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A simple model—the single-configuration perturbation theory—has traditionally been used to explain the
main features of the multiexcitonic spectra of quantum dots, where an electron and a hole recombine in the
presence of other Ne−1 electrons and Nh−1 holes. The model predicts the �Nh ,Ne� values for which such
spectra consist of a single line or multiple lines and whether singlet lines of different �Nh ,Ne� values are
energetically aligned. Here we use a nonperturbative, correlated approach that shows when such simple rules
work and when they fail, thereby establishing a basis for the appropriate use of such rules.
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The remarkable ability to charge semiconductor quantum
dots �QDs� by a few electrons or holes and observe multiex-
citon emission lines1–5 has provided direct fingerprints of
many-particle physics in confined spaces.4 Loading Nh holes
and Ne electrons into a QD creates neutral excitons �if Nh
=Ne� or charged excitons �if Nh�Ne�. Radiative recombina-
tion of one electron with one hole in the presence of Nh−1
and Ne−1 “spectator” carriers results in a multiexcitonic
emission spectrum consisting generally of a few lines. This
unique effect is not usually seen in colloidal QDs, where
efficient nonradiative Auger recombination of multiexcitons
prevents radiative emission.6

The basic features of multiexcitonic spectra have been
generally interpreted using “single-configuration perturba-
tion theory” �SCPT�, i.e., by neglecting correlation effects.7

In this approach one determines the spectroscopic features by
considering only a single configuration �an assignment of
electron and hole occupations to electron and hole levels� for
the initial and the final states. This widely used perturbative
approach results in two remarkable predictions: first, it pre-
dicts for which �Nh ,Ne� multiexciton system the emission
spectrum will consist of a single line �“singlet”� or multiple
lines �“multiplet”�. Second, it predicts when single lines of
different �Nh ,Ne� multiexciton systems will align energeti-
cally �“hidden symmetry”�.5 Here we use a general nonper-
turbative configuration-interaction �CI� calculation, based on
atomistic pseudopotential wave functions, to determine the
range of validity of SCPT general rules. We find that when
obeyed these rules are largely independent of the detailed
morphology of the dot. We identify cases where the rules are
violated because correlation effects sufficiently modify the
wave functions so as to alter the number and alignment of
the lines. This study provides a basis for the appropriate use
of the SCPT rules.

The single-configuration perturbation theory approach.
Figure 1 illustrates the expressions for the excitonic recom-
bination energies within the SCPT approximation in terms of
the repulsive Coulomb electron-electron �Jes,es, Jes,ep, Jep,ep,
etc.� and hole-hole �Jhs,hs, Jhs,hp, Jhp,hp, etc.� energies, as well
as the attractive Coulomb electron-hole �Jes,hs, Jes,hp, Jep,hs,
etc.� energies, where s and p denote orbital character, e is
electron, and h is hole. Contributions from electron-electron
and hole-hole exchange energies �Kes,ep, Kes,ep2, Khs,hp,

Khs,hp2, etc.� are also given in Fig. 1. In this simple SCPT
approach one neglects spin-orbit coupling as well as
electron-hole exchange energies since Ke,h�Ke,e; Kh,h.5,8,9

Furthermore, one neglects correlation effects that would al-
low different configurations to couple. The SCPT also as-
sumes “Aufbau” occupation of electron and hole levels in the
initial state.

The SCPT approximation leads to two general predic-
tions: first, the “perturbation theory singlet/multiplet”
�PTSM� rule, which determines when a �Nh ,Ne�→ �Nh
−1,Ne−1� multiexcitonic spectrum will consist of a single
dominant line �singlet� or will exhibit a manifold of lines
�multiplet�. The PTSM rule states that if in the final state
there is a maximum of one partially occupied hole and one
partially occupied electron level, then the �Nh ,Ne�→ �Nh
−1,Ne−1� spectrum will consist of a single line; otherwise
multiple lines are expected. Figure 1 illustrates this predic-
tion for several �Nh ,Ne�→ �Nh−1,Ne−1� transitions by indi-
cating in each panel the term SCPT=singlet or SCPT
=multiplet. For example, the final state of the �4,4�
→ �3,3� transition can have one partially occupied
P-electron level and one partially occupied P-hole level
�Pe− Ph recombination channel� or one partially occupied
S-electron level and one partially occupied S-hole level
�Se−Sh recombination channel�. According to the PTSM
rule, both Se−Sh and Pe− Ph recombination channels will
consist of a single line. Applying this rule predicts singlet
spectra for �1,1�→ �0,0�, �2,2�→ �1,1�, �4,4�→ �3,3�, and
�6,6�→ �5,5� �S channel�; and for �3,3�→ �2,2�, �4,4�
→ �3,3�, and �6,6�→ �5,5� �P channel�.10 Multiplets are ex-
pected for �3,3�→ �2,2� and �5,5�→ �4,4� �S channel�, and
for �5,5�→ �4,4� �P channel�.

Second, the expressions shown in Fig. 1 suggest a “per-
turbation theory peak alignment” �PTPA� rule: under well-
defined approximations all singlet transition energies for dif-
ferent �Nh ,Ne�→ �Nh−1,Ne−1� spectra will align. For
example, in the SCPT approximation the �2,2�→ �1,1� tran-
sition energy equals the �1,1�→ �0,0� transition energy plus
a correction term �Jes,es+Jhs,hs�−2Jes,hs reflecting the balance
between Coulomb repulsion of like carriers and Coulomb
attraction of unlike carriers. If this term vanishes the �2,2�
→ �1,1� and �1,1�→ �0,0� singlets will align. This would be
the case, e.g., if the electron wave functions were the same as
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the hole wave functions, i.e., S-electron orbital equals S-hole
orbital, P-electron orbital equals P-hole orbital, etc. In the
context of the Pe− Ph channel, this rule was described previ-
ously by Bayer et al.5 and by Hawrylak8 and was referred to
as hidden symmetries. The hidden-symmetry rules were
originally derived under rather stringent conditions of �i�
transitions from and to orbitally degenerate shells �e.g., P
and D shells� and �ii� identical e-e and e-h and h-h interac-
tions Vee=Vhh=Veh.5,8

In this work we wish to establish the extent to which the
simple PTSM and PTPA rules that emerge from SCPT ap-
proximation are borne out by a higher level theory that in-
cludes correlation between different configurations. We fur-
ther discuss the universality of these rules in terms of their
dependence on the detailed morphology of the dot.

To this end we calculated the multiexcitonic spectra using
a method7,11 that goes beyond simple counting of interac-
tions: For the assumed size, shape, and composition of a QD
we first relax the atomic position �Ri,�� via the valence force
field method,12 and construct the total pseudopotential of the

system V�r� by superposing the atomic �pseudo�potentials
centered at the atomic equilibrium positions for �2�106

atoms: V�r�=�i,�v��r-Ri,��. The Hamiltonian −1 /2�2

+V�r�+Vso �where Vso is the nonlocal spin-orbit interaction�
is diagonalized in a basis ��n,�,��k�� of Bloch bands, of band
index n and wave vector k, for material � �InAs and
GaAs�.11 Multiexciton complexes are calculated using the CI
method.7,13 Slater determinants are constructed from s, p,
and d electron and hole orbitals �well separated in energy
from remaining dot-confined states�, which give 12 electron
and 12 hole single-particle states �counting spin�. No sym-
metry constraints are imposed to these basis states. Coulomb
and exchange integrals are computed numerically from the
pseudopotential single-particle orbitals. The screening func-
tion for these integrals contains an ionic and an electronic
component that exhibit a smooth transition from unscreened
at short range to screened at long range. Emission spectra are
calculated using Fermi’s golden rule applied to CI states;
configuration mixing in the initial and final states leads to
variations in energetic positions and intensities of the emis-
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FIG. 1. �Color online� Excitonic recombination energies in the SCPT approximation in terms of electron-electron �e-e�, hole-hole �h-h�,
electron-hole Coulomb energies �Jes,es, Jes,ep, Jhs,hs, Jes,hs, etc.�, and e-e and h-h exchange energies �Kes,ep, Khs,hp, etc.� under the assumption
that spin-orbit coupling is negligible. The predictions of the PTSM are compared with those of CI.

FIG. 2. �Color online� Calculated
emission spectra of a lens-shaped
In0.6Ga0.4As /GaAs QD, with 2R
=25 nm and h=3.5 nm for different
exciton occupations. Energies are
given relative to the monoexciton en-
ergy, EX

0 =1.255eV. Gray dashed lines
show the position of the �1,1�
→ �0,0� monoexciton peak and the
position of the Pe− Ph �3,3�→ �2,2�
peak. Measured peak positions in the
high excitation PL spectra of Ref. 5
are represented by blue open symbols
given relative to the measured mo-
noexciton energy, EX

0 =1.28 eV.
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sion lines. We first concentrate on flat dots with cylindrically
symmetric shape: In0.6Ga0.4As /GaAs lens-shaped QD with
diameter 25 nm and height of 3.5 nm sitting on a 2 ML
wetting layer �a range of other shapes is considered below�.
The calculated multiexcitonic emission spectra are shown in
Fig. 2. Measured peak positions in the high excitation PL
spectra of Ref. 5 are represented by blue open symbols �dark
gray inverted triangles�; our results are seen to be in good
agreement with the experimental data. Next, we observe that
the simple SCPT indeed explains many of the results of the
complex calculation. Figure 1 indicates below the PTSM
designation also the CI designation, describing the result of
the full calculation.

The singlet/multiplet rule. We find that the PTSM rule is
obeyed by all of the P-channel transitions and by the �1,1�
→ �0,0�, �2,2�→ �1,1�, �5,5�→ �4,4�, and �6,6�→ �5,5�
S-channel transitions. There are three exceptions in the case
of the S-recombination channel.

�i� The PTSM rule predicts a multiplet, but the CI calcu-
lation shows a dominant peak: this is the case, for example,
of the �3,3�→ �2,2� emission spectrum. Figure 3�a� shows
the Se−Sh recombination spectra of the �3,3� multiexciton
calculated using SCPT and CI. In the SCPT approximation
the initial state has two electrons in the S level and one in the
P level �the same for the holes�, so the ground state is:
��3,3�

GS =hs
2hp

1es
2ep

1. The final state in the Se−Sh recombination
channel has one electron �hole� in the S orbital and one in the
P orbital: ��2,2�=hs

1hp
1es

1ep
1. CI introduces mixing of different

configurations. We find that the initial many-particle state of
the �3,3�→ �2,2� emission has a dominant ��3,3�

GS character
��80% weight�, while the final state is mostly ��2,2� �60%
weight�. Configuration mixing leads to one dominant peak
compared to the SCPT case, as seen in Fig. 3�a�. The ratio
between the areas of two most pronounced peaks is 1.78 in

the SCPT, while it increases to 4.02 in the CI with a �12,6�
basis set and 3.98 with a �12,12� basis set.

�ii� The PTSM rule predicts a singlet, but CI calculations
show a multiplet: this is the case, for example, of the �4,4�
→ �3,3� emission spectrum. Figure 3�b� shows the Se−Sh
recombination spectrum of the �4,4� multiexciton, calculated
using SCPT and CI. According to the PTSM rule, this tran-
sition should be a singlet �blue dashed curve in Fig. 3�b��.
The CI calculation, however, shows several peaks of weak
intensity. The intensity attenuation is a consequence of the
heavily mixed final CI state. The dominant configuration in
the final state is indeed ��3,3�=hs

1hp
2es

1ep
2, but its contribution

to the correlated wave function is only 20%.
�iii� The PTSM rule predicts a multiplet, but CI calcula-

tions show that the multiplet is actually washed out: this is
the case of the Se−Sh recombination spectrum of the nega-
tively charged multiexciton �3,4�, as shown in Fig. 3�c�. Ac-
cording to the PTSM rule the �3,4�→ �2,3� emission spec-
trum should have multiple peaks because there are two
partially occupied hole levels in the final state. We find in-
stead that the peaks are suppressed by correlation. The rea-
son for the attenuation of the intensity is the same as in case
�ii�: the final state is heavily mixed, and although the contri-
bution of the configuration ��2,3�

GS =hs
1hp

1es
1ep

2 is the largest in-
dividually, it is still not the overall dominant configuration.
Surprisingly, in the analogous case of the �4,3� positively
charged multiexciton there is no attenuation of the emission
peaks as both SCPT and CI predict two strong peaks �Fig.
3�d��. This peculiar result reflects electron-hole asymmetry, a
consequence of the lattice asymmetry, strain field, band mix-
ing, intervalley mixing, and spin-orbit interaction.

The peak alignment rule. We see from the CI calculation
in Fig. 2 that for this particular dot the energies of many of
the �Nh ,Ne� singlets approximately align. Examples include
for the Se−Sh recombination channel �1,1�→ �0,0� and
�2,2�→ �1,1�; and for the Pe− Ph recombination channel
�3,3�→ �2,2�, �4,4�→ �3,3�, and �6,6�→ �5,5�. Remark-
ably, this alignment exists even when transitions do not occur
from and to orbitally degenerate shells �as required by the
hidden-symmetry rule5�, e.g., there is singlet alignment in the
Se−Sh channel or in the P channel of real structures �see last
two columns in Table I� where P shells are never degenerate.

TABLE I. Peak misalignment for S- and P-recombination
channels of five QD structures �see top of Fig. 4�. �Se−Sh

�i , i−1�

=�EiX→�i−1�X
Se&Sh −�EX→GS, and �Pe−Ph

�i , i−1�=�EiX→�i−1�X
Pe&Ph

−�E3X→2X
Pe&Ph . Last two columns show P shell splitting of electrons

�	ep� and holes �	hp�. Energies are given in meV.

Model dots
�Se−Sh

�Pe−Ph
	ep 	hp

�2,1� �3,2� �6,5� �4,3� �6,5�

Lens-1 −1.17 −0.6 −12.4 0.4 −0.5 2.4 4.4

Dot A −1.6 −1.3 −12.9 −0.9 −0.5 3.3 0.4

Dot B −1.5 −1.5 −12.7 −0.9 −2.0 8.9 2.4

Dot C −1.6 −1.5 −12.7 −0.9 −2.6 8.2 3.2

Lens-2 −1.0 −0.8 −10.8 −0.5 −1.2 1.0 0.9

FIG. 3. �Color online� Se−Sh recombination spectra of �a� �3,3�
multiexciton, �b� �4,4�, �c� �3,4�, and �d� �4,3� multiexcitons, calcu-
lated using SCPT �blue dashed curve� and configuration interaction
�CI�nh ,ne�� depending on number of hole �nh� and electron �ne�
states included in the calculations.
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Also, the e-e, h-h, and e-h interactions do not have to be
identical to create alignment because of an approximate can-
cellation of different terms �see expressions in Fig. 1�. How-
ever, there are also exceptions to the peak-alignment rule;
most notably, the singlet �6,6�→ �5,5� in the S channel does
not align with �1,1�→ �0,0�.

Dependence of the PTSM and PTPA rules on dot struc-
ture. It is natural to enquire if the PTSM and PTPA rules
depend on the detailed morphology of the dot or if they are
general rules. For this purpose we have constructed several
model dots representing a broad range of possibilities, as
shown at the top of Fig. 4. �i� Structural dependence vs uni-
versality of the PTSM rule: for the Pe− Ph recombination
channel, the rule correctly predicts singlets vs multiplets for

all QD structures. For the Se−Sh channel, the PTSM rule
does not work for �3,3�→ �2,2� and �4,4�→ �3,3� and fails
for all dots. The stability of the PTSM rule with respect to
QD morphology appears to be an intrinsic feature of
InxGa1−xAs /GaAs QDs. Interestingly, the multiexcitonic
transition �3,4�→ �2,3� is particularly sensitive to structural
properties, as shown in Fig. 4: the intensity is attenuated in
close-to-symmetric flat QDs �lens 1� but increases when in-
creasing the dot height, composition, and base elongation or
by modifying the base from circular to square. �ii� Structural
dependence vs universality of the PTPA rule: Table I shows
the misalignment of singlet peaks defined for the Se−Sh re-
combination channel as the distance in energy from the mo-
noexciton �1,1�→ �0,0� emission ��Se−Sh

�, and for the Pe

− Ph channel as the distance from the P-channel �3,3�
→ �2,2� singlet emission ��Pe−Ph

�. Table I shows that
�Pe−Ph


2.6 meV for the P channel and �Se−Sh

1.5 meV

for the S channel, except the singlet of Se−Sh �6,6�
→ �5,5� which is misaligned by 12 meV. Interestingly, �Se−Sh
and �Pe−Ph

do not show significant dependence on QD mor-
phology. Thus, the peak-alignment rule is rather general.
This means that observing a singlet line at a given energy
does not tell us which multiexciton �Nh ,Ne� it is and what
QD morphology is involved.

In summary, multiexcitonic transitions can be classified as
having a single dominant line or a manifold of lines. All
Pe− Pp recombination transitions obey the PTSM rule,
whereas there are two exceptions in the case of the Se−Sp
recombination channel: the �3,3�→ �2,2� transition has only
one dominant peak, while the �4,4�→ �3,3� transitions are
attenuated, compared to the predictions of SCPT. We also
find that the �3,4�→ �2,3� transitions are sensitive to struc-
tural properties: their intensity is attenuated for close-to-
symmetric flat QDs but increases with increasing height,
composition, and elongation or by modifying the base from
circular to square. Finally, we conclude that the alignment of
singlets within the same recombination channel shows al-
most no sensitivity to QD morphology.
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