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Multivariate twin models

= Section 1: from univariate to bivariate (Dolan)

= Section 2: from bivariate to multivariate (Dolan)

= Section 3 : independent pathway model (IPM) a.k.a. biometric
model (Pelt)

" Recap multivariate model
" The common factor model

" Section 4: the independent pathway model (continued) (Pelt)

= Section 5: the common pathway model (Dolan)
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From univariate to bivariate to multivariate— First some notation

Notation

Phenotype (variable)

Ph (Ph,, Ph,) or sensible ("IQ")

Latent variable - additive genetic A
Latent variable - shared environmental C
Latent variable- dominance D
Latent variable - unshared environmental E

variance of phenotype

var(Ph) or op,?

variance of A (D, C,E)

var(A) or 6,2 (65262 0¢?)

standard deviations(stdev)

sd(Ph) or opy,; sd(A) or 6,

Covariance matrix of p phenotypes (pxp
symmetric matrix) - Phenotypic

2, containing p variances and
((p-1)*p)/2 covariances

Covariance matrix of p phenotypes (pxp
symmetric matrix) - A (D, C, E)

2A(Zp 20 Zp)

Covariance and correlation between X and Y
(off-diagonal element in ;)

cov(Phy,Ph;) or Gppy po
cor(Ph,,Ph,) or Pph1,ph2 OF Iph1 ph2
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Two ways of representing covariance.

cov Ph, Ph, cov Ph, Ph, cov Ph, Ph,
Ph, Oph1’ OPph1,Ph2 Ph, Oppy’ Oph1™ Pph1,ph2” Oph2 Ph, 16 10
Ph, Gph1,ph2 Gphy? Ph, GPhl*pPhl,PhZ*Gth Gppa? Ph, 10 25
cor Ph, Ph, cor Ph, Ph,
Ph, Gpn1%/Oph1® {Oph1*Prh1,ph2 " Ophat /1 Oph1* Opna} Ph, 1 5
Ph, {Opn1 " Prh1ph2” Opn2) /{Oph1™ Opny | Opn2°/Opn2’ Ph, .5 1

Two way of expressing a covariance (important!)
{Opn1™Pphi1pha” Ophat = Ophi.ph2 (humerical: 4*.5*5) = 10

\ covariance

covariance = stdev*correlation*stdev
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Univariate models

MODELING PHENOTYPIC COVARIANCE MATRICES USING ACE MODELS

BOULDER WORKSHOP 2022 IPM / CPM {DOLAN & PELT} 5



Univariate ACE Model: Variance components

MZ twins phenotypic covariance matrix

MZ, MZ,
vatf) - varl@ 7 varA) - wrvar(a)  var(A) MZ, var(A)+var(C)+var(E) var(A) + var(C)
MZ, var(A) + var(C) var(A )+var(C) +var(E)

DZ twins phenotypic covariance matrix

DZ, DZ,
Phy Ph, DZ, var(A)+var(C)+var(E) Ysvar(A) + var(C)
DZ, Ysvar(A) + var(C) var(A )+var(C) +var(E)
Parameters of the model: hZ = var(A) / {var(A)+var(C)+var(E)}
var(A), var(C), and var(E) alternative notation: h? = 6,? / {c,2 + o2 + o¢%}
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Univariate ACE Model: Path coefficients

MZ twins phenotypic covariance matrix

MZ, MZ,
M a2+c2+e? a2+c?
e a2+c? a2+c2+e?
DZ twins phenotypic covariance matrix
DZ, DZ,
Phs Phs bz, a2+c2+e? Yaa2+c2

Parameters of the model:
a, c,and e h? = a2 / (a?+c?+e?)
alt notation: h? = 6,? / {02 + 6% + 0%}
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From univariate to
bivariate

MODELING ACE/ADE COVARIANCE MATRICES




Running example: skinfold data (umx; Moskowitz, et al. 1999, https://pubmed.ncbi.nim.nih.gov/10323623/)

Skinfold Calipers - the measurement device

Skinfold measured at 5 loci:

Biceps and Triceps (purple @), Calf (green ®), Subscapular (blue ®), Suprailiacal (orange “).
us_skinfold data available in the umxlibrary (R library) (x are other standard locations)
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From Univariate ADE Model to Bivariate ADE Model: biceps and triceps skinfold

Phenotypic covariance matrix (correlation)
2.098 6.939 2.053
Biceps Triceps
Biceps 13.388 11.168(.899)
Triceps 11.168 (.899) 11.537

Results of univariate ADE analysis (sex as covariate)
biceps: h?,=.376 & h?, =.376+.410=.786
triceps: h?. =.185 & h?, =.625+.185 = .811

triceps

So we know about the phenotypic variances.
But what about the covariance (11.168) and the correlation (.899)?
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From decomposing variance to decomposing covariance matrices

biceps triceps
_E‘_:’_\i@b’_[_)t)i:——-—— — Cov (AuAd Z Ph P P
____% biceps cSbicz Opic, tri
13.388 11.168
N ' triceps Cbic.ri G2
11.168 11.537
biceps triceps
Zph P P
) i 2 2 2
biceps triceps biceps Gap +6Db +GEb GAb,At+GDb,Dt+GEb,Et
triceps 2 2 2
cep Oab,atTOpb,0t T OFb,Et Opt +Opt O

/Qs decomposition of one varD
univariate: opp?2 = 0% + 0% + OF?

/@ecomposition of two va ria@
bivariate: Zpp, = Zp+ Zp + X
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Deconstructing the phenotypic 2x2 covariance matrix (2 variances; 1 covariance)

bivariate: 2p, = 2, + 2p + 2¢

Yo bic tri
bic cTbicz Obic tri -
tri Gbic,tri Gtriz
XA bic tri > bic tri ) bic tri
bic 2 + i 2 + i 2
Gab O ab,At bic Gpp Gpp,Dt bic Ggp Ok, Et
tri 2 i 2 tri 2
G ab,At O at tr Gpp,Dt Opt 4 Okp,Et Ot
2ph bic tri
bic Onll+0 24002 Oan pFOnn netO
Ab TOpp TOgy Ab,AtTODb,Dt TOEp Et
: 2 2 2
tr O ab,AtTODb, Dt TOEb Et Ot TOpt TOt
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Covariance matrices of the twins - 2 phenotypes, 2 twins: 4x4 covariance matrices

Zph twin 1 twin 2

MZ
twinl | ¥ + X+ 2, DI I IN
twin 2 DI DI PIPE DI
2o, DZ twin 1 twin 2
twinl | ¥ + X+ 2, Z9 /9
twin 2 VX + %2y T+ Xp+ X

2o, Of MZs and DZs are 4x4 matrices

...Where...

I bic tri
bic Cap’ O ab,At
tri O ap,At Op’
X5 bic tri
bic Oy’ Opp,Dt
tri Opp,Dt Opt’
X bic tri
bic Oy’ OFp,Et
tri OFp,Et O’

ButX,, X, and 2; are a 2x2 covariance matrices, p=2, i.e., a bivariate ADE model
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Bivariate ADE model—two phenotypes— MZ twins

1*Gp,2

biceps triceps biceps triceps

twin 1 twin 2
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Bivariate ADE model—two phenotypes— DZ twins

biceps

Y4 Opp?

twin 1

triceps biceps
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Within trait (biceps)
Cross-twin

biceps biceps
twin 1 twin 2
2 (D2Z) Twin 1 Twin 2
bicl tril bic2 tri2
bicl Sap> + Spp’ + Sep’ YaSan® + YASpp? |I
Twin 1

tril
bic2 VoSpp? + YaSpy? Sab” + Spp” + Sgp°

Twin 2 ,
tri2
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Within trait (triceps)
Cross-twin

triceps triceps
twin 1 twin 2
2 (D2Z) Twin 1 Twin 2
bicl tril bic2 tri2
bicl
Twin 1

tril Sae? + Spi? + Sgi? VaSpe? + VaSpi?
bic2

Twin 2 )
tri2 Vs + YSp2 Sat> + Spt” + Sy’
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Cross-trait
Within twin

biceps triceps biceps triceps
twin 1 twin 2
Seh (D2Z) Twin 1 Twin 2
bic2 tri2
_ bicl Sabat + Spbpt + SebEt
Twin 1 : > > >
tril Sabat T Spbbt + SebEt Sat~ + Spt” + Sgt
- 2 2 2
. bic2 Sab” *+ Spb” + Seb Sabat * SpbDt * SebEt
Twin 2 _ " N "
tri2 Sabat T Spbbt + SebEt Sat” + Spt” + Skt
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1 2
%Gy,

GDth

% Gpp’

OkpEt

GAbAt GDth

OkbEt

@@G

Cross-trait
Within twin +

Within trait (biceps)

Cross-twin
Gph
1\ 1 1\ 1 1
1
biceps triceps biceps triceps
Sy, (D2) Twin 1 Twin 2
bicl tril bic2 tri2
; 2 2 2 2 2
_ bicl Sab” * Spp” * Sep Sabat + Spbpt + SebEt VaSpp~ + YaSpy,
Twin 1 : > > >
tril Sabat T Spbbt + SebEt Sat~ + Spt” + Sgt
. bic2 Y%sSan® + aSpp’ Sab” + Spb” + Seb’ Sabat * SpbDt * SebEt
Twin 2 _ " N "
tri2 Sabat T Spbbt + SebEt Sat” + Spt” + Skt
S —]
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Cross-trait
Within twin +

Within trait (biceps + triceps)

Cross-twin
biceps triceps biceps triceps
Seh (D2Z) Twin 1 Twin 2
bicl tril bic2 tri2
: 2 2 2 2 2
_ bicl Sab” * Spp” * Sep Sabat + Spbpt + SebEt I VaSpp~ + YaSpy,
Twin 1 : > > > ; ;
tril Sabat T Spbbt + SebEt Sat~ + Spt” + Sgt VaSp” + YaSpy
. bic2 Y%sSan® + aSpp’ Sab” + Spb” + Seb’ Sabat * SpbDt * SebEt
Twin 2 ) Ve 24 e 2 2 2 2
tri2 VaSpt” + VaSpy Sabat T Spbbt + SebEt Sat” + Spt” + Skt
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YaGoht

Within trait (biceps + triceps)

Viowy? Yion,? Cross-trait

1 . . .
%2 %0 Within twin +

Gpbpt Gy Gphot
AbAt OEbEt Oepet
A) (D) (&) (A) (D) (E)  (A) (D) (E) (A) (D) (E) (i iwin
G,
V2G ppat
7 Ko\ Cross-trait
%G ot Cross-twin
1 \1 1 \1 1 \1 1 \1
1 1 1 1
biceps triceps biceps triceps
Seh (D2Z) Twin 1 Twin 2
bicl tril bic2 tri2
; 2 2 2 2 2
_ bicl Sab” t Spp” t Sep Sabat T Spbpt + SebEt V2Spn” + YaSpp 72Sppat + /Spppt
Twin 1 : > > > 5 5
tril Sabat * Spbpt t SebEt Sat” T Spt” + Sgt V2Spbat * 2SpbDt VaSpc” + YASpy
Twin 2 bic2 Y%sSan® + aSpp’ V2Sapat + YASpppt I Sab” + Spb” + Seb’ Sabat * SpbDt * SebEt
win

tri2 V2Sppat + YASpppt VaSa® + hSpi? Sabat t Spbpt t SebEt Sac” + Spt” + Skt
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variance components VS. path coefficients

Opbpt

O abAt

biceps triceps biceps triceps
I biceps triceps N biceps triceps
biceps 2 biceps 2 * *
P Gab G apAt P dy, dp Pabat 9t
triceps 2 triceps % % 2
P G ab, At O at P dp” Pabat At dy

A covariance (A): a,*pa,a @y standard deviations: a, and a;; correlation: p,
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Bivariate ADE model:
example

MODELING ACE/ADE COVARIANCE MATRICES




S MZ (N=214)

bic T1
bic T1 12.478
tri T1 10.379
bic T2 9.571
tri T2 8.586

R MZ (N=214)

tri Tl bic T2
10. 379
10.604
8.103 11.845
8.503

tri T2
8.586
8.503
9.894
10.447

9.571
8.103

9.894

bic T1 tri T1 bic T2 tri | T2

S DZ (N=181)
bic Tl
bic Tl 15.376
tri T1 13.228
bic T2 4.635
tri T2 3.349

R DMZ (N=181)

tri T1 bic T2

13.228
13.848

4.635
3.792

3.792 13.256
3.334 10.641

bic TI 1.000 0.902 0.787 0.752
tri T1 _0.902 1.000 0.723 0.808
bic T2 [ 0.787 ) 0.723 1.000 0.889
tri T2 0.752 [0.808 J0.889 1.000
X, MZ twin 1 twin 2
twinl | 3 + X+ X, DINE DI
twin 2 DINE DI PINE DI

tri T2
3.349
3.334
10.641
10.855

bic Tl tri Tl bic T2 tri T2
bic T1 1.000 O. 907 0.325 0.259
tri T1 _0.907 1.000 0.280 0.272
bic T2 | 0.325 ) 0.280 1.000 0.887
tri T2 0.259 |0.272 J0.887 1.000
2pn DZ twin 1 twin 2
twin 1 PINE DI Va2, + Yy
twin 2 VaX, + VAl Tt 2o+ 2
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Bivariate model: variance components

Zeh biceps | triceps 2o biceps triceps Decomposition of phenotypic covariance
biceps | ,2 G biceps | 12.620 10,572 cov(b!ceps, tr!ceps) =10.572
: cov(biceps, triceps) = 2.783 (A) + 5.913 (D) + 1.876 (E)
triceps | Gy, Gy triceps | 10.572 11.091
I biceps | triceps >, biceps triceps remember slide 3?7 Gppy pna = {Oph1 ™ Ppna,ph2 Opnat
blceps | opp” | Opone | | biceps | 4729 | 2.783 2,783 = V4.729%0.889* V 2.069 (A)
triceps | Gapar | Ol triceps 2.783 2.069 5.913 =v 5.188*0.987* v 6.923 (D)
1.876 =V 2.703*0.787* 2 v.099 (E)
Zp biceps | triceps > biceps | triceps
biceps | c biceps |5.188 |5.913 Proportions:
_ i i A: 2.783/10.572 = .263 (26.3%)
triceps | Gpp,pr | Opt’ triceps | 5.913 | 6.923 D: 5.913/10.572 = .559 (55.9%)
- - E: 1.876/10.572 =.177 (17.7%)
Xe biceps | triceps o biceps | triceps
biceps | G2 | Gpgr biceps |2.703 | 1.876 Q: whatis .263?
triceps | o 5.2 o 1876 5 099 A: The contribution of A to the phenotypic covariance
Eb,Et = riceps | - : expressed as a proportion of the phenotypicvariance
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Variance components Path coefficients

2.783 5.913 889 987

biceps triceps biceps triceps
biceps triceps biceps triceps
2 P P D A P P
biceps 2 ' 2
P Gab G abat biceps dy, dpPab, A9t
triceps 2 . 2
P Oab At O at triceps | apPap Al Ch
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Bivariate model: path coefficients

biceps triceps biceps triceps
Phenotypes not standardized, Completely standardized
A,D,E standardized Phenotypes standardized, A,D,E standardized

374 =4.729 / (4.729+5.188+2.703)  =A,
411= 5.188/ (4.729+5.188+2.703) =D,
214 =2.703 / (4.729+5.188+2.703)  =E,
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Pobot

Question 1: Suppose py, o is large (say .889), does that mean that
the contribution of A factors to the phenotypic covariance is large?

ZA biceps triceps
bi 2

1EEpS dp dpPab,Atdt
triceps AbPab,Atdt a,’

986

Question 2: Why can we not estimate py, o, accurately, if
a, or a, are relatively small?

E.g., suppose that A, accounts for 3% of the biceps
variance and A, accounts for 40% of the triceps variance...

rememberifa?=0, pppp =0

biceps triceps
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