is possible to find
a relationship between parameters b (appearing in the Von
Mises distribution) and η by substituting (9) into (14). One can
show that:
η=

∫
1 π/2 exp[b cos(2θ)] sin2 θ
dθ.
π −π/2
I0 (b)

(15)

This integral may be computed numerically to determine the
b/η curve as shown in Fig. 3(b). This ensures that there is a
one-to-one mapping between the structure tensor shown in
(14) and the Von Mises distribution (9).
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where we used the material time derivative D/Dt = Dα /Dt
with respect to the cytoskeleton following (3). Following
the directional averaging operation defined in the previous
section and applying it to each term in (21), the balance of
mass for SF can be written in the following tensorial form
D8p
+ 8p ∇ · v = 0p
Dt

Mass transport and mass exchange

Cell contractility relies on the mass exchange through the
polymerization of G-actin monomers into actin filaments that
are a key structural component of SF. These reactions are
possible through the transport of G-actin monomers to the
site of reaction, a process that depends on the combination
of cytosol flow and G-actin diffusion (Engelke et al., 2010).
The present section discusses the mathematical description
of these phenomena.

3.1.

Mass balance of individual constituents

α = s, f, m

(16)

ραθ = φαθ ραr α = p
(17)
α
where ρr is the real density of constituent α. A particularity
of the present approach is the description of the anisotropic
SF distribution through the direction dependent mass density
p
ρθ . As we will see below, this definition is an important
feature of the model as it enables a natural description
of the evolution of SF evolution through the mass balance
equation. Thus, in the presence of mass exchange between
constituents, the conservation of mass for each constituent
is written in terms of mass source (or sink) term ραr Γ α that
represents the rate of added mass to the α − th component
per current volume. In the particular case of incompressible
constituents (i.e., the real densities ραr are constant in time
and space), we can write:
ραr

∂φα
+ ραr ∇ · (φα vα ) = ραr Γ α
∂t

α = s, f, m

Jα = φα ṽα

(18)

α
α ∂φθ

+ ραr ∇ · (φαθ vα ) = ραr Γθα α = p
(19)
∂t
where the second equation represents the evolution of SF
density in certain direction (denoted as θ). In particular, the
quantity Γθα denotes the rate of SF polymerization (if positive)
or depolymerization (if negative). Writing the above equations
with respect to the cytoskeleton motion, we obtain:
ρr

Dφα
+ φα ∇ · v + ∇ · (φα ṽα ) = Γ α
Dt

α = s, f, m

(20)

Dφαθ
+ φαθ ∇ · v + ∇ · (φαθ ṽα ) = Γθα
Dt

α=p

(21)

α = f, m

(23)

such that the final system of equations describing the
mass balance of solid (cytoskeleton), fluid (cytosol), G-actin
monomers and SF, respectively reads:
Dφs
+ φs ∇ · v = 0
Dt

(24)

Dφf
+ ∇ · Jf + φf ∇ · v = 0
Dt

(25)

Dφm

To accurately describe mass transport and mass transfer, it
is essential to ensure that mass is conserved throughout the
process of cell contraction. In this context, let us introduce
an effective density that represents the mass of the αth
constituent per unit volume of mixture as follows:
ρα = φα ραr

(22)

and we used the fact that ṽp = 0. The tensor Γ p can be
interpreted as the anisotropic rate of mass creation of SF per
unit volume at time t. Similarly to the structure tensor 8p , the
maximum and minimum rates of F-actin formation are the
largest and smallest eigenvalues of Γ p , while their directions
are given by the eigenvectors of 0p . To describe the transport
of cytosol and G-actin monomers, one can also introduce the
flux:

Fig. 3 – Relationship between parameters b and η.

3.

p

where 0p = ⟨⟨Γθ ⟩⟩

Dt

+ ∇ · Jm + φm ∇ · v = Γ m

(26)

D8p
+ 8p ∇ · v = 0p .
(27)
Dt
It is also important to mention that the total mass balance of
SF (averaged over all directions) is found by considering the
trace of (27), i.e.
Dφp
+ φp ∇ · v = Γ p .
Dt

3.2.

(28)

Mass balance of the mixture

The mass conservation of the mixture is typically determined
by adding the various contributions from each constituent.
Summing equations (24)–(26) and (28), we obtain:
∇ · Jf + ∇ · Jm + ∇ · v = Γ m + Γ p .

(29)

Assuming that no mass is added to the cell during the
contraction process, the total mass creation (or loss) for the
mixture should vanish. This enables us to write the following
relation:
−
p
m
ραr Γ α = ρr Γ p + ρm
(30)
r Γ = 0.
α

Assuming that the real densities of actin are the same in its
p
monomer and polymer form (ρm
r = ρr ), the mass equation for
the mixture finally becomes:
∇ · Jf + ∇ · Jm + ∇ · v = 0.

3.3.

(31)

Mass transport through the cytoskeleton

Mass transport within the cytoplasm is an important player
in both the passive mechanical response of cells and the
dynamics of cell contraction. For instance, mechanical testing
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procedures, such as micropipette aspiration, clearly exhibit a
time-dependency that is usually attributed to a combination
of the intrinsic visco-elasticity of the cytoskeleton and the
flow driven deformation of the cytoplasm. In terms of cell
morphology, it is likely that cytosol flow governs the number
and size of cell protrusions. Indeed, Weiss and Garber (1952),
in his analysis on the shape of mesemchymal cells, explained
the development of cell extensions (or filopodia) in terms
of competitive mechanisms based on the amount of cytosol
each protrusion could intake. Complex interactions may exist
between the transport and fluid and that of dissolved species,
which may result in a quite complex problem. However, it
is important to make a few simplifying assumptions for the
sake of clarity. The present analysis is then based on the
following points. First, assuming that the concentration of
G-actin in the cytosol is small, it is reasonable to say that
actin monomer transport does not affect the interstitial flow
of cytosol. In other words, cytosol flow can be expressed only
in terms of a differential of pressure though Darcy’s law as
follows:
Jf = −

K
· ∇p
µ

(32)

where K is the permeability tensor that depends on the
porosity and anisotropy of the cytoskeleton and µ is the
dynamic viscosity of the cytosol. Further assuming that
the anisotropy of SF does not affect the permeability (this
assumption can be relaxed in a future study), an isotropic
permeability κ is considered such that K = κI, where I
is the identity tensor. In addition, the transport of G-actin
monomers is assumed to arise from two mechanisms: (a)
convection with the cytosol and (b) diffusion through the
cytosol with a diffusion coefficient D. One can therefore write:


φm κ
φm
m
f
J =−
∇p − φ D∇
.
(33)
φf µ
φf
This above relationship implicitly assumes that there are no
interactions between G-actin monomers and the cytoskeleton, an assumption that is reasonable with the small relative
size of G-actin monomers compared to cytoskeleton meshsize. Eq. (33) shows that the diffusion constant D has a role in
controlling the rate of cell contractility by providing more or
less resistance to the flux of monomers towards the site of SF
polymerization.

3.4.

Mass exchange and SF formation

Actin polymerization and SF formation are anisotropic
processes that strongly depend on the level of contractile
stress in existing SF. The rate of SF polymerization Γθ is
therefore derived based on the following assumptions: (a) the
chemical reaction between G-actin and F-actin is described
by a first-order kinetic equation and (b) the rate of SF formation
p
is affected by the magnitude of contractile stress Tθ in direction
θ. The latter statement is the main assumption of this
paper and will be shown to be responsible for the mechanosensitivity of cell contraction. The rate equation describing
the chemical equilibrium of SF is then written in terms of
rates of formation kf and dissociation kd of F-actin as:
p

Γθ =

Ma f m
p
(k c − kd cθ )
ρa

p

where kf = kf (Tθ )

(34)
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where Ma and ρa are the molar mass and real density of actin,
assumed to be the same in its polymer (p) and monomer (m)
p
configuration. Furthermore, the concentrations cθ and cm are
related to the respective volume fractions of SF and G-actin
monomers by:
p

cθ =

ρa p
φ
Ma θ

and cm =

ρa
φm
ρa φm
≈ a
.
a
M φf + φm
M φf

(35)

Note that the concentration of F-actin is taken as the number
of moles per unit volume of mixture while the concentration
of G-actin is the number of moles of G-actin per unit volume
of cytosol-G actin mixture. To characterize the rise in SF
p
polymerization with contractile stress Tθ , we introduce a
p
f
linear approximation of the function k (Tθ ) appearing in (34)
as:
f

p

f

p

kf (Tθ ) = k0 + k1 Tθ

(36)

f
where the constant k0 denotes the rate of F-actin formation
f
in the absence of contractile stress and k1 > 0 measures
p
the increase in polymerization rate with contraction Tθ .

Combining the definition of the SF production tensor (22) with
Eqs. (34) and (36), and using (35), it is possible to derive the
following expression for 0p :
 m

φ
1 f
f
p
0p = ⟨⟨Γθ ⟩⟩ =
k0 I − k1 T p
− kd0 8p
(37)
2
φf
where the contractile stress Tp from SF is defined as the dip
rectional average of the contractions stress Tθ from individual
SF as:
p

Tp = ⟨⟨Tθ ⟩⟩.

(38)

Eq. (37) is a critical component of the proposed model as it
describes the evolution of SF concentration and distribution
in the cell in terms of the level of contractile stress. Indeed,
combining (27) and (37), the following evolution equation is
obtained for 8p

 m
1 f
φ
D8p
f
p∇ · v
=
k0 I + k1 Tp
− kd0 8p
−
8
.
 

Dt
2
  
φf



volume change
force dependent formation

dissociation

(39)
This expression clearly shows that SF formation in various
directions depends on the availability of actin monomers
(through φm ), the concentration of existing SF (through 8p )
and the level of contractile force (through Tp ). Finally, the last
term in (39) characterizes the change in fiber concentration
with volumetric deformation of the cell (through the term
∇ · v).

4.
Force generation and mechanical equilibrium
The generation of active forces by SF plays a significant role
in the process of mechano-sensing and cell deformation.
Indeed, mechanical force and resulting deformation play
two major roles in cell contraction. First, as seen in (39),
mechanical stress induces SF formation, which directly
affects the magnitude of contraction. Second, because SF
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Fig. 4 – Decomposition of the Cauchy stress.

possess a sarcomeric structure similar to that found in
myofibrils of muscle cells, contractile forces are very likely
to be highly dependent on the strain-rate and current length
of SF, as predicted by cross-bridge dynamics models (Carlson
and Wilkie, 1974). To incorporate these mechanisms into the
proposed model, this section concentrates on key mechanical
aspects of the problem by (a) writing the force equilibrium
between the four constituents present in the cell and (b)
introducing constitutive relations for SF contraction and
cytoskeleton deformation.

4.1.

Mechanical equilibrium of the cell

Let us first consider the mechanical equilibrium of the cell
by writing the balance of momentum associated with each
constituent. Introducing Tα as the partial Cauchy stress
associated with constituent α, the momentum balance for
each constituent can be written (Coussy, 2004):
Dα vα
= ∇ · T α + ρα b + f α
(40)
Dt
where b is the external force per unit mass of constituent
α and f α represents forces (per unit volume) acting on
constituent α due to its interactions with other constituents.
Assuming that at the mixture level, the net force resulting
from interactions between constituent must vanish, the
following equality must hold:
ρα

4
−

f α = 0.

(41)

α=1

Furthermore, due to the slow time scales associated with
cell motion, inertial forces on each constituent may be
neglected; this implies that the left hand term in (40) can
be neglected. The equilibrium of the mutiphasic mixture can
then be obtained by adding the contributions (40) from each
constituent; this yields the following form:
∇ · T + ρb = 0

(42)

where the total Cauchy stress T contains a contribution from
each constituent (Fig. 4):
T=

4
−

Tα = Ts + Tf + Tm + Tp .

(43)

α=1
Here, Ts may be interpreted as the passive stress arising from
cyoskeleton deformation, Tp is the contractile stress exerted

by SF and Tf results from the pressurization of the cytosol
such that
Tf = −φf pI

(44)

where p is the cytosol pressure. In this study, the partial pressure Tm due to the presence of G-actin monomers is neglected
because of the low concentration of G-actin monomomers in

the cytosol. It is also important to mention that since each
constituent verifies the balance of angular momentum, partial stresses Tα (and therefore T) are symmetric tensors.

4.2.

Active contraction of SF

Let us discuss the contractile stress Tp originating from the
tension developed in SF through acto-myosin interactions.
Noting that there are strong similarities between the
sarcomeric structure of SF and that of myofibriles (in
myocytes), one may borrow the extensive body of knowledge
on the mechanics of cross-bridge models describing actomyosin contraction in muscle cells. Considering a onedimensional SF undergoing contraction, the developed force
T is known to be dependent of two quantities: the change of
fiber length (the relationship is known as the length–tension
relationship Carlson and Wilkie, 1974) and the rate of change
of fiber length (known as the velocity–tension relation Hill,
1938). In this work, we introduce a model describing the
uniaxial contractile stress Tp in fibers in terms of their normal
strain ϵ (measuring the change in fiber length) and strain-rate
ϵ̇ (measuring the rate of fiber shortening during contraction).
In general, the tension Tp can be written in the form:
Tp
T̄

= T⋆ (ϵ, ϵ̇)

(45)

where T̄ is the isometric contraction associated with a
single SF in its original length (ϵ = 0) and a vanishing strain
rate (ϵ̇ = 0). In other words, the function T⋆ verifies the
equality T⋆ (0, 0) = 1. The derivation of function T⋆ is now
presented based on conventional knowledge of sarcomere
contraction.
Length–tension relation. The length–tension relation describes
a drop in active acto-myosin contraction T as the length of
sarcomere deviates from its original value. Consistent with
the prediction from the sliding filament theory, sarcomeres
exert the highest contractile stress T when ϵ = 0 (or ℓ = ℓ0 )
and this force decreases in a nonlinear fashion as the strain
deviates from 0, either in a positive or negative manner.
Remark. Note that because SFs form at different times, they
are usually characterized by different natural configurations
(or stress-free state) (Na et al., 2007). Since the change
of length of a single SF is measured with respect to its
natural configuration, the tension T⋆ cannot generally be
measured in terms of ϵ. In the present approach, it is assumed
that SF formation occurs in a way such that their natural
configuration is the same at that of the cytoskeleton and
thus the strain ϵ is a good measure of change in length.
While this assumption has been applied as a mean to simplify

1690

J O U R N A L O F T H E M E C H A N I C A L B E H AV I O R O F B I O M E D I C A L M AT E R I A L S

4 (2011) 1683–1699

Fig. 5 – Active and passive response of a SF. The uniaxial contractile stress is T p and the normal strain is a function of the
ratio of the final fiber length and initial fiber length l0.

Fig. 6 – (a) Strain-tension relationship f (ϵ) and (b) strain-rate tension relationship g(ϵ˙) are used in the study to capture the
length and velocity–tension relation, respectively, observed in muscle cells.

the proposed model, it can be relaxed in future studies by
computing the stress from new SF in terms of a time integral
as suggested by Humphrey and Rajagopal in Humphrey and
Rajagopal (2002).
Furthermore, when stretched, SFs develop a passive stress
that acts in a similar way cables resist tension. However,
because resistance in compression is negligible as fibers
become slack, the passive behavior of SF is described as
follows: (a) for negative strains, passive stress is zero and (b)
for tensile strain, SFs exhibit a strain hardening response. The
active and passive response of SF is summarized in Fig. 5.
Considering the case of isometric tension (ϵ̇ = 0), the change
of tensile stress in a SF is written:
  2
ϵ


e− ϵ0
if ϵ < 0
⋆
 2
 2
T (ϵ, 0) = f (ϵ) where f (ϵ) =
(46)
ϵ

ϵ
−

e ϵ0 +
if ϵ ≥ 0
ϵ1
where the constant ϵ0 describes how quickly contraction
decreases as strain deviates from zero and ϵ1 characterizes
the passive strain hardening of SF. Note that the above
function is such that f (0) = 1, in order to satisfy the fact that
T⋆ (0, 0) = 1. Fig. 6(a) shows the relationship between T⋆ and
scaled strain ϵ/ϵ0 considered in the proposed model (in the
case of isometric tension).
Velocity–tension relation. The rate at which a fiber shortens is
also known to affect the magnitude of the contractile force.
Typically, contraction declines in a hyperbolic fashion as the
rate of shortening increases (ϵ̇ < 0) and ultimately vanishes
for very high rates of shortening (Hill, 1938). However, as
a sarcomere lengthens (ϵ̇ > 0), it is found that contraction

increases and reaches a value well above the isometric
tension for high values of positive strain rate. To characterize
this behavior, we introduce a function g that describes the
change in contraction T with strain rate in the particular
case of a vanishing strain ϵ (i.e., the fiber length is the initial
length ℓ0 )
T⋆ (0, ϵ̇) = g(ϵ̇) = 1 + 

ϵ̇/ϵ̇0
(ϵ̇/ϵ̇0 )2 + 1

.

(47)

As seen in Fig. 6(b), function g is antisymmetric and verifies
the following criteria: (a) g → 0 as ϵ → −∞, (b) g → 2 as
ϵ → +∞ and (c) g(0) = 1. In other words, the maximum
contractile stress that can be developed by the fiber is twice
the isometric tension T̄. Literature on muscle mechanics
(Carlson and Wilkie, 1974) has shown that in reality, the forcevelocity curve is not exactly antisymmetric but this aspect
does not affect the main concepts presented in this paper.
Uni-directional model of fiber contraction. While the above models
are proposed at constant strain rate or constant strain,
respectively, in general, fiber contraction is affected by both
fiber strain and its rate simultaneously. Assuming that the
effects of strain and strain rate on fiber tension are completely
independent, it is possible to derive a general model that
defines T⋆ as the product of functions f and g defined in (46)
and (47). This yields:
T⋆ (ϵ, ϵ̇) = f (ϵ)g(ϵ̇)
  

ϵ 2

ϵ̇/ϵ̇0


 e− ϵ0

1+ 



(ϵ̇/ϵ̇0 )2 + 1
  
= 
 2 
2


ϵ̇/ϵ̇
ϵ
− ϵϵ

0



0

1
+
+
e



ϵ1
2
(ϵ̇/ϵ̇0 ) + 1

if ϵ < 0
(48)
if ϵ ≥ 0.
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Fig. 7 – Three-dimensional representation of the cell contraction T⋆ as a function of SF strain ϵ/ϵ0 and strain rate ϵ˙/ϵ0̇ .

We give a three-dimensional representation of contraction in
terms of ϵ and ϵ̇ in Fig. 7.
Contraction of the SF network. The above model is able to characterize the contraction of a single SF but does not describe
the contraction of an anisotropic network. This issue can be
addressed by relating the contraction of a single SF to the contractile stress tensor Tp , as follows. First, we write the uniaxp
ial contractile stress Tθ in a specific direction θ in terms of the
volume fraction of SF and the stress T = T̄T⋆ in each individual fiber as:
p

Tθ = φθ T̄T⋆ .

(49)

Second, the stress tensor Tp is derived from the averaging
p
equation defined in (38): Tp = ⟨⟨Tθ ⟩⟩. Referring to the definition of the averaging operation (12), the stress Tp can then be
found in terms of the Green–Lagrange strain tensor E and its
material time derivative Ė by computing the integral:
∫
T̄ π/2 p ⋆
Tp (E, Ė) =
φ T (ϵθ , ϵ̇θ )Mθ dθ
π −π/2 θ
where ϵθ = E : Mθ

(50)

and ϵ̇θ = Ė : Mθ .

Here, we used the fact that the tensile strain (and its rate)
in a certain direction can be found through a double tensor
contraction “:” with the matrix Mθ . The above integral can be
determined computationally using the Von Mises distribution
and the state of strain and strain rate at a material point.
Relation (50) therefore clearly establishes a link between
contractile stress, fiber distribution and the underlying
molecular mechanisms of the cross-bridge dynamics.

4.3.

the cytoskeleton stress Ts through the constitutive relation.
According to the effective stress principle (Coussy, 2004), this
stress is decomposed into pressure and an effective stress Tse
carried by the dry cytoskeleton as follows:
Ts = −φs pI + Tse (E).

(51)

Assuming an isotropic passive cytoskeleton, the effective
stress can be related to deformation E through an isotropic,
linear elastic relation. More complex behavior of the
cytoskeleton (including its known nonlinear visco-elastic
response) may be added to the present model in future
studies. Concentrating on a simple hypo-elastic constitutive
σJ
behavior, an objective rate of the effective stress Te is written
σJ

Te = C

σJ

:D

(52)

where the rate of deformation is given by D = F−T · Ė · F−1 , F is
the deformation gradient and a superposed dot refers to the
material time derivative with respect to cytoskeleton motion.
For an isotropic flimentous network, the fourth-order elastic
matrix CσJ is written in terms of the Lame constants λ and µ
as:
σJ

Cijkl = 2(µ − λ ln J)δik δjl + λδij δkl

(53)

where δ is the Kronecker delta. The above matrix can be
rewritten in terms of the Young’s modulus E = µ(3λ + 2µ)/(λ +
µ) that can generally be measured from mechanical testing of
cell deformation. It is also important to mention that while
the material response of the cytoskeleton is based on linear
assumptions, the relation between force and displacement
is nonlinear due to geometrical effects associated with finite
deformation.

Cytoskeleton elasticity

According to the velocity–tension relation, it is clear that
contractility is promoted by a scenario in which the rate of SF
shortening is limited. There are two elements that contribute
to the resistance of contractile deformation: the passive
cytoskeleton and the underlying substrate (through cellmatrix attachments provided by focal adhesions). The passive
cytoskeleton consists of a filamentous network that can resist
actin contraction through the mechanical balance between
compressive elements (microtubules), tensile elements (actin
and intermediate filaments) and cytosol pressure. These
contributions should be accounted for in the description of

5.

Model prediction

In this section, we propose using the multi-physics model to
investigate the behavior of cells and their interaction with
an external mechanical environment (or support). We are
particularly interested in understanding how cell contraction
and force generation is affected by the stiffness of the
support as predicted by experiments. For this, we consider
two situations: (a) the case of homogeneous contraction of
a square cell and (b) the case of a square cell supported by
elastic springs at its four corners.

1692

J O U R N A L O F T H E M E C H A N I C A L B E H AV I O R O F B I O M E D I C A L M AT E R I A L S

4 (2011) 1683–1699

Table 1 – Parameters used in the simulations.
Definition

Symbol

Cytosol volume fraction
Cytoskeleton volume fraction
F + G actin volume fraction

φc

Rate of SF formation

Value

Unit

Reference

70
25
5

%
%
%

Ateshian et al. (2006)
n/a
n/a

k0

0.0001

s−1

Rubinstein et al. (2005)

Mechano-sensitive rate of SF formation
Rate of SF dissociation
Cytoskeleton permeability
G-actin diffusion constant
Young’s modulus
Poisson’s ratio
Fiber maximum tensile stress

k1

s−1

kd0
κ/µ
D
E
ν
T̄

0.05
0.1
1 · 10−15
1 · 10−5
70
0.3
20 000

Model constant
Model constant
F/G molar mass ratio
F/G true density ratio

ε̇0
ε
Mp /Mm
p
ρR /ρm
R

0.01
0.1
100
1

Rubinstein et al. (2005)
Rubinstein et al. (2005)
Guilak and Mow (2000)
Rubinstein et al. (2005)
Deshpande et al. (2006)
Deshpande et al. (2006)
White and Fujiwara (1986); Kumar
et al. (2006); Tsuda et al. (1996)
Deshpande et al. (2006)
Carlson and Wilkie (1974)
n/a
n/a

5.1.

φs
φm + φp
f

f

Non-dimensionalization and solution strategy

Before assessing the physical behavior of the system, we
recognize that the above model possesses a certain number of
parameters, whose respective role in the cell’s behavior may
be challenging to assess. To simplify the approach, one can
scale these parameters with respect to characteristic time,
dimension and force that are inherent to cellular systems. Let
t0 = 1/ϵ̇0 , ℓ0 and T0 = T̄ be the scales of time, length and
force, respectively. The non-dimensional variables (denoted
with the superscript “⋆”) are then defined as:
t⋆ =

t
= ϵ̇0 t
t0

v⋆ =

v
ϵ̇0 ℓ0

x⋆ =
Ė⋆ =

x
ℓ0

Ė
ϵ̇0

Tα⋆ =

Tα
Tα
=
T0
T̄

p

Jα⋆ =

p⋆ =

T̄

(54)

Jα
.
ϵ̇0 ℓ0

(55)

In addition, the non-dimensional material parameters (diffusion coefficient, permeability, cytosol viscosity, stiffness and
rate constants) are given by:
D⋆ =

kd⋆ =

D
ϵ̇0 ℓ20
kd
ϵ̇0

κ⋆ =

κ
ℓ20

ϵ̇
µ⋆ = 0 µ
T̄

f

k
f⋆
k0 = 0
ϵ̇0

kd⋆
1 =

C⋆ =

C
T̄

T̄ d
k .
ϵ̇0 1

(56)

Dφf ⋆

κ⋆

Pa
s−1

where the constitutive relation for cytosol and monomer
a f m
φ c . Boundary conditions
transport were used and φm = M
ρa
must be applied in order to describe the applied traction te on
the cell boundary (written in terms of the total stress T) and
ensure that there is no flux of cytosol and actin monomers
across the cell membrane Γ :
T · n = te ,

Jf · n = 0,

Jm · n = 0

(62)

where n denotes the outward unit vector to Γ . These equations can be solved using a nonlinear implicit finite element
formulation, the details of which will be introduced in a companion paper (Farsad and Vernerey, in preparation). Finally,
simulation results shown in the next section were obtained
using the parameters shown in Table 1. Regarding model
constants, the isometric contractile force and cross-sectional
area of SF are estimated to be around 600 pN (Tsuda et al.,
1996) and 0.03 µm2 (White and Fujiwara, 1986; Kumar et al.,
2006), respectively. The isometric stress(T̄) can therefore be
calculated to be on the order 20 000 Pa (which is the value
chosen in our simulations).

5.2.

Homogeneous cell contraction

(57)

The physical state of a material point in the cell is determined
by the four following fields: the non-dimensional velocity v⋆ ,
cytosol pressure p⋆ , fraction of G-actin monomers φm⋆ and SF
structure tensor 8p⋆ . These fields are solutions of the system
of coupled non-dimensional partial differential equations derived in this paper that consists of (a) momentum balance
(40), (b) mixture mass balance (31), (c) cytosol mass balance
(25) and (d) mass balance of SF (27) as follows:
∇ ⋆ · (Ts⋆ + Tp⋆ − p⋆ I) = 0

s−1
m4 /N s
m2 /s
Pa

(58)

− ⋆ ∇ ⋆2 p⋆ + φf ⋆ ∇ ⋆ · v⋆ = 0
Dt⋆
µ
κ⋆
− ⋆ [(1 + cm )∇ ⋆2 p⋆ + ∇ ⋆ cm · ∇ ⋆ p⋆ ]
µ

(59)

− D⋆ ∇ ⋆ · (φf ⋆ ∇cm ) + ∇ ⋆ · v⋆ = 0

 m
D8p⋆
1 f⋆
f ⋆ p⋆ φ
⋆
⋆ p⋆
−
k
I
+
k
T
+ (kd⋆
0 + ∇ · v )8 = 0
1
Dt⋆
2 0
φf

(60)
(61)

In vivo, most contractile cells adopt a polarized elongated
morphology, characterized with strongly oriented SF (aligned
along the principal direction of the cell) that drive the
direction of contraction. The first example concentrates
on such an elongated cell that deforms uniaxially and
homogeneously in a constrained environment for which the
details of the geometry and constraints are shown in Fig. 8.
In this problem, cell-substrate adhesion is modeled as rigid
connections between the cell and a set of linear elastic
springs that characterize the stiffness of the underlying
substrate. Because of its one-dimensional feature, this
problem is used as a benchmark to assess how the proposed
formulation captures cell contraction and quantify the
influence of various model parameters.
The first analysis aims at evaluating the effect of the stiffness of the cell support (represented by the nondimensional
parameter K⋆ = K/(T̄ℓ0 )) on cell contraction. Fig. 9 shows the
time evolution of cell deformation, contractile stress and fiber
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Fig. 8 – (a) The geometry of the cell and boundary conditions. The cell of length 0 = 40 µm is free to contract in the vertical
direction but is constrained in the horizontal direction by linear springs of stiffness K. (b) Generated SF at steady state.

Fig. 9 – Time evolution of cell deformation, contractile stress and SF anisotropy for different values of support stiffness K⋆ .

Fig. 10 – Time evolution of cell deformation, contractile stress and SF anisotropy for different values of mechano-sensitivity
coefficient k1f .
anisotropy for various values of K⋆ ranging from 0 to very
large values. Generally these results show that from its original state (no contraction and no SF), a cell tends to develop a
SF network and generate increasing contractile force in time,
until it reaches a steady state. Furthermore, one can see that
there is a clear relationship between cell contractility (repp
p
resented by stress component T11 ), SF anisotropy (811 ) and
⋆
substrate stiffness K . For large spring stiffness, the cell can
only undergo very small strains (and strain rates), which results in a quasi-constant SF contraction as described by the
length–tension and velocity–tension relationships. This large
contraction, in turn, triggers the formation of additional fibers
that contribute to a rise in contraction. Steady state is finally reached when the majority of G-actin monomers are
consumed by the G-actin/SF reaction. On the contrary, a soft
mechanical environment (K⋆ → 0) results in large contractile
strains and a decrease in both fiber formation and contractile
p
stress. Moreover, the distribution of SF (represented by 811 )
p

varies from a totally isotropic network (811 /φp = 0.5) to an exp
tremely horizontally oriented network (811 /φp → 1) as spring

stiffness increases. This clearly shows how SFs align in the
directions of maximum stiffness.
The next analysis concentrates on assessing the role
of mechano-sensitivity of SF formation (represented by the
f
rate constant k1 introduced in (36)) on cell contractility

for a constant spring stiffness K⋆ = 0.01 (Fig. 10). Since
f

increasing k1 promotes SF formation in the direction of
maximum contraction, it is associated with a rise in fiber
formation, contractile stress and deformation along the
f⋆

horizontal direction. We also note that when k1 vanishes,
SF formation is insensitive to contraction, which results in a
p

totally isotropic fiber distribution (811 /φp = 0.5) and a very
low contraction (which arises from the rate of fiber formation
f

f

k0 ). This clearly shows that k1 is a critical parameter in
capturing the mechano-sensitivity of cell contraction.
To better understand the main trends exhibited by the
model, the last analysis focuses on assessing the steadystate value of strain, contractile stress and fiber distribution
f⋆

variation with spring stiffness and rate constant k1 . The
results displayed in Fig. 11 can be summarized as follows:
• Cell contraction increases with substrate stiffness in a
nonlinear fashion until it reaches a maximum value.
This value is determined by the initial quantity of actin
monomers that can polymerize into SF.
• The intensity of cell contraction and deformation is
determined by the mechano-dependent rate of fiber
f⋆

formation k1 and the isometric stress T̄ in each SF.
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Fig. 11 – Effect of support stiffness on steady state cell deformation, contractile stress and SF anisotropy for different values
⋆
of mechano-sensitivity coefficient k1f .

Fig. 12 – SF volume fraction ϕp and distribution at steady-state for three values of support stiffness (ranging from very low
to very high). The principal direction of SFs are indicated by lines and the parameter η refers to the degree of anisotropy
(η = 0.5 for an isotropic network and η = 0 for an unidirectional fiber direction). The polar fiber distribution (ϕp (θ)) is also
shown for 5 characteristic points in the cell.

• SF distribution becomes increasingly anisotropic with a
rise in spring stiffness and mechano-dependent rate of
f⋆

fiber formation k1 . This is explained by the fact that new
fibers are formed in the directions of maximum contractile
stress, which in turn increases the contraction in this
particular direction. This feedback mechanism is a key to
understanding cell contraction.

5.3.

Contraction of a square cell attached at its corners

The next example concerns the contraction of a square
fibroblast that is constrained at its corners by elastic supports
(Fig. 12) characterized by a non-dimensional stiffness K⋆ =

K/(T̄ℓ0 ). This situation has been previously studied both
experimentally by Tan and coworkers Tan et al. (2003) as
well as Bischofs et al. (2008) and theoretically by Deshpande
et al. (2006, 2007). This example is particularly interesting
since it involves heterogeneous cell deformation and the
development of a spatially varying SF network. Further, due
to the simple geometry and experimental reproducibility,
this problem can be used as a benchmark to assess model
prediction in terms of contraction, SF distribution and
characteristic time-scales. The solution is obtained using a
mixed-finite element procedure (Almeida and Spilker, 1997)
for which nine node elements are used to describe solid
velocity fields while four nodes are used to represent pressure
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Fig. 13 – Steady-state contractile force F at focal adhesions as a function of support stiffness K as predicted with the
proposed model. The steady-state morphology and corresponding SF distribution are are shown for characteristic values of
K. For comparison, experimental results from Ghibaudo et al. (Ghibaudo et al., 2008) on the variation contractile forces in
terms of pillar stiffness (spring constant) are also reported.

and actin monomer concentration. Large deformations are
handled with an updated Lagrangian formulation, that
consists of updating the reference configuration of the
cell at each time step, therefore facilitating the treatment
of the mapping between different material configurations
(Belytschko et al., 2000). Finally, time integration is performed
with an implicit Backward Euler integration scheme, coupled
with a Newton procedure to obtain a solution at each time
step. The presented results are obtained after discretizing the
cell domain into nine-node elements as shown in Fig. 12.
Element size was chosen to give satisfactory convergence
while minimizing the computational cost. More details on
this procedure are given in a companion paper (Farsad and
Vernerey, in preparation).
Starting from out-of-equilibrium initial conditions (φp = 0
at t = 0), the solution shows that cell contraction originally
occurs at fast rates that tends to decay in time in order
to reach a steady-state solution for which contraction is
maximum. This choice initial condition (out-of equilibrium) is
critical to observe cell contraction as it triggered the original
SF formation, responsible for the beginning of the positive
feedback loop described above. Indeed, no contraction is
observed if the initial conditions satisfy both mechanical
and chemical equilibrium. However, real cells are known to
constantly be out-of-equilibrium, and a change in chemical
equilibrium may be enough to start the positive feedback
loop observed in the model. Our results suggest that support
stiffness has a significant effect on SF formation and
distribution. To illustrate this, Fig. 12 shows the steady-state
cell deformation and the associated SF network for three
characteristic support stiffness: K⋆ = 5 · 10−6 , K⋆ = 5 · 10−4 ,
and K⋆ = 0.15. These results indicate that as K⋆ increases, the
following observations can be made:

• SF concentration increases and their orientation is more
and more pronounced along directions of maximum stiffness. Indeed, as substrate stiffness increases, boundary
conditions on the cell range from an isotonic situation
(the cell can deform under the load) to an isometric situation (the cell deformation is prescribed by its support).
The velocity–tension relation indicates that the isometric situation results in the development of strong contractile stresses, which then promote the polymerization of SF
(through the mechano-sensitive rate of formation). On the
contrary, isotonic situation (especially at small stiffnesses)
decreases contraction and consequently, SF formation.
• Cell morphology tends to become more “stellate” with
increasing membrane curvature between attachments. In
this context, we note that experimental observation of
cell morphology exhibits a uniform curvature (Bischofs
et al., 2008), a feature that is not predicted by the results
shown in Fig. 12. This discrepancy can be attributed to
the fact that surface elasticity of the cortical membrane
has been neglected in the present model. However, we
show in another study (Vernerey and Farsad, 2011) that
including the effects of membrane elasticity result in
uniform surface strains and curvature, consistent with
experimental observations.
• Contractile forces applied to the external supports rise in
a nonlinear fashion (Fig. 13) until they reach a maximum
value (that can be shown to be determined by the
initial amount of G-actin in the cell and the dissociation
rate constant kd ). This result may be compared with
experimental observations by Ghibaudo et al. (2008) of
the dependency of cell contractility on support stiffness
using micro-patterned substrates (micro-pillars). While a
quantitative comparison cannot be established here due
to differences in cell size and morphology, the results
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Fig. 14 – Mechanical work of the cell in terms of substrate stiffness: Qualitative comparison of model prediction and
experiments on cardiomyocytes (Adam et al., 2008).

show that the model captures both the order of magnitude
of contractile forces as well as the trends in substrate
stiffness-cell contraction relationships.
An important consequence of the observed behavior is
that the mechanical work performed by the cell is optimized
for a specific range of substrate stiffness. To illustrate this, we
computed the average work W done by the cell as:
W = 4Fδ

(63)

where F and δ are the average force and displacement of focal
adhesion, respectively. The number 4 arises due to the fact
that the square cell has four focal adhesions. Numerically
computing W in terms of spring stiffness clearly shows
that an optimum stiffness for our system is located around
1 nN/µm ≤ K ≤ 10 nN/µm as show in Fig. 14, a result
that qualitatively correlates well with experimental studies
on cardiac cell contractions (Adam et al., 2008). This behavior
may be explained by the fact that at low substrate stiffness,
very little force is generated by cells (F ≈ 0) and thus no work
is performed while at high stiffness, cell cannot generate
substrate deformation (δ = 0) which also implies a vanishing
work. The intermediate substrate stiffness which optimizes
both force and displacement is most of the time preferable
for certain cell phenotypes. Understanding such processes
is critical for the design optimized artificial gels for tissue
engineering (Adam et al., 2008).

5.4.

Effect of cell morphology on cell SF structure

Recent experiments on contractile cells (such as cardiomyocyte) have shown that a strong correlation exists between
cell shape and structure (Bray et al., 2008; Parker et al., 2008),
indicating that cell function, and in particular contractility, is
strongly affected by geometrical factors. This section consists
of assessing the prediction of the proposed model in that respect. For this, as a mean of comparison with experimental
tests (Bray et al., 2008; Parker et al., 2008; Geisse et al., 2009;
Bray et al., 2010), we consider three different cells (Fig. 15)
each characterized by their own morphology (square, rectangular and triangular shapes) and focal adhesions distribution. In particular, we assume here that a cell adheres to a
rigid substrate at specific locations (cell corners), which results in constraining the motion of material points on adhesion islands, represented by black dots in Fig. 15(a). Initial and

boundary conditions are similar to those applied in the previous example.
As depicted in Fig. 15 the proposed model is able to
capture the general SF organization observed in experiments
for various cell morphology (Bray et al., 2008; Parker et al.,
2008; Geisse et al., 2009; Bray et al., 2010). Both Fig. 15(b)
and (c) show that SFs are mostly generated in directions
that are restricted in terms of elongation, i.e. lines between
the adhesion islands. As discussed in the previous section,
this is explained by the fact that the rate of cytoskeleton’s
contraction along these directions is very small (close to
zero) and thus promotes contractility and SF generation.
Overall, these results indicate that interactions between SF
formation and mechanics, as described by the proposed
model, are sufficient to accurately reproduce key features
of cell organization and force generation observed in the
experiments.

6.

Concluding remarks

To summarize, this paper presents a mixture framework that
aims at describing the processes by which contractile cells
are able to sense their mechanical environment (through
stiffness) and react by adjusting the amount of contractile
force they generate. By describing the cell’s body as a mixture
of four critical contractile elements, the proposed model
is able to accurately capture the interplay between both
mechanical and chemical mechanisms taking place in cells.
The key features of the approach are:
• SF contraction is described by the velocity–tension and
length–tension relationships arising from cross-bridge
dynamics.
• SF formation arises from mass exchange with dispersed
globular actin monomers and is assumed to depend on the
tension in existing SF. This aspect is the main assumption
of the model regarding the mechano-sensitivity of contraction. Cytosol and globular actin transport is described
by conventional diffusion–convection type laws.
• Cell contraction is described in terms of both passive elasticity of the cytoskeleton and active contractile stress from
a statistical distribution of SF.
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Fig. 15 – Effect of cell morphology on SF distribution. (a) Definition of focal adhesion complexes, boundary conditions and
finite-element discretization (0 = 40 µm). (b) Computed SF orientation and density for three different shapes and (c)
comparison with experimental observations of fibril distribution in cardiomyocytes by Parker and co-workers Bray et al.
(2008); Parker et al. (2008); Geisse et al. (2009); Bray et al. (2010).

The model exhibits a positive feedback mechanism resulting between the mechanical–chemical interplay between
constituents. Contractile stress (that depends on strain-rate
through the tension velocity relationship) promotes SF formation and SF formation results in increasing contraction.
This loop eventually ends when the stock of available globular actin for SF formation is depleted. The solution to the
model shows that this chemo-mechanical cross-talk could
be responsible for the sensitivity of cell contraction on substrate stiffness. In other words, the proposed model may be
used as a first step to characterize the interactions between
a contractile cell and its environment, which is an important
feature of the processes of tissue remodeling, would healing
and morphogenesis. In addition, the present study has shown
how multiscale principles (Vernerey et al., 2007) (homogenization) and multiphasic mixture concepts can be extended to
investigate the active behavior of cells. This approach is very
promising as various physical processes including chemistry,
mechanics and transport and their interactions can be described in a consistent framework that satisfy basic conservation principles (balance of mass, momentum and energy).
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