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Pseudopotential and all-electron atomic core size scales

Alex Zunger

Solar energy Research Institute, Golden, Colorado 80401
{Received 28 October 1980; accepted 20 November 1980)

It has recently been shown by Politzer and Parr,*
Boyd, 2 and Politzer® (denoted here PPB), following the
work of Weinstein et al.* that whereas for any ground
state atom with Z >2, the spherically symmetric all-
electron Hartree—Fock (HF) charge density p(7)
=% Ny 19,,(¥) ¥ is a monotonically decreasing function
of 7, the radical charge density R(r) = 4n7’p(r) has at
least one minimum. The position 7, of the outermost
minimum of R(») was shown to vary systematically and
monotonically along rows (but not columns) of the Pe-
riodic Table and to constitute a chemically meaningful
atomic index delineating the core (»<7,) region from the
valence (»>v,) region of the atom. The uniqueness and
significance of the new core size coordinates (r,,) is
highlighted by the fact that a Thomas-Fermi calculation
of the total valence energy of atoms E,(r,) correctly pre-
dicts the trends and often the magnitude of the spectro-
scopically observed E, values only if », is used as an
inner cutoff for the potential integration, whereas other
choices produce large deviations. !

The physicist’s view of the partitioning of coordinate
or momentum space into nonpenetrating core and valence
regions is more often based on the notion of the pseudo-~
potential® V;!Xr): This is the external potential which,
when added to the potential produced by the valence elec-
trons {i.e. , the screening potential Wm[ )]} in atoms,
molecules, or solids, correctly replaces the dynamic
effects of the core wavefunctions. As pseudo wave func-
tions are nodeless for each of the lowest angular mo-
mentum (I) states, the information contained in the PPB
type core radii (7,,) is no longer encoded in the radial
pseudo charge density R, (v) =4nr?n(v). In turn, the in-
formation is transferred to V,:'(r) through the pseudo-
potential transformation mapping the all-electron density
p(») onto the pseudo charge density n(r).°

The angular-momentum -dependent delineation between
the core and valence regions would be faithfully encoded
in V2(r) if it were calculated from the all-electron or-
bitals [#,,(7)] and potential V(#) in a systematic and a
priori manner, However, pseudopotentials used in
solid-state applications are usually generated by em-
pirically fitting a selected subset of orbital energies (of
ions® or interband transitions in semiconductors’ or
Fermi surfaces of metals®), without constraining the
pseudo wave functions to reproduce the tails of the true
orbitals, whereas pseudopotentials used in quantum
chemical calculations (e.g., Ref. 9) are often con-
structed merely to achieve computational simplification
of the otherwise time consuming all-electron calcula-
tions. Indeed, the inherent nonuniqueness of the pseudo-
wave functions® allows a certain arbitrariness in con-
structing pseudopotentials, a freedom which has been
often utilized to achieve analytic simplicity or computa-
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tional ease, sacrificing the details of V,f; Xr) in the
small-7 core regions as well as the systematic regu-
larities of Vi Xr) as a function of atomic number.

Recently, 1 a priori atomic pseudopotentials have been
developed for all atoms of the first five rows of the
Periodic Table by using an extension of the density-
functional Kohn and Sham formalism.! The shape of
the pseudopotential is not arbitrarily fixed from the out-
set, nor is it determined by a fitting procedure. In-
stead, its form over all space is dictated by represent-
ing the atomic pseudo orbitals as a rotation in the sub-
space of the occupied all-electron orbitals (). A
specific method of constructing the rotation matrix elim-
inates the underlying wave function nonuniqueness by im-
posing a set of arbitrary but physically significant con-
straints. These pseudopotentials have been used suc-
cessfully in self -consistent electronic structure calcu-
lations!?1%:13 for atoms, simple molecules, bulk semi-
conductors, transition metals, and semiconductor sur-
faces and interfaces, as well as for calculation of co-
hesive properties of solids.

The significance of these pseudopotentials to the pres-
ent discussion is that the screened pseudopotentials
(i.e., the total effective potential sampled by an elec-
tron in a pseudoatom) VEX7)= VE(r)+ Wy dn(n]+ U1 + 1)/
2% are characterized by the crossing points 7, at which
V47 has its only node, and that the set {r,} forms an
internal, ovbitally dependent distance scale delineating
the repulsive [ V1)(»)> 0] core region (»<7,) from the
attractive [V (») <0] valence region (»>7;). (Here
Wyecl] denotes the Coulomb exchange and correlation
screening due to the valence electrons, and /(I +1)/2+?
is the centrifugal potential.) The pseudopotential orbital
radii {»,} can be viewed as a quantum mechanical real-
ization of the isotropic semiclassical atomic radii used
extensively in structural chemistry and crystallogra-
phy': », scales linearly with Pauling’s tetrahedral ra-
dii; 7, scales with Ashcroft’s® empty -core radii; (v, +7,)
is linear with respect to Pauling’s univalent radii; and
r',‘ scales linearly with the multiplet-averaged experi-
mental ionization energy E, of the Ith orbital.!* How-
ever, even more spectacular is the way in which the in-
dices 7, and 7, can be used to predict the stable crystal
structure of all binary AB-type (stoichiometric and or-
dered) compounds (a total of 565 crystals whose atoms
belong to the first five rows of the periodic table for
which {r,} values have been calculated!®!%), Following
St. John and Bloch, !® Maghlin, Chow, and Phillips,!” and
Chelikowsky and Phillips, 18 we define for each AB crys-
tal the dual structural coordinates RA® = |(r} +v4)

—~(ry +73) | and RA® = Ir4 41 + 12 ~#B|. The strik-
ing observation is that in the RA® vs RA® plane there
exists a set of simple straight lines that delineate with
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remarkable accuracy regions belonging to experimen-
tally distinct crystallographic structural domains. 1°

In this Note, I point to the existence of a remark-
ably accurate phenomenological linear dependence he-
tween the PPB core radii {r,} and the =0 component
of the pseudopotential orbital radii {»,}. This relation
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FIG. 2. Linear correlation between the outer node position in
the s-like HF valence orbitals (Ref. 19) and the PPB radii
(Ref. 3). The first two atoms in rows 2 and 3 of the Periodic
Table (Na, Mg, K, Ca) deviate from this correlation.

is shown in Fig. 1 for all atoms for which 7, values have
been published,=® (Values of [7;; 1=0,1, 2] for 70 atoms
are given in Table I of Ref. 14.) In addition, I show that
the PPB core radii scale linearly with the radius {rfﬂ} at
which the s-like HF valence orbital has its outer node
{Fig. 2). (Values for v are taken from Ref, 19,)
These remarkable scaling relationships suggest the
universality of these quantum mechanical scales for
atomic core radii. The significance of this finding is
emphasized by the fact that the radii {r,, »$,} are ob-
tained through physical models (all-electron HF orbitals
and radial densities) that are vastly different from the
models used for constructing the {r,} radii (pseudopoten-
tials in a density-functional formalism, including homo-
geneous electron gas correlation corrections). Further-
more, the scaling of {r$} with the bond length of simple
metals and transition metals and with the average inter-
electronic spacing in solids®® establishes {r$,} as a
transferable atomic size scale, underlying solid state
interactions.

The significant difference between these two sets of
scales remains that at present the PPB radii (con-
structed from total densities rather than from individual
wave functions) do not resolve the core coordinates into
angular momentum components and therefore cannot be
used to assess structural regularities in the manner de-
seribed above for {r;}.*™*® Furthermore, unlike the
7=0 and ! = 2 coordinates, the outer node radii 7}, (or
the average node positions) for /=1 do not scale regu-
larly with the pseudopotential radii 7,. 14 Consequently,
the structural information encoded in {#;} is not con-
tained in either {r,} or {r3;}.
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In a recent study,' we determined by molecular beam
electric resonance spectroscopy the dipole moments and
molecular symmetry of the weakly bound complexes
ArSQ; and N,SO,. Both of these species were found to
have a symmetric top structure in which the Ar atom or
N, molecule adds along the symmetry axis of the 50;.
Analysis of the radio frequency (Stark) spectra showed
the dipole moments to be 0.2676(3)D and 0.46(1)D for
ArSQ,; and N,80,, respectively.

Here we report the radio frequency spectrum of
“KrSOa. A beam of this complex was produced by ex-
panding a mixture of Ar, Kr, and SO, at 900 Torr
through a 3 m nozzle at 25°C. The mixture was pro-
duced by pulse-injecting? pure Kr into a flowing stream
of Ar seeded with SO,. This technique provides a con-
venient method of controlling the concentration of Kr in
the mixture during the experiment, The concentration
of Kr was approximately 10%; that of SO, is more diffi-
cult to estimate,! Thirty percent of the straight through
beam was focused around a movable beam obstacle by
20 kV on the guadrupolar A field. Spectra were taken
monitoring the mass peak of the parent ion #Kr?3g!%0;
(m/e=164) which contains the most abundant Kr, S, and
O isotopes, and has zero nuclear spin as well.

The Stark spectrum of 6“KrSO;, is extremely simple.
Due to the absence of off-axis nuclear spin, only the
K=0, 3, 6... levels exist and the transitions AM ;=1
are easily assigned. Table I gives the measured transi-
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tion frequencies and their assignments. The frequencies
fit the normal first-order Stark effect for a symmetric
top. The dipole moment obtained from these data is
0.369(2)D. The more complete study of ArSO, estab-
lished a symmetric top structure. There is little rea-
son to expect a profound structural difference in KrSQ,.

It is of interest to compare the Ar and Kr complexes
of SO, with those of CIF. Table II lists the induced di-
pole moment for these four systems. For both SO, and
CIF, the induced moment is greater for the Kr complex
than for the Ar complex. For both Ar and Kr, the in-
duced moment is greater for the SO, complex than for
the corresponding CIF complex. The ratio of polariza-
bilities of Kr and Ar is 1.51. Novick ef al.® have
pointed out that this is close to the ratio of induced
electric dipole moments of KrCIF and ArClF, namely,

TABLE 1. Observed radio frequency
transitions in KrSO;.

Frequency

(MHz) E (V/cm) J K
1.33(3) 100.73 6 +3
1.89(3) 100,73 5 +3
2.82(3) 100,73 4 +3
4.66(3) 100,61 3 +3
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