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Dense architectured, granular, and other material systems based on the assembly of discrete building blocks
provide mechanical responses not ordinarily achieved in monolithic materials. The performances of these ma-
terial systems can be tuned and expanded by simply changing the building block geometry, their packing
arrangement, and/or their jamming states. Applications for these material systems have however remained
limited, in part because of fabrication challenges and scalability. We explored the vibration-driven assembly
method to form periodic arrangements of convex polyhedral building blocks into large-piece free-standing to-
pologically interlocked panels. We used a combination of experiments and discrete elements modeling (DEM) to
explore how vibration can be manipulated to steer polyhedral building blocks into one of three possible states:
static, assembly, and fluttering and study the governing physics and mechanics underlying these states. The
results specified the role of the normalized relative acceleration of mechanical agitation, bouncing, and rotation
mechanisms on both phase transitions and crystallization and/or interlocking. The geometry-dependency, re-
fragmentation, re-crystallization, and re-configurability of athermal out-of-equilibrium material systems can be
understood and optimized based on our findings and provided guidelines in this study.

[2-6,11,12]. For example, U-shape [13], Z-shape [14], hexapod [15]
blocks were used to create tensile strength, but these efforts remain
limited by randomness and/or poor packing density of building blocks.
The broader application of these complex material systems is also
hampered by fabrication challenges; for example, for polyhedral blocks,
the most common assembly method is manual [2,4,7,8]. An underused
yet potential approach for fabricating these materials is self-assembly
which is intrinsically driven by thermal fluctuations at nanoscales

1. Introduction

Hard convex polyhedral blocks can be assembled and/or fabricated
into crystal-like arrangement to create topologically interlocked mate-
rials (TIMs) [1-8]. This emerging concept of building block-based
architectured materials produces materials with a rich set of tunable

mechanisms and properties, based on morphological and interfaces at
length scales intermediate between building block size and component
size [1-8]. Block-based materials and structures are at the intersection
between composite materials, masonry, architectured materials and
granular materials, with which they share many similarities: they can
temporarily have phase transitions and therefore, they are
out-of-thermodynamic equilibrium in their amorphous state while they
can be crystallized and stay in a state of equilibrium (the lowest possible
potential energy is reached for each building block). In addition,
block-based materials and structures provide ample tunable mecha-
nisms, precise compositional and structural gradients, functionalities,
and stiff-to-flexible transitions not ordinarily found in monolithic solids
[1-10]. The performance of these information-rich materials have been
pushed to the extreme by manipulating geometry and/or functionalizing
the surface of building blocks resulting in more architectural complexity

and/or colloidal scales [16-19]. Thermal fluctuations, however, do not
affect the larger scales (meso- and macro-scales) and athermal systems;
therefore, a promising alternative can be mechanical agitating and/or
shearing [20-33]. In addition, innovative fabrication methods have
been developed for complex composite materials inspired by nacre,
bone, or tooth enamel including ice templating [34-36], magnetically
assisted slip casting [37], centrifugation [38], and 3D-printing [39]. The
vast majority of meso- and macro-scale granular assembly studies have
sought the packing and phase transition of spherical grains [9,10,
20-24], and much fewer studies have focused on the polyhedral blocks
[25-42], while self-interlocking and/or -crystallization of these geom-
etries has yet been explored particularly at the meso- and macro-scales.
Various governing mechanisms underlying packing and temporary
phase transitions of granular materials have been explained in the
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Nomenclature

applied vibration amplitude

the edge length of hexagonal medial section
rotation constant value

the diameter of sphere

elastic modulus

applied vibration frequency

gravitational acceleration

the height of blocks

averaged height of the bouncing sphere
normalized out-of-plane moment of inertia
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l the edge length of square medial section
N rotation constant value

S the area of medial section

\% the volume of one block

a interlocking angle

r critical relative acceleration

7 initial misaligned angle of the block
p density

Oc compressive strength

ot tensile strength

® angular velocity

literature; for instance, the “magnitude” of the mechanical agitation has
often been characterized by a single parameter: the critical acceleration
normalized by the gravitational acceleration [9,10,43,44]. However, the
effective mechanisms involved in self-interlocking and/or -crystalliza-
tion of polyhedral blocks have yet been established. Vibration-driven
assembly has recently been introduced as a potential candidate to
crystalize polyhedral building blocks [25,27,41]; however, a compre-
hensive understanding of the mechanisms governing the
vibration-guided assembly of polyhedral blocks is required to use this
fabrication method for the large-scale TIMs and other complex
block-based architectured material systems [41]. In this work, we
examine a vibration-driven assembly method to efficiently fabricate
large TIM panels at the millimeter scale using polyhedral building
blocks. We decouple the effects of vibration amplitude and frequency on
the possible states of the system including interlocking and/or crystal-
lization and temporary phase transitions. We also present discrete
element models (DEM) of the assembly, which we use in complement to
the experiments to assess and predict the physics and mechanics un-
derlying vibration-driven assembly.

1.1. Geometrical design

To design the individual blocks considered here we used a protocol
developed by Dyskin et al. [7,45], where individual blocks are con-
structed from their medial section, chosen to tessellate the plane (which
becomes the medial plane in the TIM panel). We first considered [ x [
square medial sections for the individual blocks, which we then
extruded to form [ x | x h square prism (Fig. 1A). Based on this shape,
truncated tetrahedra are produced from the square medial section by
tilting one opposing pair surfaces of the square prism inward by an angle
a, and the other remaining opposite pair surfaces outward by the same
angle (Fig. 1A) [2]. We isolated the effect of geometry by fixing [ = 5 mm
and adjusting h from 4.7 mm (square prism) to 5 mm (truncated tetra-
hedron). In this way, the areal density (pV/S = 1.09 g/cm 2, p is the
density, V is the volume of one block, and S is the area of medial section)
of both square prism and truncated tetrahedron remains constant. We
also consider hexagonal medial sections, which formed hexagonal
prisms after extrusion (Fig. 1B). The edge length of hexagonal medial
section was set to a = 3.25 mm, while the thickness h was adjusted from
4.3 mm (hexagon prism) to 5.3 mm (octahedron) to maintain a constant
areal density. The truncated octahedra are created from the hexagonal
medial section by tilting six side surfaces of the hexagonal prism:
alternating every other surface inward and outward by the same inter-
locking angle a [2]. For each medial section, @ was varied from 0° to 20°,
creating truncated tetrahedron and octahedron (Fig. 1A, B). The as-
sembly of these blocks into interlocking structures is shown on Fig. 1C.
We focused on these geometries because (i) the effect of different block
geometries tessellated from the same medial section on the
vibration-driven assembly and crystallization has to yet be explored; (ii)
blocks that can interlock are superior to other tessellated building blocks

in generating high-performance mechanical responses for TIMs [2]; (iii)
the interlocking of these geometries achieves when they stand on one of
their flat faces by which they are stable on the assembly platform (a flat
substrate)—a practical advantage for the vibration-driven assembly
process. There are other geometries that tessellated by increasing o
beyond 20°, which produces the limiting cases of tetrahedron (square
medial section) and rhombohedron (hexagonal medial section) (Fig. 1D)
[2]. However, in practice these geometries are highly unstable, and the
blocks tilted on their side during the experiments.

1.2. Fabrication and experiments

We produced the building blocks described above using a replica
casting method with calcium sulfate, using a method described in a
previous report [2] which creates dense and homogeneous blocks with
uniform geometry and smooth surfaces. We used the strongest type of
calcium sulfate plaster (type V from Suprastone, Kerr Dental, Charlotte,
NC) with a protocol that maximized density and strength at room tem-
perature [2,46]. The mechanical properties of this calcium sulfate were
reported in [2,46] (density p = 2.3 g/cm?®, Young’s modulus E = 11 GPa,
compressive strength 6. = 90 MPa, and tensile strength o = 31 MPa).
The modulus and density of this material provide low resonant fre-
quency response for the building blocks (order of ~1.43 MHz) which
was higher than the applied vibration frequency in the assembly process
(order of < 1 kHz) [41]. The elastic modulus and the density of the
material also govern the time scale of the contact interactions, which we
wanted to be much smaller than other characteristic time in the system.
Fig. 2A shows the vibration-driven setup that we used for assembly
and/or crystallization of the building blocks. We use a poly-
methylmethacrylate (PMMA) (E = 2.9 GPa) assembly platform with
edge walls of precise geometry that conform the geometry of the blocks
to serve as assembly templates. We centered and glued this assembly
platform onto a voice coil, depending on the applied vibration ampli-
tudes and frequencies, we used either a 45 W/60W-RMS/peak or a 120
W/240 W RMS/peak. We mounted this vibration configuration on a 10°
tilted platform, where the lowest point of the assembly platform was its
corner. With this chosen tilt angle, blocks resting on the platform did not
move unless vibration was applied. The applied vibration amplitudes
and frequencies were calibrated using a laser vibrometer (Fig. 2A). We
used a sinusoidal waveform because it can be generated using a speaker
without significant signal overshoot and also additional inertia of the
assembly platform. We explored a wide range of vibration amplitudes
(1-100 um with 5 um intervals) and/or frequencies (10~1000 Hz with
50 Hz intervals) to assess the packing and/or interlocking responses of
each polyhedral building blocks in Fig. 1C. Sixty four building blocks
were dropped onto the vibrating platform at intervals of ~0.1-~1 s.
Fig. 2B shows a schematic of a high-speed camera view that used to
monitor the possible mechanisms involved in the vibration-driven as-
sembly process and to measure the final packing factor at the actual
steady-state condition (Fig. 2C). Fig. 2B also shows the mobility of the
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Fig. 1. Overview of four building blocks categorized based on their medial section (A) square-based tiling; (B) hexagon-based tiling: For each category, the
tessellation from the basic prism geometry to the truncated version; (C) the crystal and/or interlocked conditions for each geometry; (D) the limited geometries for

vibration-driven assembly generated by increasing a in each medial section.

octahedron building blocks toward their minimum potential energy
position (the lowest corner of the platform). Once the assembly was
complete (that is when the position of the blocks did not change
anymore), the packing and/or interlocking efficiency was measured
using image analysis, where the domain of building blocks in the
binarized images was closely captured by bounding contour (Fig. 2C)
using “boundary function” more details for image analysis described in
[41]. We defined the steady-state packing factor (PF) as the sum of the
projected top surface area for each block divided by the bounding
contour area (Fig. 1C), which is outer boundary of the block assembly.
For each geometry, we conducted 400 combinations of amplitudes and
frequencies and repeated these combinations five times and measured
the average packing factor from these repetitions, which in total is 2000
tests. The obtained packing factor was then normalized by the theoret-
ical maximum packing factor for each block geometry. In this way, the

unique packing and interlocking conditions of each geometry can be
defined and comparable; for example, normalized packing factor 1
represents perfectly interlocked and/or crystalline for all geometries.
The results showed that the normalized packing factor in steady state is
independent of the initial position of the dropped block and therefore,
the system is memoryless.

We finally interpolated the discrete experimental results to get an
assembly map composed of continuous boundaries (Fig. 3). Three main
regimes and phase transitions between these regimes were identified for
this system based on the dimensionless applied amplitudes and fre-
quencies: A “Static” regime was observed at low vibration amplitudes
and/or low frequencies. In this regime the building blocks did not move
on the platform due to insufficient applied vibrational energy for over-
coming frictional forces, disabling packing factor measurements. An
“Assembly” regime was observed at higher vibration amplitudes and/or
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Fig. 2. (A) Schematic of the vibration-driven assembly process integrated with a high-speed camera and laser vibrometer. (B) Polyhedral building blocks are
randomly dropped on the tilted assembly platform with block-like walls (template) while it is vibrating. (C) Crystalline (interlocked) packing at steady-state condition

measured by image analysis through overlaid bounding contour.

frequencies. In this regime the building blocks bounced and rotated on
the platform substrate, enabling movement and the assembly of the
blocks into a panel. A steady-state packing factor (PF) could be
measured at end of this regime. Finally, a “Fluttering” regime was
observed at higher vibration amplitudes and/or frequencies. The
building blocks in this regime bounced and overturned constantly in a
chaotic manner that prevented packing. Fig. 3 shows these regimes and
phases transitions as well as snapshots of the building blocks at each
regime based on the dimensionless amplitude 2A/h and frequency
f+/h/2g, where A and f are applied vibration amplitude and frequency, h
is the height of building blocks, and g is the gravitational acceleration.
Fig. 3 shows that each building block geometry has a unique amplitude-
vibration range for the assembly regime; however, the variation of
packing factor followed a common trend. The packing factor gradually
increased by increasing both amplitude and frequency together from
static-assembly phase transition boundary toward the assembly-
fluttering transition and reached perfectly interlocked and/or crystal-
line (PF = 1) near this boundary. Square prisms (Fig. 3A) produced the
widest assembly regime among other geometries in this study, while
hexagonal prism (Fig. 3C) has the largest maximum packing factor re-
gion (PF = 1). In addition, increasing a from 0° to 20° in both square-
and hexagon-based tiling narrows assembly regimes and maximum
packing factor regions (PF = 1); however, octahedron (Fig. 3D) is su-
perior to both square prism and truncated tetrahedron in maximum
packing factor region (PF = 1). Truncated tetrahedron (Fig. 3B) has the
narrowest assembly regime and maximum packing factor region (PF =
1) with the widest fluttering regime, which reflects that this geometry is

more difficult to assemble. Fig. 3 demonstrates that hexagon-based tiling
geometries have the largest maximum packing factor region (PF = 1);
therefore, they are easier to perfectly be crystallized and/or interlocked
than square-based tilting geometries.

The phase transitions of granular blocks and their steady-state
packing due to vibrations have traditionally been predicted based on
critical relative acceleration of vibrating system normalized by gravi-
tational acceleration I'=Aw?/g (w=2xf and A is the vibration amplitude)
[29,43,44]. Fig. 3 shows the predictions of this model fitted to phase
transitions (static-assembly and assembly-fluttering) for each building
block geometry. The closest critical acceleration to the static-assembly
boundary was at I' = 3.8 for square prism and I' = 4 for other remain-
ing building blocks. The closest critical acceleration to the
assembly-fluttering boundary was at I" = 21 for square prism, I" = 20 for
truncated tetrahedron and hexagon prism, and I' = 16 for octahedron.
These predictions were closer to hexagon-based tiling geometries than
square-based tiling geometries. However, this model did not predict the
entire phases transition boundaries for any building block geometries. In
addition, these values are obtained from empirical fitting and have no
clear physical significance and insights into the mechanics of assembly.
For example, the static-assembly and assembly-fluttering transitions are
function of the geometry of the building blocks, an effect which is not
captured by accelerations only. The assembly process is a complex
phenomenon that results from a fine balance between the energy pro-
vided by mechanical vibrations, geometry of the blocks, inertia of the
blocks and contact interaction including elasticity and friction. Changes
in any of these parameters can potentially impact the assembly results,
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Fig. 3. Experimental assembly phase diagrams demonstrating the various states of the building blocks based on normalized vibration amplitude and frequency (A)
square prism; (B) truncated tetrahedron; (C) hexagonal prism; (D) octahedron. These assembly diagrams indicate three main regimes: static, assembly (contoured
region representing normalized steady-state packing factor quantified by the colorbar) and fluttering, as well as two phase transitions: static-assembly and assembly-
fluttering. The two dash lines exhibit the predictions of fitted critical relative acceleration criterion normalized by gravitational acceleration. For each geometry, the
snapshots show the blocks in different regimes: fluttering, high and low packing factor, and static regime.

for example decreasing friction between blocks and the platform would
probably shift the static-packing phase transition toward lower ampli-
tudes and frequencies. The tilt angle of the assembly platform can also
impact the assembly process. Fig. 4 shows the assembly diagram ob-
tained using 5° and 10° tilt angles, on square prisms and octahedra. The
10° tilt angle slightly extended the assembly regime in terms of both
amplitude and frequency range (Fig. 4), because the higher titled angle
facilitated the onset of motion in the blocks. Higher angles however led
to individual blocks titling on their side, which hindered assembly. The
dimensions of the blocks varied within 2-5% around their mean values.
It is not clear whether these slight variations in size and shape appar-
ently affected the phase diagram of assembly nor the packing factor of
interlocking and/or crystallization.”

Fig. 5 shows that meso-scale polyhedral granular building blocks can
be self-interlocked and/or -crystallized into macro-scale TIMs using
vibration-driven assembly and can be released from assembly platform
to be used as a large-piece free-standing stiff architectured panel.

1.3. Discrete element modeling

We used discrete element modeling (DEM) to better understand the
phase transition and crystallization (interlocking) of each building block
geometry during vibration-driven assembly process. The open-source
C++/ Python DEM solver Granoo that we used is particularly devel-
oped to model polyhedral granular blocks [47-49]. A contact model that
explicitly captures surface roughness was not used here. Instead, we
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Fig. 4. Comparisons between experimental assembly phase diagrams for two different assembly platform tilted angles (5 and 10°); (A) square prism; (B) octahedron.

used a linear frictional contact model based on the GJK-EPA algorithm
[43]. This algorithm detects collision and compute penetration distance
between colliding blocks, from which a contact force is computed. We
used a linear contact model where the contact is governed by a single
contact stiffness, which is an acceptable approximation for intermittent
contacts (this approximation of the contact also led to good agreements
with the experiments). The experimental physical dimensions and
properties were directly duplicated into the DEM simulations. The
block-on-block static and dynamic friction coefficients were 0.4 and
0.33, and the block-on-platform static and dynamic friction coefficients
were 0.38 and 0.27. The block-on-block contact stiffnesses was set at
150 kN/mm and the block-on-platform contact stiffnesses was set at 700
kN/mm. The block-on-block and block-on-platform coefficients of
restitution were 0.3 and 0.4. These values and more details for experi-
mental measurement of these properties are described in [41]. These
DEM simulations were first compared with the experimental results for
validation. We non-uniformly dispersed and randomly dropped 64
building blocks onto the vibrating tilted (10°) platform subjected to
gravitational acceleration and vertical sinusoidal displacement during
100 s which was adequate time to capture the response of the system for
any applied vibration amplitudes and/or frequencies for each building
blocks geometry. Fig. 6 shows the DEM-generated assembly phase dia-
grams based on the dimensionless vibration amplitude and frequency for
different building block geometries, together with snapshots at each of
the regimes. The DEM simulations duplicated the phase transition con-
tours from the experiments quite accurately. The packing factor pre-
dicted by the DEM simulation were repeatable and independent of the
initial dropping position of blocks and consistent with experiments. We
repeated each simulation (for each applied vibration amplitude and/or
frequency) five times with randomly dispersed block positions, the
packing factor was memoryless, and its deviation from the mean did not
exceed 10% for each building block geometry. In agreement with the
experiments, the maximum packing factor region (PF = 1) in DEM was
also achieved by high vibration amplitudes and/or low frequencies for
each building block geometry. The DEM-generated packing factor also is
increased from the static-assembly to the assembly-fluttering phase
transition boundary. We used the same method as the experiments to
interpolate continuous domains from the discrete modeling results to get
an assembly map shown on Fig. 6. The square prism (Fig. 6A) has the
largest assembly regime; the truncated tetrahedron (Fig. 6B) has the
smallest assembly regime and largest fluttering regime. DEM also
properly captured the effects of increasing a from 0° to 20° in both
square- and hexagon-based tiling, creating smaller assembly regimes

and maximum packing factor regions, as well as wider fluttering re-
gimes. The critical relative acceleration criterion did not fit experi-
mental transition well nor DEM predictions. In the following section, we
use DEM to capture the rotation and bouncing mechanisms of individual
blocks to create a fundamental understanding of the assembly process.

2. Mechanisms of individual blocks
2.1. Bouncing

Our observations (high-speed camera imaging) during the vibration-
driven assembly process exhibit that each building block may have an
effective bouncing mechanism enabling mobility and thus overcoming
the friction of blocks with the assembly platform. Predicting the bounce
height of an individual polyhedral building block bouncing on a
vibrating flat substrate is a seemingly simple problem; however, it is a
complex nonlinear phenomenon that can enter into a chaotic fashion
because of bouncing itself and variations in bouncing direction due to
geometrical angular features [41,50-52]. Therefore, a simple and
generalizable geometry is required to assess the bouncing mechanism of
polyhedral blocks by eliminating geometrical angular features and
possible bouncing directions. A single sphere bouncing on a harmonic
vibrating rigid platform was modeled in the DEM to explore the effect of
experimental physical and vibrational parameters on the bouncing
mechanism [41]. These DEM results were used to measure the
non-dimensional time-averaged height of the bouncing sphere based on
the normalized applied vibration amplitude and frequency. The ob-
tained equations for average bounce height given by [41]:

B (E)

where D is the diameter of the sphere; (h)is averaged height of the
bouncing sphere. This obtained equation also demonstrates that vibra-
tion amplitudes and frequencies have almost the same powers, and
therefore their contribution must be taken into account separately in the
context of a vibration-driven assembly [23,24,41].

2.2. Rotation

In addition to bouncing, rotation also promotes interactions among
polyhedral building blocks and is another effective block-based mech-
anism observed in the vibration-driven crystallization and/or inter-
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Fig. 5. The self-interlocking and/or crystallization process of (A) square prism, (B) truncated tetraheron, (C) hexagon prism, and (D) octahedron building blocks into

dense free-standing TIM monolayer as a large piece material and/or structure.

locking process, steering building blocks toward the available vacancies
[41]. This mechanism is not well understood for polyhedral building
blocks; therefore, we used a single-block DEM simulation for each ge-
ometry with the same dimensions and physical properties as in experi-
ments. Our objective was to capture the conditions in which a
single-block rotates from a misaligned static equilibrium condition to
perfectly align position (producing interlocking and/or crystallization)
or transition from rotation to chaotic fashion (fluttering). We used this
single-block DEM simulation to explore the rotation-based mechanism
of each building block geometry based on the initial misaligned angle,
applied vibration amplitudes and/or frequencies. The single block that
we placed at the corner of a tilted (10°) rigid platform with block-like
walls (the same shape as the blocks) has an initial misaligned angle
(0) (Fig. 7). This configuration initially was subjected to only gravity,
and the rotated block was settled by contact (friction) with block-like
walls in a static equilibrium condition. The platform was then sub-
jected to a vertical sinusoidal displacement for 5 s which was adequate
time to capture the rotation response of building block for any applied
vibration amplitudes and/or frequencies. This model replicates a local
configuration where a building block interacts with nearest neighbors
and/or the assembly platform and will be interlocked and/or crystalline

when it rotates from misaligned position. The polar plots in Fig. 7 show
the radial phase diagram for each building block geometry indicating
the state of single block (static, rotating to assembly or fluttering) based
on I' and the initial misaligned angle of the block (6). These polar plots
exhibit that the rotation of each building block is independent of the
medial section geometry because each block has a unique rotation
symmetry regardless of their geometry transformation from the same
medial section (square prism to truncated tetrahedron and hexagonal
prism to octahedron). For all building block geometries, the misaligned
angle 0 governs the static-rotating transition, while I" governs the
rotating-fluttering boundary. The results can be fitted with expression:

A h n

no c <f g) 2
A general form of power Eq. (2) can be fitted to radial phase tran-

sitions based on the applied vibration amplitudes and frequencies for all

building block geometries. The constant values (C and n) for each
building block geometry and phase transition are indicated in Fig. Al.
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Fig. 6. DEM-generated phase diagrams indicating the various states of the building blocks based on normalized vibration amplitude and frequency (A) square prism;
(B) truncated tetrahedron; (C) hexagonal prism; (D) octahedron. These assembly phase diagrams show three main regimes: static, assembly and fluttering. as well as
two phase transitions: static-assembly and assembly-fluttering. The contours quantified by the colorbar represent the variation of the steady-state normalized average
packing factor, which was measured by the bounding contour the same as experiments. The two dash lines exhibit the predictions of fitted critical relative accel-
eration criterion normalized by gravitational acceleration. For each geometry, the snapshots show the blocks in different regimes: fluttering, high and low packing

factor, and static regime.

2.3. Assembly phase diagram assessments with individual block
mechanics

In this section, we assess the effect of block-based mechanisms on the
phase transitions and compare these models with the critical relative
acceleration criterion. We also seek effective regimes, phase transitions,
and geometrical dynamic characteristics, making a geometry an easier
building block for vibration-driven assembly than another geometry. In
addition to the critical relative acceleration criterion, the two DEM-
generated models presented above (bounce height and rotation) were
superimposed to the experimental assembly phase diagrams indicated in
Fig. 3 and shown in Fig. 8. The critical relative acceleration criterion

predicts the transition boundaries of hexagon-based tiling geometries
(Fig. 8C, D) more precisely than square-based tiling geometries (Fig. 8A,
B). This empirical model is based on the vibrating system, and therefore,
it does not consider the building block geometry and/or the mechanisms
involved in phase transitions. In contrast to the critical relative accel-
eration criterion, the bounce height model has advantages to be based
on the phenomenological model of building block mechanism; however,
this model also has a fitting parameter that varies by changing building
block geometry. Fig. 8 exhibits that the bounce height model was more
successful in predicting the phase transitions of square-based tiling ge-
ometries (Fig. 8A, B) than hexagon-based tiling geometries (Fig. 8C, D).
The rotation model is a purely phenomenological based on the actual
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geometry of building block and its rotation mechanism; therefore, there
is no fitting parameter and/or dependency on building block geometry
in this model. The overall trends of transition boundaries were nearly
captured while this model captures the high packing factor regions
reasonably well for all building block geometries implying that the
rotation mechanism may not utterly be involved in the phase transitions,
but it is one of the key mechanisms in the assembly regime. In addition,
the overlap between rotation and bounce height model in high packing
factor regions for all building geometries, suggests that both rotation
and bouncing are the key mechanisms for vibration-driven assembly.
A building block can be assembled easier than another one with a
different geometry when it has a wider assembly regime with a broader
range of vibration amplitudes and frequencies in the assembly phase
diagram. Fig. 9A shows that the static-assembly boundary is nearly the
same for building block geometries used in this study; however, their
assembly-fluttering boundary is different. For example, the static regime
for truncated tetrahedron is the smallest due to its largest fluttering
regime. Therefore, a building block with the wider fluttering regime is
more difficult to be self-interlocked and/or -crystallized due to its
instability during assembly process (truncated tetrahedron and octahe-
dron). In a perfectly interlocked packing arrangement (PF = 1), finished
assemblies of truncated tetrahedra and of octahedra appeared to be
more stable because of geometrical interlocking. However, these two
geometries are also less stable during the assembly process because of
their dynamic characteristics and also their narrow PF = 1 region in
terms of amplitude and frequency range (Figs. 3 and 8). From dropping
point to steady-state condition, we showed that building blocks might
bounce and/or rotate to reach the platform wall or other blocks or
perfectly be crystalline and/or interlocked. During this process, a ge-
ometry like truncated tetrahedron or octahedron is more unstable than a
square and hexagonal prism due to their dynamic characteristics and
geometrical angular features, which include the moment of inertia. We
showed that bouncing has an additional role in assembly-fluttering
transition (Fig. 8), and due to the angular features of each building
block geometry, the out-of-plane moment of inertia can be more effec-
tive in instability of a building block than rotation and in-plane moment
of inertia (I;;). We therefore explored the area of PF = 1 regions (Fig. 3)
for each building block as function of the normalized out-of-plane
moment of inertia (Ixx and Iyy) (Fig. 9B). The lower the out-of-plane
moment of inertia, the larger the maximum packing factor region (PF
= 1) in terms of amplitude and frequency range, implying that perfectly
interlocked assemblies (PF = 1) by hexagon-based geometries can be

achieved in a broader range of amplitude and frequency due to their
lower out-of-plane moment of inertia compared to square-based geom-
etries (higher out-of-plane moment of inertia). Figs. 9B and 8 also imply
that by increasing the out-of-plane moment of inertia, the block-based
models are further needed to capture different states of the phases dia-
gram, while the critical relative acceleration model is more prices for
geometries with the lower out-of-plane moment of inertia.

3. Summary
Our main findings can be summarized as follows:

- Different polyhedral granular building blocks can be self-crystallized
and/or interlocked into topologically interlocked materials (TIMs)
and immediately be used as structures.

The phase diagram of the system was established using experiments
and DEM simulations. Static, assembly, and fluttering regimes and
their phase transition boundaries were identified. For all block ge-
ometries, the optimum packing occurred near the assembly-
fluttering transition.

The assembly phase diagram showed that the crystallized and/or
interlocked polyhedral granular building blocks can be re-
fragmented by the fluttering regime and then again be re-
fabricated by the assembly regime. The fluttering (instability)
regime was also effective in reducing the range of assembly regime; a
building block geometry with the wider fluttering regime is more
difficult to be self-interlocked and/or -crystallized.

- The basic geometries of square and hexagon medial sections (square
and hexagonal prism) benefit from wider assembly regimes
compared with their truncated versions (truncated tetrahedron and
octahedron). While hexagon-based tiling geometries (hexagonal
prisms and octahedron) benefits from wider maximum packing fac-
tor regions (perfectly interlocked and/or crystalline) compared with
the square-based tiling geometries (square prism and truncated
tetrahedron).

Out-of-plane moment of inertial was an effective dynamic charac-
teristic and geometry angular feature on the perfectly interlocked
and/or crystalline of building blocks. Geometries with lower out-of-
plane moment of inertia had wider maximum packing factor regions.
Each building block geometry had a distinct static-assembly and
assembly-fluttering phase transition. Both boundaries for hexagon-
based tiling geometries were nearly correlated with the critical
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relative acceleration criterion. However, this criterion was not
entirely successful for the phase transitions of square-based tiling
geometries; a part of these boundaries were correlated with the
bounce height and rotation model. The critical relative acceleration
was an inadequate parameter to determine the mechanical agitation
during vibration-driven assembly of polyhedral granular building
blocks. The role of vibration amplitude and frequency must be
characterized separately.

For all building block geometries, the onset of rotation and fluttering
was captured by the single-block rotation model, which was purely
phenomenological and reasonably correlated well with the phase
transition boundaries and maximum packing factor regions.

4. Conclusions

In this study, we assembled stiff square- and hexagon-based poly-
hedral building blocks into free-standing topologically interlocked and/

or crystalline monolayers by combining vibration and gravity. We
identified three regimes and two-phase transitions for the assembly
phase diagram of each building block geometry experimentally and
numerically. We generated DEM models to duplicate the experiments
and complemented these simulations with single-block DEM models to
study the effective mechanisms involved in the assembly and phase
transitions of each polyhedral building block geometry.

The physics and mechanics underlying the shape-dependency of
athermal out-of-equilibrium material systems can be studied in meso-
and macro-scale using the vibration-driven assembly method presented
in this study. This method can also be an efficient and promising
pathway for self-crystallization and/or -interlocking of polyhedral
granular building blocks in different length scales. It can offer new high-
potential routes enabling scalable, rapid, and low-energy fabrication
method for block-based architectured materials and/or structures in
different environments and atmospheres—topologically interlocked
materials (TIMs) was a prominent example in this study [1-8]. The
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assembly method in this study can be used to frequently re-fragment and
then again re-fabricate versatile anisotropic and/or hybrid TIM trans-
formable and freeform structures, components, and armors. The as-
sembly method is very robust, especially if a “crystallization front” is
created and maintained during assembly by controlling the feeding rate
of the blocks onto the assembly platform. In this condition, it would be
possible to scale the process to many more building blocks using a larger
assembly platform. The vibration-driven method in this study can also
have biomedical applications including bone regeneration and healing
and manipulating blood clot properties (both projects are currently
under investigation). In addition, it can be used to form and assess
decentralized and reconfigurable robots made by granular building
blocks [53-58]. The principal mechanisms and findings in this study can
also be used for other wave-based agitation methods for granular ma-
terials such as levitation [20,28,59]. We did not study the effect of
different waveforms (signal shapes) and also large size and shape vari-
ations. These two parameters need to systematically be studied in future
studies.
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Fig. Al indicates the constant values for the rotation model. These
values are different for each building block geometry and phase tran-
sition boundaries (static-rotating and rotating-fluttering).
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