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Polygenic scores

PGS = ෢𝛽1𝑥𝑖1 +෢𝛽2𝑥𝑖2 +෢𝛽3𝑥𝑖3 +⋯ = σ
𝑗=1
𝑛𝑆𝑁𝑃 ෡𝛽𝑗𝑥𝑖𝑗

Polygenic score (PGS) is a weighted count of risk alleles

0, 1 or 2

Risk alleles
Which SNPs?

What weights?

• Don’t need to know causal variants for prediction!

• Prediction can be based on correlated variants.
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SNP Weights

GWAS results give us መ𝛽𝑗
𝐺𝑊𝐴𝑆, not 𝛽𝑗. Two issues to consider when constructing σ𝑗=1

𝑛𝑆𝑁𝑃 መ𝛽𝑗
𝐺𝑊𝐴𝑆𝑥𝑖𝑗 :

1. For some SNPs, መ𝛽𝑗
𝐺𝑊𝐴𝑆 may be a very noisy estimate of 𝛽𝑗 and/or 𝛽𝑗 may be close to 0, so adding 

those SNPs will add more noise than signal

2. If we include all SNPs, we will overweight (“double-count”) SNPs with high LD scores

From Aysu Okbay



Two solutions

Whole-genome regression 

approaches

Include all SNPs but adjust 

the effect sizes for LD 

Clumping and P-value 

thresholding (C+PT)

Include only the most strongly 

associated SNP from each LD 

block (Purcell et al., 2009)

෍

𝑗=1

𝑛𝑆𝑁𝑃

෡𝛽𝑗𝑥𝑖𝑗

Weights: Set equal to GWAS 

coefficients.

Loci: Selected by 

1. using a clumping algorithm that 

ensures the included SNPs are all 

approximately independent of 

each other

2. omitting SNPs whose P value for 

association with the phenotype is 

above a certain threshold

Weights: Set to GWAS coefficients 

adjusted for LD → from a random-effect 

model regressing the phenotype on all 

SNPs

Loci: Include all SNPs, no LD-based 

pruning

Examples: BLUP (Meuwissen et al. 2001), 

LDpred (Vilhjalmsson et al. 2015, Prive et 

al. 2020 ), PRS-CS (Ge et al. 2019), 

SBayesR (Lloyd-Jones et al. 2019)



Clumping & P-value thresholding (C+PT, or P+T, C+T)

Step 1. Select most associated SNP in tower 

(LD-based clumping)

Step 2. Select on a p-value threshold in an 

independent tuning sample



• Cohort: Health and 

Retirement Study

• Phenotype: Educational 

attainment

𝑟2= 𝑟2= 𝑟2= 𝑟2= 𝑟2=

5 × 10−8 5 × 10−5 5 × 10−3 5 × 10−2 5 × 10−1 1

From Aysu Okbay

Clumping & P-value thresholding (C+PT, or P+T, C+T)
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Whole-genome regression approaches

Best Linear Unbiased Prediction 

(BLUP)

or Ridge Regression

Bayesian methods

• Fit all SNP effects as random

• Borrow information across SNPs

• Shrinkage estimation of SNP effects
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Linear mixed model

where

• y is a vector of n phenotypes, 

• µ is the mean, 

• X is an incidence matrix of individuals’ genotypes for all SNPs,

• 𝜷 are the random effects of the m SNPs, 

• e is a vector of random residuals, 𝐞 ~ N(0, 𝜎𝑒
2)

𝐲 = 𝟏𝐧𝜇 + 𝐗𝜷 + 𝐞

Assume SNP effects come from normal distribution with same variance 

𝜷 ~ N(0, 𝜎𝛽
2)

Best Linear Unbiased Prediction (BLUP)
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Assumed distribution of SNP effects
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Best linear unbiased prediction (BLUP)

To estimate random effects (Henderson 1975 & Robinson 1991).

Best: minimum mean square error within class of linear predictors

Linear: random variables 𝜷 are linear functions of the data y

Unbiased: the average value of the estimate of 𝜷 is equal to the 

average value of the quantity being estimated

Predictor: to distinguish random effects from fixed effect estimates 
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Best linear unbiased prediction (BLUP)

𝐲 = 𝟏𝐧𝜇 + 𝐗𝜷 + 𝐞

Linear mixed model

BLUP solutions

I = identity matrix (dimensions m x m)

 = 𝜎𝑒
2 / 𝜎𝛽

2

Ƹ𝜇
෡𝜷

=
𝟏𝐧′𝟏𝐧 𝟏𝐧

′ 𝐗

𝐗′𝟏𝐧 𝐗′𝐗 + 𝐈𝜆

−1
𝟏𝐧
′ 𝐲

𝐗′𝐲

BLUP
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Least Squares (LS) solutions

Ƹ𝜇
෡𝜷

=
𝟏𝐧′𝟏𝐧 𝟏𝐧

′ 𝐗

𝐗′𝟏𝐧 𝐗′𝐗

−1
𝟏𝐧
′ 𝐲

𝐗′𝐲

BLUP solutions

Ƹ𝜇
෡𝜷

=
𝟏𝐧′𝟏𝐧 𝟏𝐧

′ 𝐗

𝐗′𝟏𝐧 𝐗′𝐗 + 𝐈𝜆

−1
𝟏𝐧
′ 𝐲

𝐗′𝐲

BLUP
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Shrinkage

BLUP solutions

 = 𝜎𝑒
2 / 𝜎𝛽

2 is known as the shrinkage parameter

It shrinks LS estimates toward zero to an extent depending on the 

noise-signal ratio.

e.g., ignoring mean and other SNP

Ƹ𝜇
෡𝜷

=
𝟏𝐧′𝟏𝐧 𝟏𝐧

′ 𝐗

𝐗′𝟏𝐧 𝐗′𝐗 + 𝐈𝜆

−1
𝟏𝐧
′ 𝐲

𝐗′𝐲

መ𝛽1 =
𝑋1
′𝑦

𝑋1
′𝑋1+𝜆

<
𝑋1
′𝑦

𝑋1
′𝑋1

LS estimate



This content downloaded from 130.102.10.66 on Thu, 08 Aug 2019 06:53:45 UTC
All use subject to https://about.jstor.org/terms

14

BLUP avoids selection bias!

This content downloaded from 130.102.10.66 on Thu, 08 Aug 2019 06:53:45 UTC
All use subject to https://about.jstor.org/terms

This content downloaded from 130.102.10.66 on Thu, 08 Aug 2019 06:53:45 UTC
All use subject to https://about.jstor.org/terms

Shrinkage

Shrinks LS estimates toward zero
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Property of BLUP

This content downloaded from 130.102.10.66 on Thu, 08 Aug 2019 06:53:45 UTC
All use subject to https://about.jstor.org/terms

Unbiased: E[𝜷 | ෡𝜷BLUP] = ෡𝜷BLUP

In contrast, for LS estimator: E[෡𝜷LS | 𝜷] = 𝜷

This content downloaded from 130.102.10.66 on Thu, 08 Aug 2019 06:53:45 UTC
All use subject to https://about.jstor.org/terms

Desirable property of a genetic predictor:

The regression of y on the predictor has an 
intercept of zero and a slope of one.
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Let 𝐙𝑖
′ is the genotypes of an individual to be predicted

𝑃𝐺𝑆𝑖 = 𝐙𝑖
′෡𝜷𝐵𝐿𝑈𝑃

Calculate PGS with BLUP estimates

SNP 1 2 3 4 5 6 7 8 9 10

Geno 𝑍𝑖1 𝑍𝑖2 𝑍𝑖3 𝑍𝑖4 𝑍𝑖5 𝑍𝑖6 𝑍𝑖7 𝑍𝑖8 𝑍𝑖9 𝑍𝑖10

SNP 1 2 3 4 5 6 7 8 9 10

Geno 𝑍𝑖1 𝑍𝑖2 𝑍𝑖3 𝑍𝑖4 𝑍𝑖5 𝑍𝑖6 𝑍𝑖7 𝑍𝑖8 𝑍𝑖9 𝑍𝑖10

෡𝜷𝐵𝐿𝑈𝑃 መ𝛽1 መ𝛽2 መ𝛽3 መ𝛽4 መ𝛽5 መ𝛽6 መ𝛽7 መ𝛽8 መ𝛽9 መ𝛽10

=෍
𝑗=1

10

𝑍𝑖𝑗 ∗ መ𝛽𝑗

using all SNPs
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Where do we get  from?

• If know 𝜎𝛽
2, then know 

• Can estimate total additive genetic variance (𝜎𝑔
2) and divide by 

number of segments, e.g. 𝜎𝛽
2 = 𝜎𝑔

2/𝑚

• Assumes SNPs capture all of genetic variance!

• Estimate with REML

• Bayesian approach

• Cross validation

Estimate 

From Ben Hayes
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BLUP solutions:

෡𝜷 = 𝐗′𝐗 + 𝐈𝜆 −1𝐗′𝒚

where 𝜆 =
𝜎𝑒
2

𝜎𝛽
2

R (LD matrix), b (GWAS marginal effects) and 𝑛 (sample 
size) are sufficient statistics for the estimation of 𝜷.

𝐲 = 𝐗𝜷 + 𝐞

𝑛 𝐑 𝑛 𝐛

Summary-data-based BLUP (SBLUP)

Let

𝐑 =
1

𝑛
𝐗′𝐗 → LD matrix

𝑏𝑗 =
1

𝑛
𝐗𝑗
′𝐲 → GWAS effects
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Genomic selection in livestock

Examples of BLUP applications

Use genome-wide SNPs to estimate the breeding 

value of selection candidates.

“Genomic selection” = “precision medicine” for 

animals
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• Inflammatory Bowel Disease

• Affects 2 in every 1000 people (approx.)

• 68,000 IBD patients and 29,000 healthy controls from 15 cohorts, European descent

• 909,763 GWAS SNPs or 123,437 SNPs on the custom designed Immunochip

• Prediction methods:

o Genetic profile risk scores (GPRS) constructed using effects of all SNPs from GWAS 

o GBLUP

o Elastic net (EN)

o BayesR - Bayesian method that models SNP effects as a mixture of 4 normal distributions.

Humans – Crohn’s disease Chen et al. 2017. BMC Medicine.

Examples of BLUP applications
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Humans – Crohn’s disease Chen et al. 2017. BMC Medicine.

Assess value of predictions as 

“Area Under Curve” (AUC) from 

5-fold cross-validation

Examples of BLUP applications
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• C+PT is a simple but commonly used method to calculate PGS

- Involves SNP selection and requires an independent tuning sample 

• BLUP simultaneously estimates all SNP effects as random

- No need to prune SNPs on LD or select by p-value

- Have nice properties, such as unbiasness & minimal prediction error 
variance, if the model correctly specified

- Assumes normal distribution on SNP effects with equal variance

- Need to specify the shrinkage parameter

- Can work with GWAS summary statistics 

Summary

Summary



1. Choi SW, et al. Tutorial: a guide to performing polygenic risk score analyses. Nat Protoc 15, 2759–

2772 (2020). (General tutorial)

2. Euesden J, et al. PRSice: Polygenic Risk Score software. Bioinformatics. 2015 May 

1;31(9):1466-8. (Popular tool implements the C+PT method)

3. Goodard ME, et al. Estimating Effects and Making Predictions from Genome-Wide Marker 

Data. Statist. Sci. 24 (4) 517 - 529, November 2009. (BLUP theory clearly explained)

4. Maier RM, et al. Improving genetic prediction by leveraging genetic correlations among 

human diseases and traits. Nat Commun 9, 989 (2018). (SBLUP methodology)

Recommended reading
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