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ARTICLE INFO ABSTRACT
Keywords: Randomly distributed granular materials offer a rich landscape of mechanisms but their tunability
Granular crystals is limited. Taking inspiration from crystallography and granular mechanics, we fabricated and

Granular mechanics
Granular metamaterials
Crystal plasticity

tested fully dense cohesive FCC and HCP granular crystals, and developed granular crystal
plasticity models to investigate their relative strength and deformation mechanisms. Geometri-
Crystallography cally, switching from FCC to HCP is remarkably simple and only involves a 60° rotation about the
FCC (Face-centered cubic) midplane of individual dodecahedral grains. However, the effect of this transformation on crys-
HCP (Hexagonal close-packed) tallography, properties and mechanics are profound. This rotation breaks several symmetries, and
while additional slip systems are made available (prismatic, pyramidal.) compared to the {111}
family in FCC, each of the families in HCP contain a smaller number of total slip planes. As a
result, slip in HCP is in general more difficult to activate resulting in an average strength 50%
greater than in FCC. We also observed mechanisms that are unique to granular crystals: micro-
buckling in FCC and HCP, and splaying in HCP crystals loaded along the c-axis. These granular
crystals offer powerful and versatile platforms for new generation mechanical metamaterials with
tunable inelastic deformation, energy absorption and strength. For example, the granular archi-
tecture amplifies the properties of the adhesive by about one order of magnitude, so that
attractive rheologies maybe be translated into useful responses in compression.

1. Introduction

Granular materials can be defined as a large collection of discrete, macroscopic particles which interact mainly by frictional contact
forces (Jaeger et al., 1996). Granular materials are seemingly simple systems, but they in fact display a wide range of complex
nonlinear mechanical responses and behaviors (de Gennes, 1998; Jaeger et al., 1996). Typical granular materials are based on
spherical grains, which is sub-optimal in terms of mechanical performance: The random packing of spheres leads to a solid volume
fraction of only 0.55 to 0.64 (Onoda and Liniger, 1990), which is significantly smaller than the maximum close packing volume
fraction (0.74). In addition, internal forces and stresses in sphere-based granular materials are transmitted from grain to grain over
small contact areas, resulting in high, concentrated stresses. Applied mechanical loads are channeled in the material along localized
force lines that occupy only a small volume in the material (Behringer et al., 2014) while most grains remain free of stress, and
deformation mechanisms are governed by the formation of clusters, localized regions of stress transfer, jamming, and shear bands
(Behringer and Chakraborty, 2018; Radjai et al., 2017).

While the strength of granular material may be increased to some extent by tailoring the shape of the individual grains

* Corresponding author.
E-mail address: francois.barthelat@colorado.edu (F. Barthelat).

https://doi.org/10.1016/j.jmps.2025.106305

Received 6 May 2025; Received in revised form 21 July 2025; Accepted 26 July 2025

Available online 28 July 2025

0022-5096/© 2025 Elsevier Ltd. All rights are reserved, including those for text and data mining, Al training, and similar technologies.


mailto:francois.barthelat@colorado.edu
www.sciencedirect.com/science/journal/00225096
https://www.elsevier.com/locate/jmps
https://doi.org/10.1016/j.jmps.2025.106305
https://doi.org/10.1016/j.jmps.2025.106305
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmps.2025.106305&domain=pdf

T. Gao et al. Journal of the Mechanics and Physics of Solids 204 (2025) 106305

(Athanassiadis et al., 2014), the inherent randomness of typical granular materials remains a severe limitation to efficient designs that
fully exploit deformation mechanisms. Another approach to increasing mechanical performance in granular systems involves the
ordered arrangement of grains into periodic constructs - termed granular crystals - through controlled manipulation of particle shape,
interfacial interactions, and compaction protocol (AlMahri et al., 2023; Karuriya and Barthelat, 2023; Villarruel et al., 2000). Using
Monte Carlo simulations, Glotzer and co-workers demonstrated how the shape of the individual particles that assemble under entropic
forces give rise to distinct structures including FCC, BCC, rhombohedral or liquid crystals (Damasceno et al., 2012). On the experi-
mental side, 3D colloidal lattices can be created with 100 nm spheres in solution (Henzie et al., 2012). Interestingly, these colloidal
crystals can be also used as model materials to explore and better understand atomic scale deformation mechanisms: 3D dislocation
dynamics (Schall et al., 2004), effects of grain boundaries (Maire et al., 2016). At larger scales, topologically interlocked materials can
be interpreted as 2D granular crystals which can not only be much tougher (x 50) than monolithic plates of the same material, but also
stronger (Mirkhalaf et al., 2018). Millimeter-scale 3D printed grains of specific geometries can be assembled into fully dense FCC and
BCC crystals which are 10 times stronger than traditional granular materials (Karuriya and Barthelat, 2023), and which can also be
infused with adhesives (Karuriya et al., 2024). These granular crystals display a rich set of mechanisms: Nonlinear deformations,
crystal plasticity reminiscent of atomistic mechanisms, geometric strain hardening, shear-induced dilatancy, micro-buckling (Karuriya
and Barthelat, 2023). An interesting approach to harvesting these mechanisms is to look at classical metallurgy for inspiration. The
effects of defects, grain boundaries and alloying have yet to be translated to granular materials at larger length scales. Another
interesting aspect to designing granular crystals is to manipulate crystallography. For example, hexagonal closed packed (HCP) metals
such as titanium or magnesium tend to be stronger (higher yield stress) than face centered cubic (FCC) metals such as aluminum and
copper (Jiang et al., 2023; Lin et al., 2018; Lu et al., 2023; Niu et al., 2018; Yang et al., 2018). The mechanical difference between HCP
and FCC metals lies in their dislocation movement and slip systems, stemming from distinct atomic arrangements. FCC metals, such as
aluminum, have 12 slip systems that allow easy dislocation motion. This results in high ductility, but at the expense of strength (Lin
et al., 2018; Lu et al., 2023). In contrast, HCP metals typically have only 3-4 slip systems, which restricts dislocation motion and
enhances strength (Jiang et al., 2023; Niu et al., 2018; Yang et al., 2018). HCP metals also exhibit elastic anisotropy and twinning
mechanisms, greatly increasing strength along specific crystallographic orientations, particularly along the c-axis of the hexagonal unit
cell (Antonangeli et al., 2006; Arul Kumar et al., 2016; Meyers et al., 2001). In this report we investigate whether these atomic scale
strengthening mechanisms can be duplicated at the macroscale in fully dense FCC and HCP granular crystals. We first discuss the
design and fabrication of these crystals and results from compression tests on these crystals. We then present granular crystal plasticity
models that are validated with experiments, and which we use for comparative analysis of strength and failure modalities in FCC and
HCP crystals.
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Fig. 1. Close packed granular crystals: Lattice and unit cells, packing sequence and individual grain geometries for (a) Face centered cubic (FCC)
and (b) Hexagonal close packed (HCP) crystals. The individual grain for the FCC crystal (Rhombic dodecahedron) can be transformed into the
individual grain for the HCP crystal (Trapezo-rhombic dodecahedron) by a 60° rotation about the (111) FCC direction (c-axis for the HCP crystal).
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2. Close packed and fully dense granular crystals

An interesting and useful feature of space filling polyhedra is that they can be found from 3D Voronoi decompositions on pre-
determined lattices. For example, taking the atomic positions of a face-centered-cubic lattice as seeds for a Voronoi decomposition
produces a spatial tessellation of solid rhombic dodecahedra (RD), each composed of twelve identical rhombic faces (Fig. 1a). A
representation of this crystalline structure with the {111} direction oriented vertically shows the classical stacking sequence ABCA of
the closed packed layers in FCC crystals (Callister and Rethwisch, 2020). The individual unit cells may be interpreted as a Wigner—Seitz
cell in crystallography (Kettle and Norrby, 1994), but in our case we use the geometry of the cells to create polyhedral grains milli-
meters in size. Conversely, a Voronoi decomposition of a hexagonal close-packed (HCP) lattice yields trapezo-rhombic dodecahedra
(TRD, Fig. 1b). A representation of this crystalline structure with the [0001] direction (or “c-axis”) oriented vertically reveals the
classical stacking sequence ABA of the closed packed layers in HCP (Callister and Rethwisch, 2020). FCC and HCP lattices share many
traits. In terms of spatial arrangement, they are both close-packed and only differ by their stacking sequence. Their Wigner-Seitz cell,
or grain, are both dodecahedra, and interestingly one can shift from one to the other shape by a simple 60° rotation about the (111) axis
of the FCC, or equivalently about the c-axis of the HCP (Fig. 1). Importantly, this rotation breaks many of the symmetries in the
rhombic dodecahedron (RD). For example, while all faces of the RD are rhombuses, in TRD six of the faces are rhombuses, while the
other six are isosceles trapezoids. This simple rotation not only changes the combinatorial structure and geometry of the unit cells, but
it also transforms the highly symmetry group O of RD into the low symmetry group D3, of TRD. As discussed above, the lower
symmetry of HCP metals generally leads to higher strengths compared to FCC metals. The main hypothesis of this study was that this
increase of strength from FCC to HCP could also be translated to macroscale granular crystals.

3. Fabrication

The granular systems we considered contained N = 380 grains each, which occupied an approximate volume of 30 x 30 x 100
mm?, with small variations depending on crystal orientation. We fabricated individual grains using a high-resolution 3D printer based
on digital light processing (DLP, EnvisionTEC Micro HiRes, Fig. 2a). This printer produces individual grains which are fully dense,
isotropic, and with a smooth surface comparable to injection molding. The grains were made of a photocurable resin which is relatively
stiff (measured Young’s modulus = 3 GPa) and strong (measured yield strength = 70 MPa). The volume of the grains was exactly 132
mm?® for both TRD and RD grains, corresponding to a size of 5.71 mm (face-to-face distance).
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Fig. 2. Fabrication. (a) 3D printing of individual grains; (b)vibration-assisted crystallization, where templates had to be used to assemble the lower-
symmetries HCP crystals; (c) Infusion of an emulsion of ethanol and pressure sensitive adhesive. After evaporation of ethanol, the free-standing
crystal is (d) released from the assembly box.
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We randomly poured 380 of these grains into a 126 x 33 x 42 mm® assembly box mounted on a vibration generator (Fig. 2b). To
assemble the FCC crystals, vertical vibrations with amplitude ~ 2 mm and frequency ~ 18 Hz were applied on the box to induce the
assembly of the grains. The assembly of the FCC crystals did not require additional templates other than the box itself: The container
floor served as template to crystallize {111} close-packing planes. The densest linear packing orientation < 110 > also aligned with the
vertical walls, forming near fully dense FCC crystals with either the < 121 > orientation or the < 110 > orientations aligning with the
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Fig. 3. Ductile responses of granular crystals. (a) Compressive stress-strain curves for FCC granular crystals along the < 121 > loading direction
(light blue), and HCP granular crystals along the < 1010 > (orange) and (0001) (purple) loading directions; (b) Snapshots of the samples at different
stage of compression show grain-on-grain sliding along slip planes and grain-on-grain splay deformation for the FCC/< 121 > and the HCP / < 1010
>tests. The HCP / (0001) tests revealed a different type of ductility where the grains collectively slide over large volume and in a splaying fashion.
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longer walls of the container (Karuriya et al., 2024; Karuriya and Barthelat, 2023). While the assembly of FCC crystals was relatively
easy and fast, assembling HCP crystals from TRD grains using the same protocol was not successful, because of the lower symmetries of
TRD grains. While RD grains can rotate to either one of eighteen orientations to align and assemble within the closed-packed {111}
plane, in the TRD grains there are only six orientations which enable the assembly of a closed-packed basal plane. To properly initiate
the crystallization of TRD grains, we 3D printed templates with different textures, which we inserted on the floor of the container
before crystallization.
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Fig. 4. Buckling responses of granular crystals. (a) Compressive stress-strain curves for FCC granular crystals along the< 110 > loading direction
(blue), and HCP granular crystals along the < 1120 > loading direction (orange); Snapshots of the samples at different stage of compression showing
collective buckling of (b) FCC and (c) HCP granular crystals.
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Fig. 2b shows the three different crystallographic textures we created and used: A {1120}template with the < 1010 > oriented
along the long axis of the container, a {0001 }template with the < 1120 > oriented along the long axis of the container, and a
{0001 }template with the < 1010 > oriented along the long axis of the container. In addition, instead of crystallizing a large volume of
grains at once, we dropped individual grains in the vibrating assembly box, which enabled a layer-by-layer, epitaxial growth of the
HCP crystal (see supplementary movie S1). Once the grains were assembled into granular single crystals, the interfaces were infiltrated
by a pressure sensitive adhesive (Aleene’s Repositionable Tacky Spray (P.F. Aleene’s Repositionable Tacky Spray 10 oz, 2025),
Fig. 2¢). We first prepared an emulsion of this adhesive and ethanol in the ratio of 2:3, which we poured onto the crystalized grains.
This emulsion has low viscosity and no adhesion, so the interfaces between the grain were fully infiltrated. We finally evaporated the
ethanol from the crystal, which left a thin layer of adhesive at the interfaces between the grains. The granular crystal was finally
extracted from the assembly box as a free-standing structure (Fig. 2d).

The choice of adhesive was critical to achieve large inelastic deformations in the granular crystals: A strong adhesive would make
the interfaces between grains mechanically invisible, and grains bonded this way would behave like monolithic polymers. Cohesive
interfaces which are weaker than the grains are indeed critical, so deformation and sliding are channeled at the interfaces between the
grains (interestingly many hard biological like bone, wood or mollusk shells rely on weak interfaces to generate toughening mech-
anisms (Barthelat et al., 2016)). The methacrylate-based pressure sensitive adhesive (PSA, Aleene’s Repositionable Tacky Spray (P.F.
Aleene’s Repositionable Tacky Spray 10 oz, 2025)) we selected is relatively weak (strength ~100 kPa) compared to the grains
(strength ~70 MPa) and it can sustain adhesion over a very large range of normal and shear strains (Karuriya et al., 2024), enabling
large inelastic deformations concentrated at the interfaces between the grains.

4. Compression tests on FCC and HCP crystals

Once fabricated, the close packed granular crystals were tested in uniaxial compression along their long axes, using a standard
testing frame (ADMET eXpert 5603) mounted with smooth steel compression plates. We used quasi-static rate of 330 pm /sec, cor-
responding to a compressive strain rate of ~3.3 x 107> s’1. Pictures of the samples were acquired at regular intervals during the test.
True stress and true strain were calculated from the force and displacements using standard procedure, accounting for the large change
in specimen length and changes in cross section observed in the experiments. The results (Figs. 3 and 4) show that the strength of the
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Fig. 5. Experiments on pressure sensitive adhesive. (a) diagram of the multi-axis miniature loading stage; (b) pictures of the test in combined
compression / shear, and in tension; (c) shear stress - sliding distance curve for different applied normal pressures; (d) shear strength of the adhesive
as function of normal pressure, with the linear approximation used in the model.
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crystals is a strong function of the crystal type and loading orientation. Fig. 3 shows the results for those samples that led to a ductile
type of response, which was characterized by slip along specific directions within the crystal, while Fig. 4 focuses on samples whose
failure was dominated by micro-buckling.

The ductile stress strain curves showed three different stages: (i) linear regime, (ii) progressive softening to peak stress, and (iii)
post-peak strain softening. We found no significant differences in strength between the FCC loaded in the [112]direction and the HCP
loaded in the [1010]direction. However, their failure modes were quite different: In the FCC crystal a {111} slip plane was activated
first (Fig. 3b). In the HCP crystal, yielding occurred by activation of prismatic planes ({1010}). We also performed compression tests on
the HCP crystal along the ¢ axis ([0001] loading direction). That direction was much stronger (Fig. 3a) and no clear slip plane was
observed. Instead, all grains appeared to slide on one another simultaneously, giving a barreling appearance to the sample from all
viewing directions (Fig. 3b). In that loading direction grains from the basal plane were progressively wedged into grains from adjacent
basal planes, so that the grains spread apart - referred to as "splaying", which we define as a coordinated grain-sliding mechanism
wherein adjacent basal planes wedge apart under c-axis compression, leading to a diffuse expansion of the granular structure in the
directions transverse to loading. The absence of available slip planes and this splaying mode of deformation required more stress to
activate. While this splaying mechanism is absent at the atomic scale, it commonly occurs in composites, joints, or connections, where
external stress or flaws cause layers, fibers, or components to separate (Nguyen et al., 2013; Soldatos, 2018; Yang et al., 2015, 2014).

Fig. 4 compares the compressive response of the FCC crystal when loaded along the < 110 > direction, and the HCP when loaded
along the < 1120 > direction. The stress-stain curves (Fig. 4a) showed identical trends: they first increase with a smooth and relatively
stiff response up to the peak stress, which was followed by a sharp decrease in stress. In this configuration, the grains formed arrays of
parallel columns that carry the compressive force through flat-on-flat contacts, which produced a stiff and strong response. Imaging
revealed that grains did not slide or move significantly. Instead, columns of grains buckled collectively near the peak, leading to the
rapid softening on the stress—strain curve. In that buckling direction, HCP crystals and FCC had about the same strength, and the
crystals were 4 to 16 times stronger in that direction compared to the other directions where inelastic sliding prevailed. Interestingly,
after each of the compressive tests the grains could be recovered, recycled, and reassembled into new samples with no loss of overall
strength.

5. Granular crystal plasticity models

The experiments presented above suggest that FCC and HCP granular crystals display a broad range of strength and a variety of
failure modes. In this section we present models for the various deformation modes of these crystals as a function of loading orien-
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Fig. 6. Modeling the strength of slip planes, with the {111} plane of a FCC crystal as an example. (a) An individual grain (in green) at a resting
position on the slip plane and subjected to combinations of normal and shear tractions; Coordinate systems and key directions used in the model in
(b) 3D view and (c) top view; (d) Shear strength contour for a flat surface (black circle) and the {111} plane; Effect of (e) friction coefficient and (f)
normal applied stress on the shear strength contours.
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tation, with the goal to fully capture their mechanics. These models are improved version of the micromechanical models we previ-
ously developed for frictional, confined crystals (Karuriya and Barthelat, 2023) and cohesive crystals (Karuriya et al., 2024). Since
individual grains interact by contact and through the pressure sensitive adhesive, the first task was to model the mechanical response
of the adhesive. The properties of the adhesive were measured using the miniaturized setup show on Fig. 5a (Karuriya et al., 2024).
This setup measures the strength of the adhesive in controlled combinations of shear and normal compression (Fig. 5b), as well as in
tension. Fig. 5¢ shows a typical set of shear stress — sliding distance curves, for different amounts of normal compressive forces. Fig. 5d
shows the resulting shear strength as function of superimposed normal force. In our previous study, we used a power law to capture this
experiment dataset. For the present study, we used a simplified linear approximation, which enabled close-form solutions for the
strength of different slip systems:

7 =79 + fo; 1)

The pressure-sensitive adhesive we used also display rate dependencies. To streamline the model, we performed interfaces tests at
the same sliding rates as observed in the granular crystal in compression (12pm/sec). At the appropriate rates, we identified Ty ~5 kPa
and f ~0.35 from the experiments. The measured tensile strength of the adhesive was 6y ~5 kPa.

Face-on climb: The next level in this model captures the strength of the available slip planes in the granular crystals. To this end we
considered the surface a slip plane and its morphology, as well as one grain representative of the adjacent plane of grains in the crystal.
Fig. 6 shows an example of this configuration for a {111} plane. The objective in this step was to calculate the shear stress 7z which
must be applied to that grain to dislodge it from its initial position. This shear stress depends on the applied compressive stressog, on
the properties of the adhesive, on the morphology of the slip plane and on the in-plane orientation of the applied shear stress with
respect to that morphology. The upper grain may be dislodged along a unit vector /, but because of the morphology of the surface the
direction 7 does not, in general, coincide with the direction of applied shear stress. For a face-on climb, the sliding vector & must be
contained within a plane region defined by the two edges p; and p, of the grain face (Fig. 6b). The equilibrium of the upper grain at the
onset of failure is written:

C C t
At +Y AponT. — (ZAmrm + ZA,,O’,I> 7=0 @)
m m n

Where A, is the cross-sectional area of the upper grain and T'is a traction vector applied onto the grain. The second term represents
the compressive stresses o,, transmitted through c grain faces with normal 7. For a face on climb on a {111} plane ¢ = 1, but ¢ may be
greater for the more complex slip planes described below (all compressive faces, however, always shared the same normal vector 7).
The third term represents the resistance to sliding generated by the adhesive, as a force acting directly against the sliding vector .
This term includes shear tractions from the grain faces in compression, and tensile tractions from the interfaces which open as the grain
is dislodged (t is the number of grain faces which are opening). A; denotes the individual surface areas of the grain faces involved in
sliding and opening. We then use the constitutive equation of the interfaces to write:

(4 [ t
A+ AnoiTi — (ZAm(TO +foi) + ZA,,GO> T=0 3)
m m n

In most slip plane configurations we considered, there was only one compressive face for a face-on climb, but a few of the most
complex slip planes involved more than one face (These compressive faces, however, always shared the same normal vector 7).
Finally, the third term represents the resistance of the interfaces: shear resistance from the compressive faces, and tensile traction from
the tensile faces. Both of these effects act along the sliding vector . We then write the ratios of surface areas:

C
A= An/Aq
m

" “

A= An/Aqg

And rewrite Eq. (3):
T + 20, e — (Ae(t0 +foc) + A00) U = 0 (5)

To project this equation, we considered a coordinate system where x and y are within the slip plane and z is out of plane. The
direction x is chosen so that shearing along this direction is aligned with the steepest direction against the contacting face (the angle of
steepest climb is denoted ¢,). It is useful to consider a second coordinate system (xyz)’ where x’ is aligned with the direction of
shearing (i.e. (xyz) is transformed into (xyz)’ by a rotation of 6 about the z axis). A third coordinate system (xyz)’ is obtained by
rotating (xyz)’ about the y’ axis, so that x”* lies within the plane of the compressive face and z”* coincides with the normal to that face.
This rotation is the apparent slope of the climb, which we denote ¢. This angle can be found with:

tang = tang,cosf (6)

We note again that because of the morphology of the surface the sliding direction & does not, in general, coincide with the direction
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of applied shear stress. Indeed, in order to satisfy equilibrium sliding generally occurs at a slip angle ¢ from axis x”’. It is now relatively

easy to write the components of & and of 7.in the (xyz)” system. The component of ¢ can also be obtained, but only by trans-
formation matrices from the (xyz) to the (xyz)’ to the (xyz)”’ coordinate system. Equilibrium is then written:

TRCOS() — OrSing 0 cosg 0
sing,sinf(zgsing + ogcosp) | + Ao [ 0 | — (Ao +fAc0c +400) | sing | = [ O (2
—1gSing,cosd — orcosgp, 1 0 0

These three equations can be solved to eliminate 6, and ¢ to find the applied shear stress on the slip plane:

—B+ vB? —4AC
L S (8)

As a function of:
A =1+ (singysing)*tan’p,cos?0 — (tan’p,cos? + 1)fsin’*p,cos?0
B = 2[ortangycosf(sin’p,sin’d — 1) — fsing,cosd(tan®p,cos®d + 1) (4170 + 4360 + forcosey)] 9)
C = og?(tan?p,cos?6 + sin’¢,sin®6) — (tan?¢,cos20 + 1) (A17o + A300 + forcose,)

In turn, the slip angle is given by:

sing,sind(rgtang,cosd + ox)
V/tan?¢,cos20 + 1(217o + 4360 + fcosg, (or + Trtang,cosd))

If 0 = 0 the shear stress is applied along the steepest direction and the slip is zero (¢ =0), as expected. If 6 # 0, a slip angle develops,
and that slip angle increases as 0 is increased. At some limit however, equilibrium cannot be sustained, and slip must then occur along
one of the edges of the climbing face. Further increasing 6 then leads to a configuration where two compressive faces resist the dis-
lodging of the grain. In this case the equilibrium is written:

10

sing =

Ag? +A161ﬁ1 7A1’l'1? +A20’2ﬁ2 7A2’[2?7A3(70?:0 (11)

In Eq. (11), indices 1 and 2 refer to the areas, stresses and vectors associated with compressive faces 1 and 2. This case, seemingly
more comple, is actually easier to solve than the face-on climb because the displacement always occurs along a known partial di-
rection p governed by the morphology of the grains on that slip plane. Solving this equation leads to:

_ 0r + T(A:70 + A:00)

= 12
K Cycosf + Sysind (12)
pr - (nly 7"2}/) z
Cp=— HE
3Pz+ (nly _n2y)ﬁ)x
Nix — Nox )Py — (M1z — N2z )Px
sf:((ls er)(l:l ,(nl) 2)P>f
with Pa 7 Ty ~ Ty )JPx (13)

S
Th—— >
d Spy + (nly - nZ_y)ﬁJx

— -\ =
S = (n2>< Tll).pl

And A,4.defined as above in Eq. (4). Fig. 6d shows the results for this model, with the example of the shear strength of a {111} plane
in a FCC granular crystal. The triangular shape of the contour of shear strength reflects the triangular symmetry of the morphology of
the {111} surface. The easiest sidling directions are along the partials vectors defined as the edges of the contact areas, while the
hardest direction are along the steepest climbs on the face of the grains. Depending on the normal applied pressure, the shear strength
of the {111} plane is 2 to 5 times higher than the shear strength of the adhesive on a flat surface (shown as back circles on Fig. 6).
Fig. 6e and 6f show the shear strength of the slip plane as a function of local friction coefficient and applied normal pressure. As
expected, the shear strength increases when these two parameters are increased.

With this model in hand, the strength of the granular crystal in compression can be computed, as a function of loading orientation.
For each orientation, the resolved shear stress 7rand the resolved compressive stress ogon each available slip plane i was computed.
Since both 7x and oy are proportional to the applied uniaxial stresso,, they can be written:

) — o,

= ﬁ(oﬁa

Qm
I

14)

oo

T

where a” and g% are orientation factors computed from the transformation matrices. Replacing the resolved stresses into the failure
criterion of the slip planes (Eq. (12) above) produces the applied stress required to activate a slip plane i:
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(y‘(P _ : on + Tf(/lg‘t'() ‘?’/1:0'0) : (15)
B (Cscos0 + Sysind) — al

With constants A and A obtained from Eq. (4), constants T; Csand Sy obtained from Eq. (13). The angle 0 keeps track of the
orientation of the resolved shear traction with respect to the morphology of the slip plane (Fig. 6d). Finally, the yield strength of the
crystal along the considered loading direction is the minimum of the computed applied stresses for each of the available slip planes:

6, = min(o) (16)

This process is repeated over all possible loading orientations for the crystals, producing a full picture of the yield strength of the
crystal as function of loading orientation. Fig. 7 shows the results of the model for the FCC crystals when the {111} and {100} families
of slip planes are considered. The first observation is that the strength of the crystal is highly anisotropic, including loading directions
where slip is completely forbidden, and the predicted yield strength is infinite. These six loading directions are the on-axis directions in
the FCC crystal, where buckling occurs (buckling failure is considered further below in this report). The off-axis directions are also
shown, the model predicts a yield strength of 64 kPa along these directions, which agrees well with the experiments (~50 kPa). Fig. 7f
shows the predicted strength when the {100} family of slip planes is considered. This plane is stronger than the {111}, and as a result
the overall strength is also greater than for the {111} planes, with a broader range of directions where slip is forbidden. Along the off-
axis direction the model predicts a strength of 128 kPa when {100} slip is considered, which is two times greater than the strength from
the {111} planes along the same direction. This observation is consistent with the experiments: {111} slip is indeed the prominent
failure mechanism of the FCC crystals along the off-axis direction.

We now apply this model to the HCP crystals, considering their five typical slip systems: Basal, prismatic, as well as first order (1)
second order (#2) and third order (#3) pyramidal slip systems. The results are shown in Fig. 8. The basal slip (Fig. 8a) is identical in
morphology to the {111} family in FCC. However, in FCC the {111} contains four planes, while in the lower symmetry HCP crystal
there is only one basal slip plane. This lack of symmetry is reflected on the yield surface where for a broad range of directions basal slip
is not possible, because the loading direction is within the basal plane, or because the loading direction is too close to the c-axis (normal
to the basal plane). Fig. 8b—e show the configuration and models used for prismatic and pyramidal planes. The morphologies of these
planes are more complex, so that two or more grains must be used as representative elements to capture their strength in the model. As
a result of these more complex morphologies, their shear strength is also higher than the basal plane. For the z2 and #3 slip systems,
there are even forbidden direction of shear within the plane where the grains are interlocked and the predicted shear strength is

O (kPa)

7 (kPa)

(a) {111} slip

10 J 10

— {112} “off-axis” loading directions
— {110} “on-axis” loading directions

O(100} (kPa)

(d) {100} slip

Fig. 7. Granular crystal plasticity model results for the FCC crystal. {111} slip (a) diagram, (b) shear strength contour and (c) compressive strength
of the crystal as function of loading orientation. {100} slip (d) diagram, (e) shear strength contour and (f) compressive strength of the crystal as
function of loading orientation.
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TR (kPa) O-qual (kPa)

(a) Basal slip [0001]

O-Prismau'c, (kPa)

(b) Prismatic [1010]

(c) Pyramidal m1

(d) Pyramidal ©t2

(e) Pyramidal n3

Fig. 8. Granular crystal plasticity model results for the HCP crystal, considering the following slip planes. (a) Basal; (b) prismatic; (c) first order (z1)
pyramidal, (d) second order (#2) pyramidal and (e) third order (#3) pyramidal.

infinite. The yield surfaces calculated for each of these slip systems reflect their three-fold symmetries and they appear to be of
generally similar strength, except the #3 slip system which produces much higher strength with most loading directions completely
interlocked geometrically. Some of the compression tests on HCP crystals were performed along the [1010]HCP orientation. The model
predicts a compressive strength of 64 kPa along this direction, with failure occurring by prismatic slip. This result is consistent with the
experimental observations in terms of failure mode (Fig. 3) and in terms of measured compressive strength (~50 kPa). We finally note
that none of the five family of slip planes considered on Fig. 8 is activated when loading is applied near the c axis of the HCP crystal. The
experiments along that direction (Fig. 3) indeed produced higher compressive strength, with a diffuse type of grain sliding within the
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crystal. We captured this failure mode in the next section.
6. Homogeneous grain sliding: a model for splaying failure

Compressive experiments along the c-axis ([0001]) of the HCP crystals reveal an unusual failure mechanism where individual
grains simultaneously slide on one another and over large volumes. As opposed to deformation by slip where entire planes of grains
move in unison over adjacent planes, in this shorter-range deformation mode each face of every grain either slides or fails in tension.
The kinematics of the grains at the local scale, shown on Fig. 9a, can be described as the grains splaying out sideways as they are
compressed vertically. For this mechanism to be kinematically acceptable, the compressive load must be applied along or near a long
axis of the grains (which connects two opposed corners). Fig. 9b shows two possible splaying directions in the FCC crystal: Splaying
within a {111} plane when a compressive stress is applied along a [111] direction and splaying within a {100} plane when a
compressive stress is applied along a [100] direction. For each case, the sliding vectors, noted s, s,... are shown. When individual
grains participate to slaying failure, they are subjected to two types of tractions: Shear/compression from the applied compressive
stresses on the crystals, and tensile tractions at the flanks of the grains, corresponding to the tractions exerted by the adhesive on the
opening gaps between the grains. The superposition of these two stress states can be used to predict the applied stress required to
trigger splaying failure (Fig. 9c).

In load case 1 (in red on Fig. 9¢) a uniaxial pressure o, is applied. This compressive stress is transferred to the grain by compressive
(0re) and shear (7gg) sets of tractions which can be computed from the normal vectors to each of the faces. In load case 2 (in blue on
Fig. 9¢), tensile tractions cpare imposed on the flanks of the grains, corresponding to the closing tractions exerted by the adhesive on
the opening gaps between the grains. These tensile tractions create a lateral tensile stress 6 in the mid-section of the bulk of the grain.
The grain is maintained in a state of self-equilibrium with compressive (ogs) and shear (zg;) sets of tractions imposed on the upper and
lower sliding faces of the grains, and these tractions create compressive stresses o, near the ends of the grain. Since the grain is self-
equilibrated, the average stress in the grain subjected to load case 2 must be zero. Therefore, we can compute the compressive stress
using:

o, = %Uo a7

Where Vj is the volume of the mid-section of the grain subjected to oy, and V. is the volume of the end-sections of the grain
subjected to o.. The ratio Vy/V, can be estimated from the geometry of the individual grains and from the direction of splaying. For
example, in the FCC crystal splaying along a {111} direction Vy/V, ~11. In the FCC crystal splaying along a {100} direction, we
estimated Vy/V, ~5 from the 3D geometry of the grains. Once o, is estimated, the tractions ogs and 7gs are computed using the normal

(a)igj

(b) FCC splay along {111} FCC splay along{100}

111"1}; lllaléﬂf
(C) ZI;; zflzia—i_TRO

I L N

O,

a a

Fig. 9. Splaying failure in granular crystals. (a) 2D diagram showing the kinematics of splaying; (b) Examples of 3D splaying configuration in FCC
crystals; (c) the superposition of vertically applied stresses, and tensile stresses applied along the flanks of the grains is used to capture the state of
stress in individual grains that undergo splaying failure.
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to the sliding faces. Finally, we superimposed stress state 1 and stress state 2 to obtain the stresses corresponding to an individual grain
in the splaying structure (Fig. 9¢). At the onset of splaying the flanks of the grains fail so oy is the tensile strength of the adhesive. In
addition, the sliding faces of the grains also fail, so that failure at these interfaces is written:

TRa + Trs = To +f(O-Ra +6Rs) (18)

This condition can be used to compute the compressive stress 6, which must be applied to initiate splaying. This model for splaying
was on the three-dimensional geometry of the RD and TRD grains, with the results shown in Fig. 10. As expected, splaying along a
{100} direction in FCC is only possible in the direction of loading close to the {100} direction, and splaying along a {111} direction is
only possible for loading directions close to (111). In the FCC crystal the stress required to initiate splaying along {111} with the off-
axis loading is 410 kPa, and it is infinite for the (100) loading direction. For comparison, the compressive stress required to initiate slip
along the {111} is 64 kPa (see above), which explains why splaying is not observed in this direction. Splaying in FCC is easier if the
crystal is loaded along a [111] or a [100], with predicted compressive strength of 157 kPa and 60 kPa respectively. These predictions
will be incorporated into the global failure envelope presented below. Fig. 10c shows the results for the HCP crystal, splaying along the
basal plane. Compared to FCC, the lack of symmetries in HCP is evident. Splaying is only possible when the crystal is compressed along
directions near the c-axis of the unit cell. The predicted compressive strength for HCP along that direction is 157 kPa, which agrees
reasonably well with the experimental strength (200 kPa), considering the assumptions made for the splaying model (perfect structure,
simplified stress distribution, and perfect loading alignment).

7. Buckling

The slip-dominated and splaying failures we have considered so far can predict a finite strength for the crystals when loaded in most
directions. However, the models also predict sets of specific loading directions where no slip or splaying can be activated. In the
experiments, these directions indeed are the strongest direction of the crystals, along which buckling occurs. In the FCC crystal,
buckling occurs when compression is along the < 110 > family of directions and in the HCP crystals, buckling occurs along the < 1120
> family of directions. In these particular directions, the crystals may be interpreted as columns of grains loaded in parallel, with flat-
on-flat contact areas perpendicular to the axis of the columns. Importantly, we note that in the experiments the buckling wavelength
matches the length of the sample. The implication is that, as opposed to other materials systems such as fiber reinforced composites
where buckling strength is a material property (Andrianov et al., 2012), the buckling resistance in our crystals should be interpreted as
a structural property, since it probably depends on the length of the sample. To capture buckling and calibrate our buckling model, we
first performed compressive tests on individual columns of grains assembled on bonded together with the same adhesive used in the
crystals. These individual columns were relatively fragile and delicate to handle, so we limited the height of the columns to eight
grains. Fig. 11 shows the resulting compressive force-deflection curves, with associated snapshots. The initial region of the curve was
relatively linear, followed by the instability characteristic of buckling. Columns made of Rhombic dodecahedral grains (RD grains that
make the FCC crystal) and trapezo-rhombic dodecahedral grains (TRD grains, that make the HCP crystal) grains had about the same
initial stiffness, but the buckling strength of TRD grains was slightly higher than the RD grains.

We first used these experiments to calibrate the effective modulus of the grains in compression. The modulus of the resin we used to
make the grains is 3 GPa, but the compressive stress is also channeled through a multitude of interfaces, which we expect to be more
compliant than the bulk properties of the grain (Johnson, 1985). To estimate the effective compressive modulus of the column E., we
assumed that the compressive stresses are channeled through an effective cross-section of the column, which we take to be equal to the
surface area of a face of the grains. In our experiments this area is A;=11.5 mm? and it is identical in RD and TRD grains (Fig. 1 above).
From the stiffness S of the column in compression, the cross-section A and the length of the column L. we finally estimate E. = SL./A
~100 MPa. As expected, this effective elastic modulus is much lower than the modulus of the grains because of the compliance of the
interfaces. The next step was to estimate the critical buckling force of the columns, using Euler’s formulae for a clamped-clamp column,

(a) FCC, splaying along {111} plane (b) FCC, splaying along {100} plane (c) HCP, splaying along basal plane

Oypiay (KP) Oypiay (KP2) Osplay

400 400 400

300 300
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-200 -200
-300
- \’\J 200 -400 ,

400 200 \0'\ b 2 N
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Fig. 10. Results from the splaying model for. (a) FCC crystals along {111} and {100} planes and (b) HCP crystals along the basal plane.

13



T. Gao et al. Journal of the Mechanics and Physics of Solids 204 (2025) 106305

(b)

Fig. 11. Experimental results and results from the buckling model (a) compressive force-displacement curves and (b) snapshot of the samples during
the test.

assuming that the rotation of the end grains is prevented by the loading platforms:

EcImin

F, =4n*
Where I,i, is the minimum second moment of area for the cross section. For RD I,ip ~7.8 mm?* and for TRD Imin ~10.1 mm?*.
Fig. 11a shows the model with the stiffness fit to the initial part of the curve, and the buckling force. The model captures the buckling
force well, and it properly predicts that the TRD column is slightly stronger than the RD column. We now consider the granular crystal
along the buckling direction as an ensemble of N = 25 columns of grains in parallel. The critical buckling stress is written:

EcImin

Ocr = 47[2N ACLz

(20)

Where L is the length of the crystal. This model gives an estimate of 6, ~ 0.1 MPa for FCC and HCP crystals, which is only about 1/
10 of the experimental buckling strength measured on the granular crystal. This value should however be considered as a lower bound,
since the model so far ignored the interaction between individual columns of grains in the crystal. An upper bound can be gained for
the buckling strength by assuming that grains from adjacent columns are perfectly bonded. In this case, the crystal buckles as a ho-
mogenous solid and the buckling strength is written:

E.1

AL (21)

6o = 4n?
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This upper bound model predicts o, ~ 10 MPa for FCC and HCP crystals, which is about 10 times the experimental buckling
strength measured on the granular crystal. More refined estimates for the buckling stress for the crystal would require capturing the
interactions between the columns through direct contact and adhesion, which was beyond the scope of this study.

8. Comparison of FCC and HCP strength and failure modes

By combining all possible failure modes (granular plasticity along slip planes, splaying and buckling), we finally generated the 3D
failure envelopes for FCC and HCP crystals under arbitrary loading directions and considering all failure modes, shown in Fig. 12. In
these plots, the compressive strength of the crystal was normalized by the strength of the interface zy. These envelopes confirm the
strong anisotropy in the strength of both crystals, and the various failure modes that can be achieved along specific crystals and specific
direction. The FCC crystal shows a six-fold symmetry due to the regular polyhedral shape of its grains. On most of the loading di-
rections for the FCC, a {111} slip plane is activated, which can also be seen in radial pie charts that consider all loading directions and

(a) FCC Buckling (0.03%)
}

N
(=]

{100} slip (0.87%)

)
=4

[*]
(=1

=1

100 1000

Ostrength /1,

O-strength / %
(=1

Buckling .
(0.09%) ) Splaying on

basal (0.81%)

Pyramidal 1
slip (27%)

Basal slip 100 1000
(48%)

Ostrength /z,

O-strength / %

Prismatic
slip (23%)

20 40

O;lrength / To

Fig. 12. Failure envelopes showing the compressive strength of the crystals (normalized by the initial shear strength of the adhesive 7,), considering
all failure modes and radial pie chart showing the prominence and strength of each failure mode for (a) FCC crystals and (b) HCP crystals.
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the relative prominence of each failure mode (Fig. 12a). {111} slip plane occurs in 99% of the loading directions in FCC. {100} slip
planes and buckling are activated along less than 1% of the loading directions (Fig. 12a). Fig. 12b shows the results for the HCP crystal.
We first note that the response of the crystal, when loading within the basal plane, is remarkably similar to the FCC crystal loading
within the {111} plane (both are the horizontal planes on Fig. 12a, b). However, as the loading direction deviates from that plane, HCP
shows significant differences with FCC, mainly because some of the symmetries are broken with the geometrical transition from RD to
TRD grains, and from FCC to HCP. This results in more varieties in failure modes, with basal slip (48% of the loading direction),
prismatic slip (23%) and pyramidal 71 (27%) being the most prominent. Buckling and splaying also occur, but only along specific
loading directions (and for less than 2% of loading directions). While there are more types of slips that can be activated in HCP
compared to FCC, prismatic and pyramidal z1 require more compressive stress than the basal slip plane and the FCC {111} plane to
activate. As a result, the strength of the HCP crystal, averaged over all possible loading directions, is <os >/79 ~ 16, which is 45%
greater than the average strength in the FCC crystal (<o >/79 ~ 11).

9. Summary

Randomly distributed granular materials offer a rich landscape of mechanisms but their tunability is limited. In this report we
further explored fully dense granular crystals as a way to tune inelastic deformation mechanisms and strength at the millimeter scales
and in three dimensions. Combining principles from crystallography and granular mechanics, we fabricated and tested cohesive HCP
granular crystals and compared them with the FCC crystals we previously characterized (Karuriya et al., 2024; Karuriya and Barthelat,
2024, 2023). We also presented a new streamlined version of our previously developed granular plasticity model (Karuriya et al.,
2024), which agreed well with the experimental results on FCC and HCP crystals, and which we used to compare deformation
mechanisms. An additional model to capture splaying also agreed well with experiments on HCP, and relatively simple models for
buckling provided lower and upper bounds that agreed with the experiments for this particular failure mode. Geometrically, switching
from an FCC to a HCP architecture is remarkably simple and only involves a 60° rotation about the midplane of individual dodeca-
hedral grains. However, this rotation has profound effects on the mechanics and strength of the crystals. First, the grains assemble into
the ABABA sequence for HCP instead of the ABCABC sequence of FCC. Several symmetries are also broken in this geometrical
transformation, and while additional slip systems are made available (prismatic, pyramidal..) compared to the {111} family in FCC,
each of the families in HCP contain a smaller number of total slip planes. As a result, slip in HCP is in general more difficult to activate
resulting in an average strength 50% greater than in FCC, a trend which is reminiscent of HCP and FCC metals (Jiang et al., 2023; Niu
et al., 2018; Yang et al., 2018). Granular HCP and FCC crystals indeed share many of the characteristics and trends from their
atomic-scale counterpart from metallurgy. In both systems, large deformations are mediated by slip along specific crystallographic
planes, which are easy to observe in our granular crystals as well as in metals, especially in nanopillars under compression (Greer and
Nix, 2006; Uchic et al., 2004). There are, however, major differences between these two systems. Metallic bonds in plasticity are
non-directional, while in our granular crystals the adhesive-mediated grain contact and sliding is highly directional. This fundamental
difference becomes particularly evident when examining HCP structures: while deformation twinning is prominent in HCP metals
(Arul Kumar et al., 2016; Meyers et al., 2001) we did not observe any twinning in our granular HCP crystals, probably because the
angular features of the grains hinder their rotation. Other mechanisms we observed are not present in metals: micro-buckling in FCC
and HCP, and splaying in HCP crystals loaded along the c-axis.

Interestingly, traditional plasticity and granular plasticity both show size effects, but not for the same reasons. In nanopillars,
strength increases monotonically with decreasing diameter due to dislocation starvation effects below ~100 nm (Greer and Nix, 2006;
Uchic et al., 2004). Granular crystals also display size effect, but for other reasons: Smaller granular crystals are more confined, which
frustrates the full formation of slip planes and which increase strength (Karuriya and Barthelat, 2024). This departure of crystallo-
graphic symmetries from traditional defect physics enables new architectural control strategies, offering powerful and versatile
platforms for new generation mechanical metamaterials with tunable inelastic deformation, energy absorption and strength. The
addition of soft adhesives at the interfaces provides additional opportunities to tune the mechanical response. In particular, the
granular architecture amplifies the properties of the adhesive by about one order of magnitude, so that attractive rheologies maybe be
translated into useful responses in compression. To increase strength further, numerous extensions are possible including tuning the
aspect ratio of the FCC or HCP cells as described in classical plasticity, using defects such as vacancies, dislocations or irregularities as
strengthening agents, or manipulate structural and property gradients. While these mechanical responses are finely tuned and the
performance of these granular crystals is improved, one should also make sure that recyclability, one of their most attractive features,
is preserved: Individual grains can be disassembled, cleaned and reused into new structures without loss of strength.
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