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The formation of chemoattractant plumes aroundbenthic invertebrate eggs in steady and unsteady shearflows is
investigated for a range of shear rates, and the ability of sperm to navigate within these plumes is assessed using
several chemotactic strategies. Althoughmany of the details of sperm taxis remain uncertain, we investigate the
role of basic processes using a toymodel in two dimensions. Search strategies in 2D are intrinsically less complex
than 3D, but many of the basic components are similar, and the simplified geometry permits an understanding
and identification of the key factors of navigation tactics. Numerical simulations are used tomodel the advection
and diffusion of the chemoattractantwithin the differentflows, using three different sperm swimming behaviors.
A Monte-Carlo approach is then used to determine the probability of a sperm reaching an egg for a range of flow
conditions, initial conditions, and swimming behaviors. The spatial structure of chemoattractant plumes at the
scale of the gametes is also investigated. Success rates for locating an egg decreasemonotonicallywith increasing
shear rates, and a definitive hierarchical ordering of the tested swimming strategies is identified. A conceptual
framework to study and identify important aspects of this fundamental process to support further studies is
provided.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

A variety of benthic invertebrates use broadcast spawning as a
reproductive strategy. Sessile adult males and females, separated by a
distance on the order of meters, synchronously release sperm and
eggs into the ambient flow. Although sperm aremotile, their swimming
speed is likely too slow to bridge the initial distance to the closest eggs,
so physical stirring by the large-scale flow is required to aggregate the
gametes. Meanwhile, eggs increase their effective target size by emit-
ting plumes of chemoattractant that are stirred and stretched by the
local small-scale flow. If flow processes advect sperm sufficiently close
to eggs,motile sperm employ chemotaxis to navigate through gradients
in the chemoattractant plumes to help locate and fertilize the egg.

From release to fertilization, spawned gametes traverse a physio-
chemical environment with features that span spatial scales from mi-
crons to meters. The impact of these physical and chemical processes
at various scales on the resulting efficacy of the fertilization strategy is
difficult to study and not well understood. Various large-scale flow
phenomena have been proposed to produce gamete aggregation, but
the evidence for this is still indirect. At the small-scale end of the spec-
trum, details of the nature of chemoattractant plumes in realistic flow
conditions are all but unknown, as are details of how sperm navigate
within complex chemical landscapes. For a review of the current state

of knowledge on the impact of flow on fertilization success across a
range of scales, see Crimaldi and Zimmer (2014). In the present study,
we focus on the small-scale aspects of the problem. We use analytical
and numerical models of fluid flow, chemoattractant plume dispersion,
and sperm motility and chemotaxis to investigate how unsteady and
spatially varying flow processes shape chemoattractant plumes and
impact fertilization success at the gamete scale. The study is necessarily
idealized by design, given thatmany of the specific details about various
constitutive aspects of the problem are not easily observed or docu-
mented using current experimental and laboratory techniques.

1.1. Background

Sperm exhibit a chemotactic response to chemicals released by
conspecific eggs for a range of benthic invertebrates including urchin
(Böhmer et al., 2005; Kaupp et al., 2003), star fish (Böhmer et al.,
2005), sea squirt (Jantzen et al., 2001), siphonophores (Cosson et al.,
1984), coral (Morita et al., 2006) and abalone (Riffell et al., 2002).
Sperm response behavior is observed when the chemoattractant
concentration is above a given threshold (Riffell et al., 2004; Zimmer
and Riffell, 2011), and in the presence of a chemoattractant gradient
(Riffell et al., 2002, 2004; Ward et al., 1985).

We base the present study on known chemoattractant characteris-
tics associated with gametes of red abalone (Haliotis rufescens) because
gametes of this organism have been extensively studied. For red abalo-
ne, the chemoattractant released by eggs has been identified as the free
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amino acid L-tryptophan (Riffell et al., 2002), which is released at a
relatively constant flux in the range of 0.18–0.3 mol egg−1 min−1

(Himes et al., 2011; Krug et al., 2009) for 45 min after being spawned
(Himes et al., 2011; Krug et al., 2009). Typical of amino acids, L-
tryptophan is weakly diffusive in water, with a reported diffusivity of
6 × 10−9 m2 s−1 (Mark and Nilsson, 2002; Polson, 1937; Zimmer and
Riffell, 2011). The threshold concentration of L-tryptophan that elicits
chemotactic response in red abalone sperm is reported to be between
3 × 10−10 mol L−1 and 4 × 10−9 mol L−1 (Riffell et al., 2004; Zimmer
and Riffell, 2011).

Much less is known about the behavioral response characteristics of
sperm to an associated chemoattractant. Therefore, in this work, we
synthesize sperm behavioral response information from a range of ben-
thic invertebrate species. Sperm ofmost species have similar swimming
patterns, resulting from the helical motion of a flagellum (Friedrich and
Julicher, 2009), although the resulting swimming speeds are highly
variable even within one species (Kupriyanova and Havenhand, 2002).

The paths of swimming sperm have been observed in the field
(Babcock et al., 1994; Miller and Mundy, 2005; Quinn and Ackerman,
2011), and more typically under a microscope (Böhmer et al., 2005;
Cosson et al., 1984; Evans et al., 2012; Guerrero et al., 2010a; Himes
et al., 2011; Inamdar et al., 2007; Morita et al., 2006; Riffell and
Zimmer, 2007; Riffell et al., 2002, 2004; Wood et al., 2005; Yoshida
et al., 1993; Zimmer and Riffell, 2011) leading to a basic understanding
of swimming patterns and parameters. Two distinct sperm behaviors
have been observed: one (called loitering behavior) corresponding to
sperm exposed to a chemoattractant concentration below the response
threshold, and the other (called response behavior) corresponding to
exposure above the threshold. Most documented loitering behaviors
consist of chiral beats resulting in helical paths (in 3D) (Friedrich and
Julicher, 2007, 2009; Riffell and Zimmer, 2007) or drifting circles (in
2D) (Alvarez et al., 2012; Böhmer et al., 2005; Friedrich and Julicher,
2008; Kaupp et al., 2008). Sperm swimming near a surface or boundary
exhibit characteristics of 2D swimming and no longer swim in helical
paths, but instead move in drifting circles (Alvarez et al., 2014). Within
the loitering behavior, no bias with respect to an egg has been observed
(Morita et al., 2006; Riffell and Zimmer, 2007; Riffell et al., 2002, 2004;
Vogel et al., 1982). The path is considered random outside any stimulus.

There is greater variation in the documented response behaviors.
It is known that receptors on the flagellum register a change in the
chemoattractant concentration and initiate a chain of chemical reac-
tions within the sperm that control its behavior (Alvarez et al., 2012;
Böhmer et al., 2005; Guerrero et al., 2010a,b; Kaupp et al., 2003;
Morita et al., 2009; Wood et al., 2005; Yoshida and Yoshida, 2011). It
is not fully understood if sperm can determine the gradient due to a
Lagrangian or spatial change registered along the flagellum. As the
sperm swims andmonitors the gradient, it is able to perceive the spatial
concentration gradient and the flagellum reacts physically to move the
sperm up-gradient (Alvarez et al., 2014). The observed changes due to
stimuli are varied, but two major components are consistent. The
response is manifested in a change in direction (chemotaxis) and/or a
change in swimming speed (chemokinesis). It is not clear if chemokinesis
always accompanies chemotaxis and as Kupriyanova and Havenhand
(2002) noted, current studies do not clearly distinguish chemokinesis
from chemotaxis. The theoretical description of chemotaxis and the
effective diffusivity of searching sperm modeled in Friedrich and
Julicher (2008) consider only a directional response with a constant
speed unchanged by stimuli. The addition of chemokinesis can alter the
swimming path in a few ways: a decrease in the curvature resulting in
an increased drifting speed (Riffell et al., 2004; Ward et al., 1985;
Zimmer and Riffell, 2011), a path described as a trochoid or prolate
trochoid (Böhmer et al., 2005; Guerrero et al., 2010b; Kaupp et al.,
2006, 2008), severe suppression of turns such that any turns are no
longer recognized (Guerrero et al., 2010a; Riffell et al., 2004), or a
doubling of the swimming speed performed in straight run (Riffell and
Zimmer, 2007; Riffell et al., 2004; Zimmer and Riffell, 2011).

Mathematicalmodeling of themechanics of broadcast spawning has
contributed to a better understanding of the mechanics. To replicate
sperm motility, previous studies have modeled the swimming paths
as a diffusive process (Alt, 1980; Babcock et al., 1994; Keller and Segel,
1971). When chemotaxis is considered, sperm paths have been
modeled as a biased random-walk (Alt, 1980; Jabbarzadeh and
Abrams, 2005) and as a diffusive process wherein the diffusivity of the
linear path is relative to the strength of the chemoattractant (Friedrich
and Julicher, 2008, 2009). Yoshida et al. (1993) developed the widely
used linear equation chemotaxis index (Guerrero et al., 2010a;
Yoshida et al., 2002), which measures the trajectory of the sperm rela-
tive to the egg, in order to quantify chemotaxis. Sperm velocity and ori-
entation relative to the egg have been calculated to indicate the linearity
of the path and the increase in swimming speed as well (Himes et al.,
2011; Riffell et al., 2004; Zimmer and Riffell, 2011). Models have also
been used to estimate fertilization rates using a variety of techniques:
an advection–diffusion process (Kiselev and Ryzhik, 2012), probability
of collision (Vogel et al., 1982), and a function of egg diameter and
sperm concentration (Vogel et al., 1982).

Other search strategies, such as intermittent search behaviors, per-
sistent random walks and infotaxis have been analyzed to determine
their effectiveness. Intermittent search behaviors have been observed
in a variety of cases, such as animals looking for shelter and proteins
seeking a site on a DNA molecule (Benichou et al., 2011). Benichou
et al. (2007) determined analytically that this process can be optimized
and found that search times associatedwith no temporal or orientation-
al memory, such as sperm navigating a chemoattractant plume, are
within an order of magnitude of search times that are associated with
a memory. Persistent random walks have been used to determine the
probability of sperm locating an egg, in addition to creating a scaling
law for optimization of the search by using the persistence length, target
distance and search time (Friedrich, 2008). Vergassola et al. (2007) used
a computational model to introduce ‘infotaxis’ as a method of locating a
target when there is minimal or inconsistent information. An example
of this could be a sperm searching for an egg in a turbulent flow that
serves to disconnect and dilute the chemoattractant plume. In the
‘infotaxis’ strategy, the searcher determines the optimum direction to
maximize the rate of useful information at each time-step and it is
suggested that this could be attributed to a broader range of search
strategies where there is minimal information.

In addition to the biological aspects of the problem,flowdynamics at
the gamete scale have been identified and used to study fertilization
mechanics. The typical environment where benthic invertebrates
spawn is turbulent, but with relatively low mean velocities (Zimmer
and Riffell, 2011). The magnitude of the Kolmogorov scale in these
environments is on the order of millimeters. Sperm and egg dimensions
are on the order of micrometers, smaller than the Kolmogorov scale.
Therefore, gametes experience a physical world dominated by a single
dissipative vortex at any given time. This results locally in a linear
shear (Jumars et al., 2009; Karp-Boss et al., 1996; Riffell and Zimmer,
2007; Zimmer and Riffell, 2011).

Zimmer and Riffell (2011) modeled the development of
chemoattractant plumes in steady shear using a numerical simulation,
and tested the impact of shear rates on fertilization rates experimentally
for red abalone using a Taylor–Couette flow. Fertilization was enhanced
for shear rates less than α = 1 s−1, yet fertilization decreased in shear
rates exceeding α = 1 s−1 (Riffell and Zimmer, 2007; Zimmer and
Riffell, 2011). Increases in energy dissipation rates (Denny et al.,
2002), bed roughness (Quinn and Ackerman, 2011), flow velocity
(Levitan et al., 1992) and turbulence (Denny and Shibata, 1989;
Denny et al., 1992; Levitan and Young, 1995) have also been shown to
decrease success rates. Additionally, the preference of a sperm for
certain eggs within a single species (Evans et al., 2012), and viability
of both the egg and sperm (Giorgi and DeMartini, 1977) can decrease
actual and predicted fertilization rates. In the absence of flow, the effec-
tive target size of the egg increases fertilization rates and decreases the
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negative impact of sperm limitation and sperm dilution (Farley, 2002;
Farley and Levitan, 2001; Jantzen et al., 2001; Levitan, 1993, 1996,
2000, 2006; Levitan and Irvine, 2001; Styan, 1998).

1.2. Present study

In the current study we use a series of numerical simulations to
model interactions of small-scale physical–biological processes in
broadcast spawning. We model a flow field consisting of shear that is
unsteady in both direction andmagnitude. This flow field is representa-
tive of flow experienced by gamete-scale (sub-Kolmogorov) particles
within larger-scale turbulence. The flow is modified by the presence of
a freely rotating and advecting egg.We then use themodel to determine
the unsteady spatial distribution of chemoattractant released by the
egg. The chemoattractant distribution is governed by stirring from the
local flow and by molecular diffusion. Finally, we use the model to
determine sperm trajectories for several behavioral strategies as the
sperm navigate through the chemoattractant plume. Ultimately, we
gain insight into the role of turbulent flow on shaping gamete-scale
chemoattractant plumes, and on the role of several behavioral strategies
used by sperm to enhance their likelihood of locating an egg.

Searching for a target in 2D is intrinsically easier than in 3D, but
many of the fundamental challenges remain. In the present study, the
problem is studied using a toy model in the simpler 2D space; the goal
of the resulting simulations is to investigate the process-level role of
structured stirring on the attractant plume formation and chemotaxis
efficacy, and to build a framework for understanding more complex
flows. It is common to investigate the mechanistic features of complex
3D stirring processes with simpler 2D models (e.g., Basu et al., 2007;
Cetegen and Mohamad, 1993; Crimaldi et al., 2006, 2008; Flohr and
Vassilicos, 1997; Martinand and Vassilicos, 2007; Meunier and
Villermaux, 2003; Rehm et al., 1993); these models elucidate instanta-
neous processes seen locally in more complex 3D flows. Ultimately,
the present model can serve as a stepping stone for more complex
models in the future.

2. Methods

2.1. Numerical modeling of plume development at the scale of an egg

2.1.1. Steady shear flow
The distribution of chemoattractant mass is modeled for steady and

unsteady linear shear flows. A linear shear flow in the x-direction with
shear rate α is given by u! ¼ αy;0ð Þ. In the presence of a freely rotating
round egg, the shear flow is modified locally such that the x and y
velocity components are given by (Mikulencak and Morris, 2004)

ux
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where x$ ¼ x
Regg

; y$ ¼ y
Regg

; r$ ¼ r
Regg

, r is radial distance from the center of

the egg and Regg = 100 μm and is the radius of the egg. The streamlines
associated with this flow are shown in Fig. 1 for α = 1 s−1.

Constant shear rates α = 0, 0.1, 0.2, 0.4, 1, 2 s−1 are used in the
model, where α = 0 corresponds to a quiescent case. Zimmer and
Riffell (2011) show that for shear rates exceeding 2 s−1, the ability of
the sperm to turn decreases and this reduces their ability to find an
egg, sowe limit the shear rate below the level where it begins to impact

spermmotility. Shear causes eggs to rotate at a rate proportional to the
shear strength. At shear rates exceeding 1 s−1, the rotation significantly
decreases the ability of a sperm to successfully attach to an egg after it is
found (Riffell and Zimmer, 2007). This effect is not incorporated into
this study and is only one of several factors that can impede fertilization
once the sperm locates an egg. The relative importance of shear rate on
plume formation depends on the value of chemoattractant diffusivity D.
Using α−1 and Regg2 /D as characteristic timescales for advection and

diffusion, respectively, we can define a Péclet number as Pe ¼ αR2
egg
D

(see Table A.1 for values). The Péclet values associated with the steady
shear flows in the model are 1.5, 3, 6, 15 and 30.

2.1.2. Unsteady shear flow
We also consider a more complex flow that mimics an egg in an

unsteady, turbulent flow. At any instant, the egg is assumed to be in
the middle of a single Kolmogorov-scale vortical flow structure, with
locally linear shear. We use Eqs. (1) and (2) to define the linear shear
flow, but the direction and magnitude of the shear now changes with
time.

Fig. 2. A depiction of each response behavior taken from actual model simulations:
(a) Drifting Circle, (b) Turn and Run, and (c) Run. The egg is indicated by the gray circle,
the loitering path is shownwith the blue circles and the red circles show the response be-
havior. Each circle represents a time-step. The gradientmagnitude is increasing from right
to left and the threshold boundary is indicated by the vertical line. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of
this article.)

Fig. 1. Streamlines (black lines) and velocity vectors (black arrows) for the steady shear
flow with shear rate α = 1 s−1 in the presence of an egg (gray circle). The streamlines
indicate that the flow near the surface of the egg is circular and that velocity increases
away from the egg.
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The direction of the shear, defined as angle ϕ from the horizontal, is
updated at each time-step dt by sampling from a normal distribution
according to

ϕnew ¼ ϕoldþ ϕ
&

dt; ð3Þ

whereϕ
&

is a normally distributed random variable redwith units of s−1,
zero mean and standard deviationσϕ

& (Table A.1). Themagnitude of the

shear is varied as

α tð Þ ¼ α0 sin t=Tð Þ; ð4Þ

where the amplitude α0 has is different for two cases: low (α0 =
0.5 s−1) and high (α0 = 1.25 s−1).

The radius of the vortex is held constant for simplicity. The decay
rate used to replicate the decay in velocity from the center of the vortex
corresponds to the shear stress decay associated with an Oseen vortex
(Panton, 1996) written as

h rð Þ ¼ 1
r=rcoreð Þ2

1− exp − r
rcore

# $2% &% &
ð5Þ

where rcore is the scale for the rotational core of the eddy (Table A.1) and
is below the Kolmogorov scale.

2.1.3. Chemoattractant flux model
We use a quasi-2D model with a domain consisting of a thin sheet

passing through the center of an egg. The chemoattractant release into
the domain thus comes from a circumferential band consisting of the in-
tersection of the surface of the egg with the sheet. We use a flux rate of
2.38 × 10−23 mol μm−2 s−1 calculated from the total release rate of
0.18 fmol egg−1 for a 200 μm red abalone egg given by Zimmer and
Riffell (2011). The mass of chemoattractant is released 25 μm inside
the surface of the egg to account for the existence of a jelly coat. We
assume the same diffusivity within the jelly coat.

We model the release, transport and dispersion of the
chemoattractant tryptophan using a Lagrangian particle tracking
method (Kinzelbach, 1988) with 1 × 106 particles per simulation.
These particles then diffuse outward via a random-walk method
and advect passively in the flow (Eqs. (1) and (2) for the steady
shear flows and Eqs. (1)–(5) for the unsteady shear cases). The 2D
particle positions xn at time-step n in flow u! are computed via

x!n ¼ x!n−1 þ u! x!n−1

! "
dt þ Z

! ffiffiffiffiffiffiffiffiffiffiffi
2Ddt

p
; ð6Þ

where D is the molecular diffusivity of tryptophan (Table A.1) and Z
!

is a
random vector where each component has a normally distributed
magnitude with a mean of zero and variance of one. Each particle has a
constant molar mass. Particles are binned over small regions and
concentrations are calculated by counting the number of particles per
area and multiplying by the molar mass per particle. The model is run

Fig. 3. Steady-state chemoattractant distributions for steady shear flows at three different values of α. The 200 μm egg is indicated by the gray circle.

Fig. 4. Three representative slices at 60-second intervals of the chemoattractant distributions for unsteady shearflowswhereα0=0.5 s−1 (a–c) andα0=1.25 s−1 (d–f). The plumeswere
allowed to develop over an initial 3-minute period. The 200 μm egg is indicated by the gray circle.
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until the concentration fields reach a local steady-state for the steady
shear flows, and until the plumes are fully developed in the unsteady
shear flow (typically about 3 min). The stochastic structure of the
chemoattractant plume remains approximately constant after this
3 minute period, and at times before this, the plume is similar to those
in the steady shear flow cases.

2.2. Model for loitering behavior

Motile sperm are also modeled via a Lagrangian approach. In order
to gather statistics about sperm paths and fertilization rates, we use
5 × 105 sperm in each simulation. The sperm are advected passively
by the flow, but also move actively according to a prescribed swimming
behavior. The sperm exhibit a loitering behavior if the local concentra-
tion is below a threshold or in the absence of a gradient regardless of
the local concentration.

The most commonly observed loitering behavior is accomplished in
the model by the superposition of a circular velocity and a drifting veloc-
ity. The exact mechanics of this process are still not fully understood. Nu-
merous studies have identified constituent motions including circling
(Alvarez et al., 2012; Böhmer et al., 2005; Friedrich, 2008; Kaupp et al.,
2003; Wood et al., 2005), drifting (Böhmer et al., 2005; Friedrich, 2008;
Kaupp et al., 2003) and running (Guerrero et al., 2010b; Riffell et al.,
2004). This model is a composite of those behaviors in which we can
vary different aspects to examine relative contributions of each motion.
It is meant to be representative of the statistical motion of a collection
of sperm. In all cases, the velocity of the swimming sperm is

v! ¼ v!circ þ v!drift þ v!run; ð7Þ

where v!circ consists of swimming speed vc and turning rate θ
&

, v!drift

consists of drifting speed vd and drifting direction θd, and v!run consists
of swimming speed vr and direction θr. The sperm positions at time-step
n are determined by the swimming velocity v! and the flow u! as

x!sn ¼ x!sn−1
þ u! x!n−1

! "
dt þ v! x!sn−1

! "
dt: ð8Þ

The loitering velocity in the model is given by Eq. (7), where vc is

held constant and the turning rate θ
&

varies over time such that it is nor-
mally distributed with mean μθ

& and standard deviation σθ
& (Table A.1).

This initial swimming direction for each sperm is chosen randomly
from [0, 2π]. The speed vd varies over time such that it has a triangle dis-
tribution centered on vd, tapering linearly to zero at vd ± Δvd value
found in Table A.1. Note that the triangle distribution is used to avoid
the possibility of nonphysical behavior associated with the infinite tail
of a normal distribution. The direction θd, is initially chosen randomly
from [0, 2π] and varies over time such that it has a triangle distribution
centered on θd, tapering linearly to zero at θd ± Δθd (Table A.1). For
loitering, v!run ¼ 0. The swimming parameters were chosen to agree

with the observations of Böhmer et al. (2005), Kaupp et al. (2003),
Wood et al. (2005) and extant models (Friedrich and Julicher, 2008)
and to relate to observations of swimming sperm.

2.3. Model for response behavior

Three distinct behaviors are established to model the range of
observed chemotactic and chemokinetic strategies employed by sperm
responding to a stimulus: I) Drifting Circle, II) Turn and Run, and III)
Run. Sperm with no response to stimuli are also modeled as a base case.
Sperm exhibit a response behavior for all time when the local
concentration exceeds a threshold concentration and maintain or revert
to a loitering behavior when the local concentration is less than the
threshold level or the gradient is zero. A concentration gradient vector
is calculated at the location of the sperm using the local structure of the
chemoattractant plume at that time. It is assumed that the spermhave ac-
cess to this information and are continually monitoring the space around
them, as indicated by previous studies (Alvarez et al., 2014).

I) The Drifting Circle Response models sperm that use chemotaxis,
but not chemokinesis (change speed due to stimulation). This
behavioral response examines the success of sperm that use
only chemotaxis and do not change speed when stimulated
such as those observed by Kupriyanova and Havenhand (2002).
This behavior is modeled as the superposition of a circular
motion ( v!circ ) with constant curvature (turning rate θ

&

and
speed vc) and a translational drift motion ( v!drift) of constant
speed (vd), but time-dependent direction (θd) that depends on
the local gradient. θd varies over time such that it has a triangle
distribution centered on θΨ$ , the direction of the local gradient,
tapering linearly to zero at θΨ$ ' Δθd 1−Ψ$½ ). The value for Δθd
is found in Table A.1. Ψ⁎ is the non-dimensional magnitude of
the local concentration gradient, Ψ, normalized by Ψ0, the

Fig. 5. Steady shear flow contour levels for three threshold concentrations (1 × 10−9 mol L−1 (green); 2 × 10−9 mol L−1 (blue); 3 × 10−9 mol L−1 (red)) for 3 shear rates. These images
correspond directly to the concentration images shown in Fig. 3. The gradients are everywhere normal to the contours. The green line depicts the threshold concentration used in the
fertilization models. This lies on the higher end of the documented threshold concentration ranges (3 × 10−10 mol L−1–4 × 10−9 mol L−1) (Riffell et al., 2004; Zimmer and Riffell,
2011). The 200 μm egg is indicated by the gray circle. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

3

2.5

2

1.5

1

0.5

0
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Fig. 6. The effective diameter D⁎ as a function of steady shear rate α for three threshold
concentration values.
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maximum chemoattractant gradient in our model domains
(Ψ0 = 2 × 10−12 M μm−1). Ψ⁎ varies between 0 and 1. When
it is closer to 1, the local gradient magnitude is strong so there
is minimal variation on the path.WhenΨ⁎=1, the sperm aligns
exactly with the local gradient. When Ψ⁎ is closer to 0, the local
gradient magnitude is weak and there is more variation on the
path. For the Drifting Circle Response v!run ¼ 0. Fig. 2a shows a
depiction of this response behavior in a gradient.

II) The Turn and Run Response models sperm with the ability to
increase swimming speed and effectively decrease the curvature
of the swimming path, consistent with observations made by
Böhmer et al. (2005), Guerrero et al. (2010b), Kaupp et al.
(2006, 2008), Riffell et al. (2004), Ward et al. (1985), and
Zimmer and Riffell (2011). As in the Drifting Circle Response,
the path curvature is time-dependent and results from the
superposition of a circular motion with a translational motion.
In this case, the circular motion ( v!circ) has constant magnitude

(vc) and now also has variable curvature (turning rate θ
&

) modu-
lated by the local gradient magnitude. θ

&

changes over time with
the local normalized gradient magnitude Ψ⁎ such that it varies
linearly. At each time, the turning rate is determined as

θ
&

¼ μ
&

θ 1−aΨ$( )
; ð9Þ

where a is chosen to be 0.5 for our simulations, andμ
&

θ is the same
mean turning rate used for the loitering behavior (see Section 2.2
and Table A.1). The v!drift direction θd is determined as in the
Drifting Circle Response model and the magnitude component
vd also varies linearly with Ψ⁎ and is calculated at each time as

vd ¼ bvd 1þ cΨ$( )
; ð10Þ

where c is chosen to be 1.5 and b is chosen to be 2 so that the
velocity at least doubles when the local concentration is above

Fig. 7. (a–c) Unsteady shear flow contour levels for the low-α0 for oneminute time intervals. (d–f) High-α0 cases for the same intervals. Four possible threshold values (1× 10−10mol L−1

(black); 2 × 10−10 mol L−1 (blue); 3 × 10−10 mol L−1 (red); 1 × 10−9 mol L−1 (black)) are depicted. These images correspond directly to the concentration images shown in Fig. 4. Note
that the smallest contour (green) represents a concentration of 1× 10−9mol L−1, the threshold concentration used for the steady shearflows, but that the value used for the complex cases
is on the lower end of the range at 1× 10−10mol L−1 (black). The 200 μmegg is indicated by the gray circle. Note that the scale is different from Fig. 5. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 8.High-α0 unsteady shearflowcontour levels for concentrations that exceed3× 10−10mol L−1 at times correspondingwith those in Fig. 7c–e.Dc
⁎ uses the same calculation as Eq. (12),

but only the area of contiguous concentration connected to the egg is used for the value of the area.
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the threshold. v!run ¼ 0 in this case. Unlike previous studies that
calculated the variation along the path in a gradient and predict-
ed a diffusion coefficient for a mass of swimming sperm
(Friedrich and Julicher, 2008, 2009), here we are implementing
these variations and determining their effectiveness on naviga-
tion success in a variety of flows. Fig. 2b shows a depiction of
this response behavior in a gradient.

III) The Run Response models sperm that abandon the circling
strategy of the loitering behavior and execute a run directly up-
gradient when the local concentration is above the threshold
concentration and there is a nonzero gradient. This behavior
was chosen due to observations made by Riffell et al. (2004),
Riffell and Zimmer (2007), and Zimmer and Riffell (2011) and
studies the significance of the circling aspect of the swimming
paths. The linear swimming velocity v!run has magnitude vr
which varies linearly with the local gradient magnitude and is
determined at each time via

vr ¼ vc 1þΨ$( )
: ð11Þ

The swimming direction θr depends on the local gradient and is
calculated as θd in the Drifting Circle Response. θr is calculated
at each time from a triangle distribution centered on θΨ$ , the di-
rection of the local gradient, tapering linearly to zero atθΨ$ ' Δθr
1−Ψ$½ ). The value for Δθr is in Table A.1. In the Run Response

vc = vd = 0. Fig. 2c shows a depiction of this response behavior
in a gradient.

2.4. Fertilization rate model

Weuse aMonte Carlo approach to calculate the possibility of a sperm
reaching an egg. A collection of sperm are placed at one location in the
proximity of one egg and simultaneously begin to swim. We assume
second-order reaction kinetics based on previous models (Crimaldi
et al., 2006; Levitan et al., 1991; Vogel et al., 1982).We present the results
as cumulative success rates over time. For simplicity, we consider fertili-
zation as contact with the surface of the egg. While this would not guar-
antee a successful fertilization, the objective is to understand what
impacts the ability of sperm to reach an egg. Additionally, we have not in-
cluded any modulatory effect of shear in the swimming capability of the
sperm by limiting the shear rates (Zimmer and Riffell, 2011).

3. Results

3.1. How flow shapes a 2D chemoattractant plume

Steady-state chemoattractant plume distributions for the steady
shear flow at three different values of shear rate α are shown in Fig. 3.
The plumes approach a steady-state distribution approximately 3 min
after the egg is placed in the flow (the transient response is not
shown). The α = 0 case (Fig. 3a) corresponds to pure diffusion of
chemoattractant in quiescent flow, with a resulting symmetric plume
that decays radially away from the egg. As shear rate is increased
(Fig. 3b and c), the plume is stretched by the flow into an increasingly
elongatedfilament. This stretching sharpens chemoattractant gradients,
increases diffusive flux away from the plume, and decreases local plume
concentrations relative to the unsheared case. The shear mechanism
responsible for dispersing the chemoattractant is essentially the same
as the classic phenomenon described by Taylor (1953), modified locally
by the presence of the solid and freely rotating egg. The results shown in
Fig. 3 are consistent with steady-shear chemoattractant plumes
computed with a similar approach by Zimmer and Riffell (2011).

When shear is unsteady, as it is in turbulent flow, the resulting
chemoattractant plumes are more complex (Fig. 4). Using the unsteady
shear flow model given by Eqs. (1)–(5), we computed unsteady plume
distributions for two values of the unsteady shear amplitude α0. The
plume is allowed to disperse for a period of 3min after the egg is placed
in the unsteady flow such that it reaches a fully developed state across
the model domain. The plume, however, continues to change over
time in response to the unsteady flow field. To give a sense of the tem-
poral variation in the chemoattractant plume structure, we display in
Fig. 3 representative snapshots of the spatial distribution at 60-second
intervals. For the low-α0 case (α0 = 0.5 s−1, Fig. 4a), the effect of the

4
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2

1

0
50 100 150 200

Fig. 9. (a) Three sperm paths (indicated by each color) originating from the same point
(indicated by the green dot at the center) at the same time. (b) A plot of σ2/4, where σ
was calculated from a mass of loitering sperm over the first 200 s, plotted against time
(points the open indicated by circles) along with a linear regression line to the points
(solid line) used to calculate the diffusivity. The loitering parameters used to calculate
the points match the values used in the simulations (Table A.1). (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of
this article.)

Fig. 10. Representative sperm paths for both the loitering (black) and response (blue) behaviors in 3 steady shear flows. The red line indicates the boundary for the threshold concentra-
tion. The times associatedwith a few sperm paths are indicatedwith the arrow. (For interpretation of the references to color in this figure legend, the reader is referred to theweb version
of this article.)
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unsteady shear is predominately to bend the protruding arms of the
stretched chemoattractant plume. For this case, diffusion largely de-
stroys any additional complexity at the ends of the arms (the Pe for
this case, using α0/2 as an rms shear rate, is less than 4, and thus the
effect of diffusion is relatively strong). For the high-α0 case (α0 =
1.25 s−1, Fig. 4b), the Pe increases to approximately 10, and stirring
by the unsteady shear produces significantly more complexity in the
chemoattractant plume. Filaments are stretched and folded, with
pronounced striations developing in the scalar field.

The chemoattractant plume distributions shown in Figs. 3 and 4
illustrate the range of concentrations (in units ofmol L−1) present around
the egg. However, some of the concentrations are below the minimum
threshold concentration required to elicit a behavioral response by
sperm, and are functionally unimportant. Figs. 5 and 7 display the spatial
extent of the portions of the plumes that would elicit sperm response for
given values of the threshold. In the steady shear flow cases, Fig. 5
shows that for any shear rate, the effective plume area decreases as
minimum threshold increases. The contour spacing also indicates infor-
mation about the concentration gradientswhichwill be usefulwhenwe
look at the response behaviors in Section 3.2. Additionally, as the shear
rate α increases, the effective plume area for any given threshold de-
creases. The effective egg target size caused by the diffusion and disper-
sion of the chemoattractant plume provides an evolutionary advantage
(Jantzen et al., 2001; Levitan, 1993, 2000, 2006). We calculate an effec-
tive egg target diameter based on the area within a threshold concen-
tration contour (As), and normalize this by the egg diameter as

D$ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4As=π

p .
2Regg

! "
: ð12Þ

The effect of steady shear rate on the normalized effective diameter
is shown in Fig. 6 for three concentration thresholds. Both shear rate and

threshold value decrease the size of the effective diameter as was seen
qualitatively in Fig. 5.

In the unsteady shear flow cases, Fig. 7 shows a similar trend in the
decrease in target area for increasing threshold concentration and
shear rate. A new phenomenon occurs with the development of
non-contiguous islands of above-threshold concentrations for Fig. 7b
(high-α0). It is likely that these would complicate or present challenges
to search strategies for sperm seeking eggs. We calculate D⁎ for a few
points in time in the high-α0 unsteady shear flow and compare the
values to Dc⁎, the effective diameter calculated using Eq. (12) but now
considering only the single contiguous area of the plume that contains
the egg (Fig. 8). The values of Dc⁎ are typically smaller than D⁎, but
they remain large compared to unity, indicating that the plume
effectively increases the target size from the perspective of the sperm.
Nonetheless, it is clear that these islands of chemoattractant could
pose an issue for spermusing the information for navigation. The impact
of this area is further discussed in Section 3.2.

3.2. Sperm motility

In the absence of a chemoattractant stimulus, sperm exhibit a
loitering behavior consisting of unbiased drifting circles. We begin by
quantifying the relative dispersion of sperm due to this loitering behav-
ior. Note that, due to their relatively large size, true diffusion of non-
motile sperm in amolecular Brownian-motion sense is negligible. How-
ever, a collection of loitering spermwill disperse in space due to random
differences in swimming directions. This dispersion has long been
assumed to be diffusive (meaning that spatial variance grows linearly
with time) in models of sperm motility (e.g., Keller and Segel, 1971).
More recently, Inamdar et al. (2007) used dead and live sperm to
demonstrate experimentally that sperm motility results in diffusive-

Fig. 11. Representative sperm paths for both the loitering (black) and response (green) behaviors in 3 steady shear flows. The red line indicates the boundary for the threshold
concentration. The times associated with a few sperm paths are indicated with the arrow. (For interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

Fig. 12.Representative spermpaths for both the loitering (black) and response (red) behaviors in 3 steady shearflows. The red line indicates the boundary for the threshold concentration.
The times associatedwith a few spermpaths are indicatedwith the arrow. (For interpretation of the references to color in thisfigure legend, the reader is referred to theweb version of this
article.)
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like spreading. A collection of sperm diffusing in two dimensions from a
single point would have concentrations predicted by the solution to the
2D diffusion equation (Fischer et al., 1979)

C x; y ¼ 0ð Þ ¼ M
4πDst

exp − x2

4Dst

" #
; ð13Þ

where Ds is the effective diffusivity produced by motility. The resulting
variance σ2 = 4Dst would then grow linearly in time.

To investigate the dispersive behavior of sperm in our numerical
model,we placed a large collection of loitering spermat a single location
in a quiescentflowand tracked their locations over time. Representative
paths of three sperm over 30 s are shown in Fig. 9a. The variance growth
of the entire sperm cloud is plotted in Fig. 9b as σ2/4 vs. t. The linear
trend indicates that the spreading is diffusive, with an effective diffusiv-
ity (given by the slope) of 1.8 × 10−9 m2 s−1. This is within the mea-
sured range of effective diffusivities obtained experimentally for
urchin sperm by Inamdar et al. (2007).

Representative response behaviors in quiescent and steady shear
flows are shown in Figs. 10–12 for each behavior. We quantify how

quickly and how likely sperm are to reach the egg later in Section 3.3.
The paths shown are real paths from the model, but they were specifi-
cally selected to show certain mechanisms (e.g., the flow sweeping
the sperm passed the egg). Note that if a loitering sperm locates the
threshold area, there is a very high chance of reaching the egg. In each
case, the threshold concentration is indicated by the red lines and the
200 μm egg is indicated by the gray circle. The loitering part of the
paths are shown in black, while the portion of the paths where the
local concentration is above the threshold are highlighted by a specific
color for each response.

Figs. 10a, 11a and 12a show a path for which the loitering sperm
never locates the threshold contour, so therefore never initiates the
response behavior. Additionally, paths associated with a successful
sperm are shown with varying times indicated. For example, Fig. 10a
shows two successful paths: one with a short path (total time to egg
73 s) and one with a longer path (134.6 s) to illustrate the range of
times for sperm to locate an egg within the quiescent flow. In each of
the steady shear flow cases (Figs. 10b, c, 11b, c, 12b and c) the path of
a loitering sperm that is swept beyond the egg due to the flow is
shown. Figs. 10b, c, 11b and 12c include the paths of sperm for which
the flow instead brought the sperm towards the egg and aided in
fertilization.

Fig. 13. Representative sperm path in the low-α0 unsteady shear flow. The threshold contour boundary is indicated by a red line, the egg is represented by the centered gray circle and
snapshots of the sperm location are shown by the blue circles. The scale in panel a is different. (For interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

Fig. 14. Representative sperm path in the high-α0 unsteady shear flow. The threshold contour boundary is indicated by a red line, the egg is represented by the centered gray circle and
snapshots of the sperm location are shown by the blue circles. The scale in panel a is different. (For interpretation of the references to color in this figure legend, the reader is referred to the
web version of this article.)

244 A.F. Bell, J.P. Crimaldi / Journal of Marine Systems 148 (2015) 236–248



Sperm paths in the unsteady shear flows from the model are shown
in Figs. 13–15. Each figure shows the entire path (a) with 4 instanta-
neous points in time highlighted in the subsequent plots (b–e). In
each case, the blue circles indicates the sperm position every 0.1 s, the
threshold concentration is indicated by the red lines and the 200 μm
egg is indicated by the gray circle.

Fig. 13 illustrates a common case within the low-α0 unsteady shear
case wherein once the sperm locates the threshold concentration, it
will remain within the higher concentration and likely locate the egg.
The sperm loiters and advects with the flow in Fig. 13b, then locates
the threshold area in Fig. 13c and remains within the higher concentra-
tion (Fig. 13d) before locating the egg (Fig. 13e). In thehigh-α0 unsteady
shear, the flow and fluctuating gradients may prevent sperm from
staying within a filament of high concentration once it is located
(Fig. 14c), but ultimately the egg can still be located (Fig. 14d and e).
Additionally, Fig. 15 demonstrates the possible effect of the islands of
threshold concentrations shown previously in Fig. 7. The sperm loiters
(Fig. 15b) until it locates the chemoattractant (Fig. 15c) and then
follows the gradients within this plume of isolated higher concentration
(Fig. 15d and e), but that does not direct the sperm to the single egg.
We quantify the impact for these isolated areas on the effective egg
diameter in Fig. 8.

3.3. Fertilization rates

3.3.1. Steady shear
We present cumulative fertilization rate plots from a few cases that

are representative of the overall results. In the quiescent flow, if a sperm
locates the area of chemoattractant above the threshold, the subsequent
likelihood of locating the egg is near 100%, though the timing depends
on the strategy. The effect of the initial location on the fertilization
rates is axisymmetric and is a function of the initial distance from the
egg relative to the threshold radius for the quiescent flow. Fig. 16
shows all of the discussed initial locations for all results using one steady
shear flow case as an example.

Fig. 17 shows the fertilization rates over 300 s for sperm using the
Turn and Run Response. Representative paths of sperm swimming in
the same flow using this response are shown above in Fig. 11 and the
sperm all initiated from the same distance with the radial direction
indicated by the Roman numeral in the top right of each plot, corre-
sponding to the locations in Fig. 16. In the steady shear cases where
α N 0, shear rate enhances success at early times, but impedes success
at late times, as seen in Fig. 17a where the higher shear rates have
success in the first 75 s, but as time continues, the lower shear rates

are eventually associated with higher success rates. The results are a
representative case showing that the local flow velocity and direction
can act to bring sperm close to the egg (Fig. 17a), sweep them past
the egg (Fig. 17b and c), or allow the cloud of sperm to diffuse and
overlap with the threshold concentration, allowing some sperm to
locate the egg before being taken away from the egg (Fig. 17d and all
quiescent cases).

Fig. 18 illustrates the fertilization rates for each response behavior in
each steady shear case over 200 s. The sperm all started from the same
point (I/V in Fig. 16). Corresponding representative paths of sperm
swimming are shown above in Figs. 10–12. Again, it is seen that as
shear increases, the success rates decrease. The target area of the
chemoattractant decreases with increasing shear (as shown in Figs. 5
and 6), contributing to the decrease in fertilization success for higher
shear rates. At later times, it should be noted that success rates decline
because the sperm are swept passed the egg and then have little chance
of returning since we have only considered one egg. This would not
be the case for multiple eggs. In all flow cases, sperm utilizing any
behavioral response are more likely to locate an egg than sperm
with no response and the hierarchical order of behaviors is maintained
(1. Run; 2. Turn and Run; 3. Drifting Circle) as seen in Fig. 18.

3.3.2. Unsteady shear
Fig. 19 provides a generalization of the fertilization rates within the

unsteady flow using a few conditions. The rates are generally much
lower in the high-α0 unsteady shear case (Fig. 19b and c) compared to
all of the steady shear flows (Fig. 18) and to the low-α0 unsteady

Fig. 15. Representative sperm path for a sperm in the high-α0 unsteady shear case. The threshold contour boundary is indicated by a red line, the egg is represented by the centered gray
circle and snapshots of the sperm location are shown by the blue circles. The scale in panel a is different. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

Fig. 16. All initial locations used to calculate the results are shown in Fig. 17. Note that the
flow is axisymmetric and therefore positions I and V are in identical flow conditions. The
radial distance from the center of the egg is 12Regg. The image shows the α = 0.4 s−1

steady shear flow.
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shear cases (Fig. 19a). The higher shear rates, noted to reduce fertiliza-
tion rates for the steady shear case, combinedwith the constantly evolv-
ing chemoattractant plume, where not all areas above the threshold
lead to the egg and the gradient is not a simple path, decrease the ability
of the sperm to reach the egg. However, thehigh-α0 unsteady shear case
does outperform the success rates in higher steady shear flows where
the starting location is not ideal (compare to Fig. 18b and c). The
sperm are less likely to be swept away within the unsteady shear be-
cause the strength and magnitude are not persistent as they are for
the steady shear. In both unsteady shear flows, the Drifting Circle Re-
sponse proved to be the least effective behavior, sometimes barely
outperforming the no response case. This indicates that chemokinesis
may be imperative to fertilization success in an unsteady flow.

4. Discussion

This study establishes a conceptual framework for a numerical
model that incorporates flow around an egg, dispersion of
chemoattractant from the egg and behavioral response of sperm navi-
gating through the plume to find the egg. Sperm paths are produced
from a phenomenological model to contribute to future holistic model-
ing approaches. There are clear idealizations in the model, many of
which are associated with limitations in knowledge of the sensory and
behavioral ecology of the sperm. Nonetheless, the results provide im-
portant insights and a foundation for understanding this fundamental
physical–biological process.

The effect of shear and threshold concentration level on the effective
target size of an egg are quantified and it is determined that an increase
in either shear or concentration threshold level will reduce the

perceived size of the egg. Insight is gained as to how chemoattractant
plumes are perceived by sperm in unsteady shear and how complexity
in the plume structure impacts the ability of sperm to locate eggs.

The results in the model indicate that any chemotactic and
chemokinetic response provides an advantage over no response in al-
most every tested condition. A general hierarchy in the strategies used
was constant over a range of conditions. The Run Response was the
most successful behavior in any flow condition, but it is also the biggest
change from the loitering behavior. The Turn and Run Response, while
usually less likely to locate an egg, had generally similar fertilization
rates and is perhaps a more natural strategy. The Drifting Circle Re-
sponse is consistently less successful and does not perform well in
flows with higher shear rates, suggesting that chemokinesis is indeed
necessary for successful fertilization. With all factors considered, prox-
imity to the egg and location within the flow are still the most signifi-
cant element, highlighting the importance of stirring and mixing at a
large scale as well as the diffusivity of a mass of sperm.

This study did not take into account the observed modulatory effect
of shear on the ability of sperm to swim.A future study could include the
effect of this behavior on cumulative fertilization rates. The ability of the
sperm to reach only a single egg with a single chemoattractant plume
was modeled. Multiple eggs with interacting and connected plumes
would have a significant impact on the results as well.
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Appendix A. Parameters
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Table A.1
Parameter values used in models throughout the study.

Parameter Value

Plume parameters
σϕ

& π/10 s−1

T 60 s
Regg 100 μm
rcore 15Regg
D 660 μm2 s−1

Motile sperm parameters
vc 150 μm s−1

vd 20 μm s−1

μθ
& π s−1

Δvd 0.7 μm s−1

Δθd 3/π
Δθ

& 1/π
Δθr 3/π
Ψ⁎ 2 × 10−12 M μm−1
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