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Alloy systems such as Ga1−xInxAs consist of different random assignments � of the Ga and In atoms onto the
cation sublattice; each configuration � having, in principle, distinct physical properties. In infinitely large bulk
samples different �’s get self-averaged. However, in finite quantum dots �QDs� ��105 atoms�, self-averaging
of such configuration � may not be complete, so single-dot spectroscopy might observe atomic-scale alloy
randomness effects. We examine theoretically the effect of such atomic-scale alloy randomness on the fine
structure-splitting �FSS� of the multiexciton observed via the polarization anisotropy of its components. We
find that �i� The FSS of the neutral monoexciton X0 changes by more than a factor of 7 with �. Thus, dots
provide clear evidence for the effect of the atomic-scale alloy randomness on the optical properties. �ii� For
multiexcitons, the effect of alloy randomness can be so large that the polarization of given emission lines in
samples that differ only in random realizations can be dramatically different, so it cannot be said that given
transitions have fixed polarization. �iii� Polarization is affected both by atomic-scale randomness and by
possible geometric elongation of the QD in one direction. Because of different random realizations, even 50%
QD base elongation in �100� direction gives the same polarization as in a geometrically symmetric dot. Thus,
measured polarization cannot be used to determine QD elongation.
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I. INTRODUCTION

Pure material components A and B are often alloyed to
yield A1−xBx �where x is the composition� to achieve target
physical properties that are intermediate between those of the
end-point components.1,2 In general, the A1−xBx random al-
loy can be thought of as an average over many independent
random realizations �RRs�, each being a particular random
assignment of atoms A and B to each of the N lattice sites.2,3

In principle, each such random realization has distinct physi-
cal properties �e.g., band gap, level splittings, etc.�. In bulk
solids with their large numbers of lattice sites N
��Avogadro’s number�, the measured physical property, rep-
resenting average over all RRs, often does not resolve the
properties of individual RRs.2 The emergence of single-dot
spectroscopy4–8 on alloy quantum dots �QDs� made of a fi-
nite number of atoms �N�105� has opened the possibility of
observing the effects of individual random realizations. In
this paper we focus on the influence of RRs on the emission
from monoexciton �X0� in a Ga1−xInxAs /GaAs QD. A par-
ticularly convenient feature for studying this is the fine-
structure splitting �FSS� of the neutral exciton X0 �Fig. 1�a��,
yielding two optically active transitions �2 and 3 in Fig. 1�a��
split typically by a few tens of �eV, and each linearly polar-
ized along two orthogonal axes of the QD.9,10 The difference
in intensity between these two transitions is the measured
polarization anisotropy. The magnitude of the FSS and the
polarization directions of two transitions have recently at-
tracted significant attention because of potential application
of QDs as single-photon sources.11 The requirement for a QD
in such applications is that the emitted photons would be
distinguishable only by polarization, so the FSS needs to
ideally vanish. Indeed, seeking dots with small FSS is often
done via “cherry picking” of individual dots out of a large
ensemble grown on a wafer.8 Recent polarization-resolved
photoluminescence �PL� measurements on several different

QD samples have revealed a huge fluctuations of polariza-
tion anisotropy from one dot to another both in sign and
magnitude.12–14 Such polarization anisotropy is commonly
believed10,12,15–17 to result only from a geometric anisotropy
of the dot, e.g., if the base of the dot is not circular �axis
L1=L2� but is instead elliptical �L1�L2�. In fact, the polar-
ization ratio of X0 has been recently proposed15 as a measure
of geometric asymmetry L1 /L2. However, atomistic theory9

reveals that FSS is nonzero even for geometrically symmet-
ric �L1=L2� dots �because the underlying lattice symmetry
allows it�. Could it be that the polarization anisotropy reflects
also different random realizations at fixed L1, L2 �and thus
cannot be used to determine L1 /L2�? In this paper we will
show that, because of different random realizations, even
50% QD base elongation �L1 /L2=1.5� in �100� direction
gives the same polarization as in a geometrically symmetric
dot �L1 /L2=1�. Furthermore, it was suggested by Poem et
al.6 that different multiexciton emission lines �not just X0� in
alloy dots have well defined polarizations. Can we indeed
talk about characteristic polarization of given exciton states,
or does it depend on the �experimentally uncontrollable�
RRs?

Theoretical investigation of the effect of atomic-scale al-
loy randomness on the electronic properties of an alloy QD
requires an atomistic representation of alloy, where each of
the N atoms in the alloy has its own, distinct local environ-
ment for each random realization �e.g., each As is coordi-
nated by n In and 4-n Ga atoms, where 0�n�4, varies at
different As sites�. Clearly, such effects cannot be treated by
continuumlike alloy theories, given that they represent alloy
physics by a single �averaged� type of local environment,
using parameters that are only composition dependent, but
configuration independent.16

Because of the finite and small size of QDs, alloy ran-
domness effects do not self-average, as they do in large
samples. We show that such dots thus provide clear evidence
for the effect of atomic-scale alloy randomness on the optical
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properties. Using an atomistic description we find that �i�
FSS is very sensitive on different RRs as it varies more than
by a factor of 7 with RR. �ii� The polarization anisotropy of
X0 transitions is caused both by different atomic-scale ran-
domness and by possible QD elongation. Thus, measuring
the polarization anisotropy cannot be used as a measure of
geometrical anisotropy alone, and �iii� the polarization direc-
tions of multiexcitonic transitions depend heavily of random
realization, so different multiexciton emission lines do not
have fixed, characteristic polarization directions.

II. METHOD

Our model QD is defined through its geometry �shape,
base length, and height� and composition �X�In��. The Ncat
cation sites of the Ga1−xInxAs alloy are randomly populated
by In or Ga atoms so that overall composition is x=X�In�.
Then, the atomic positions �Ri,�� are relaxed via valence
force field method.18 Screened-strain-dependent atomic
pseudopotential v��r� �fitted to bulk properties of InAs and
GaAs, including bulk band structures, experimental deforma-
tion potentials, and effective masses� are placed on each re-
laxed site of atom of type �. The total pseudopotential of the
system V�r�=Vso+�i,�v��r-Ri,�� is constructed by superpos-
ing the nonlocal spin-orbit interaction, Vso, to this local
screened pseudopotential, v��r�, of all atoms. The Hamil-
tonian −1 /2�2+V�r� is diagonalized in a basis ��n,�,��k�� of
Bloch bands, of band index n and wave vector k for material
� �InAs, GaAs�,19 yielding as solutions single-particle elec-
tron �e0 ,e1 ,e2 , . . .� and hole �h0 ,h1 ,h2 , . . .� states. These are

then used as a basis for the configuration-interaction method
to access multiexcitonic states.20 The emission intensity
spectrum of a �multi�exciton, �, for polarization vector ê of
the electromagnetic field, is given by21

I�e��	,T,�� = �
i,f

	Mif
�e����	2Pi�T,��
�	 − 	if���� , �1�

where Mif
�e���� is the transition dipole matrix element,

Pi�T ,�� is occupation �Boltzmann� probability of the initial
state at temperature T, and 	if��� is the transition energy. We
use first a geometrically symmetric �L1=L2� lens-shaped
Ga0.4In0.6As QD with diameter L1=L2=25 nm, and height
h=2 nm, sitting on 2 ML wetting layer �WL�, with monoex-
citon energy EX

0 =1.308 eV. We repeat the above calculation
for ten independent random realizations, at the same compo-
sition. Our model QD is chosen such to represent QDs on
which single-dot spectroscopy measurements were per-
formed �with measured monoexciton energies
�1.3 eV�.6,12,27

III. POLARIZATION DIRECTIONS AND OPTICAL
ANISOTROPY FOR NEUTRAL EXCITON

A. FSS and polarization directions of a geometrically
symmetric dot

Figure 1�a� shows a schematic plot of FSS due to
electron-hole recombination in a neutral exciton. The initial
state has one electron �blue/dark gray� in the conduction
band and one hole �red/gray� in the valence band. Including
spin, each of these states has multiplicity 2, so the electron-

FIG. 1. �Color online� Fine
structure splittings of monoexci-
ton of a geometrically symmetric
lens shaped Ga0.4In0.6As /GaAs
QD with diameter 25 nm and
height 2 nm: �a� shows schematic
plot of FSS, on the left we show
the dominant initial and final
single-particle configurations and
on the right the energy levels that
correspond to many-body state.
�b� shows our calculated FSS �in
�eV� as it varies with different
random realizations � in the ab-
sence of piezo field �No Piezo�
and with piezoelectric field that
includes only linear term22,23

�Linear� and both linear and non-
linear terms24,25 �all terms�. �c�
and �d� show polar plots of the po-
larization directions for transition
2 and transition 3, respectively,
for seven different values of �.
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hole exciton has a multiplicity 2�2=4. Electron-hole ex-
change interaction then causes splitting into 2+1+1, where
the lowest state �2� � is dark �denoted as transition 1 in Fig.
1�a�� and transitions 2 and 3 are optically active. Figure 1�b�
shows the calculated variation of FSS with different random
realizations. Interestingly, while FSS exhibits significant de-
pendence on the RR �from 1.1 to 8.5 �eV�, it shows almost
no sensitivity to piezoelectric field, irrespective of piezoelec-
tricity was included via linear term only,22,23 or both linear
and nonlinear terms.24,25 The polar plots in Figs. 1�c� and
1�d� show the polarization directions of transition 2 and tran-
sition 3 of Fig. 1�a� as they vary with the RR. Remarkably,
the polarization of transitions 2 and 3 can even change di-
rections �e.g., compare polarization directions for random
configurations �1, �3, and �4�. However, transitions 2 and 3

are always aligned along orthogonal axes. Note that the
variation with the RR of the polarization directions of tran-
sitions 2 and 3 and their FSS are correlated. For example, for
RR=�1, transition 2 �blue curve in Fig. 1�c�� is oriented
approximately along �110� direction �and transition 3, conse-

quently, along �11̄0��, and FSS��1�=8.5 �eV, but when
RR=�3, transition 2 �gray curve in Fig. 1�c�� is oriented
approximately along �100� direction �and transition 3 along
the �010��, and FSS��3�=1.1 �eV.

Note that, whereas the influence of QD base elongation
and/or piezoelectricity on the fine structure splitting can be
quantified deterministically �using e.g., k.p,10 tight-binding,15

or empirical pseudopotential methods9,23�, the effect of the
atomic-scale alloy randomness is not deterministically con-
trolled. Thus, even if structurally identical, two dots are
likely to have different RRs, and consequently different FSS.
This sets up the upper limit for structural uniformity of two
alloyed dots and their applications as single-photon sources.

FIG. 2. �Color online� Variation in the linear polarization ratio
�P� with random realization � for �a� circular-base QD, where axis
L1=L2 �blue/dark gray open circles�, dot elongated �L1�L2� in

�100� direction �green/light gray squares�, �11̄0� direction �inverted
red/gray triangles�, and in �110� direction �black triangles�. �b� Dif-
ferent indium concentrations �X�In�=60, 70, 80, and 100 %�.

FIG. 3. �Color online� Schematic plot of initial and final single-
particle �SP� and the initial and final many-particle levels for mul-
tiexcitonic transitions �a� �Nh=2, Ne=3�→ �1,2� and �b� �Nh

=3, Ne=2�→ �2,1�.
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B. Linear polarization ratio: Atomic-scale alloy
randomness vs geometric base anisotropy

The linear polarization ratio P is a measure9,12 of the in-
plane polarization anisotropy, and is defined as P= �Ix
− Iy� / �Ix+ Iy�, where Ix and Iy are intensities, given by Eq. �1�,
along �110� and �11̄0� directions, respectively. Since the RR
influences the polarization directions of an alloy QD, it can
be expected that P could vary with different RRs. This is
examined in Figs. 2�a� and 2�b� by blue circles for our geo-
metrically symmetric L1 /L2=1 QD having a circular base.
We find that P��� adopts both positive and negative values
even for the circular-base dot �light blue region in Fig. 2�a��,
the controlling factor being different RR. If we increase in-
dium concentration from X�In�=60% to X�In�
=70, 80, 100 %, the effect of atomic-scale alloy random-
ness on the polarization decreases, and P��� converges to a
single value for X�In�=100%, as illustrated in Fig. 2�b�.

We next elongate the dot base from L1=L2=1 to
L1 /L2=1.15, L1 /L2=1.25, and L1 /L2=1.5 in �100�, �110�,
and �11̄0� directions, keeping the same volume as their
circularly-based counterpart, and generate ten RRs for each
base elongation. Figure 2�a� shows variation of P with base
elongation and RRs. We see that:

�i� The variation in sign and magnitude of P��� of differ-
ent RRs for the geometrically elongated dot in �100� direc-
tion �green squares in Fig. 2�a�� is well within the range of
P��� for symmetric, circular-base QDs.

�ii� P��� is always negative for dots elongated in the
�11̄0� direction �red inverted triangles in Fig. 2�a��, and posi-
tive for �110� �black triangles in Fig. 2�a��. Interestingly,
there is an overlap between P��� of circular-base dot and
P��� of dot elongated by L1 /L2�1.15 either in �110� or

�11̄0� direction. For example, P=−2.36 for L1 /L2=1.15 in

�11̄0� direction which is within the range of P�L1 /L2
=1,��. Also, there is an overlap between P��� of the dot
with the base elongated by L1 /L2=1.15 and P��� for
L1 /L2=1.25 �see light-red region for the dot base elongated

in �11̄0� direction and gray region for �110� direction, in
Fig. 2�a��. This means that the effect of atomic-scale random-
ness on the range of polarization anisotropy can overwhelm
the effect of geometric base elongation.

C. Comparison with other calculations

Recent effective bond orbital model �EBOM�
calculations15 illustrated variation of P with different RRs

for a single, fixed QD geometry �lens with height h

=5.1 nm and elongation of 50% in �11̄0� direction� and
fixed composition �X�In�=80%�. The authors in Ref. 15
found that for their particular dot, P varies from 18% to
23%, i.e., by 5%, with different random realizations, con-
cluding that “random intermixing effect… does not affect
much on the optical anisotropy.” They further conclude that
“the polarization property is shown to be insensitive to the
random intermixing effect which makes it an appropriate tool
for characterizing structure for quantum dots.” Although, we
find similar range of polarizations, P varies from �−15� to
�−11�% �see inverted red triangles in top panel of Fig. 2�a��
for our model dot �h=2 nm, X�In�=60%� elongated by

50% in �11̄0� direction. Sheng and Xu15 explore profiles over
the dot and we explore atom by atom substitution. Further-
more, our broader study leads to very different conclusions
than Ref. 15. Indeed, by considering different directions and
degrees of elongation �Fig. 2�a�� and several indium compo-
sitions �Fig. 2�b��, we find that P cannot be used as a tool for
structural characterization because �i� measuring P cannot
tell the geometrical anisotropy: Fig. 2�a� shows QD base
elongation of up to 50% in �100� direction have the same
range of P as the circular-base model dot, or up to 15% in

�110� �or �11̄0�� direction; �ii� measuring P does not tell the
composition, as Fig. 2�b� shows the dot composition X�In�
=60%, X�In�=70%, and X�In�=80% have same P within
�4%. Clearly, the linear polarization ratio P solely cannot
be used to indicate geometrical anisotropy or composition.

D. Critical QD size for the variation in FSS(�) to fall
below a given threshold

For the fixed number of atoms in the dot N1
�dot�, FSS���

obeys certain probability distribution with the mean value
and variance �� ,Var�= ��1 ,Var1�. With the increase in the
dot size to N2

�dot��N1
�dot�, FSS��� follows the probability dis-

tribution with ��2 ,Var2�. However, for the fixed Natoms, the
sampling distribution of the � becomes approximately nor-
mal regardless of the distribution of the original variable, and
Var→Varfin=Var /Natoms �Central Limit Theorem�.26 Thus,
for N1

�dot�, Varfin1
=Var /N1

�dot� and for N2
�dot�, Varfin2

=Var /N2
�dot�. This enables us to establish relationship be-

tween the variance’s of different Natoms: N1
�dot� Varfin1

�N2
�dot� Varfin2. Hence, one can estimate the number of at-

TABLE I. Polarization directions of optically active transitions of multiexcitons, defined by angle P �in deg.� relative to �100� direction
�see Fig. 3 for the case of X−2�, where �i denotes a particular random realization. When a transition of ME has two distinct polarization
directions, we give angles for both of those directions.

�Multi�
exciton

Transition 1 Transition 2 Transition 3 Transition 4 Transition 5 Transition 6

�1 �2 �3 �1 �2 �3 �1 �2 �3 �1 �2 �3 �1 �2 �3 �1 �2 �3

X0 Dark 45 0 126 135 90 36

XX0 135 90 36 45 0 126 Dark

X−2 Dark 135 45 126 45 135 36 45;135 135;45 45;135 45 135 36 135 45 126

XX−1 90;9 9;99 90;0 171;54 36;135 171;108 45;135 90;45 27;72 Dark

XX+1 99;9 99;9 45;135 144;54 9;99 9;99 171;81 108;189 144;54 Dark
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oms in the dot so that the variance falls below a given thresh-
old. For example, our model dot contains N1

�dot�


28 993 atoms �of which 1/2 are on cation sublattice,
within which 60% are In atoms�, and Var1=6.52 ��eV�2. To
get variance Var2 that is 20% of the Var1, a dot has to con-
tain N2

�dot��181 000 atoms. This can be, e.g., quantum box
with size 25�25�7 �in nanometers�, or half-sphere with
diameter 25 nm, in which case height of such dot is by a
factor of 6 larger than height of our model dot. We tested the
validity of our simple formula by performing many-body
pseudopotential calculations for different Natoms and found
that it gave a good estimate for the required number of atoms
in the dot to get a targeted variance.

IV. POLARIZATION DIRECTIONS FOR
MULTIEXCITONIC TRANSITIONS

We next move from monoexciton �one hole Nh=1; one
electron Ne=1� to multiexcitonic �ME� transitions �Nh ,Ne�
→ �Nh−1,Ne−1�. Here �Nh ,Ne�= �1,3� is denoted as X−2;
�2, 2� is denoted as XX0; �3, 2� is denoted as XX+1, and �2, 3�
is denoted as XX−1. Figure 3 shows schematically the calcu-
lated initial and final single-particle �SP� levels and the initial
and final many-particle levels for the emission from XX−1

�Fig. 3�a�� and XX+1 �Fig. 3�b�� multiexcitons. While X−2

�not shown� has five optically active transitions and one
dark,27 XX0 �not shown� has two optically active and one
dark �XX0 does not have fine structure, and two optically
active transitions originate from FSS of the final state X0,
see, e.g., Ref. 10�. Emission from XX+1, XX−1 multiexcitons

each have three optically active transitions and one dark, as
shown in Fig. 3. For both emissions, from XX+1 and XX−1

multiexcitons, FSS originate from the final states �the initial
state is double degenerate in both cases� and transitions 1–3
are optically active whereas the transition 4 is dark. As in the
case of polarization directions of monoexciton transitions,
we find that ME transitions also show strong dependence on
atomic-scale alloy randomness, as illustrated in Table I, giv-
ing the polarization angle P for different random realiza-
tions �i.

We find that it is not possible to establish deterministic
relationship between polarization directions of given ME
transitions in dots that differ in RRs. Even for the fixed QD
geometry and stoichiometry, RRs determine the polarization
directions of the excitonic transitions. These results suggest
that the experimental findings of Poem et al.6 that different
ME transitions have well defined polarization directions can-
not be of general validity. Furthermore, the effect of RRs
sheds light on a recent conflicting experimental results on the
polarization state of X−2 measured on QDs produced by the
same growth protocol, and both emitting �1.3 eV. Ediger et
al.27 found the polarization directions of the optically active

transitions of X−2 to be oriented along �110� and �11̄0� direc-

tions, whereas Poem et al.6 reported �120� and �21̄0� polar-
ization directions. Who is right? We suggest that the differ-
ences between these two experimental reports on the
polarization states of X−2 originate from the random realiza-
tions of Ga1−xInxAs QDs. Figure 4 shows two distinct cases
where, for the fixed QD geometry and composition, the po-
larization directions of four optically active transitions of X−2

FIG. 4. �Color online� Polar-
ization directions of four optically
active transitions of X−2 as they
vary with �. Polarization direc-
tions of transition 4 are not shown
as they are overlapping for �1 and
�2 �see Table I�.
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swap polarization directions with RRs. For example, transi-
tion 2 is oriented along �110� for RR=�1, but for RR=�2

along �11̄0�.

V. SUMMARY

We have provided clear evidence for the effects of
atomic-scale randomness on the optical properties of alloyed
Ga1−xInxAs QDs. We find that random realizations determine
monoexciton’s FSS, varying more than a factor of 7 with �,
and the sign and magnitude of the linear polarization ratio.
The polarization directions of multiexcitonic transitions
also strongly depend on atomic-scale alloy randomness, so
different multiexciton emission lines do not have fixed po-
larization directions. Our findings imply that even if one is
able to produce two alloyed QDs of the same size, shape, and
composition profile, these two dots may not have identical
spectra.

Note added in proof. Recent correspondence with Sheng
and Xu, for which we are grateful, has indicated that in Ref.
15 they have apparently investigated the effect of intermixing
profile, not the effect of atom-by-atom random substitution,
on the optical polarization. Hence, they have examined a
different problem than we have. Specifically, they have used
in Ref. 15 a theoretical method that does not have atomic

resolution �the effective bond-orbital method�, and consid-
ered two cases: �i� a uniform distribution of Ga and In in �In,
Ga� As dots, for which they find in their calculation a single
polarization P. For the same case of macroscopically uni-
form composition, but allowing each cation lattice site to be
occupied randomly by either Ga or In �consistent with the
composition�, we find in this paper different polarizations,
with a range described in Fig. 2�a�. We thus determined that
different RR profoundly affect the polarization. Thus, our
result is very different than the result of Sheng and Xu. They
have further considered �ii� a nonuniform distribution char-
acterized by an “intermixing profile” selected randomly. In
this case, Sheng and Xu find different polarizations for dif-
ferently selected composition profiles. However, they have
concluded that “random intermixing effects . . . does not
affect much the optical anisotropy.”15 They further conclude
that “the polarization property is shown to be insensitive to
the random intermixing effect which makes it an appropriate
tool for characterizing structure of quantum dots.”15 We have
not studied nonuniform composition profiles.
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