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https://en.wikipedia.org/wiki/Iris_flower_data_set

https://en.wikipedia.org/wiki/Iris_flower_data_set


Correlation 
and linear 
model 

• Y =  X b + e

• Y for example BMI

• X age

• b association

• Maximum Likelihood 
estimation

𝑏 =
𝑐𝑜𝑣(𝑋, 𝑌)

𝑣𝑎𝑟(𝑋)

𝑟 =
𝑐𝑜𝑣(𝑋, 𝑌)

𝑠𝑑 𝑋 𝑠𝑑(𝑌)

𝒓 =
𝒃 . 𝒔𝒅(𝒀)

𝒔𝒅(𝑿)

• https://en.wikipedia.org/wiki/Linear_regression

• https://en.wikipedia.org/wiki/Pearson_correlati
on_coefficient

https://en.wikipedia.org/wiki/Linear_regression
https://en.wikipedia.org/wiki/Pearson_correlation_coefficient






Multiple 
regression

• Y = X1 b1 + X2 b2 + e

• Y =  X b + e

• Y for example BMI

• X age, sex, …

• b = (b1, b2) marginal 
associations

• Partial correlations, 
multiple correlations

• Global measure of fit 
e.g. R2





Generalised 
linear model 
– for binary 
or count 
variabless

• Y =  X b + e

• Y : Disease status, 
number of symptoms

• X age, sex

• b = (b1, b2) associations

Maximum Likelihood 
estimation

Gaussian, Binomial, 
poisson, gamma, 
inverse gaussian 
distributions







R2 –
variance 
explained

• Y =  X b + e

Var(Y) = b2 var(X) + var(e)

R2 = b2 var(X) / var(Y) 

coefficient of 
determination

• Y =  b1 X1 + b2X2 + e

R2= 1 – var(e) / var(Y)

• R2 = Combined association 
of one or several variables

• pseudo R2 – for logistic / 
Poisson regression

• R2 expressed in % variance 
of Y

https://en.wikipedia.org/wiki/Coeffi
cient_of_determination

https://en.wikipedia.org/wiki/Logisti
c_regression

https://en.wikipedia.org/wiki/Coefficient_of_determination
https://en.wikipedia.org/wiki/Logistic_regression






Multiple regression 
with many more 
SNPs

Y =   X b + e

X full matrix of SNPs; N 
individuals ~450K,  m SNPs 
~16 Millions

𝐵𝑀𝐼1
…

𝐵𝑀𝐼𝑁

=
𝑟𝑠0011

…
𝑟𝑠001𝑁

𝑟𝑠 …1 𝑟𝑠99991
… …

𝑟𝑠 …𝑁 𝑟𝑠9999𝑁

. 𝑏𝑟𝑠0011 𝑏𝑟𝑠… 𝑏𝑟𝑠9999 +

𝑒1
…
𝑒𝑁



Random 
effect model 
– can handle 
high 
dimension

• Y =  X b + e

• b~ N(0,  I . sG2 / m )

• Var(Y)= m SG2/m + V(e)

• X full matrix of SNPs -
normalised

• b marginal SNP 
association coefficients

• Constraint / 
hypothesis : b normally 
distributed (unimodal)

• R2 of random effect 
only requires estimating 
sG2 and var(Y)

R2= sG2 / var(Y)









Random 
effect 
reformulation 

• Y =  g + e

• g ~ N(0, GRM . sG^2 )

• GRM = XX’/m

• Var(Y)=sG^2 + V(e)

• X full matrix of SNPs 
centered

May start to resemble 
models seen before



Two formulas 
one model

Y =  g + e

g ~ N(0, GRM . sG^2 )

GRM = XX’/m

Var(Y)=sG^2 + V(e)

Latent factor

Y =  X b + e

b ~ N(0, I . sG^2/m )

Var(Y)=p. sG^2 / m + V(e)

X full matrix of SNPs

High dimensional



Linear mixed 
model – fixed 
and random 
effect

Y =  Z b + g + e

g~ N(0, GRM . sG2)

GRM = X’X/m

Z covariates

𝐵𝑀𝐼1
…

𝐵𝑀𝐼𝑁

=
𝐴𝑔𝑒1
…

𝐴𝑔𝑒𝑁

𝑆𝑒𝑥1 𝑃𝐶1
… …

𝑆𝑒𝑥𝑁 𝑃𝐶𝑁

. 𝑏𝐴𝑔𝑒 𝑏𝑆𝑒𝑥 𝑏𝑃𝐶 +
𝑟𝑠0011

…
𝑟𝑠001𝑁

𝑟𝑠 …1 𝑟𝑠99991
… …

𝑟𝑠 …𝑁 𝑟𝑠9999𝑁

. 𝑏𝑟𝑠0011 𝑏𝑟𝑠… 𝑏𝑟𝑠9999 + 𝑒



Focus on GRM

GRM = XX’/m

X standardised SNP matrix

SNP – raw SNP matrix

𝑺𝑵𝑷 = 𝒓𝒔𝟎𝟎𝟏 𝒓𝒔𝟎𝟎𝟐 𝒓𝒔… 𝒓𝒔𝟗𝟗𝟗𝟖 𝒓𝒔𝟗𝟗𝟗𝟗

𝑿 =
𝒓𝒔𝟎𝟎𝟏 −𝑚𝑒𝑎𝑛(𝑟𝑠001)

𝑠𝑑(𝑟𝑠001)
…

𝒓𝒔𝟗𝟗𝟗𝟗−𝑚𝑒𝑎𝑛(𝑟𝑠9999)

𝑠𝑑(𝑟𝑠9999)

𝑚𝑒𝑎𝑛 𝑟𝑠001 = 2𝑝𝑟𝑠001

𝑠𝑑 𝑟𝑠001 = 2𝑝𝑟𝑠001(1 − 𝑝𝑟𝑠001)

https://en.wikipedia.org/wiki/Bin
omial_distribution

𝑿 =
𝒓𝒔𝟎𝟎𝟏 − 2𝑝𝑟𝑠001

2𝑝𝑟𝑠001(1 − 𝑝𝑟𝑠001)
…

𝒓𝒔𝟗𝟗𝟗𝟗− 2𝑝𝑟𝑠9999

2𝑝𝑟𝑠9999(1 − 𝑝𝑟𝑠9999)

𝑝𝑟𝑠𝑚: frequency of reference 
allele for SNP m

𝒓𝒔𝒎: dosage {0, 1, 2} of SNP 
m

https://en.wikipedia.org/wiki/Binomial_distribution


Focus on GRM

GRM = XX’/m



Focus on GRM

GRM = XX’/m



Focus on GRM

GRM = XX’/m

𝐺𝑅𝑀𝑖𝑗 =
1

𝑚


𝑚
𝑋𝑚𝑖 . 𝑋𝑚𝑗

𝐺𝑅𝑀𝑖𝑗 =
1

𝑚


𝑚

𝑟𝑠𝑚𝑖− 2𝑝𝑟𝑠𝑚

2𝑝𝑟𝑠𝑚(1 − 𝑝𝑟𝑠𝑚)
.

𝑟𝑠𝑚𝑗 − 2𝑝𝑟𝑠𝑚

2𝑝𝑟𝑠𝑚(1 − 𝑝𝑟𝑠𝑚)



Statistical power and 
GRM

Power depends on the 
variance of GRM off-diagonal 
elements

https://shiny.cnsgenomics.com/TwinPower/

https://shiny.cnsgenomics.com/gctaPower/

Statistical power : probability of detecting a 
true association. Function of: type of effect 
(fixed, random), hypothesised effect size r, 
sample size N, risk alpha (5%).

https://shiny.cnsgenomics.com/TwinPower/
https://shiny.cnsgenomics.com/gctaPower/


Association testing -
pvalues

Nested models 
compare two models, one 
being subset of other (in 
terms of variables)

Y =  Z b + g + e Full

Y =  Z b + e Nested

Difference between models 
where 1 or several parameters 
of interest are dropped

lambdaLR ~ Chi2 (z)

Follows a chi2(z) distribution
Z : difference of parameters between full 
and nested models

https://en.wikipedia.org/wiki/Likelihood-ratio_test

https://en.wikipedia.org/wiki/Likelihood-ratio_test


Summary

LMM are extensions of GLM

R2 useful to measure association with several 
variables

GRM = XX’/p – NxN variance covariance matrix of 
random effect

GRM sufficient to describe random effect – easier to 
manipulate than full matrix of SNPs X

GRM contains information about sample composition 
(familial, cryptic, statistical power..)

General GLM & LMM model formulation and 
estimation via likelihood
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SEM

LMM

GLM

Linear

Logistic
Poisson

Random effects

Linear

Logistic

Recap from the  
first part



SNP heritability

Y = Z a + X b + e

• b~ N(0, I . sG2/m )

• Z : age, sex, site …

• Formulation emphasises X (Large matrix of SNPs)

• sG2/var(Y) = SNP heritability

• In practice LMM with covariates (age, sex, site…)

• Estimated from individual level data using GCTA

LMM

Source: wikicommons



ACE model

• Y = Z a + g + c + e

• g ~ N(0, GRM . sG2)

• c ~ N(0, CRM . CG2)

• sG2/var(Y) = heritability

• sC2/var(Y) = shared E

• SNPs not  observed, no direct 
measurement of C

• Pedigree: approximation of GRM 
calculated from common and rare SNPs

• Assumed variance covariance of shared 
environment

LMM



Heritability from Whole 
Genome Sequencing

• Variance partitioning –
rare and common SNPs

• Slightly different kinship 
metric for complex 
population structure (see 
https://www.ncbi.nlm.nih.
gov/pmc/articles/PMC622
0858/ )

https://www.ncbi.nlm.nih.gov/pmc/articles/PMC6220858/




Additive, Dominance 
and Additive by 
Additive variance

Interaction between random effects





GWAS in PLINK

Y =  X b + a SNPi + e

X : age, sex, site, genetic PCs

https://zzz.bwh.harvard.edu/plink/

Linear

Logistic

Source: wikicommons

https://zzz.bwh.harvard.edu/plink/


GWAS in TRACTOR
Linear

Logistic





GWAS in SAIGE, gcta, bolt-LMM, fastLMM…

• Y = Z a + X b + a SNPi + e

• b~ N(0, I . sG2 / m)

• Z : age, sex, site …

• X : can be leave one chromosome out 
set of SNP

LMM

SAIGE

Fast-
GWAS
GLMM

Bolt-
LMM



Advantages and pitfalls of LMM  (in GWAS)

• Power increase and lower false positive rate

• Better control of population structure

• Greater power by conditioning on other hits

• Higher computational burden than GLM

• Weary of not enough SNPs in GRM

• Double fitting in GWAS 

• Logistic LMM not always implemented 



Part 3 – We can write a lot more models
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Best linear Unbiased prediction (BLUP)

Y =  X  b + e

b~ N(0,  I. sG2 / m)

𝑋 𝑏 – in a new sample: 
prediction from SNPs

LMM

In Practice:
sBLUP – summary statistics –
beta from GWAS and 
transform effects into marginal 
effects using reference LD 
matrix



(s)BayesR predictor

Y = X1 b1 + X2 b2 + X3 b3 + e

bi ~ N(0, I . sGi2)

• Mixture of  components 

(SNPs stratified by MAF)

• Relax hypothesis of single 
distribution 

LMM

Estimated using GCTB (summary statistics)
https://cnsgenomics.com/software/gctb/#Overview

https://cnsgenomics.com/software/gctb/


LDPRED & LDPRED2

• Y =  X b + e

• b   ~  N(0, I . sG2 / pm) with 
proba p

• 0 otherwise

• Mixture of  components

• Extra parameter p 
(estimated automatically in 
LDpred2)

LMM



Polygenic risk scores



Prediction accuracy 
of a PRS

Y = Z a + PRS . b + e

Z : age, sex, site, genetic PCs …

Linear

Logistic



Prediction accuracy 
of a PRS in a
twin sample

Y = Z a + c + e

c ~ N(0, CRM . sC2 )

Z : age, sex, site, genetic PCs, PRS

Control for A and/or C

LMM



Haseman-Elston regression

Linear

N = 1,000
n = 499,500



Longitudinal models

LMM

https://cran.r-
project.org/web/packages/lme4/vignettes/lmer.pdf
http://www.bristol.ac.uk/cmm/learning/videos/random-
slopes.html

Y = Z a + t + e
t ~ N(0, TRM . sG2 )
Z : age, sex, site
TRM: matrix of visit/wave –
identifies observations of the 
same individual

https://cran.r-project.org/web/packages/lme4/vignettes/lmer.pdf
http://www.bristol.ac.uk/cmm/learning/videos/random-slopes.html


Longitudinal models

LMM

https://cran.r-
project.org/web/packages/lme4/vignettes/lmer.pdf
http://www.bristol.ac.uk/cmm/learning/videos/random-
slopes.html

Y = Z a + t + e
t ~ N(0, TRM . sG2 )
Z : age, sex, site
TRM: matrix of visit/wave –
identifies observations of the 
same individual

https://cran.r-project.org/web/packages/lme4/vignettes/lmer.pdf
http://www.bristol.ac.uk/cmm/learning/videos/random-slopes.html


Fixed slope and 
intercept model

• Y = T b + e

• T: days of sleep 
deprivation

• GLMs



Mixed intercept 
model

• Y = T b + t0 +  e

• T: days of sleep 
deprivation

• U0 ~ N(0, S)

• LMM



Mixed slope and 
intercept model

Y = T . b + u0 + T . u1 + e

T: days of sleep 
deprivation

u0,1 ~ N(0, S); u0 and u1 
correlated



SEM – multivariate 
mixed effects

• Set of linear mixed models 

• OpenMx

P1 =  A1 + E1

P2 =  A1 + E1 + A2 + E2

P3 =  ...

A1 , A2 ~ N(0, GRM . sAi)

E1, E2 ~ N(0, I . sEi)

SEM

From Methodology for Genetic Studies of Twins and Families, Neale et al., 1992.



Model Formula Statistics of interest Application In R 

Generalised Linear 
model

Y = Xb + e b, correlation
Odd Ratio, r2
Partial corretations

Test association
(e.g. Prediction accuracy  in pop 
sample)
Haseman Elston

Lm()
Glm()

Random effect model Y = Xb + e
b~N(0,  I. sG2 / 2)

sG, variance component (R2) AE or ACE model
Longitudinal model
Model site effect

Lme4()
openMx()
heritability()
qgg()

Linear Mixed Model Y = Za + Xb + e
b~N(0, I . sG2 / p)

a : partial & multiple correlations, R2
sG: variance components (R2)

ACE with covariates
SNP h2 with covariates
Longitudinal with covariates
Quadratic, interactions
More…

Lme4()
nlme()
openMx()
Umx()
heritability()
qgg()

Structural equation 
modelling

Set of GLM or 
LMM

A :partial correlations, sG : variance 
components, rG and latent factor 
model

Complex multivariate LMMs models
rG
Comnnon pathway / independent 
pathway

lavaan()
openMx()



Summary

The different models we use a lot of the time share 
some common theory and concepts (e.g. likelihood)

Random effects can accommodate low and 
high-dimensional data, observed or latent 
variables (with known covariance).

Hoping that seeing models in perspective – may give 
new ideas on how to approach research questions 


