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We calculate the electronic and optical properties of thickness-fluctuation quantum dots of different sizes and
elongations using an atomistic empirical pseudopotential approach and configuration interaction. The carriers
are confined by a monolayer fluctuation in the thickness of a GaAs /Al0.3Ga0.7As quantum well with a nominal
thickness between 10 and 20 monolayers. For 10 monolayer thickness, we find several confined electron and
hole levels of dominant heavy-hole character penetrating deep into the barrier �out of plane� and far beyond the
physical dimension of the monolayer step �in-plane�. The spatial extent of the states is strongly affected by the
random-alloy fluctuations of the barrier, pushing the states toward Ga-rich regions of the interface. The
similarity in the spatial extent of the electron and hole states leads to strong oscillator strength and a rich
optical spectrum. The exciton as well as biexciton and trions �positive and negative� all show several lines in
absorption despite the very shallow confinement potential given in these structures. The effects of correlations
is drastic on the optical spectrum with the creation of highly correlated states that deviate strongly from the
uncorrelated results.
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I. INTRODUCTION

The presence of electrons and holes in quantum-confined
semiconductors leads to interesting effects different from the
ones known from macroscopic systems. The potential for
development seen in these nanoscopic structures has trig-
gered a worldwide effort toward understanding the underly-
ing physics and harnessing their properties to create new
types of devices. Different realizations of semiconductor
nanostructures have become popular. Especially colloidal
and self-assembled quantum dots have been in the focus of
attention in the last decade and, for instance, effects of par-
ticle correlation could be revealed in their optical properties
as well as in their exotic charging patterns. While the
thickness-fluctuation quantum dots �TFQDs� �or natural
quantum dots� have been first realized and characterized1–4 at
about the same time as self-assembled quantum dots, only
few groups have devoted their attention to them. The TFQDs
are created by a monolayer �ML� fluctuation in the width of
a quantum well. One of the drawback of such an approach
might be the lack of control over the growth of such a step,
but one of their advantages—that seem to bring about a re-
cent revival of these structures—is their outstanding optical
brightness.5,6 As stated, the available literature on TFQDs is
scarce compared to the case of self-assembled or colloidal
nanostructure. Nevertheless, a steady progress has to be ac-
knowledged with several important milestones such as the
measurement of the exciton fine structure7 as early as 1996
closely followed by the first calculations of the effect.8,9

Then followed the measurements of the biexciton,10 the char-
acterization with near field techniques,11 the optical measure-
ments of the electron and nuclear-spin interaction,12 the mea-
surements of the charged excitons under magnetic field,13 the
measurement of the biexciton decoherence rate,14 the inves-
tigations of single-photon emission,15 the near field mapping
of the exciton and biexciton,16 the optical pumping of
nuclear spins,17 the study of a pair of TFQDs,18 and the op-
tical measurement of the spin.19

From the theoretical side the work was entirely within the
envelope function approximation,8,9,20–23 which represented a
natural choice since the number of atoms required is rather
large and an atomistic treatment might seem prohibitive.
However, the bare number of atoms is only a poor indicator
for the necessity of an atomistic treatment. Indeed, the TFQD
have a large extent of up to 100 nm in lateral direction but
are only 3 nm thick so that the interface between the barrier
and the dot will play a significant role. Also the confinement
in-plane is very shallow and given by yet another atomistic
feature: the monolayer step. In this paper, we will study
TFQDs within the atomistic empirical pseudopotential ap-
proach. In this approach the confining potential is a conse-
quence of the input geometry rather than an input to the
calculations.

We perform calculations for four different dot sizes with
lateral dimensions in nm �20,20� �40,20�, �40,40�, �100,20�,
where the elongation is along the �11̄0� direction and six
different well widths between 10 and 20 MLs. The number
of confined electron i and hole j states �i , j� in the 10 ML-
thick structure is predicted to be �1,1�, �2,2�, �4,4�, �4,4� for
the four different sizes considered. With increasing well
thickness, the confinement potential becomes increasingly
shallow, and for a 20 ML well width we obtain no confined
states, even for the largest considered dot. We find that the
alloy fluctuations within the barrier influence significantly
the extent of the electron and the hole states of the TFQDs,
demonstrating the penetration of the dot states into the
barrier. The character of all the confined hole states is domi-
nant heavy hole ��97%� with only very small light-hole �lh�
contributions. This is not a priori expected but a conse-
quence of vertical and lateral extent of the wave functions. A
single-band treatment of these states is therefore justified
from the point of view of band coupling. We find electron
and hole states with very similar overall extent leading to
strong optical transitions between same index states
�e0-h0 ,e1-h1 ,e2-h2 , . . .�. The calculated optical spectrum of
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TFQDs is rich, presenting several bright lines within only
few meV. From the comparison of calculations at the uncor-
related and at the correlated level �configuration interaction�,
we can illustrate the drastic effect of correlations where the
new many-body states and their optical spectrum have noth-
ing in common with the single-particle picture. Correlations
lead to a three meV redshift and an overall simplification of
the optical signature.

II. METHOD OF CALCULATION

The calculation of the optical properties can be divided
into two steps. In the first step, the quasiparticle wave func-
tions are calculated using an empirical pseudopotential tech-
nique and in the second step the excitation is treated by using
a configuration-interaction approach.

A. Single-particle step

In this first step we solve the single-particle Schrödinger
equation for the Hamiltonian

Ĥ = −
�

2
�2 + �

n�

�v��r − Rn� + v̂�
SO� , �1�

where n is an atomic index and � specifies the atom type.
The Hamiltonian includes a rescaled kinetic-energy part �fist
term�, an empirical pseudopotential part �second term�, and a
nonlocal spin-orbit term �last term�. The screened atomic
pseudopotentials v� �with �=Ga, In,As, . . .� are centered
around the locally relaxed atomic positions Rn. The atomic
relaxation is performed using the valence force field method
to minimize the strain energy.24,25 The empirical atomic
pseudopotentials v� are fit in reciprocal space to accurately
reproduce the electronic band structure, the electron effective
mass, the heavy-hole �hh� effective masses along the �100�
and �111� directions, the light-hole effective masses, the
spin-orbit splittings at the �15v and L1v points, and the hy-
drostatic and biaxial deformation potentials. The used target
values and the obtained results as well as the derived param-
eters are reported in the Appendix. The empirical pseudopo-
tentials v��G� has an explicit dependence on the local hydro-
static strain, Tr���. This dependence is crucial to obtain a
correct description of the volume deformation potentials.25,26

The spin-orbit interaction v̂�
SO is implemented in G space as

described in Ref. 25.
Once the total potential �n��v��r−Rn�+v̂�

SO� is defined,
the eigenvalue problem is solved in a basis of strain-
dependent Bloch functions �i=�An,k�n,k�r� of band index n
and wave vector k of the underlying bulk solids. In this
“linear combination of bulk bands” �LCBB� approach,27 ba-
sis functions can be obtained throughout the Brillouin zone
and differ in this respect from the k ·p method. In the present
case we exclude the Bloch states coming from X and L val-
leys because the intervalley coupling is negligible in the cur-
rent systems, which has been tested. The current LCBB basis
set consists of the bulk Bloch functions of the four bulk
valence bands and the lowest conduction band. The k points
are distributed around the � point within an ellipsoid with
axis dimensions �6 /Dx ,6 /Dy ,12 /Dz�2�, where Dx, Dy, and

Dz are the supercell dimensions. This approach incorporates
naturally both intervalley �e.g., �-X-L� and multiband �vari-
ous n’s� couplings. The ladder of electron �hole� single-
particle states will be denoted as e0, e1, e2 , . . . �h0 ,h1 ,h2 , . . .�.

B. Many-body step

After the single-particle eigensolutions �i are obtained,
the configuration-interaction �CI� method28,29 is used to ob-
tain the many-body states. A set of Slater determinants �	� is
constructed from the antisymmetrized product of the single-
particle wave functions. This basis set is used to expand the
many-body wave functions with quantum number � for N
particles �
N

��,

�
N
�� = �

a,b,c. . .·
Ca,b,c. . .

� �	a,b,c. . .� . �2�

The indexes a ,b ,c , . . . run over all the different states of the
particles 1 ,2 ,3 , . . . ,N included in the expansion. For
thickness-fluctuation quantum dots, all the confined electron
and hole levels are taken in the expansion. The matrix ele-
ments of the many-body Hamiltonian involves the calcula-
tion of the two center integrals for particle a and particle b

	�i
a� j

b�Û�� j�
b �i�

a �

=
 
 �
i
*�ra��

j
*�rb�v�ra,rb�� j��rb��i��ra�dradrb.

�3�

The screening function v�ra ,rb� is calculated using the
model of Resta.30

III. SIMULATED STRUCTURES

The thickness-fluctuation quantum dots or natural dots
are, for the large majority of experiments, created by a ML
fluctuation in the thickness of a GaAs quantum well sur-
rounded by an Al0.3Ga0.7As barrier. The structure is grown
along the �001� direction and the monolayer fluctuation is
achieved by growth interruption. We therefore model the
structure as shown in Fig. 1 as a GaAs quantum well �blue in
Fig. 1� with a nominal thickness varying between n=10 and
20 MLs and a 1 ML step �green in Fig. 1� locally increasing
the thickness of the well between 11 and 21 MLs, respec-
tively. The region where the dot is thicker �e.g., 11 ML in-
stead of 10 ML� represents the quantum dot. The barrier
material is assumed to be a homogeneous �without segrega-
tion� random alloy of Al0.3Ga0.7As. The simulation cells con-
tains between 1.3 million and 4.6 million atoms. The lattice
constant of GaAs �5.653 Å at T=0� and AlAs �5.661 Å at
T=0� being similar, the structure is only slightly strained,
compared to the typical self-assembled quantum dots grown
by the Stranskii-Krastanov method.31,32 For the lateral di-

mensions of the step �Lx ,Ly�, along the �11̄0� and the �110�
directions, respectively, we have selected four different
length-width combinations �Lx ,Ly�= �20,20�, �40,20�,
�40,40�, and �100,20�, given in nm. These sizes have been
chosen in accordance with the literature4,7,16,33–35 where elon-
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gations along the �11̄0� direction have been reported.

IV. RESULTS FOR QUANTUM WELLS

Before we address the results for the thickness-fluctuation
quantum dots we performed calculations on
GaAs /Al0.3Ga0.7As quantum wells. The purpose of these cal-
culations is twofold. One is testing of the empirical pseudo-
potentials for GaAs and AlAs �a detailed description of these
potentials can be found in the Appendix� in a nanostructure
setting and for a random alloy of Al0.3Ga0.7As. The second is
to illustrate the magnitude of the potential confinement origi-
nating from a monolayer difference in the quantum-well
thickness.

We have calculated the valence-band maximum �VBM�
and the conduction-band minimum �CBM� for
�GaAs�n / �Al0.3Ga0.7As�40−n superlattices. The number n re-
fers to the number of MLs in the GaAs quantum well. The
sum of the quantum well and the barrier MLs is 40, and is
kept constant. In Fig. 2 the single-particle results for the
�GaAs�n / �Al0.3Ga0.7As�40−n superlattice are summarized. The
energies of the CBM and VBM are given as stepped red line
and as a blue line going through the center of each of the
steps. The energies are given as a function of the quantum-
well thicknesses in units of monolayers. The numbers above
each step gives the energy difference for VBM and CBM
between to adjacent thicknesses in meV. These numbers are
most relevant for the TFQDs since they give the depth of the
confinement potential for the carriers. For instance, for a
quantum well with a nominal 15 ML thickness and a one ML
fluctuation �the well is locally 16 ML thick� the confinement
potential for electrons and holes is 7.1 and 2.0 meV, respec-
tively. Experimentally determined ground excitonic PL ener-
gies �Gammon,7 Erdmann,36 Rudra,37 Courboules,38

Brunner2� are shown as filled symbols and lie around 10
meV below the theoretical single-particle band gaps given by
the green line and symbols. This difference can be explained
by electron-hole Coulomb interaction neglected in the calcu-
lations at this stage. The agreement between theory and ex-
periment is very good. The theoretical results can be fitted by
the functions

ECBM�n� = 1.519 + 1.852/n1.102, �4�

EVBM�n� = − 0.693/n1.188, �5�

where the VBM of GaAs has been chosen as energy refer-
ence. The effective-mass solution for a particle with effective
mass m� which is subject to a potential energy Vb�z� such
that it has the value 0 for �z��L /2 and −Vb for �z��L /2,
where L is the thickness of the potential well is given by the
transcendental equation39

kw tan�kw
L

2
� = 
b �6�

with kw=
2m�

�2 �E+Vb� and 
b=
− 2m�E
�2 .

Using the parameters Vb�electron�=0.264 eV, Vb�hole�
=0.151 eV, me

�=0.067, and mh
�=0.34 the agreement with the

empirical pseudopotential calculations is very good through-
out the range of thicknesses for the conduction-band states.
For the valence-band states, some deviations for thinner
quantum wells in the case of the valence-band states can be
attributed to the increasing importance of the barrier. We find
that the heavy-light-hole coupling for the zone-center states
increases with decreasing GaAs well thickness.

y
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h

FIG. 1. �Color online� Schematic representation of the simulated
structures for the thickness-fluctuation quantum dots �TFQDs�. The
monolayer step is shown in green on top of the GaAs quantum well
with thickness n, shown in blue. The Al0.3Ga0.7As barrier is shown

in yellow. The elongation of the monolayer step is along the �11̄0�
direction.
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FIG. 2. �Color online� Energies of the CBM and VBM of a
GaAs quantum well in Al0.3Ga0.7As as a function of quantum-well
width in units of monolayers. The empirical pseudopotential results
are given as blue and red lines. The numbers above each step gives
the energy difference for VBM and CBM between to adjacent thick-
nesses in meV. Experimental ground excitonic PL energies are ex-
tracted from the literatures �Gammon �Ref. 7�, Erdmann �Ref. 36�,
Rudra �Ref. 37�, Courboules �Ref. 38�, Brunner �Ref. 2�� and given
as filled symbols. The calculated single-particle band gap �differ-
ence between CBM and VBM� is given as green line. The effective-
mass results from Eq. �6� are given as red circles.
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V. CONFINEMENT POTENTIAL

In Fig. 3 we schematically illustrate the band edges of the
materials involved in the TFQD. The reference energy is set
to zero for the GaAs bulk VBM. The alloy barrier has con-
duction and valence-band edges at 1.924 and −0.150 eV,
respectively. For the quantum well with 10 ML thickness, the
conduction- and valence-band edges are at 1.662 and
−0.044 eV, respectively. These numbers change to 1.650

and −0.040 eV for the 11 ML well. The hatched region in
the Fig. 3 highlights the potential drop responsible for the
confinement of electrons and holes in a TFQD with 10 ML
nominal thickness. The electrons and holes are confined by
only 12 and 4 meV, respectively. Only states within this en-
ergetic window can be confined in all three directions. Con-
duction �valence� -band states with energy between 1.662
and 1.924 eV �−0.044 and −0.150 eV� are quantum-well
states confined in �001� direction but dispersive in-plane.
Compared to the case of self-assembled InGaAs dots in
GaAs with electron and hole confinement potentials of up to
hundreds of meV, the situation is drastically different. Based
on this qualitative analysis we expect states that tend to leak
from the 11 ML dot region to the well region with 10 ML.

VI. SINGLE-PARTICLE ENERGIES FOR DIFFERENT
LATERAL DIMENSIONS

The summary of the single-particle energies for a TFQD
with 10 ML nominal well thickness is given in Fig. 4. The
band edges of the alloy Al0.3Ga0.7As are given as blue lines
and the confinement potential for the TFQD states as red
lines. As stated above these represent the band edges of 10
and 11 ML GaAs quantum wells. The obtained single-
particle eigenvalues are given as black lines and are labeled
as e0, e1, and e2 for the electron states and h0, h1, h2, h3, and
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FIG. 3. Schematic representation �not to scale� of the band
edges of the thickness-fluctuation quantum dots. The numbers are
given in eV, unless specified. The hatched region describes the en-
ergetic window where states can be confined in all three
dimensions.
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FIG. 4. �Color online� Single-particle energy levels of �GaAs�n / �Al0.3Ga0.7A�40−n monolayer thickness-fluctuation quantum dots with
well width of n=10 ML and lateral base size �Lx ,Ly� of �20,20�, �40,20�, �40,40�, and �100,20� nm, respectively. The red lines indicate the
energy edges of the quantum well with width of 10, and 11 MLs. The reference energy is set to zero for the ���15v� level of bulk GaAs. Blue
lines given the energy edges of Al0.3Ga0.7As barrier. The arrows show some of the possible excitonic transitions.
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h4 for the hole states. The smallest �20,20� TFQD has only
one confined electron and one confined hole state while for
the largest �100,20� TFQD four electron and four holes states
are confined. The “shell structure,” known from self-
assembled quantum dots where the levels are grouped in S,
P, D shells with degeneracy of 1,2,3, respectively, can be
perceived for the �40,40� TFQD. However, for the smaller
dots where only one level is confined and for the elongated
dots there is no obvious pattern in the level spacings. The
magnitude of the level spacings is an order of magnitude
smaller than in self-assembled or colloidal quantum dots.
The spacing between the first and second electron �hole�
states in the �40,40� TFQD is only 5 �1� meV.

This can be seen as surprising, since the dimension of the
TFQD is not very different than for some self-assembled
quantum dots �e.g., 40 nm diameter and 3 nm height InGaAs/
GaAsP dots grown by MOVPE �Ref. 40� are very similar in
size to our �40,40� TFQD�. The reason for this qualitative
difference is due to mainly two effects: �i� The small in-plane
confinement potential given in TFQD allowing wave func-
tions to leak out much more than in self-assembled quantum
dots leading to wave functions with a much larger extent; �ii�
The electron effective mass of GaAs is with 0.067 almost
three times larger than for InAs 0.023 leading to a smaller
level spacing in TFQDs. Argument �i� of the penetration of
wave function holds for holes but not argument �ii� since the
hole effective masses of InAs and GaAs are similar. We will
present a further argument for holes in Sec. IX

VII. SINGLE PARTICLE ENERGIES FOR VARYING
WELL THICKNESS

In Fig. 5 we show the calculated single-particle electron
and hole energies for TFQDs with varying quantum-well
width between 10 and 20 monolayers. The TFQDs have a
lateral base size �Lx ,Ly� of �100,20� nm. The reference ener-
gies for the electron states are set to the CBM of the quantum
wells with width N+1 monolayers. Respectively, the refer-
ence energies for the hole states are set to the VBM of the
quantum wells with width N+1 monolayers. The absolute
values of the CBM and VBM of the quantum wells as a
function of well width have been reported in Fig. 2. The
shaded areas, in Fig. 5, delimit the states that experience
three-dimensional �3D� confinement �confined in the dot�
from the ones experiencing only one-dimensional �1D� con-
finement �confined inside the well�. For a TFQD grown on a
12 ML think quantum well, three electrons states and four
hole states are confined. When the thickness of the well in-
creases, the confinement potential decreases, as was dis-
cussed in Sec. IV. This is shown by the black lines approach-
ing zero with increasing well width. In contrast, the
confinement energies of the electron and hole states shown in
Fig. 5 exhibit almost no dependence on the well width. This
shows that the electron and hole states move almost rigidly
with the CBM and VBM of the quantum well. This effect
leads to the counterintuitive result that when the volume of
the dot becomes larger �the well thickness is increased� the
number of confined states is reduced. We conclude that in
order to have 3D confined states, the well width should be

smaller than 20ML or the lateral dimensions of the TFQD
must be larger than the 100�20 nm2 we assumed here.

VIII. SINGLE-PARTICLE WAVE FUNCTIONS

Some of the aspects discussed previously based on the
band edges of the TFQD can be recognized by looking at the
single-particle wave functions. In Fig. 6 we plotted the
square of the first two electron and first two hole wave func-
tions for the �40,20� TFQD with 10 ML nominal well thick-
ness. The dot is shown as a light gray transparent parallel-
epiped; it shows not only the 1 ML step but delimits the
space region where the quantum well is 11 ML thick. The
value used for the green isosurface is half of the maximum of
the squared states. The magenta �cyan� colored line gives the
value of the squared wave functions along the �100� ��001��
direction through the dot region where the states are mostly
localized �indicated by cyan and magenta lines in the isosur-
face plots�. The supercell dimension is 57�57�11 nm3 and
the abscissa of the line plots is normalized so that the cyan
line spans the �001� direction from 0 to 11 nm and the ma-
genta line the �100� direction from 0 to 56 nm. While it can
also be seen from the line plots that the states are well con-
fined within the simulation cell, we notice that the states
occupy a large fraction of the supercell to decay to zero only
close the cell boundary. From the plots we learn that the
consequence of the shallow confinement potential in-plane
allows the wave function to penetrate significantly into the
barrier. The out-of-plane �along �001�� confinement is stron-
ger since it is given by the band offset between GaAs and the
Al0.3Ga0.7As barrier �see Fig. 3� but the 3 nm well is thin
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FIG. 5. �Color online� Single-particle energy levels of TFQDs
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Band edge states for (40,20) nm TFQD

(b)

(c) (d)

(a)

FIG. 6. �Color online� Squares of the real-space wave functions of the lowest two electron �e0 ,e1� and highest two hole states �h0 ,h1� for
a �GaAs�10 / �Al0.3Ga0.7As�30 TFQD with lateral size of �40,20� nm2. The line plots represent the wave functions squared along two lines
parallel to the �100� �magenta� and the �001� directions �cyan�.
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enough to lead to significant wave-function leakage into the
Al0.3Ga0.7As barrier.

This penetration of wave function into the barrier can be
directly witnessed by the in-plane asymmetric shape of the
isosurfaces: the S-like states e0 and h0 are pushed toward one
side of the dot and the P-like e1 and h1 toward the other side.
These asymmetries are caused by the random nature of the
Al0.3Ga0.7As barrier alloy that favors wave-function penetra-
tion into locally Ga-rich �Al-poor� regions where the barrier
is lower.

In Fig. 7 we summarize the results of the confined states
of the �20,20�, �40,20�, �40,40�, and �100,20� nm2 TFQD as
a top view of the squares of the real-space wave functions.
We notice a striking similarity between the electron and the
hole states and a progression that corresponds to an increase
in the number of nodes of the wave functions, as expected
from a single-band wave function. The P-like states of the
�40,40� nm2 are oriented along the corners of the dot along
�100� and �010� unlike self-assembled InGaAs quantum dots

where the �110� and �11̄0� directions are preferred. From the
similar localization behavior of the e0 and h0 states we can
expect a strong oscillator strength for the e0-h0 transition.

IX. SYMMETRY ANALYSIS

The fact that the material system GaAs /Al0.3Ga0.7As is
mostly unstrained leads a priori to a situation very different
to the one present in heavily strained self-assembled InGaAs
quantum dots. In the latter case the strong biaxial strain leads
to a large splitting of the heavy- and light-hole bands, leav-
ing the heavy-hole band as the VBM. In the present case of
TFQD no such strain-driven splitting is expected and the
VBM of GaAs is of �8 symmetry with degenerate heavy-
and light-hole bands. In the case of a quantum well, the
confinement splits the heavy from the light-hole band by
about 15 meV for a 10 nm thick GaAs QW in Al0.3Ga0.7As at

the �̄ point.39 The confinement in-plane leads to folding of

the dispersive QW bands toward �̄ and to the mixing of the
heavy- and light-hole bands. To analyze the symmetry char-

acter of the TFQD states we project them onto bulk GaAs
�-point Bloch states and construct the hh, lh, and split-off
�so� combinations.41 The results for hole states are summa-
rized in Table I where the percentage of the hh, lh, and so
contributions are tabulated along with the energy of the
states relative to the GaAs VBM. We see that all the states
are strongly dominant hh with only few percent lh character.

In Table I we also report results for two lens-shaped GaAs
quantum dots embedded in Al0.3Ga0.7As. For “Lens 1” with a
height �h� of 3.5 nm �very similar to the 3 nm thickness of
the TFQDs� we see that the first hole state is to 86% hh, a

(100,20) nm(40,40) nm(20,20) nm

3e 3h

2h2e

1e 1h

0h0e
0h0e

1e 1h

2h2e

3e 3h1e

0h

1h

0e

0e
0h

(40,20) nm

FIG. 7. �Color online� Squares of the real-
space wave functions for the lowest electron
and highest hole states for �GaAs�10 /
�Al0.3Ga0.7As�30 TFQD with lateral sizes of
�20,20�, �40,20�, �40,40�, and �100,20� nm2. The
gray rectangles indicate the position and shape of
the TFQD.

TABLE I. Symmetry analysis of the single-particle-hole states.
The heavy-hole �hh�, light-hole �lh�, and split-off �so� contributions
are given in percent. The energy, �, is the single-particle energy
given relative to the valence-band maximum of GaAs. The dimen-
sions Lx , Ly and b �base diameter�, h �height� are given in nm.

Lx , Ly State hh lh so
�

�meV�

�20,20� h0 97 2 0 42.3

�40,40� h0 98 1 0 40.7

h1 96 3 0 41.9

h2 97 2 0 42.4

�40,20� h0 97 2 0 41.6

h1 96 3 0 42.7

h2 96 3 0 43.7

�100,20� h0 98 1 0 41.0

h1 97 2 0 41.4

h2 97 2 0 42.0

h3 96 3 0 42.7

Lens 1 h0 86 12 0 45.3

b=20, h=3.5 h1 46 53 0 51.7

h2 39 60 0 53.9

Lens 2 h0 86 13 0 20.6

b=20, h=10 h1 41 58 0 21.9

h2 39 60 0 24.4
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FIG. 8. �Color online� �a-c� Absorption spectra for the �40,20�, �40,40�, and �100,20� nm2 TFQDs, including the exciton �X�, the
biexciton �XX�, and the charged trions �X+,X−�. ��d�–�f�� Schematic illustration of the leading peaks in absorption with their dominant
configurations, given in parenthesis, and with the letter m in case the many-body state does not have a single dominant configuration.
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value significantly lower than for the �20,20� TFQD of simi-
lar dimensions. This is an additional indication that in spite
of the similar sizes of the dots, the wave function occupies a
significantly larger in-plane area in the case of the TFQD.
The h1 and h2 states of Lens 1 dot are mixed hh-lh states due
to the similar energetic position of h1, h2, and the light-hole
band. The results for “Lens 2” quantum dot with large height
�half sphere� is similar to Lens 1 case, with a hh dominant h0
and mixed hh-lh h1 and h2 states, but for another reason. The
large height leads to a smaller hh-lh splitting and despite the
lower energetic position �around 20 meV above GaAs VBM�
the hole states are energetically close to the lh band.

The calculations with the lens-shape dots illustrates the
that hh-lh mixing is a consequence of �i� the lateral extent of
the wave functions, controlling the energetic position of the
states relative the quantum-well light-hole band, and �ii� the
thickness of the well �dot, in Lens 1 and 2 cases� controlling
the energetic position of the quantum-well light-hole band.
For our TFQDs the large lateral extent of the wave functions

and the narrow width of the well leads to almost pure heavy-
hole states.

The benefit of the atomistic approach compared to a con-
tinuum description lies in a quantitative prediction of the
effects described so far: �1� Continuum models rely on an
external input for the potential, historically taken as a cylin-
drical potential22,45 with certain band offsets and the results
obtained are direct consequences of these assumptions. Our
approach directly takes the shape of the structure as input
parameter. �2� The penetration of states into the barrier is
important since it governs the nature and the number of con-
fined states, and requires the proper treatment of the inter-
faces and the matching of different types of Bloch functions,
not given in a continuum description. �3� Another typical
atomistic effect is the fact that alloy fluctuations in the bar-
rier modify the distribution of wave functions significantly
making them very much unlike the spherically symmetric
wave functions commonly assumed. �4� The capability to
analyze the wave functions in term of their Bloch function
character gives a direct indication for the quality of a single-
band approach, which may appear unfounded otherwise.

X. OPTICAL PROPERTIES

From the single-particle results we are able to calculate
optical properties using the configuration-interaction ap-
proach as described in Sec. II. In our implementation only
states confined within the simulation cell can be handled
meaningfully. For the TFQD this represents an early trunca-
tion of the expansion of the many-body wave functions. For
the �20,20� system, for instance, only one electron and one
hole state can be taken into account which means that we are
not going beyond the single-configuration uncorrelated level.
For larger dots, as the �20,100�, we take four electron and
four hole states into account, and include correlations in the
many-body states.

In Figs. 8�a�–8�c� we show the calculated absorption
spectra for the �40,20�, �40,40� and �100,20� nm2 TFQDs,
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FIG. 9. �Color online� Binding energy of the trions states and of
the biexciton for three types of quantum dots. For TFQDs with one
ML thickness fluctuation, TFQDs with two ML thickness fluctua-
tions and for rectangular GaAs parallelepiped with height 11 ML
fully embedded in Al0.3Ga0.7As.
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FIG. 10. Excitonic transitions for a �100,20�
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tion. �a� Single-particle levels, it is only the dif-
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energies are calculated. �b� Single configuration
level, where the Coulomb interaction is added to
each of the 4�4 configuration blocks. �c�
Configuration-interaction level where correla-
tions are included using all the available confined
states.
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including the transitions from the exciton �X�, the biexciton
�XX�, and the charged trions �X+,X−�. In Figs. 8�d�–8�f� we
show the origin of the main transitions in the spectra ��a�–
�c�� by giving the dominant configuration�s� of each level in
parenthesis. We use the notation ei

j and hi
j where i is the

index for the state and j the occupation of this state. Due to
the few number of confined levels in the �20,20� TFQD �only
one electron and one hole state� only few dot-to-dot transi-
tions are possible leading to a very simple picture we omitted
here. In the absorption spectra for the �40,20� and
�40,40� nm2 TFQD �Fig. 8�a� and 8�b�� we can see a group
of peaks around 1.685 and 1.687 eV. These transitions in-
volve mainly the states e0 and h0 as can be seen in the analy-
sis in Figs. 8�d� and 8�e�. The transitions above 1.688 eV
involve the higher excited states e1, e2, h1, and h2 and are
well isolated from the first group of peaks. The situation is
different in the case of the �100,20� nm2 TFQD �Fig. 8�c��
where all the transitions are grouped together between 1.687
and 1.692 eV. This smaller “bandwidth” of CI states is sur-
prising considering that we are taking the same energy win-
dow for electrons and hole states as in the �40,20� and
�40,40� cases. We will discuss this effect in Sec. XI. Another
general observation is that the XX, X+, and X− transitions

denoted by b1, d1, and c1, respectively, are all redshifted with
respect to the main X transition �a1� in all calculated dots. In
Fig. 9 we summarized calculations for the binding energy of
the trions and biexcitons for three types of quantum dots. For
TFQDs with one ML thickness fluctuation, TFQDs with two
ML thickness fluctuations and for rectangular GaAs parallel-
epiped with height 11 ML fully embedded in Al0.3Ga0.7As.
The results are plotted as a function of the exciton energy.
The TFQDs with two ML thickness fluctuations have bind-
ing energies around 2 meV while it is around 1 meV for the
TFQDs with 1 ML thickness fluctuations. The fully embed-
ded quantum dots �Rect. QD� emit at higher energy and have
between 2 and 2.5 meV binding energies.

For the case where no charged states are created and the
excitation power is low enough to avoid the creation of biex-
citon, only the red lines in Figs. 8�a�–8�c� should be ob-
served. We see two, three and four dominant peaks for the
�40,20�, �40,40�, and �100,20�, respectively. This represents a
significant simplification from the single-particle picture
with 16 possible transitions for the �40,40� and �100,20�
TFQDs between confined states �e0,1,2,3 and h0,1,2,3 are con-
fined�. We will see that correlations are responsible for this
simplification in Sec. XI. We note also that for the �40,40�

TABLE II. Summary of the theoretical results for selected properties of �GaAs�10 /Al0.3Ga0.7As TFQDs
with different lateral dimensions �Lx ,Ly� �nm2� and experimental results.

Property �20,20� �40,20� �40,40� �100,20� Expt.

X0 �eV� 1.6902 1.6878 1.6851 1.6869 1.6813a, 1.6886b, 1.655c

X−1 �eV� 1.6893 1.6867 1.6841 1.6861 1.6856b, 1.652b

��X0−X−1� �meV� 0.9 1.1 1.0 0.8 3.0b

�0 ��eV� 8 6 4 5 �100 b,d

�b ��eV� 0 5 0 4 �24 a,d

�d ��eV� 1 7 1 0 �1 d

aReference 7.
bReference 13.
cReference 45.
dReference 12.
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FIG. 11. �Color online� Excitonic transitions
for a �100,20� TFQD calculated for the polariza-

tion direction �110� and �11̄0�. Inset �b� shows a

magnified high energy region. The �11̄0� polar-
ized spectrum has been shifted by 0.1 meV to the
blue artificially in �a� and �b� for graphical pur-
poses in order to see the degree of polarization.
The fine structure of the peaks p1 and p2 are
given in the insets �c� and �d� where numbers are
given in �eV.
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dot, where the attempt to label the states as S, P, and D,
might seem justified, the transition a2 is clearly visible, de-
spite its dominant S-P character. Transitions of that type are
mostly forbidden in self-assembled quantum dots.42 For the
negative trion, we calculate three dominant transitions for the
�40,20� and �40,40� dots and seven for the �100,20� dot. For
the positive trion we only see two dominant peaks for all the
dot sizes. This qualitative difference emphasizes again the
different nature of the electron and hole states despite the
dominant single-band character of both electrons and holes.

XI. EFFECT OF CORRELATIONS

To illustrate the effect of correlations onto the optical
properties of TFQDs we use the example of the excitonic
transitions in the �100,20� TFQD. In Fig. 10 we present three
different levels of approximation. At the first level only the
single-particle energies, as given in Fig. 4, are considered. In
Fig. 10�a� the resulting single-particle gaps are given as bar
chart. In the next level the direct and exchange Coulomb
interactions are included within each configuration 4�4
blocks. One configuration consists of the product of one
single-particle electron and one single-particle-hole state
leading to a 4�4 matrix when spin is included. This corre-

sponds roughly to the Hartree-Fock level,43 which exactly
neglects correlations. The results for the absorption at this
level are given in Fig. 10�b�. In the last step we include
coupling between the configurations via configuration inter-
action where all the available confined levels are utilized.
The results are given in Fig. 10�c�. While this last step rep-
resents the limit of the present approach and is sometimes
referred to as “full CI,” it likely misses some of the correla-
tions.

In Fig. 10 we notice that the entire spectrum is shifted to
the red when Coulomb interactions are introduced �differ-
ence between Figs. 10�a� and 10�b��. This is expected since
the electron-hole attraction in these structures extends be-
tween 0 and 7 meV, depending on the considered states. As
we can expect from the extent of the wave functions �Fig. 7�
the transitions between the states ei and hj, where the indices
i and j are equal, are bright. These are labeled as s1–s4 for
e0h0, e1h1, e2h2, and e3h3, respectively. However, several
other transitions lead to significant oscillator strength, as for
instance e0h1, labeled as s5 in Fig. 10�b�. The inclusion of
correlations leads to a dramatic modification of the spectrum
�difference between Fig. 10�b� and 10�c�� where we recover
the results from Figs. 8�c� and 8�f� with the four strongest
peaks a1–a4. Most of the bright transitions at the single-
configuration level become dark and the states rearrange

TABLE III. Summary of experimental results on TFQDs.

TFQDs
X0

�eV�
��X0−X−1�

�meV�
��X0−XX�

�meV�
FS

��eV� Note

�GaAs�10 /Al0.3Ga0.7As 1.6813a, 3.0b 3.4c �b�E0�=−25 a, ��E1−E0�=2.5 meV a

1.6886b 3.0c �b�E1�=41 a, ��E2−E1�=1.0 meV a

1.655c �b�E2�=45 a, ��E3−E2�=0.5 meV a

�b�E3�=−22 a ��E4−E3�=0.5 meV a

�b�E4�=−47 a

�0�100 b,d,

�d�1 d,

�b�24 d

�GaAs�12 /Al0.35Ga0.65As 1.6586e 3.2e

�GaAs�10 /Al0.33Ga0.67As 1.6977f, 2.7f tX=100 ps f,

1.687g, 2.6h tXX=60 ps f,

1.6988h f =75 f

�GaAs�15 /Al0.3Ga0.7As 1.6280b 3.4c

1.6212i 3.36i

�GaAs�22 /Al0.3Ga0.7As 1.5936b, 3.5k NSOMj

1.663k

1.585j

�GaAs�30 /Al0.3Ga0.7As 1.5598b

�GaAs�50 /Al0.3Ga0.7As 1.5356b 1.2b

�GaAs�10 /Al0.33Ga0.67As 1.6796 4.0l

aReference 7.
bReference 13.
cReference 45.
dReference 12.
eReference 2.
fReference 5.

gReference 15.
hReference 6.
iReference 14.
jReference 11.
kReference 17.
lReference 10.
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themselves to lead to a simple spectrum, where the lowest
energy transitions is shifted by a correlation energy of more
than 3 meV. The analysis of the origin of the lowest energy
peak a1 shows that it is to 60% given by the e0h0 configu-
ration with an admixture of 40% from several other configu-
rations �In Fig. 8�f� we labeled this mixture as m1.� The
second lowest peak a2 is 36% h1e0 and 28% h0e1 with the
remaining 36% contain a large number of different configu-
rations. The inclusion of correlations leads therefore to the
creation of entirely new and different states that we may call
highly correlated. This is unlike the case of colloidal quan-
tum dots, where correlations are merely a correction to the
single-configuration picture, but similar to the case of larger
etched nanostructures.44

XII. COMPARISON WITH EXPERIMENT

In Table II we summarize our results for the different
TFQDs considered and experimental results on TFQDs with
10 ML-thick GaAs wetting layers. We give the energy of the
main excitonic transition, X0, labeled a1 in Fig. 10, the nega-
tive trion X−1, labeled c1 in Fig. 10, the trion shift ��X0

−X−1�, the singlet-triplet electron-hole exchange splitting �0,
the fine-structure splitting of the bright states �b, the fine-
structure splitting of the dark exciton states �d. Our results
for the excitonic transition agrees very well with the experi-
mental data where PL is measured around 1.68 eV. The ap-
pearance of several peaks in photoluminescence as reported
in Ref. 7 is also a feature of our �100,20� TFQD where four
excitonic transitions are bright, within an energy window of

5 meV. In order to compare our results with Fig. 4 of Ref. 7
we plotted in Fig. 11 the excitonic transitions of the �100,20�
TFQD polarized along the �110� and �11̄0� directions. The

�11̄0� polarized spectrum has been shifted by 0.1 meV to the
blue artificially in order to distinguish both polarizations. We
obtain for the first and third and also for several higher en-
ergy transitions a polarized signal in agreement with Ref 7.
However the fine-structure signal clearly identified in Ref 7
with splittings of 22 to 47 �eV is absent in our calculations.
The fine structure of the peaks a1 and a2 are given in the
insets �c� and �d� of Fig. 11 with splittings of only 2–4 �eV.
Peak a1 is split into two dark states split by 3 �eV from two
bright states with different polarizations split themselves fur-
ther by 4 �eV. Peak a2 is split into three weakly emitting
states arranged in a doublet split by a singlet by 2 �eV and
a bright state 4 �eV above. The smaller fine-structure split-
ting than in self-assembled quantum dots is expected from �i�
the fact that the effective extent of the wave functions is
larger and �ii� the expectation that the short-range part of
electron-hole exchange interaction is proportional to the ex-
citon Bohr radius to the third power would leads to around
30 times larger splittings in InAs than in GaAs �iii� the long-
range part of the exchange is expected to be proportional to
Ep /Eg

2, a quantity larger for InAs than GaAs. The striking
discrepancy between the experimental evidence and the cal-
culation is unlikely to be related to an overall shape effect
and will require further investigations.

The theory gives a trion shift to the red by about 1 meV.
While the direction of the shift is according to experiment,
its value is clearly underestimated. In Table III we summa-

TABLE IV. Empirical pseudopotential parameters. � is given in �a.u.�3 and the parameters are described
in Eqs. �A1� and �A2�.

�
�

�so�
f

�strain� � � �

AlAs

Al 111.3 0.01521 0.60143 −1.66758E+00 1.33822E+00 0.00000E+00

1.94543E−01 1.02429E+01 2.04603E+00

6.14786E−03 1.72295E+00 7.54964E−02

6.53510E−02 2.44440E+00 9.14389E−01

As 145.2 0.20415 0.00000 −1.08906E+00 9.72466E−01 0.00000E+00

1.02613E−02 6.55475E+00 5.17899E−01

1.10768E−01 2.94879E+01 8.16180E−01

1.15186E−01 1.67404E+00 1.55176E+00

GaAs

Ga 131.4 0.01959 0.679603 −1.41766E+00 1.29519E+00 0.00000E+00

5.16039E−02 1.21363E+00 1.61056E+00

4.79699E−02 4.90228E−01 1.47962E+00

−3.35084E−02 6.63229E+00 2.73530E+00

As 145.2 0.16803 0.00000 −1.08911E+00 9.66992E−01 0.00000E+00

−1.69009E−02 5.95384E+00 2.92374E+00

−6.16557E−02 3.46560E+00 1.13430E+00

1.22540E−01 8.26516E−01 1.22483E+00
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rize experimental results for TFQDs in GaAs wells of differ-
ent thicknesses. The values obtained experimentally for the
negative trion shift for different well width are similar and lie
around 3 meV, besides for very thick 50 ML wells where it
drops to 1.2 meV. One possible reason for our underesti-
mated trion shifts is the limited amount of correlations we
can include in the CI basis due to the limited number of
confined levels. This hypothesis is reinforced by the fact that
path-integral Monte Carlo calculations22,45 where correla-
tions are fully taken into account �while the single-particle
Hamiltonian is solved at the effective-mass level� do yield
binding energies between 1.5 and 4.0 meV depending on the
radius of the monolayer fluctuation �a cylindrical dot was
assumed�. Our results for the fine-structure splittings is too

low compared to the experimental evidence, as already dis-
cussed.

XIII. CONCLUSIONS

We used the atomistic empirical pseudopotential method
and configuration interaction to calculate the electronic and
optical properties of thickness-fluctuation quantum dots
�sometimes called natural quantum dots�. These structures
confined the electron and hole wave function through a
single atomic monolayer step in a quantum well. These ato-
mistic calculations require the treatment of up to five million
atoms for the largest structure of 100 by 20 nm. We first
present results for GaAs /Al0.3Ga0.7As quantum wells where

TABLE V. Compiled reference bulk properties and empirical pseudopotential results for AlAs using the
parameters from Table IV.

LBa Reviewb LCAOc,d GWe Used target EP results

���1v� −11.95 /−11.87 −12.41 −12.41 −12.53

���15v� 0.0 0.0 0.0 0.0 −6.00 −6.00

���1c� 3.10 3.099 2.79/2.81 2.88 3.10 3.09

���15c� 4.48/4.21 5.14 5.14 4.49

��X1v� −9.63 /−9.80 −10.41 −10.41 −8.77

��X3v� −5.7 −5.69 /−5.52 −5.87 −5.70 −7.83

��X5v� −2.32 −2.38 /−2.32 −2.44 −2.32 −2.34

��X1c� 2.23 2.24 2.37/2.21 2.14 2.25 2.24

��X3c� 2.43 3.84/2.89 3.03 2.43 3.02

��L1v� −10.28 /−10.43 −10.97 −10.97 −10.27

��L2v� −5.95 /−6.41 −6.01 −6.01 −6.76

��L3v� −0.88 /−0.97 −3.90 −0.88 −0.95

��L1c� 2.57 2.46 2.81/2.48 2.91 2.46 2.57

��L3c� 5.86/4.87 5.59 5.59 5.59

me
���1c� 0.15 0.15 0.15 0.149

me
��L1c,l� 1.32 1.32

me
��L1c,t� 0.15 0.15

me
��X1c,l� 1.1 0.97

me
��X1c,t� 0.19 0.22

mhh
� �100� 0.51 0.47 0.47 0.40

mhh
� �111� 1.09 1.09 1.09 0.90

mlh
� �100� 0.18 0.185 0.185 0.161

mlh
� �111� 0.15 0.15 0.15 0.13

a��� −8.11 −8.11 −8.93 −10.70

av��� −2.47 −2.47 1.53f 1.47

a��−X� 1.20 1.01f 0.95

a��−L� −4.60 f −4.49

b�100� −2.3 −2.3 −2.3 −2.75

�so��� 0.275 0.28 0.27 0.275 0.276

�so�L� 0.20 0.200 0.180

aReference 48.
bReference 49.
cReference 50.
dReference 51.
eReference 52.
fReference 53.

ATOMISTIC PSEUDOPOTENTIAL CALCULATIONS OF… PHYSICAL REVIEW B 79, 125329 �2009�

125329-13



we quantify the energetic confinement given by the mono-
layer fluctuation. The in-plane confinement is only few meV
but leads to the formation of �1,2,4,4� confined electron
states and �1,2,4,4� confined hole states for the �20,20�,
�40,20�, �40,40�, and �100,20� TFQDs with 10 ML nominal
well thickness, respectively. For quantum wells thicker than
20 ML, no more states are confined inside even our largest
dot. For TFQDs with 10 ML nominal thickness, we find
wave functions that leak in-plane far beyond the physical
dimensions of the dots. The wave function also penetrate
significantly out of plane into the Al0.3Ga0.7As barrier and
are strongly influenced by its random-alloy fluctuations. The
spatial extent of electron and hole states with same index are
each irregular but very similar to each other, leading to large
overlaps and oscillator strength. A symmetry analysis of the
states reveals their strongly dominant heavy-hole character.
The calculated optical spectrum for the exciton, biexciton,
and both trions show a rich spectrum with several bright
transitions. We further demonstrate the strong effect of cor-
relations, leading to states entirely different than the ones
given at the single-particle level. Hence, the optical spectrum
is strongly affected and becomes generally simpler than at
the uncorrelated level. The comparison with experiment is
good for the general position of the peaks, the appearance of
several transitions, and the polarization of some of them.
Some quantitative differences are noticed in the redshift of
the biexciton and trions which can be attributed to lack of
correlations in the configuration-interaction treatment of
such large structures. Also the fine-structure splittings re-
ported in the literature could not be reproduced in the unseg-
regated and perfectly random structures used in this simula-
tion. The reason for this discrepancy is unlikely to be related
to a simple shape effect or the effect of correlations and
remains an interesting challenge for further investigations.
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APPENDIX: PSEUDOPOTENTIALS

The pseudopotentials used in this work have been con-
structed as a sum of Gaussians according to the following
analytic expression:

v��q� = ���
i=1

4

ai
�e−�bi

���q − �ci
���2

�1 + f� Tr���� , �A1�

where � is an index for the atom type and � the strain tensor.
The parameters used for the different atoms are given in
Table IV. The kinetic-energy rescaling factor in Eq. �1� was
set to 1.1. The nonlocal spin-orbit interaction can be written
as46,47

V̂SO = �
i�

V̂�
SO�Ri� = �

i�
�
lm

�l,�Vl
SO�r − Ri�

��Plm�Ri��L · S	Plm�Ri�� , �A2�

where �Plm�Ri�� is a projector of angular momentum lm cen-

tered at the atomic position Ri, L is the spatial angular-
momentum operator, S is the spin operator with components
given by Pauli matrices, and Vl

SO�r� is a potential describing
the spin-orbit interaction multiplied with a constant fitting
parameter �l,�. The functional form of Vl

SO�r� was set to a
Gaussian and only the effect of p states �l=1� was included.

A compilation of the experimental results for several
properties of bulk GaAs and AlAs and the values used as
target in the pseudopotential fit as well as the results obtained
with the pseudopotentials from Table IV are given in Table V
for AlAs and Table VI for GaAs. The band-structure energies
are given relative to the VBM ����15v�� besides for ���15v�
itself in the “Used target” and “EP results” column where it
gives the value used to obtain the accurate band offsets be-
tween GaAs and AlAs.

TABLE VI. Compiled reference bulk properties and empirical
pseudopotential results for GaAs using the parameters from Table
IV.

Property LBa Reviewb GWc Used target EP results

���1v� −13.21 −13.03 −13.21 −13.24

���15v� 0.0 0.0 0.0 −5.50 −5.50

���1c� 1.519 1.519 1.52 1.519 1.521

���15c� 4.49 4.61 4.49 4.22

��X1v� −10.86 −10.69 −10.86 −10.39

��X3v� −6.80 −7.19 −6.80 −7.61

��X5v� −2.96 −2.87 −2.96 −2.57

��X1c� 1.98 1.981 2.01 1.98 1.98

��X3c� 2.50 2.24 2.50 2.60

��L1v� −11.24 −11.41 −11.24 −11.35

��L2v� −6.80 −6.97 −6.80 −7.02

��L3v� −1.30 −1.28 −1.30 −1.06

��L1c� 1.81 1.815 1.64 1.81 1.81

me
���1c� 0.067 0.067 0.067 0.064

me
��L1c,l� 1.9 1.900 1.900 2.180

me
��L1c,t� 0.19 0.0754 0.0754 0.0766

me
��X1c,l� 1.80 1.30 1.300 1.301

me
��X1c,t� 0.257 0.23 0.230 0.237

mhh
� �100� 0.400 0.350 0.350 0.346

mhh
� �111� 0.57 0.893 0.893 0.824

mlh
� �100� 0.082 0.090 0.090 0.085

ag��� −8.4 −8.33 −8.15 d −8.27

av��� −1.0 −1.16 −1.21 d −1.20

a��−X� 1.0−2.1 1.05d 2.49

a��−L� −2.0 −3.70 d −2.74

b�100� −1.7 −2.0 −2.00 −3.38

�so��� 0.341 0.341 0.34 0.341 0.345

�so�L� 0.22 0.22 0.20

aReference 48.
bReference 49.
cReference 52.
dReference 53.
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