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Bayesian methods mainly differ in the prior specification of SNP effects 𝜷. 

Bayesian multiple regression

2

𝐲 = 𝟏n𝜇 + 𝐗𝜷 + 𝐞

where

• y is a vector of n phenotypes, 

• µ is the mean (can incorporate other covariates), 

• X is the genotype matrix of n individuals for all SNPs,

• 𝜷 is the vector of SNP effects, 

• e is a vector of residuals, 𝐞 ~ N(0, 𝜎𝑒
2)

Model



Prior distribution of SNP effects
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Normal
Zero-normal mixture

Multi-component mixture
“Spike-and-slab” prior

SNP effect prior



• We incorporate the prior knowledge into the estimation of SNP effects (𝜷) 

using Bayes Theorem:

𝑃 𝜷 𝐲 ∝ 𝑓 𝐲 𝜷 𝑃(𝜷)

• Our target is to obtain the joint posterior distribution of the SNP effects and 

other model parameters (𝜽):

𝑃 𝜽, 𝜷 𝐲 ∝ 𝑓 𝐲 𝜽, 𝜷 𝑃(𝜽, 𝜷)

• We can then use the posterior mean as a point estimate and the posterior 

variance to quantify uncertainty in estimation.
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Incorporating the chosen prior
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Spike-and-slab model (BayesC)

𝐲 = 𝟏𝜇 + 𝐗𝜷 + 𝐞

• The ‘slab’ component contains 𝜋, the probability that the SNP has nonzero effect 

(polygenicity).

• The ‘spike’ component contains 1 − 𝜋, the probability that the SNP effect is zero.

• The variance 𝜎𝛽
2 reflects the magnitude of effect sizes.
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BayesC



Cannot solve the posterior distribution of 𝜷 directly

Same issue for the other parameters (𝜇, 𝛽, 𝜎𝛽
2, 𝜋, 𝜎𝑒

2)

Use Markov chain Monte Carlo (MCMC) algorithm!

How to estimate the joint posterior distribution?
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෡𝜷 = 𝐸 𝜷 𝒚 = න
𝛽1

… න
𝛽𝑚

𝛽𝑚 𝜎𝑒
2 −

𝑛
2 exp −

𝐲 − 𝐗𝜷 ′ 𝐲 − 𝐗𝜷

2𝜎𝑒
2 ෑ

𝑗=1

𝑚

𝜎𝛽
2 −

1
2 exp −

𝛽𝑗
2

2𝜎𝛽
2 𝜋 + 𝜑0(1 − 𝜋) d𝛽𝑚 … d𝛽1

Problem
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Markov chain

MCMC algorithm

A sequence of samples where each sample depends only on the 

previous one (memoryless). This property allows the algorithm to 

gradually explore the distribution.

Monte Carlo

Using random sampling to perform numerical estimation, e.g., 

integrating over a probability distribution by averaging over samples.
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A special case of MCMC to sample from posterior distribution of each 

parameter conditional on all other parameters.

Gibbs Sampling

MCMC algorithm

Figure source
The key is to derive 𝑃 𝑥1|𝑥2  and 𝑃 𝑥2|𝑥1

https://mikelove.wordpress.com/2008/09/08/visual-explanation-of-gibbs-sampling/
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To run Gibbs sampling, we need to derive the full conditional 
distribution for each parameter

BayesC

𝐲 = 𝟏𝜇 + 𝐗𝜷 + 𝐞• 𝑃 𝜇 𝒚, 𝜷, 𝜎𝛽
2, 𝜋, 𝜎𝑒

2

• 𝑃 𝛽𝑗 𝒚, 𝜷−𝑗 , 𝜎𝛽
2, 𝜋, 𝜎𝑒

2

• 𝑃 𝜎𝛽
2 𝒚, 𝜷, 𝜋, 𝜎𝑒

2

• 𝑃 𝜋 𝒚, 𝜷, 𝜎𝛽
2, 𝜎𝑒

2

• 𝑃 𝜎𝑒
2 𝒚, 𝜷, 𝜎𝛽

2, 𝜋
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Posterior joint distribution

BayesC

𝑃 𝜇, 𝜷, 𝜎𝛽
2, 𝜋, 𝜎𝑒

2 𝒚  

∝ 𝑃 𝒚 𝜇, 𝜷, 𝜎𝛽
2, 𝜋, 𝜎𝑒

2 𝑃 𝜇 𝑃 𝜷 𝜎𝛽
2, 𝜋 𝑃 𝜎𝛽

2 𝑃 𝜋 𝑃(𝜎𝑒
2)

Likelihood

Point-normal mixture

Scaled inverse chi-square distribution

Beta distribution
Flat prior

These priors are chosen for mathematical convenience, such that the full conditional 

distribution belongs to the same family as the prior (known as conjugate priors).
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Posterior joint distribution

BayesC

𝑃 𝜇, 𝜷, 𝜎𝛽
2, 𝜋, 𝜎𝑒

2 𝒚  

∝ 𝑃 𝒚 𝜇, 𝜷, 𝜎𝛽
2, 𝜋, 𝜎𝑒

2 𝑃 𝜇 𝑃 𝜷 𝜎𝛽
2, 𝜋 𝑃 𝜎𝛽

2 𝑃 𝜋 𝑃(𝜎𝑒
2)

∝ 𝜎𝑒
2 −

𝑛
2 exp −

𝐲 − 𝟏𝜇 − σ𝑗 𝐗𝑗𝛽𝑗
′

𝐲 − 𝟏𝜇 − σ𝑗 𝐗𝑗𝛽𝑗

2𝜎𝑒
2

× ෑ

𝑗=1

𝑚

𝜎𝛽
2 −

1
2 exp −

𝛽𝑗
2

2𝜎𝛽
2 𝜋 + 𝜑0(1 − 𝜋)

× 𝜎𝛽
2 −

𝜐𝛽+2

2 𝑒𝑥𝑝 −
𝜐𝛽𝜏𝛽

2

2𝜎𝛽
2

× 𝜎𝑒
2 −

𝜐𝑒+2
2 𝑒𝑥𝑝 −

𝜐𝑒𝜏𝑒
2

2𝜎𝑒
2

× 𝜋𝑎−1 (1 − 𝜋)𝑏−1

Likelihood

Prior for 𝜷 : point-normal mixture

Prior for 𝜎𝛽
2 : scaled inverse chi-square distribution

Prior for 𝜎𝑒
2 : scaled inverse chi-square distribution

Prior for 𝜋 : beta distribution
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Full conditional distribution for 𝜇

BayesC

𝑃 𝜇, 𝜷, 𝜎𝛽
2, 𝜋, 𝜎𝑒

2 𝒚  

∝ 𝑃 𝒚 𝜇, 𝜷, 𝜎𝛽
2, 𝜋, 𝜎𝑒

2 𝑃 𝜇 𝑃 𝜷 𝜎𝛽
2, 𝜋 𝑃 𝜎𝛽

2 𝑃 𝜋 𝑃(𝜎𝑒
2)

∝ 𝜎𝑒
2 −

𝑛
2 exp −

𝐲 − 𝟏𝜇 − σ𝑗 𝐗𝑗𝛽𝑗
′

𝐲 − 𝟏𝜇 − σ𝑗 𝐗𝑗𝛽𝑗

2𝜎𝑒
2

× ෑ

𝑗=1

𝑚

𝜎𝛽
2 −

1
2 exp −

𝛽𝑗
2

2𝜎𝛽
2 𝜋 + 𝜑0(1 − 𝜋)

× 𝜎𝛽
2 −

𝜐𝛽+2

2 𝑒𝑥𝑝 −
𝜐𝛽𝜏𝛽

2

2𝜎𝛽
2

× 𝜎𝑒
2 −

𝜐𝑒+2
2 𝑒𝑥𝑝 −

𝜐𝑒𝜏𝑒
2

2𝜎𝑒
2

× 𝜋𝑎−1 (1 − 𝜋)𝑏−1
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Full conditional distribution for 𝜇

BayesC

𝑃 𝜇 𝒚, 𝜷, 𝜎𝛽
2, 𝜋, 𝜎𝑒

2

∝ 𝜎𝑒
2 −

𝑛
2 exp −

𝐲 − 𝟏𝜇 − σ𝑗 𝐗𝑗𝛽𝑗
′

𝐲 − 𝟏𝜇 − σ𝑗 𝐗𝑗𝛽𝑗

2𝜎𝑒
2

~ 𝑁
𝟏′ (𝐲 − σ𝑗 𝐗𝑗𝛽𝑗)

𝑛
,
𝜎𝑒

2

𝑛
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Full conditional distribution for 𝛽𝑗

BayesC

𝑃 𝜇, 𝜷, 𝜎𝛽
2, 𝜋, 𝜎𝑒

2 𝒚  

∝ 𝑃 𝒚 𝜇, 𝜷, 𝜎𝛽
2, 𝜋, 𝜎𝑒

2 𝑃 𝜇 𝑃 𝜷 𝜎𝛽
2, 𝜋 𝑃 𝜎𝛽

2 𝑃 𝜋 𝑃(𝜎𝑒
2)

∝ 𝜎𝑒
2 −

𝑛
2 exp −

𝐲 − 𝟏𝜇 − σ𝑗 𝐗𝑗𝛽𝑗
′

𝐲 − 𝟏𝜇 − σ𝑗 𝐗𝑗𝛽𝑗

2𝜎𝑒
2

× ෑ

𝑗=1

𝑚

𝜎𝛽
2 −

1
2 exp −

𝛽𝑗
2

2𝜎𝛽
2 𝜋 + 𝜑0(1 − 𝜋)

× 𝜎𝛽
2 −

𝜐𝛽+2

2 𝑒𝑥𝑝 −
𝜐𝛽𝜏𝛽

2

2𝜎𝛽
2

× 𝜎𝑒
2 −

𝜐𝑒+2
2 𝑒𝑥𝑝 −

𝜐𝑒𝜏𝑒
2

2𝜎𝑒
2

× 𝜋𝑎−1 (1 − 𝜋)𝑏−1
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Full conditional distribution for 𝛽𝑗

BayesC

𝑃 𝛽𝑗 𝒚, 𝜷−𝑗 , 𝜎𝛽
2, 𝜋, 𝜎𝑒

2

∝ 𝜎𝑒
2 −

𝑛

2 exp −
𝐲−𝟏𝜇−σ𝑗 𝐗𝑗𝛽𝑗

′
𝐲−𝟏𝜇−σ𝑗 𝐗𝑗𝛽𝑗

2𝜎𝑒
2  

× 𝜎𝛽
2 −

1
2 exp −

𝛽𝑗
2

2𝜎𝛽
2 𝜋 + 𝜑0(1 − 𝜋) Let’s introduce an indicator variable 𝛿𝑗

If 𝛿𝑗 = 0, then 𝛽𝑗 = 0

If 𝛿𝑗 = 1, then 𝛽𝑗 is in non-zero component
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Full conditional distribution for 𝛽𝑗

BayesC

𝑃 𝛽𝑗 𝒚, 𝛿𝑗 = 1, 𝜷−𝑗 , 𝜎𝛽
2, 𝜋, 𝜎𝑒

2

∝ 𝜎𝑒
2 −

𝑛
2 exp −

𝐲 − 𝟏𝜇 − σ𝑗 𝐗𝑗𝛽𝑗
′

𝐲 − 𝟏𝜇 − σ𝑗 𝐗𝑗𝛽𝑗

2𝜎𝑒
2 × 𝜎𝛽

2 −
1
2 exp −

𝛽𝑗
2

2𝜎𝛽
2

If 𝛿𝑗 = 1 

~ 𝑁
𝐗𝑗

′(𝐲 − 𝟏𝜇 − σ𝑘≠𝑗 𝐗𝑘
′ 𝛽𝑘)

𝐗𝑗
′𝐗𝑗 + 𝜎𝑒

2/𝜎𝛽
2 ,

𝜎𝑒
2

𝐗𝑗
′𝐗𝑗 + 𝜎𝑒

2/𝜎𝛽
2
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Full conditional distribution for 𝛿𝑗

BayesC

𝑃 𝛽𝑗 , 𝛿𝑗 𝒚, 𝑒𝑙𝑠𝑒 ∝ 𝑃 𝛽𝑗 𝛿𝑗 , 𝒚, 𝑒𝑙𝑠𝑒 𝑃 𝛿𝑗 𝒚, 𝑒𝑙𝑠𝑒

To improve mixing, we sample 𝛿𝑗 unconditional on 𝛽𝑗

𝑃 𝛿𝑗 𝒚, 𝑒𝑙𝑠𝑒 = න
𝛽𝑗

𝑃 𝛿𝑗 , 𝛽𝑗 𝒚, 𝑒𝑙𝑠𝑒 d𝛽𝑗

In other words, we sample 𝛿𝑗 and 𝛽𝑗 jointly:
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Full conditional distribution for 𝛿𝑗

BayesC

𝑃 𝛿𝑗 𝒚, 𝑒𝑙𝑠𝑒 = න
𝛽𝑗

𝑃 𝛿𝑗 , 𝛽𝑗 𝒚, 𝑒𝑙𝑠𝑒 d𝛽𝑗 = න
𝛽𝑗

𝑃 𝒚 𝛿𝑗 , 𝛽𝑗 , 𝑒𝑙𝑠𝑒 𝑃(𝛽𝑗)𝑃(𝛿𝑗)d𝛽𝑗

Pr 𝛿𝑗 = 1 𝒚, 𝑒𝑙𝑠𝑒 =
𝑃 𝒚 𝛿𝑗 = 1, 𝑒𝑙𝑠𝑒 𝑃(𝛿𝑗 = 1)

𝑃 𝒚 𝛿𝑗 = 0, 𝑒𝑙𝑠𝑒 𝑃 𝛿𝑗 = 0 + 𝑃 𝒚 𝛿𝑗 = 1, 𝑒𝑙𝑠𝑒 𝑃(𝛿𝑗 = 1)

= 𝑃 𝒚 𝛿𝑗 , 𝑒𝑙𝑠𝑒 𝑃(𝛿𝑗)

Therefore,
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Full conditional distribution for 𝜎𝛽
2

BayesC

𝑃 𝜇, 𝜷, 𝜎𝛽
2, 𝜋, 𝜎𝑒

2 𝒚  

∝ 𝑃 𝒚 𝜇, 𝜷, 𝜎𝛽
2, 𝜋, 𝜎𝑒

2 𝑃 𝜇 𝑃 𝜷 𝜎𝛽
2, 𝜋 𝑃 𝜎𝛽

2 𝑃 𝜋 𝑃(𝜎𝑒
2)

∝ 𝜎𝑒
2 −

𝑛
2 exp −

𝐲 − 𝟏𝜇 − σ𝑗 𝐗𝑗𝛽𝑗
′

𝐲 − 𝟏𝜇 − σ𝑗 𝐗𝑗𝛽𝑗

2𝜎𝑒
2

× ෑ

𝑗=1

𝑚

𝜎𝛽
2 −

1
2 exp −

𝛽𝑗
2

2𝜎𝛽
2 𝜋 + 𝜑0(1 − 𝜋)

× 𝜎𝛽
2 −

𝜐𝛽+2

2 𝑒𝑥𝑝 −
𝜐𝛽𝜏𝛽

2

2𝜎𝛽
2

× 𝜎𝑒
2 −

𝜐𝑒+2
2 𝑒𝑥𝑝 −

𝜐𝑒𝜏𝑒
2

2𝜎𝑒
2

× 𝜋𝑎−1 (1 − 𝜋)𝑏−1
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Full conditional distribution for 𝜎𝛽
2

BayesC

𝑃 𝜎𝛽
2 𝒚, 𝜷, 𝜋, 𝜎𝑒

2

∝ ෑ

𝑗=1

𝑚

𝜎𝛽
2 −

1
2 exp −

𝛽𝑗
2

2𝜎𝛽
2

𝛿𝑗

 × 𝜎𝛽
2 −

𝜐𝛽+2

2 𝑒𝑥𝑝 −
𝜐𝛽𝜏𝛽

2

2𝜎𝛽
2

~ 𝜒−2 ෤𝜐𝛽 =  𝜐𝛽 +  ෍
𝑗

𝛿𝑗  , ǁ𝜏𝛽
2 =

σ𝑗 𝛽𝑗
2 +  𝜐𝛽𝜏𝛽

2

෤𝜐𝛽

0
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Full conditional distribution for 𝜋

BayesC

𝑃 𝜇, 𝜷, 𝜎𝛽
2, 𝜋, 𝜎𝑒

2 𝒚  

∝ 𝑃 𝒚 𝜇, 𝜷, 𝜎𝛽
2, 𝜋, 𝜎𝑒

2 𝑃 𝜇 𝑃 𝜷 𝜎𝛽
2, 𝜋 𝑃 𝜎𝛽

2 𝑃 𝜋 𝑃(𝜎𝑒
2)

∝ 𝜎𝑒
2 −

𝑛
2 exp −

𝐲 − 𝟏𝜇 − σ𝑗 𝐗𝑗𝛽𝑗
′

𝐲 − 𝟏𝜇 − σ𝑗 𝐗𝑗𝛽𝑗

2𝜎𝑒
2

× ෑ

𝑗=1

𝑚

𝜎𝛽
2 −

1
2 exp −

𝛽𝑗
2

2𝜎𝛽
2 𝜋 + 𝜑0(1 − 𝜋)

× 𝜎𝛽
2 −

𝜐𝛽+2

2 𝑒𝑥𝑝 −
𝜐𝛽𝜏𝛽

2

2𝜎𝛽
2

× 𝜎𝑒
2 −

𝜐𝑒+2
2 𝑒𝑥𝑝 −

𝜐𝑒𝜏𝑒
2

2𝜎𝑒
2

× 𝜋𝑎−1 (1 − 𝜋)𝑏−1

Only depends on the indicator variable 𝛿𝑗 

ෑ

𝑗=1

𝑚

𝜋𝛿𝑗 +  (1 − 𝜋) 1−𝛿𝑗
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Full conditional distribution for 𝜋

BayesC

𝑃 𝜋 𝒚, 𝜷, 𝜎𝛽
2, 𝜎𝑒

2

∝ ς𝑗=1
𝑚 𝜋𝛿𝑗 +  (1 − 𝜋) 1−𝛿𝑗  ×  𝜋𝑎−1 (1 − 𝜋)𝑏−1

~ 𝐵𝑒𝑡𝑎 𝑎 +  ෍
𝑗

𝛿𝑗  , 𝑏 + 𝑚 − ෍
𝑗

𝛿𝑗
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Gibbs sampling

BayesC

• Set starting values for (𝜇, 𝜹, 𝜷, 𝜎𝛽
2, 𝜋, 𝜎𝑒

2)

• Then (for many iterations)

• For each SNP, sample 𝛿𝑗 , 𝛽𝑗 conditional on other parameters 

• Sample 𝜇, 𝜎𝛽
2, 𝜋, 𝜎𝑒

2 with updated 𝜹, 𝜷

Samples reconstruct posterior distributions of parameters
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Gibbs sampling

BayesC

Trace plot Posterior distribution

Posterior mean is used as the point estimate of the SNP effect
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Gibbs sampling

BayesC

Trace plot

90% highest probability density (HPD) as 

credible interval 



By definition,

ℎ𝑆𝑁𝑃
2 =

𝑉𝑎𝑟(𝐗𝜷)

𝑉𝑎𝑟 𝐗𝜷 + 𝜎𝒆
𝟐

Of course, we don’t know the true 𝜷. However, from MCMC sampling, we “observed” 

the sampled values of 𝜷 from its joint posterior distribution. In each iteration (t),

ℎ𝑆𝑁𝑃
2 𝑡 =

𝑉𝑎𝑟(𝑿𝜷 𝑡 )

𝑉𝑎𝑟(𝑿𝜷 𝑡 ) + 𝜎𝒆
𝟐,(𝑡)

26

Iteration

SNP effects

𝜷(𝑡)′ ℎ𝑆𝑁𝑃
2 𝑡

ℎ𝑆𝑁𝑃
2  | data

Estimation of SNP-based heritability



By definition,

ℎ𝑆𝑁𝑃
2 =

𝑉𝑎𝑟(𝐗𝜷)

𝑉𝑎𝑟 𝐗𝜷 + 𝜎𝒆
𝟐

Of course, we don’t know the true 𝜷. However, from MCMC sampling, we “observed” 

the sampled values of 𝜷 from its joint posterior distribution. In each iteration (t),

ℎ𝑆𝑁𝑃
2 𝑡 =

𝑉𝑎𝑟(𝑿𝜷 𝑡 )

𝑉𝑎𝑟(𝑿𝜷 𝑡 ) + 𝜎𝒆
𝟐,(𝑡)

Over a total of T MCMC samples, the posterior mean provides the point estimate:

𝐸[ℎ𝑆𝑁𝑃
2 ] =

1

𝑇
෍

𝑡=1

𝑇

ℎ𝑆𝑁𝑃
2 𝑡

27
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• Markov chain Monte Carlo (MCMC) is a technique to draw samples from a 
posterior distribution for Bayesian inference of model parameters.

• MCMC sampling allows us to observe the parameter values at each iteration 
– we can derive any function of them and compute quantities that are not 
explicitly modeled, e.g., ℎ𝑆𝑁𝑃

2 .

• It’s important to assess the convergence of MCMC by running a longer chain 
or multiple chains and examine the changes in prediction accuracy.

Summary
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