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ABSTRACT

Excitons in quantum dots manifest a lower-energy spin-forbidden “dark” state below a spin-allowed “bright” state; this splitting originates
from electron-hole (e-h) exchange interactions, which are strongly enhanced by quantum confinement. The e-h exchange interaction may
have both a short-range and a long-range component. Calculating numerically the e-h exchange energies from atomistic pseudopotential
wave functions, we show here that in direct-gap quantum dots (such as InAs) the e-h exchange interaction is dominated by the long-range
component, whereas in indirect-gap quantum dots (such as Si) only the short-range component survives. As a result, the exciton dark/bright
splitting scales as 1/R2 in InAs dots and 1/R3 in Si dots, where R is the quantum-dot radius.

One of the reasons for theoretical interest in semiconductor
quantum dots is that the highly confined space in which
electron and hole wave functions coexist enhances their
overlap, thereby offering an interesting laboratory system
for studying quantum confinement. Among the most notable
effects caused by many-body interactions are the large
exciton binding energy ∆coul and dark/bright exciton ex-
change splitting ∆X. The exciton binding energy ∆coul is the
energy difference between the lowest-energy exciton state
and the single-particle gap εgap. Whereas in the one-band
effective mass approximation ∆coul has a characteristic 1/R
dependence on the dot radius R,1 it is now recognized that
the size-scaling exponent (∆coul ∝ R-λcoul) is not universal
and depends on the magnitude of the confining barrier and
the extent of multiband coupling. Indeed, previous atomistic
pseudopotential calculations2-7 have found that λcoul ≈ 1.2
- 1.4 (which in some cases may be larger than the band-
gap scaling exponent λgap ≈ 1.1 - 1.5). The dark-bright
exciton splitting ∆X is the energy difference between the
lowest energy spin-allowed (“bright”) and spin-forbidden
(“dark”) exciton levels and is determined by electron-hole
(e-h) exchange interactions. In general, the e-h exchange
interaction can have a short-range (SR) and a long-range (LR)
component.8 In Table 1, we survey the literature on e-h
exchange interactions in direct and indirect band gap
semiconductors, including three-dimensional (3D) bulk, 2D
quantum wells, and 0D quantum dots. In direct band gap

bulk semiconductors, the SR exchange interaction is non-
zero9-11 and is responsible for the dark/bright exciton
splitting. The LR exchange interaction is a dipole-dipole
interaction,9-11 which does not contribute to ∆X but splits
the bright excitons into a longitudinal and a transverse
component.9,12 For indirect bandgap bulk semiconductors,
Bir and Pikus10 found that the LR dipole-dipole component
vanishes. In direct band gap 2D quantum wells,13 the
exchange interaction has both a SR and a LR component.
The LR component is again dipole-dipole and vanishes
linearly for exciton wavevector Q||f0. To our knowledge,
there is no literature on the exchange interaction in indirect
band gap quantum wells. For 0D spherical quantum dots,
Efros et al.14 and Takagahara15 found, using the effective
mass approximation, that only the SR exchange interaction
contributes to the exciton splitting of direct and indirect
excitons, while the LR component is zero. This is incorrect.
Atomistic pseudopotential calculations8 have shown instead
that there is both a SR and a LR contribution to ∆X in direct
band gap quantum dots, whereas there is only a SR
contribution in indirect band gap quantum dots. The previ-
ously overlooked LR component is a monopole–monopole
interaction. This result was later confirmed by tight-binding
calculations.16 Little is known, however, on the underlying
physics controlling the dependence of ∆X on the dot radius
(∆X ∝ R-λX). The experimentally measured value of λX for
InP3 and InAs17 quantum dots is ∼2, in contrast to λX ∼ 3
for highly porous silicon.18 In this paper, we will systemati-
cally study the exchange splitting ∆X in direct bandgap InAs
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and indirect bandgap Si quantum dots and explain how the
balance between LR and SR exchange interactions affects
the size dependence of ∆X.

In standard model-Hamiltonian approaches based on the
effective-mass approximation (EMA)14 the e-h exchange
interaction is described by a SR phenomenological Hamil-
tonian acting on the exciton envelope function

where

� is a structure-dependent parameter defined in ref 14, and
σ and J are the electron and hole spin operators, respectively.
In this type of approach, the nature of the semiconductor
material enters only via the bulk lattice constant a0 and the
bulk exchange splitting ∆X

(b). The LR e-h exchange interaction
is an add-on to the theory and does not emerge from its
structure. For example, Goupalov and Ivchenko19 introduced
an additional term

where � is another structural parameter defined in ref 19,
pωLT is the longitudinal-transverse splitting of the bulk
exciton, and aB is the Bohr radius in the corresponding
bulk semiconductor. While this model was determined to
be consistent with earlier experimental observations20,21

of ∆X ∼ R-3 in CdSe dots, recent experiments22 found ∆X ∼
R-2. Similarly, the experimentally observed bright-dark
splitting of InP and InAs quantum dots scales as ∼R-2 (refs
3, 17).

Instead of introducing “by hand” the expressions of the
LR and SR exchange as in eqs 1–3, here we construct an
electronic structure theory where the size dependence of the
e-h exchange interactions is an emerging phenomenon. The
main quantity identifying the quantum-dot electronic struc-
ture is the single-particle potential V̂dot, taken as a superposi-
tion of overlapping, spherical potentials VR(r) centered at the
atomic positions {Rn,R}

The sum extends over the atoms in the quantum dot and the
barrier material. The symmetry is built into {Rn,R}. Both the
atomic potentials {VR} and the spin-orbit operator V̂SO are
adjusted23,24 to correctly reproduce bulk properties (i.e., when
Rn,R are bulk-periodic coordinates) such as effective masses,
critical transition energies, deformation potentials, and
spin-orbit splittings. Once V̂dot is constructed for a given
dot size, composition, and barrier material, the Schrödinger
equation [-(1/2)∇2 + V̂dot]ψi ) εiψi is solved in a plane-
wave basis set by direct diagonalization, producing the
quantum-dot single-particle energies εi and wave functions
{ψi}. The many-body exciton problem is set up as a
configuration-interaction (CI) expansion25

where J and K are the Coulomb and exchange integrals

The screening of the e-h interaction is described
phenomenologically by the microscopic, position-depend-
ent and size-dependent screening function εj(r,r′).25 For
reasons that will be explained later, we write both J and
K as a function of the interaction radius S (ref 8) via a
step function θ(S - |r1 - r2|) [θ(x) ) 1 for x g 0,
otherwise θ(x) ) 0]. In our normal CI calculations, S is
set to ∞. However, finite values of S will prove instructive
later for analyzing the final results.

Spherical InAs quantum dots retain the Td symmetry
of the underlying bulk. Thus, the highest occupied
molecular orbital (HOMO) and the lowest unoccupied
molecular orbital (LUMO) of direct-gap InAs quantum
dots have the Γ8 and Γ6 symmetry (in double group
notation26), respectively. Spherical Si quantum dots em-
bedded in a wide gap matrix have the Oh symmetry of
the underlying bulk. Without considering spin-orbit
interaction, the dot HOMO can be t2 or t1 and the dot

Table 1. Survey of the Literature on SR and LR Exchange Interaction of Bulk, Quantum Wells, and Quantum Dots,
Respectively (Present Results Shown in Boldface)

system
(direct/indirect) LR dipole-dipole LR monopole-monopole SR (analytic part)

3D-bulk dir nonzeroa,b nonzeroa,b

ind zerob nonzerob

2D-QW dir zero for Q||f0c nonzeroc

ind unknown unknown
0D-QD dir zerod (incorrect); 10-20%e nonzeroe,f nonzerod,e,f

ind zerod,e,f zeroe,f nonzerod,e,f

a References 9 and 11. b Reference 10. c Reference 13. d References 14 and 15. e Reference 8. f Present paper.

Hexch
EMA ) -ASR(σ · J) (1)

ASR ) 2
π

�∆X
(b)(a0

R )3

(2)

ALR ) π
9

�pωLT(aB

R )3

(3)

V̂dot ) ∑
R

∑
n

VR(r - Rn,R) + V̂SO (4)

〈ΦVc|H|ΦV'c'〉 ) (εc - εV)δV,V' δc,c' - JVc,V'c' + KVc,V'c' (5)

JVc,V'c'(S) )

∑
σ1,σ2

A
ψ*V' (r1, σ1)ψ*c (r2, σ2)ψV(r1, σ1)ψc'(r2, σ2)

ε̄(r1, r2)|r1 - r2|
×

θ(S - |r1 - r2|)dr1dr2 (6)

KVc,V'c' (S) )

∑
σ1,σ2

A
ψ*V' (r1, σ1)ψ*c (r2, σ2)ψc'(r1, σ1)ψV(r2, σ2)

ε̄(r1, r2)|r1 - r2|
×

θ(S - |r1 - r2|)dr1dr2 (7)
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LUMO can be a1, e, or t2 depending on the size of the
dot.2 The spin-orbit interaction splits t2 into Γ8 + Γ7, t1

into Γ8 + Γ6, and transforms e into Γ8 and a1 into Γ6.26

The calculated energy level diagrams (including spin-orbit
interaction) are shown in Figure 1 column (i) for two cases:
(a) InAs direct-gap quantum dots where the dot HOMO has
the Γj8V(Γ8V) symmetry and the LUMO has the Γj6c(Γ6c)
symmetry, leading to Γ8 X Γ6 ) Γ3 + Γ4 + Γ5 excitons. (b)
Si indirect-gap quantum dots with Γj8V(Γ8V) HOMO and
Γj8c(X6c) LUMO (in our calculations the Γj8c state is always
below the Γj6c state), leading to Γ8 X Γ8 ) Γ1 + Γ2 + Γ3 +
2Γ4 + 2Γ5 excitons. Here the label in parentheses is the bulk
state that folds into the dot state indicated by an overbar.
Column (ii) in Figure 1 shows how the HOMO and LUMO
single-particle states produce an exciton state due to direct
e-h Coulomb interaction, but neglecting as yet all e-h
exchange interactions. Column (iii) shows how the levels
split due to the inclusion of all e-h Coulomb and exchange
integrals. We define ∆X as the energy separation between
the lowest dark CI state (dotted line) and lowest bright CI
state (solid line). The dark/bright character of the exciton
states is determined by their dipole matrix elements with
respect to the ground state. Although the Γ5 symmetry is
optically allowed, we find that the lower-energy Γ5 excitons
of Si dots have oscillator strength 3 orders of magnitude
smaller than that of the higher-energy Γ5 excitons, so we
determine that only the higher-energy 3-fold Γ5 excitons are
bright.

To examine the magnitude of the SR and LR contributions,
we calculate ∆coul and ∆X using the artificial step-function
θ(S - |r1 - r2|) inserted in the integrals J [eq 6] and K [eq
7]. This step function truncates all contributions to the e-h
Coulomb and exchange integrals when the electron and the
hole are separated by a distance larger than S. Our results
consist of plots of ∆X(S) for different dot sizes. The
asymptotic Sf∞ limit gives the full dark/bright exchange
splitting. Figure 2a shows ∆X(S) for InAs quantum dots,
whereas Figure 2b shows the ratio ∆X(S)/∆X(∞). Figure 3

shows the same quantities for Si quantum dots. To determine
the SR and LR contributions to ∆X, we use as an arbitrary
but useful demarcation point the Wigner-Seitz radius of the
material, RWS ) a0(3/2π)1/3/4 (shown in Figures 2b and 3b
as a vertical dashed line). We see from Figure 2 that in direct-
gap spherical InAs quantum dots the exchange integrals have
a significant LR contribution, originating from e-h separations
larger than the Wigner-Seitz radius. In contrast, in indirect-
gap spherical Si quantum dots [Figure 3] the dominant part
of ∆X is already established when the e-h separation is within
the Wigner-Seitz radius, indicating that the e-h exchange
interaction is almost entirely short ranged.

We find that the classification of LR-dominated exchange
versus SR-dominated exchange correlates with the direct or
indirect character of the single-particle HOMO-LUMO gap.

Figure 1. Evolution of exciton states from the single particle LUMO and HOMO states for (a) a spherical InAs dot of radius R ) 15 Å
and (b) a spherical Si dot of radius R ) 15 Å. Single-particle states [column (i)] combine to produce an exciton state due to direct e-h
Coulomb interaction, while neglecting all the e-h exchange interactions [column (ii)]. Column (iii) shows how the calculated level splittings
due to the inclusion of all e-h Coulomb and exchange integrals. The e-h exchange induced exciton splittings are given in µeV.

Figure 2. Unscreened (εj ) 1) exchange energy ∆X(S) for direct-
gap spherical InAs quantum dots. (a) The exchange energy ∆X(S)
is shown as a function of interaction radius S for different dot radii.
The red triangles denote the dot radius R. (b) The plot of the
percentage ∆X(S)/∆X (S ) ∞) for dots of different sizes. The vertical
dashed line indicates the Wigner-Seitz radius RWS, which quali-
tatively separates the SR from the LR contributions to the exchange.
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The origin of the HOMO and LUMO states can be
determined by calculating the decomposition of the dot
orbitals into bulk Bloch states throughout the Brillouin zone27

Figure 4 shows this decomposition for spherical InAs and
Si dots of radius R ) 15 Å, clearly showing that the LUMO
state of the InAs dot is a Γ-like state (98.2% derived from
the bulk Bloch states around Γ), whereas the LUMO state
of the Si dot is an X-like state (99.7% derived from the bulk
Bloch states around X).

The correlation between the range of the exchange
interaction and the direct/indirect character of the band gap
can be understood based on the microscopic origin of the

LR and SR exchange interactions. As shown in ref 8, the
LR part of the e-h exchange interaction in quantum dots
originates primarily from monopole-monopole interactions
between transition charges located in each unit cell of the
underlying bulk lattice. The exchange integral KVC,VC between
the HOMO wave function (V) and the LUMO wave function
(C) can be written as8

where

if r is in the eight-atom unit cell Ωm and 0 otherwise, and
the sum runs over the primitive cells contained in the
quantum dot. The LR monopole-monopole contribution to
KVC,VC is

where qn ) ∫�n(r)dr is the transition charge in the unit cell
Ωn located at Rn. The monopole-monopole term exists
because the electron and hole envelope functions are not
constant inside each bulk-like unit cell. If they were, then
qn ≡ 0 (at least in the single-band effective mass approxima-
tion) because of the orthogonality of the bulk LUMO and
HOMO Bloch functions. By Taylor expanding the hole and
electron envelope functions in each unit cell n, we find that

Figure 3. Same as Figure 2 but for indirect-gap spherical Si
quantum dots. The red triangles denote the peak of ∆X(S).

ψ(i)
dot(r) ) ∑ n,k

Cn,k
(i)un,k(r)eik·r (8)

Figure 4. Real space (RS) wave function square and majority representation (MR) decomposition of single-particle (a) LUMO Γj6c(Γ6c) and
(b) HOMO Γj8V(Γ8V) states for spherical InAs, and (c) LUMO Γj8c(X6c) and (d) HOMO Γj8V(Γ8V) states for spherical Si dot, respectively, with
dot radius of R ) 15 Å.

KVC,VC ) ∑
m*n

N

A
�*m(r1)�n(r2)

ε̄(r1, r2)|r1 - r2|
dr1dr2 (9)

�m(r) ) ∑
σ

ψV(r, σ)ψ*C(r, σ) (10)

KVC,VC
M-M ) ∑

m*n

N q*mqn

ε̄(Rm - Rn)|Rm - Rn|
(11)
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where FV,C(Rn) are the HOMO and LUMO envelope func-
tions, respectively, and rV,C ) 〈ψV|r̂|ψC〉 is the dipole matrix
element between the bulk HOMO and LUMO Bloch func-
tions. Thus, the lowest-order nonvanishing contribution to
the transition charge qn is proportional to the dipole matrix
element rV,C. This implies that qn * 0 in direct-gap
semiconductors, and qn ∼ 0 (and therefore ∆X

LR ∼ 0) in
indirect-gap semiconductors.

Other important observations from Figures 2 and 3 and
Table 2 are the following:

(i) The exciton binding energy ∆coul is dominated by the
LR direct Coulomb interaction. In the envelope-function
approximation, assuming an infinite potential barrier at the
surface of the quantum dot and a size-independent dielectric
constant, one would expect λcoul ∼ 1. We find that in the
absence of screening (i.e., for εj ) 1) λcoul ) 0.87 for InAs
and λcoul ) 0.80 for Si, as shown in Table 2. The deviations
from the 1/R scaling are due primarily to the electron and
hole wave functions “spilling out” of the quantum dot as
the size becomes smaller.7 When screening is included (εj >
1) ∆coul decays more rapidly with size because the dielectric
constant of the quantum dot decreases as the size decreases.28

We find λcoul ) 1.39 for InAs quantum dots and λcoul ) 1.22
for Si quantum dots (see Table 2).

(ii) The exchange energy ∆X(S) is a nonmonotonic function
of S. For direct-gap InAs dots, ∆X(S) has a pronounced peak
for S equal to the dot radius R (red triangles in Figure 2a).
In contrast, for indirect-gap Si dots ∆X(S) has an oscillatory
structure (Figure 3a) with its peak close to RWS (red triangles
in Figure 3b). We tentatively attribute the peak at S ) R for
direct-gap InAs dots to the distortion of electron and hole
wave functions at the dot-barrier interface.29 Another evi-
dence to support this assumption is that the distance between
peak-to-plateau in Figure 2a increases as the dot size R
decreases which has the same trend as the distortion of the
electron and hole wave functions.

(iii) The size dependence of ∆X depends on the balance
between the LR contribution (scaling as ∼ 1/R) and the
SR contribution (scaling as ∼ 1/R3) and is further modified
by dielectric screening, which affects the LR component
much more than the SR component.8 Figure 5 shows the
dependence of ∆X with and without screening on the quantum
dot radius for InAs (Figure 5a) and Si (Figure 5b) quantum
dots. From the size dependence of ∆X, we extract the scaling
exponent λX given in Table 2. In the case of InAs dots, we
find that for εj ) 1 the SR part of ∆X (∆X

SR) scales as 1/R2.55,
whereas ∆X

LR scales as 1/R1.25. Including both SR and LR
contributions, we obtain λX ) 1.79 (without screening) and
λX ) 2.21 with screening. In the case of Si quantum dots,
the LR component of ∆X is negligible (see Figure 2), so the
scaling of ∆X is dominated by the SR part. We find λX )
2.85 without screening (εj ) 1) and λX ) 3.0 when screening
is included. Note that screening affects λX of InAs quantum
dots more than Si quantum dots, because the LR exchange
component (which is present in InAs but not in Si) is more
sensitive to screening than the SR exchange component.

We conclude that the scaling of ∆X with size depends
sensitively on the relative magnitude of the SR and LR
components of the exchange integrals. Direct-gap quantum
dots, where the LR part is at least as large as the SR part,
have λX ∼ 2, whereas indirect-gap quantum dots, where the
SR component is dominant, have λX ∼ 3.
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