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Abstract Natural materials boast remarkable mechanical
performances in some cases unmatched by their synthetic
counterparts, and for this reason, they have become an
inspiration for the development of new materials. In high-
performance natural materials such as nacre, bone, or teeth,
stiffness and toughness are achieved with the staggered
microstructure, where stiff inclusions of high aspect ratio are
embedded in a softer matrix. While the modulus and strength
of the staggered structure is well understood, fracture
toughness and scaling remains unclear. In this work, a fracture
model based on the fundamental micromechanics of the
staggered structure is presented. The model captures crack
bridging and process zone toughening, and explicitly shows
how these toughening processes are the most efficient with
high concentrations of small tablets of high aspect ratio. In
particular, a desirable non-steady cracking regime can be
achieved with specific requirements for structure and interface
properties, which are presented in detail. These attractive
toughening mechanisms are only possible if the tablets
themselves do not fracture. The benefits of small size have
been explored in the past, but here, we show for the first time
how the effects of a stress singularity generated by the
junctions between the tablets can be alleviated by the softer
interfaces, provided that a “soft wrap” condition is met. The
models provide new insights into the optimization and scaling
of natural and biomimetic composites.
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1 Introduction

Natural materials exhibit remarkable combinations of
strength, modulus, and toughness [1], and for this reason,
they are now serving as models for the design of
biomimetic materials [2–5]. Among hard biological materi-
als, nacre boasts remarkable structural performances and
has become the archetype of biomimetic models. Nacre is
part of a two-layer armor system that forms the shell of
mollusks such as top shell (Fig. 1a). Nacre is hard and stiff,
but it is its toughness which is the most impressive: nacre is
three orders of magnitude tougher than the mineral it is
made of (in energy terms) [1], a level of “toughness
amplification” which is currently not matched by any
synthetic composite [6]. The remarkable performance of
nacre is the result of a sophisticated microstructure, where
microscopic mineral tablets are arranged in a three-
dimensional brick wall and bonded by softer but tougher
organic layers (Fig. 1b). This “staggered structure” of stiff
inclusions of high aspect ratio is also found in teeth, spider
silk, and cellulose fibers, so that it has been identified as one
of the “universal” patterns found in natural materials [7].

The primary mode of deformation of the shell when
subjected to an external aggression is bending. As a result,
the function of the nacreous layer is to resist tensile loading
along the tablets, which are roughly parallel with the
surface of the shell. The resulting micromechanics in
tension can be described as a “tension–shear” chain, where
tablets are under tensile stress and the interface undergoes
shear [8–10]. If the interfaces are allowed to yield before
the tablets break, then the tablets will “slide” on one
another, generating large deformations (Fig. 2a). This
mechanism has been the basis of predictive models for the
strength, modulus, and toughness of staggered composites
[9, 11, 13–15]. The representative volume element shown
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in Fig. 2b is often used to capture these micromechanisms
[9, 13]. Under tension, the tablets mainly carry tensile
stresses while the interfaces are loaded in shear. Some
proteins at the interface can undergo significant viscoplastic
deformation with energy dissipation because of the sacrifi-
cial bonds they contain [16]. In addition to the effect of the
organic phase, nanometer-sized asperities existing on the
surface of the aragonite tablets have been shown to enhance
the overall mechanical properties by strengthening the
organic/mineral interface [17, 18]. The mineral bridges
connecting the neighboring tablets also contribute to the
strength of the interface through inducing crack deflection
and crack arresting [19].

Interestingly, the “tension–shear” and sliding mecha-
nisms were also identified in the bone at the microscale
[20]. Under tension, mineralized collagen fibrils glide on
one another, the sliding being also mediated by protein
molecules. These molecules present sacrificial bonds as an
extra source of energy dissipation, comparable to those
observed at the interface of nacre interface [16, 21].

The size and scaling of the structure of natural
composites is an important question in the context of
biomimetics. The staggered inclusions in bone, nacre, or

teeth are micron or submicron in size, and according to the
Griffith criterion of fracture mechanics, decreasing the size
of flaws results in high tensile strength. Since a given
component can only contain flaws that are smaller than its
dimensions, smaller objects are stronger. Following these
principles, Currey [22] used the toughness of calcite
(computed from its surface energy) to estimate the crack
length that would fracture the tablets under a tensile stress
corresponding to the strength of nacre (100 MPa). By
comparing the result (2 μm) with the thickness of the
tablets (0.5 μm), Currey concluded that the tablets cannot
contain a crack long enough to propagate from the stresses
experienced in nacre. More recently, this idea was further
developed by Gao et al. [11] who proposed that nanoscale
inclusions cannot contain flaws large enough to propagate
following Griffith principles of fracture mechanics. For
minerals used in natural materials, they determined that
inclusions smaller than 30 nm become insensitive to the
presence of flaws and that their strength approaches the
theoretical strength of a perfect crystal. While this estimate
is close to the length scale of hydroxyapatite inclusions in
bone, it is one order of magnitude smaller than the size of
the tablets in nacre. Other researchers have argued that
small inclusions remain fragile and that it is the hierarchical
construction of natural materials which provides them with
their remarkable macroscopic properties [23]. A compre-
hensive understanding of the fracture of natural composites
is still missing.

The goal of this article was to examine structure–
toughness relationships in staggered composites and to
provide unified guidelines for the design of biomimetic
composites based on the staggered structure. In particular,
the effect of mineral concentration, aspect ratio, and size on
stiffness, strength, and toughness are explored. Existing
micromechanics-based models for stiffness and strength are
discussed, and a new model for fracture is presented. The
non-steady regime of cracking is found to be highly
desirable for these structures, and the conditions for this
regime are for the first time stated as a function of the

Fig. 2 a The “tablet sliding” mechanism in nacre generates large
deformation. b Its micromechanics often captured using a small two-
dimensional RVE [8, 11, 12]

Fig. 1 Top shell (Trochus
niloticus) (a) and its nacreous
structure (b)
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microstructure and properties of the interfaces. In the last
section of the article, the fracture of the tablet is predicted,
which leads to the concept of the organic interfaces acting
as “soft wraps” around the tablets, protecting them from
external stresses. The outcome of this analysis is a set of
scaling laws for biological and bio-inspired composites,
which can be used to duplicate deformation and fracture
mechanisms at larger scales.

2 Modulus and Strength

Much work was devoted to the elasticity and strength of the
staggered structure along the direction of the tablets [8, 9].
The starting point for these models is the representative
volume element shown in Fig. 2b. For soft and thin
interfaces compared to the tablets, a good approximation
of the modulus of the composite is given by [8, 24]:

1

E
� 1

fEm
þ 4

1

r2
1� f
f2

1

Gi
ð1Þ

where Em is the Young’s modulus of the mineral, Gi is the
shear modulus of the interface, f is the volume concentration
of the mineral tablets, and r ¼ L=t is their aspect ratio.
Equation 1 properly predicts that stiffer interfaces and/or
stiffer tablets lead to higher overall stiffness. In terms of
structure, stiffer composites can be achieved by increasing the
mineral concentration or by increasing the aspect ratio of the
tablets. For large tablet aspect ratios, the model converges
toward the Voigt composite model (rule of mixture):

lim
r!1ðEÞ ¼ Evoigt ¼ fEm ð2Þ

Interestingly, the modulus E converges rapidly towards
Evoigt as the aspect ratio of the tablets is increased. For nacre
with Em≈100 GPa, Gi≈1 GPa, and φ≈0.95, the modulus
reaches a value of 0.9 Evoigt for a tablet aspect ratio of ρ=14,
which is close to the actual aspect ratio of nacre (ρ≈10). For
ρ≈10, Eq. 1 predicts Em≈60 GPa, which is consistent with
tensile experiments [14]. For nacre, the shear deformation of
the interface and the tensile deformation of the tablets
contribute to the overall stiffness by the same amount (the
two terms in the right-hand side of Eq. 1 have similar values).

The strength of the composite is controlled by the shear
strength of the interfaces. Assuming a perfectly plastic
interface (no hardening), when the structure yields, the
shear stress transferred across the interfaces is uniform and
equal to tS. The tensile strength of the composite is then
simply given by:

sS ¼ 1

2
rtS ð3Þ

For nacre, ρ≈10 and tS≈25 MPa lead to σS≈125 MPa,
which is in the range of strengths measured experimentally
[10, 13, 17, 22]. The variations of stiffness and strength as
a function of microstructure can be conveniently visual-
ized on a material property chart [12]. Equation 3
demonstrates that greater strength can be achieved by
increasing tS or ρ [10, 11]. The aspect ratio of the tablets
cannot, however, be increased indefinitely because the
shear force transmitted through the interface is converted
to tension in the tablets, which may lead to tablet fracture.
This important limitation is addressed at the end of the
article.

3 Toughness

The toughness of the staggered composite is more
difficult to predict because there are several mechanisms
that operate concurrently to impede crack advance. It is
evident from the examination of a fracture surface
(Fig. 1b) that the crack circumvents the tablets following
the interfaces. This requires soft interfaces and strong
tablets, as described at the end of this article. As the crack
progresses, the tablets are pulled out, which generates
closure tractions on the crack faces, similar to crack
bridging by fibers (Fig. 3b). The analysis of this
mechanism leads to a simple expression for the toughness
J0 generated by bridging only [12]:

J0 ¼ 1

2
rJi ð4Þ

where Ji is the interface toughness and ρ is the aspect ratio
of the tablets. The toughness of the interfaces is therefore
“amplified” by ρ. The length of the cohesive zone
associated to bridging can be written (Fig. 3) [12]:

l ¼ p
8

J0E

s2
S

ð5Þ

In addition to bridging, high stresses near the crack
generate a process zone which consists of a frontal zone
and a wake. In the frontal zone ahead of the crack, massive
tablet sliding occurs, which can be readily observed in an
experiment because the material whitens (Fig. 3a), an
optical effect similar to stress whitening in polymers. Once
the crack runs through the initial frontal zone, the material
unloads and some of the deformation is recovered, leaving
a wake behind the crack tip (Fig. 3a).

The amount of energy dissipated in the process of
loading/unloading the material as the crack advances by a
small increment can be relatively easily calculated with the
assumption that the crack has propagated over a distance
sufficient to generate a wake of uniform width (steady-state
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regime). In this case, the result does not depend on the
shape of the frontal zone, and the overall toughness is given
by [12]:

J ¼ J0
1� a

ð6Þ

where α is a “process zone parameter” [12]. Assuming rigid
tablets and a Dugdale cohesive law at the interfaces, α can
be written:

a ¼ 1

4

1

t

f2

1� f
GiJi
t2S

� 1

� �
ð7Þ

While the length of the bridging region can be written:

l ¼ p
16

r
f2

1� f
GiJi
t2S

ð8Þ

where (f, t) are the tablet concentration and tablet thickness
(microstructural parameters) and (Gi, Ji, tS) the shear
modulus, toughness, and shear strength of the interfaces
(materials parameters), respectively. Process zone toughen-
ing therefore further amplifies toughness, as established
previously for polymers toughening with rubber particles
[25]. For the staggered composite, the amount of amplifi-
cation is clearly controlled by the process zone parameter
α, with greater values for α leading to higher overall
toughness. Equation 6, however, also shows that if α≥1,
the assumption of steady-state cracking breaks down and
the predicted toughness has no physical value (the
amplification becomes negative). For α≥1, transient crack-

ing, where the width of the wake changes with crack
advance, must therefore be considered. Using Eq. 7, the
condition for non-steady cracking is:

5t
1� f

f2
� GiJi

t2S
ð9Þ

This regime is relevant for nacre, where the size of the
frontal zone/wake system observed in fracture experiments
clearly increases as the crack advance (Fig. 3a). In this non-
steady-state regime, the contribution of the process zone to
toughening is more challenging to obtain than for the
steady case because the result depends on the shape of the
frontal zone [26]. It is possible, however, to obtain a simple
solution by assuming that the frontal zone is circular
(Fig. 3b). Using this approximation, the amount of energy
dissipated over a small crack increment can be evaluated,
which leads to a differential equation that can be solved
numerically [12]. The results from solving this equation
properly predict that the fracture toughness reaches a
steady-state value for cases where α<1. In contrast, for
cases where α>1, the model predicts that fracture tough-
ness increases indefinitely with crack advance and never
reaches a steady value.

Figures 4, 5, and 6 show the results from the model in
the form of crack resistance curves where the overall
toughness (J) and the crack extension (a, Fig. 3) are non-
dimensionalized with respect to the interface properties.
From these figures, the effect of each microstructural
parameter (f, t, and ρ) on the overall toughness can be
systematically explored. In Fig. 4, increasing ρ while
maintaining t and f constant results in a longer cohesive

Fig. 3 a Optical micrograph
of a crack propagating in top
shell nacre. The whitening in
the frontal zone is an indication
of tablet sliding. b Schematic
of the various deformation
regions developing around the
advancing crack

BioNanoSci.



zone l, in a larger bridging toughness J0, in larger process
zone toughening, and in higher toughness amplification
overall. Decreasing the microstructure size t while main-
taining ρ and f constant has no effect on the cohesive zone
l and on the bridging toughness J0; however, it leads to
significant increases in process zone toughening and to
higher overall toughness amplification (Fig. 5). Finally,
increasing the concentration of the mineral phase f while
maintaining ρ and t constant increases the length of the
cohesive zone l significantly, but has no effect on bridging
toughness J0. Increasing f leads to increased process zone
toughening and to significantly higher overall toughness
amplification (Fig. 6). All the plots display fracture

toughness which increases with crack advance. In general,
a rising crack resistance is critical to crack stability and is
highly beneficial to damage tolerance and to the mechanical
reliability of the material [27]. This behavior is consistent
with fracture experiments on nacre [28] and bone [29],
which revealed rising crack resistance curves for those
materials.

Typical structural and material properties of nacre lead to
α values which are >1 (1.15<α<4) [12]. Using the
toughness model for the non-steady-state condition, the
contribution of each toughening mechanism to the overall
toughness of nacre can be evaluated. As a general trend, the
bridging effect has its largest contribution to toughness for
crack advances smaller than the steady-state cohesive
length (Eq. 8). For longer cracks, bridging toughness
remains constant while process zone toughening keeps
growing continuously. The detailed contribution of each
mechanism depends on the value of α. For example, for α=
1.15, bridging contributes 40% of the overall toughness in
non-steady bridging regime, whereas for α=4, this value
drops to almost 5%. The predictions of the toughness
model agree well with fracture experiments on nacre [12].
Figure 7 shows crack resistance curves obtained from
fracture experiments on four different types of nacre.
While nacre from top shell significantly toughens with
crack advance, pen shell displays the least amount of
toughening. Interestingly, the process zone in pen shell is
much smaller in width compared with top shell [30],
which highlights the important contribution of process
zone toughening in nacre.

Closer examination of the microstructure of pen shell
(Fig. 8a) reveals that it is composed of tablets which are
thinner and longer (Fig. 8b) than those found in top shell
(Fig. 1b), which in theory should lead to higher toughness.

Fig. 6 Effect of mineral concentration on the toughness, for a fixed
tablet aspect ratio and size

Fig. 5 Effect of tablet size on the toughness, for a fixed tablet aspect
ratio and concentration

Fig. 4 Effect of tablet aspect ratio on the toughness, for a fixed tablet size
and concentration. The values of toughness and crack extension are
normalized with respect to the properties of the organic interface
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However, the fracture surface of pen shell (Fig. 8b) shows
extensive tablet damage. The fracture of the tablets
themselves inhibits the benefits of tablet sliding, which
explains why pen shell is more brittle than top shell. The
excessively high tablet aspect ratio in pen shell could stem
from different evolutionary pressures exerted on the animal
by its different ambient conditions compared with other
shells, possibly resulting in a lessened demand for high
fracture toughness. Nevertheless, pen shell provides an
example where excessive aspect ratio results in tablets
which cannot sustain the force transferred by shear stress at
the interfaces.

4 Fracture of Individual Tablets

The case of pen shell illustrates an important condition
for toughness: for the bridging and process zone
toughening to operate, the tablets themselves must not
break [2, 11, 13, 22]. Following the approach of Currey
[22] and Gao et al. [11], we considered an edge crack

extending halfway through the thickness, giving rise to the
stress intensity factor:

KI ¼ 2:83sS

ffiffiffiffiffiffiffiffiffi
pt=2

p
ð10Þ

Using Eqs. 3 and 10 and writing the condition KI<KIC in
order to prevent tablet fracture:

r < 0:56
KIC

tS
ffiffi
t

p ð11Þ

Equation 11 therefore provides an upper bound for the
aspect ratio of the tablets. In terms of design, larger aspect
ratios can be achieved with tougher tablets (higher KIC),
softer interfaces (lower τS), and with smaller microstruc-
tures (smaller t). This prediction was also compared with
actual observations for nacre. Using KIC=0.39 MPa m1/2

for calcite [31], tS≈25 MPa [14], and t≈0.5 μm [30],
Eq. 11 predicts a maximum allowable aspect ratio of 12.
This prediction is remarkably close to the actual aspect ratio
of the tablets of red abalone or top shell (about 10). In
contrast, the average aspect ratio of the tablets in pen shell
is about 14, which may explain the massive tablet damage
observed in that species.

While these models provide useful insight into the
scaling of natural staggered structure, they assume that the
stresses are uniform within the tablets. In reality, this is not
the case, and in particular high tensile stresses exist near the
ends of the junctions (region separating the ends of the
tablets). This effect was investigated with finite element
models of the small representative volume element (RVE)
of Fig. 2b (version 6.8-3, ABAQUS, Inc., Providence RI).
The tablets were modeled as linear elastic and cohesive
elements were inserted at the interface between the tablets.
The cohesive elements reached a constant stress τS after a
short elastic region, following [14]. Plane strain condition
was used, and periodic conditions were imposed on all
sides of the model. The RVE was then stretched along the
direction of the tablets to simulate tension. Figure 9a shows
the stress distribution in the tablets. The highest stresses
were found near the ends of the horizontal junctions.
Further inspection revealed that these points are actually
stress singularity, generated by shear tractions from the
interface exerted in opposed direction near the tip of the
junction. Figure 9b shows the normalized axial stress along
the x-axis ahead of the junction using different shear
strengths for the interface. For all cases, the stress is infinite
at the junction tip, but the softer interfaces, by yielding,
effectively reduce the severity of the singularity near the
junction and redistribute stresses across the thickness of the
tablets. Interestingly, the same effect can be achieved by
keeping tS constant while increasing the aspect ratio ρ
(recalling Eq. 3). For all cases, however, the singularity at
the tip of the junctions between the tablets remains, and the

Fig. 8 Pen shell (Pinna nobilis) (a) and its nacreous structure (b) as
exposed during a fracture test

Fig. 7 Experimental crack resistance curves for four types of nacres,
including top shell Trochus niloticus and pen shell Pinna nobilis [30]
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junctions therefore act as crack-like features. Interestingly,
this system is similar to multilayered materials made of
brittle layers bonded by ductile interfaces studied by Chan
et al. [32].

A fracture mechanics criterion was used to predict the
possible propagation of the crack-like junction into the
adjacent tablet. For the case where the tip of a crack
meets a softer interface, the energy release rate is not
clearly defined and the J-integral cannot be used. Instead,
approximate values for the stress intensity factors were
obtained here by fitting the asymptotic stress solution to
the stress profiles of Fig. 9b. The stress intensity was
found to reach its highest value when the interfaces are
only partially yielded, but it remains the same until the
entire interface has yielded. The effect of microstructure
on the maximum stress intensity factor in the tablets was
then captured by generating a large number of RVEs with
various parameters. Figure 10 shows the geometrical
factor β (obtained by normalizing the measured stress
intensity factor with the tensile strength of the RVE) as
function of aspect ratio, for both rigid interfaces and
perfectly plastic interfaces. The plot clearly shows that the
yielding of the interfaces significantly decreases the stress
intensity factor when compared with cases where the
interface is rigid. For a small aspect ratio, β is high
because the junctions form a dense two-dimensional array
of staggered cracks that strongly interact. At ρ = 4, the
rigid interface models reach the converged value 1.13,
corresponding to an array of cracks equally spaced and
lying along a line perpendicular to the direction of loading.
For the case of perfectly plastic interfaces, β keeps
decreasing when ρ is increased because the interfaces
effectively redistribute stresses.

Further analysis revealed that the stress intensity factor
in the tablets is proportional to tS. This can be expected
since when the interfaces are fully yielded the tablets are
only subjected to surface tractions of uniform magnitude τS.
The results reduce then to:

KI ¼ 0:58tS
ffiffi
t

p ð12Þ
It then becomes evident that the interfaces behave as

“soft wraps” around the fragile tablets and that by
yielding they reduce the stress intensity factor. Small
tablet size (i.e., thickness) will also reduce KI. Using
Eq. 12 and setting KI<KIC gives the “soft wrap” condition:

KIC

tS
ffiffi
t

p > 0:58 ð13Þ

This behavior is beneficial to prevent the crack-like
junction from crossing the interface and fracturing the

Fig. 9 a Axial stress contour in
the RVE showing stress singu-
larities near the ends of the
junctions. b Axial stress distri-
bution ahead of the junction

Fig. 10 Non-dimensional stress intensity factor in the tablets as
function of tablet aspect ratio, shown for rigid interfaces and for
perfectly plastic interfaces
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tablets. In addition, in the event of an occasional
individual tablet fracture, the soft wrap effect protects
the adjacent intact tablets. Finally, the soft wrap effect
protects the tablets from high stresses near defect, or at
the tip of long cracks. In this context, the soft wrap
effect becomes the condition for tablet pullout to
dominate over tablet fracture at the tip of a long crack
(Fig. 3a). For the case of nacre, taking KIC=0.39 MPa m1/2

for calcite [31], tS ≈ 25 MPa [14], and t=0.5 μm for top
shell [30], one finds KIC

tS
ffiffi
t

p ¼ 27:6, which largely meets the
“soft wrap” condition.

5 Conclusions

Biological materials demonstrate how useful combinations
of stiffness, strength, and toughness can be achieved with
the staggered microstructure. In particular, the models
presented here demonstrate the importance of process zone
toughening in this class of materials and discuss the
conditions for optimum toughening in terms of micro-
structural parameters and interface properties. The model is
also in good agreement with observations and measure-
ments on nacre, the “archetype” of natural staggered
composites. High stiffness, strength, and toughness can be
achieved with high concentrations of small tablets with a
high aspect ratio. These structural parameters seem to be
optimum in nature possibly up to physical or biological
limits: the tough structure of nacre inherits mineral tablets
with high concentration (95 vol.%), small thickness
(0.5 μm), and high aspect ratio. The latter parameter is,
however, bounded by the strength of the tablets themselves
to avoid the detrimental scenario of brittle tablet fracture.
High aspect ratios also mean more overlap between tablets
and higher tensile stresses transferred from the interface to
the tablets. Here, we have shown for the first time the
presence of stress singularity in the tablets, generated by the
crack-like junctions. The severity of the singularity is,
however, reduced by yielding of the soft interface, which
leads to a new “soft wrap” condition. Soft interfaces
therefore protect the brittle tablets from external stresses.
While this phenomenon was hinted by previous work on
natural nacre [33] and nacre-like synthetic material [3], it is
formalized in this paper for the first time.

Overall, higher toughness, strength, and modulus can be
achieved with smaller tablets. This result is consistent with
previous findings, but in addition, this work proposes new
relations between microstructure and interface properties
that can be used to design and fabricate high-performance
composites which combine the benefit of hardness and
stiffness from hard inclusions with toughness, damage
tolerance, and reliability. The ingredients of these compo-
sites do not need to be the same as in nacre; in fact,

aragonite is very brittle and should be avoided. The
comprehensive guidelines presented here can then be used
to determine optimum microstructures given a set of
materials for the interfaces and tablets. Examples of
material combinations used recently include alumina/
chitosan [2] or HAP/epoxy [34]. Tight control on the
microstructure (tablet arrangement, aspect ratio) remains a
challenge at the micro- and nanoscale. In order to
circumvent this difficulty, larger scale models of nacre
have recently been proposed. For example, Espinosa et al.
[5, 35] have recently developed a millimeter-scale “artifi-
cial nacre” fabricated using rapid prototyping techniques.
Other types of large-scale “artificial nacre” based on
friction have also recently been successfully developed
[36, 37], where there is no material at the interface and the
interaction of tablets is controlled by dry friction.
Interestingly, debonding and friction also provide a
powerful approach to redistribute stresses and protect the
brittle tablets [32].

The models discussed in this article predict the overall
deformation and fracture properties of biological or
biomimetic composites based on simple, elementary mech-
anisms (tablet sliding, tablet fracture). This approach is
similar to and complement ab initio molecular models used
to predict material response at larger scales [38]. This
“bottom-up” approach leads to materiomics [39], where the
behavior of materials can be predicted at each relevant
length scale and from first principles. The vision that drives
these approaches is the design and optimization of materials
at all length scales in order to duplicate the performance of
natural materials and to achieve new combinations of
properties useful for actual engineering applications.
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