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Department of Mechanical Engineering, McGill University, 817 Sherbrooke Street West, Montreal, Quebec,
Canada H3A 2K6

How to arrange soft materials with strong but brittle reinforcements to achieve

attractive combinations of stiffness, strength and toughness is an ongoing and

fascinating question in engineering and biological materials science. Recent

advances in topology optimization and bioinspiration have brought interest-

ing answers to this question, but they provide only small windows into the

vast design space associated with this problem. Here, we take a more global

approach in which we assess the mechanical performance of thousands of

possible microstructures. This exhaustive exploration gives a global picture

of structure–property relationships and guarantees that global optima can

be found. Landscapes of optimum solutions for different combinations of

desired properties can also be created, revealing the robustness of each

of the solutions. Interestingly, while some of the major hybrid designs used

in engineering are absent from the set of solutions, the microstructures emer-

ging from this process are reminiscent of materials, such as bone, nacre or

spider silk.
1. Introduction
Hybrid materials combine at least two components with complementary proper-

ties, generating attractive combinations of performance and functionality which

are inaccessible to monolithic materials [1]. In terms of design, hybrid materials

offer a rich and vast playground: properties can be tuned by manipulating the

individual components, their volumetric content, their morphology, their size

and arrangement [2]. How to tune these parameters for optimum performance

represents a fascinating and highly relevant problem in materials science [3,4].

However, despite the vast number of possibilities, only a handful of designs cur-

rently dominate the engineering world: fibre reinforced composites, laminates,

cellular materials and solid foams. Much research and development have been

devoted to optimizing these particular morphologies [5–7] following the optim-

ization approach depicted in figure 1a, in which a set of desired properties is

selected and the optimization procedure proceeds, by successive alterations of

the microstructure, towards that objective. More recently, topology optimization

methods led to interesting new designs and classes of hybrid materials [5,8–16].

However, these optimization approaches are not always robust, and the design

space and type of microstructure must be restricted to facilitate convergence.

The result may also ‘fall’ into local optima, occluding potentially interesting

designs [17,18]. Another possible approach is the so-called ‘exhaustive search’

or ‘brute force’ optimization. In this approach, all possible designs are assessed

without the need to pre-determine a set of desired properties (figure 1b). This

approach, while in principle simple, is traditionally deemed inappropriate

because of the large number of combinations which must be evaluated. Recently,

the validity of this approach has however been re-evaluated in the light of today’s

raw computational power and parallel processing [19]. An exhaustive exploration

not only guarantees that the global optimum structure for a range of desired prop-

erties can be found, it also provides a comprehensive picture of the entire design

space and unique insights into structure–property relationships.

http://crossmark.crossref.org/dialog/?doi=10.1098/rsif.2013.0711&domain=pdf&date_stamp=2013-09-25
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Figure 1. (a) A typical microstructure optimization. A topology is selected and its morphology is optimized for a pre-defined set of desired properties and (b) in the exhaustive
approach, all possible microstructures are explored. The best microstructures can be easily selected for a given set of properties or range of properties. (Online version in colour.)
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Here, we focus on the problem of how to combine a

soft, energy dissipating material with a stiff and strong, but

brittle material. This combination is common in engineering

composites (carbon fibre reinforced polymers) and in bio-

logical composites (nacre, bone, tooth enamel, fish scales and

arthropod cuticles [20–24]). The soft phase typically provi-

des energy dissipation, toughness and ductility, whereas the

hard phase provides stiffness. The unique combinations of

properties they offer make hard–soft hybrid materials suitable

for a variety of functions: structural support, protection,

absorption of impact energy. The pathway towards achieving

these functions raises interesting questions for both engineer-

ing and biological materials: how much of the hard phase

should be incorporated and under which form? Large

volume fractions of hard materials lead to high modulus and

hardness as seen in tooth enamel or urchin spicules. However,

with these improvements comes brittleness, the price to pay for

high stiffness and strength [4]. Can the microstructure offset

this brittleness as seen in some biological materials? Are

there other efficient ways to arrange hard and soft which are

neither used in engineering nor observed in nature? In this

work, we set up an exhaustive search as an attempt to formally

explore these broad questions.
2. Microstructural models
To explore these questions, we set up a model to predict the

mechanical response of hybrids of hard and soft materials.

The model had to give enough flexibility to explore the

responses of a large number of combinations of volume frac-

tions and morphologies. At the same time, computational

cost had to be kept low so that evaluating the performance of

thousands of microstructures became feasible. We therefore

developed a simple finite-element model that did not necess-

arily capture the exact material response in terms of stresses

and strains, but which could serve as a basis to compare and

identify the best microstructures for desired sets of properties.

We considered two-dimensional microstructures with period-

icity along two perpendicular directions (figure 2a). The aim
is to predict the stress–strain response of this microstructure

when it is stretched along the horizontal direction. Figure 2b
shows a ‘unit cell’ which is representative of the microstructure,

also called representative volume element (RVE). Appro-

priate periodic boundary conditions must be enforced on the

boundary of the model

uxða; yÞ � uxð�a; yÞ ¼ uxða; 0Þ � uxð�a; 0Þ;
uyða; yÞ ¼ uyð�a; yÞ;
uxðx; 1Þ ¼ uxðx;�1Þ

and uyðx; 1Þ � uyðx;�1Þ ¼ uyð0; 1Þ � uyð0;�1Þ:

9>>>=
>>>;

ð2:1Þ

We also assumed symmetries about the x- and y-axes, so

that only a quarter of the element was actually modelled

(figure 2c). With this assumption, the displacement must

also be symmetric

uxð�x; yÞ ¼ �uxðx; yÞ;
uyð�x; yÞ ¼ uyðx; yÞ;
uxðx;�yÞ ¼ uxðx; yÞ

and uyðx;�yÞ ¼ �uyðx; yÞ:

9>>>=
>>>;

ð2:2Þ

Combining (2.1) and (2.2) leads to the periodic-symmetric

boundary conditions [25]

uxð0; yÞ ¼ 0;

uxða; yÞ ¼ uxða; 1Þ;
uyðx; 0Þ ¼ 0

and uyðx; 1Þ ¼ uyða; 1Þ:

9>>>=
>>>;

ð2:3Þ

These equations were implemented using multi-point

constraints. To simulate uniaxial tension along the x-axis,

the overall strain along the x-axis was progressively

increased, by specifying the displacement ux(a,1) ¼ a1 at

the upper right corner of the model (figure 2c). The model

was free to contract in the transverse direction from Poisson’s

effects. The model was divided into nine cells, each of which

could be made of either soft or hard material. The total

number of possible arrangements for soft and hard was there-

fore 29 ¼ 512. Some of these configurations were, however,
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Figure 2. (a) A two-dimensional microstructure with periodicity along two perpendicular directions. The material is stretched along the horizontal direction.
(b) Schematic of an RVE representation of the microstructure. Periodic boundary conditions are applied (c): using symmetries only a quarter of the RVE is modelled,
using periodic-symmetric conditions. (Online version in colour.)
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redundant after applying symmetries and periodicity. Also,

configurations where the patches of hard phase joined at

only one corner were deemed unrealistic and excluded

using a connectivity check algorithm. After removing the

redundant and forbidden configurations, 112 possible con-

figurations remained. The morphology was also further

adjusted through three non-dimensional parameters a, b

and g, which controlled the aspect ratio of the RVE, as well

as the internal morphology of the cells (figure 2c). The

height of the model was set to one, because no size effect

was considered in the model. Four values were considered

for each of these parameters: a ¼ 1, 2, 5, 10; b ¼ 0.1, 0.2,

0.5, 0.9 and g ¼ 0.1, 0.2, 0.5, 0.9. These values were selected

in order to capture the widest possible range of morphologies

and mechanical responses.

There are 43 ¼ 64 combinations of a, b and g for each of

the 112 distributions for soft and hard phases, yielding a

total number of 7168 models. Each of the cells was meshed

with plane strain elements, with material properties corre-

sponding to either the soft or the hard phase. The mesh

was refined until the response of the microstructures with

respect to one another was not affected by further mesh

refinements. The hard phase was modelled as linear

elastic with modulus Eh ¼ 100 GPa and tensile strength

sh ¼ 100 MPa; its Poisson’s ratio was kept at a constant

value of 0.2, typical of a ceramic [26]. The failure of the

hard phase was modelled as brittle, and a failure criterion

based on maximum tensile stress was therefore used

(material fails when smax ¼ sh). The energy dissipated

upon failure of the hard phase was assumed to be negligible

compared with other dissipative processes in the soft phase.

The soft phase was modelled as linear elastic–perfectly plas-

tic with modulus Es ¼ 1 GPa and yield strength ss ¼ 1 MPa;

its Poisson’s ratio was kept at a constant value of 0.4, typical

of a polymer [27]. The polymer yielded following a Drucker–

Prager yield criterion [28,29] in order to capture the formation

of cavitation bubbles and ligaments typical of biological and

synthetic polymers undergoing tensile deformations. In this
model, the yield strength of the soft phase decreases when

the mean stress increases, following:

(3� sinw)

6

ffiffiffiffiffiffi
3J2

p
¼ c cosw� sinwsm; ð2:4Þ

where J2 is the second invariant of the deviator part of the

Cauchy stress, sm is the mean stress, c and f are two material

properties corresponding to cohesion and friction angle,

respectively. For the simulations, we used c ¼ 0.793 MPa and

w ¼ 408, corresponding to a yield strength of ss¼1 MPa in uni-

axial tension [28]. In the post yield regime, the soft material was

assumed to be perfectly plastic, with an associated flow rule

capturing the volumetric expansion of the material consistent

with cavitation and the formation of ligaments. Failure of the

soft phase was governed by a strain-based criterion where

the material completely fails when the equivalent strain

reaches 1s ¼ 0.1, corresponding to the strain at failure of the

soft phase in uniaxial tension. This set of material properties

was chosen to create a strong contrast of properties between

the hard and soft phases: Eh/Es ¼ 100, sh/ss ¼ 100 and

1h/1s ¼ 0.01. A set of models with lower contrast (Eh/Es ¼ 10,

sh/ss ¼ 10 and 1h/1s ¼ 0.01) was also generated. Macroscopic

stresses and strains were computed from the imposed displace-

ment and the reaction force along the x-direction (as expected,

the reaction force along the y-direction was zero for all the

models). Failure criteria for hard and soft components were

then applied to determine at which stress and strain the hybrid

material failed. We automated the entire process of model gener-

ation and analysis with a combination of MATLAB (R2012a, MA,

USA) and ANSYS (v. 9, PA, USA).
3. Results
Figure 3a shows a set of 7168 tensile stress–strain curves result-

ing from this exhaustive exploration, and for the case of a

high contrast of properties between hard and soft phases:

Eh/Es ¼ 100, sh/ss ¼ 100 and strain at failure 1h/1s ¼ 0.01.
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The exploration produced a wide range of responses ranging

from brittle to ductile, the majority of them being close, in

behaviour, to either the hard phase (very brittle) or the soft

phase (very soft). About half of the models failed by ductile fail-

ure of the soft phase, while the other half failed by brittle failure

of the hard phase. Upon closer inspection, we classified the

microstructures into four groups according to their mechanical

response (figure 3b). The ‘very brittle’ group, representing

about 45% of all structures produced, failed at strains smaller

than the strain at failure of the hard phase, with negligible

energy dissipation. This group included microstructures with

a wide range of compositions, but where all or part of the

hard phase was continuous along the direction of loading

(figure 3b). In this configuration, most of the stresses were chan-

nelled through the hard phase, which produced a stiff but

brittle behaviour. Stress concentrations in the hard phase

reduced the strain at failure to values smaller than pure hard

phase. Less than 2.5% of the models failed by fracture of the

hard phase, but at strains larger (up to 20 times larger) than

the failure strain of the hard phase. This second group, which

we called ‘quasi-brittle’, therefore dissipated more energy.

The materials in this group displayed a discontinuous hard

phase with high aspect ratio (figure 3b). This arrangement led

to a configuration where the matrix imposed shear stresses on

the inclusions, while the hard inclusions were subjected to ten-

sion. While significant yielding of the matrix was observed in
this group, the aspect ratio of the hard phase was high

enough to fail the hard phase. The next two groups failed by

ductile failure of the soft phase.

About 45% of the models displayed low strength, not

greater than one and a half times the strength of the soft

phase. We therefore termed this third group as ‘ductile

weak’ (figure 3b). This group included microstructures with

a wide range of compositions but with one common trait:

the materials contained straight, uninterrupted bands of the

soft phase across the direction of loading. As a result of this

arrangement, the improvement in strength was minimal,

and energy dissipation and strain at failure were not always

large. Finally, failure of about 2.5% of the materials was con-

trolled by failure of the soft phase, but at strengths greater

than one and half times the strength of the soft material.

This fourth ‘strong ductile’ group (figure 3b) was stronger

than group three, because it contained structures where the

soft phase formed continuous but jagged bands across the

direction of loading. The staggered structure, found in a

large variety of natural materials such as bone and nacre,

was a part of this group.

To further the analysis, we extracted three key properties

from each of the stress–strain curves: elastic modulus E
(i.e. stiffness: initial slope of the stress–strain curve), strength

s (maximum tensile stress that the material can sustain) and

energy absorption to failure U (mechanical energy dissipated
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by the material before failure). Energy dissipation was

measured by calculating the area under the stress–strain

curve up to failure, and subtracting the elastic energy

which would be recovered upon unloading just prior to fail-

ure. With this definition, pure hard phase had zero energy

absorption (the amount of energy absorbed by the generation

of new surfaces in the brittle fracture process was neglected).

E, s and U were normalized by the properties of the soft

material in order to highlight the effect of incorporating a

hard phase into a soft matrix, and the normalized properties

were then plotted as functions of the concentration of the

hard phase f (figure 4a–c).

The modulus and the strength (figure 4a,b) of all materials

cover a wide range of values within the theoretical bounds

[30–32], demonstrating the thoroughness of our exploration. In

terms of energy absorption (figure 4c), the vast majority of the

materials fell within an envelope defined by the rule of mixture

(U/Us ¼ 1 2 f). In general, materials from the ‘very brittle’

group displayed the highest modulus and strength, but no

energy absorption. On the other hand, the ductile weak materials

displayed the lowest modulus, lowest strength but highest
energy dissipation. Material from the two intermediate groups

fell within these two extremes, except for energy, where some

of the ‘quasi-brittle’ and ‘strong ductile’ materials exceeded the

rule of mixture by a large margin (these particular structures

will be discussed later in the article). Our results confirm that

while stiffness and strength usually come together (figure 4d),

strength and toughness are generally mutually exclusive proper-

ties (figure 4e). The exhaustive search, therefore, provides a

powerful tool for parametric studies. Global trends between

properties can be identified, the envelopes of possible combi-

nations of properties given a set of hard and soft materials

can be assessed, and general structure–properties connection

can be established. A very attractive outcome of this approach

is also the identification of the most appropriate microstructure

for a desired set of properties.
4. Optimum microstructures
The exhaustive explorations can also be used to identify

optimum microstructures for a set of desired properties.
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In contrast with traditional optimization schemes which opti-

mize structures from a pre-determined objective function,

here we simply select the ‘best’ designs from the massive set

of data generated over the exhaustive exploration (figure 1).

The term ‘best’ must however be carefully defined, because

the best microstructure for stiffness or strength will probably

be different from the best structure for toughness. In fact, in

many cases, a combination of these three properties may be

desired. It is therefore useful to define an index which

would measure how well a particular microstructure is

adapted to a set of desired properties. Here, we defined a

non-dimensional fitness score for the material as

f ¼ E
Es

� �m
s

ss

� �n U
Us

� �k

with mþ nþ k ¼ 1: ð4:1Þ

The indices m, n and k can be continuously adjusted

depending on the combination of properties desired for a
specific function. For example, (m,n,k) ¼ (0.1,0.1,0.8) may be

chosen if energy dissipation is preferred over strength and stiff-

ness. Note that because each of the properties is normalized by

the properties of the soft material, f ¼ 1 for pure soft material,

and for any value of m, n and k. The score f may therefore be

interpreted as the improvement achieved by incorporating

hard inclusions into a soft matrix. Once a set of desired combi-

nations of properties (m,n,k) has been chosen, it is then easy to

identify from the pool of data, collected from the exhaustive

exploration of the different microstructures, which is the fittest

to achieve this combination, i.e. with the highest index f. Fur-

thermore, in order to keep the results general and to give an

overview of the process, we have displayed the best microstruc-

tures for any combination of m, n and k. Since the sum of the

indices is one, the ‘fittest’ designs can be conveniently dis-

played in ternary diagrams, as shown in figure 5 for two

different levels of contrast between hard and soft phases.

These diagrams can be easily constructed from the results of
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the exhaustive search. By contrast, constructing this dia-

gram from objective function-based topology optimization

methods would require performing an optimization for every

combination of m, n and k. The results show that particular

optimum designs can occupy large sectors in the diagrams,

corresponding in some cases to a wide range of values for

(m,n,k). The overall structure of the diagram confirms that

designs which offer a certain amount of strength usually

offer a similar amount of stiffness: the sectors are broadly

organized over horizontal lines of constant k value. Another

consistent trend is the concentration of the hard phase: rela-

tively low when energy absorption is favoured (top of the

diagram), the concentration of hard phase consistently

increases across all designs when more strength and stiffness

are required. Pure hard phase is the best material when only

strength and stiffness matter (k ¼ 0). When only a small

amount of energy absorption is needed (0 , k , 0.1), the soft

phase has very low concentration and appears only as small

inclusions in a hard matrix. More sophisticated morphologies

emerge when combinations of E, s and U are desired. The

familiar staggered structure emerges as the fittest for regions

k . 0.1 for both weak and strong contrasts. In this structure,

the hard phase comes in the form of inclusions elongated

along the direction of loading, and staggered as to form a

‘brick-wall’-like structure, the soft phase serving as ‘mortar’

between the inclusions. For strong contrast between hard and

soft phases (Eh/Es ¼ 100, sh/ss ¼ 100), the staggered structure

dominates the diagram, up to k ¼ 0.7 (figure 5a). This particu-

lar microstructure is found in a wide variety of natural

materials which combine soft and hard materials including

nacre from mollusc shells, bone, teeth and spider silk

[20–24]. These hybrids combine materials with high contrast

of properties: soft biological polymers (amorphous proteins

and polysaccharides) with hard inclusions (biominerals and

crystalized proteins).

When high stiffness and high strength are desired over

energy absorption the mineral concentration is high, and

the inclusions largely overlap. As more energy dissipation is

needed (increasing k), the concentration of mineral diminishes,

as more soft material is added between the inclusions. Larger

volume fractions of the soft phase generate more energy dissi-

pation per unit volume. For k . 0.7 (high energy absorption

needed), the familiar layered structure (Reuss composite)

emerges as the best design. This particular design is used in

engineering laminated composite and also in natural materials

such as arthropod cuticles [22,30]. The dactyl of stomatopods

(mantis shrimps) represents an extreme example of this type

of structure, which is capable of absorbing tremendous

impact energies [33].

In the case of weaker contrast between hard and soft

(Eh/Es ¼ 10, sh/ss ¼ 10), the diagram is dominated by the

layered structure, while the staggered structure is much less

prominent. In this case, the staggered structure appears only

when strength with some energy absorption is needed, and

with very short inclusions. When the hard phase is not suffi-

ciently strong only short inclusions can be used as longer

inclusions would fail prematurely. When higher modulus

and/or energy absorption are needed, the layered structure

becomes more advantageous. Interestingly, the region k . 0.7

is dominated by pure soft material: when high energy dissipa-

tion is needed and the reinforcing phase has low contrast of

properties with the soft phase, it is more beneficial not to

add any reinforcing phase at all. We hypothesize that
decreasing the contrast between hard and soft further would

lead to diagrams increasingly dominated by pure soft

phase, with the extreme case of no contrast between the

two phase, in which case it is never advantageous to add a

hard phase. The ternary diagram is also revealing for what it

does not show: for example, continuous reinforcements along

the direction of loading, a popular design in composite

materials, is completely absent from the list of best designs.

Composites with low concentration of small and hard

inclusions are also absent from the optimum designs.
5. Concluding remarks
Hybrid materials are a powerful approach in achieving unu-

sual and attractive sets of properties for biological and

engineering materials. The question of how to arrange differ-

ent materials to achieve a given set of hybrid properties is

central for the optimization of this class of materials.

Traditional optimization methods lead to interesting solutions,

but constraints must be placed on the design space and special

precautions must be taken to avoid finding a local optimum

point. Similarly, natural materials may inspire new hybrid

designs, but there is no evidence that nature always uses the

best possible structures. This study demonstrates how a

simple model and an exhaustive exploration can provide a for-

midable tool to assess and compare optimum hybrid designs.

The process can also be used as a large-scale parametric study,

yielding a thorough understanding of structure–properties

relationships. Because there is no pre-determined objective

function during the exploration, the best designs can be

easily identified for any set or range of properties. Today’s

computer power and parallelization capabilities make this

simple approach attractive over existing optimization strat-

egies: an exhaustive search not only guarantees that the

optimum design is identified, but also suggests new designs

and provides a broad picture of the design space. The results

of the exhaustive search may also serve as starting point to

more traditional topology optimization schemes which could

be used to refine particular designs. The approach presented

here can also be extended to explore more sophisticated struc-

tural and mechanical features. For example, our models only

considered failure of the hard or the soft phase. Debonding

between the hard and soft phases could also be introduced

and modelled, for example, with cohesive elements [34,35].

Other features such as anisotropy, heterogeneities or even

functionally graded properties may be introduced and mod-

elled in the hard and soft phases, these features being

present in natural materials. Finally, the structures found in

natural material are typically organized over several distinct

length scales, and this structural hierarchy further increases

their mechanical performance [12,36,37]. This work focused

on structures at a single length scale and no exact length

scale was associated with the models. Our approach can how-

ever also be extended to systematically explore hierarchical

structures [38], in order to unveil and exploit synergies of

mechanisms at different length scales.
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