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Abstract
The Curie temperature TC of ferromagnetic semiconductor alloys depends not
only on the alloy composition, but also on the spatial configuration of the
magnetic impurities. Here we use a set of first-principle-calculated Curie
temperatures to uncover—via a statistical, ‘data mining’ approach—the rules
that govern the dependence of TC on the configuration of Mn substitutional
impurities in GaAs. We find that TC is lowered (raised) when the average
number of first (third and fourth) nearest-neighbour Mn pairs increases,
suggesting simple atom-by-atom strategies to achieve high TC in (Ga, Mn)As
alloys.

(Some figures in this article are in colour only in the electronic version)

The physical properties of compounds and alloys often depend not only on their chemical
composition, but also, for a given composition, on the fashion in which lattice sites are
‘decorated’ by various atom types. This structural dependence is exemplified by the different
properties of various ‘polytypes’ of semiconductor compounds, such as SiC [1], and by
the notable changes in the properties of semiconductor alloys upon ordering or superlattice
formation [2]. Another example is the ferromagnetic Curie temperature TC of (Ga, Mn)As
alloys, where Mn impurities substitute for Ga atoms. Depending on the spatial configuration
of the Mn impurities, TC can range from 0 to over 300 K [3, 4]. The wide range of
Curie temperatures attainable at fixed Mn concentration offers the possibility of tuning TC by
artificially manipulating the configuration of the magnetic impurities. Indeed, atom-by-atom
substitution of individual Ga atoms by Mn atoms in GaAs has been demonstrated recently
by Kitchen et al [5] using a scanning tunnelling microscope. Following the predictions of
Mahadevan et al [6, 7], the authors found a strong dependence of Mn–Mn ferromagnetic
interactions on the crystallographic orientation of the Mn–Mn pairs, and proposed that the
Curie temperature of the random alloy can be exceeded by growing ordered (Ga, Mn)As
structures [5].
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Figure 1. Curie temperature of the 21 (Ga, Mn)As ordered structures included in the input
set {σinput}, calculated from Monte Carlo simulations of the Heisenberg Hamiltonian. Different
symbols denote different orientations of short-period (Ga, Mn)As superlattices.

Exploring the space of possible configurations of the magnetic impurities in search of those
that maximize TC, however, would be extremely time-consuming, because of the astronomical
number of possibilities. In a previous work [3], we used the cluster expansion method [8] to
explore a large number of spatial configurations of Mn impurities in GaAs. We found that
the highest-TC structures are ordered GaAs/MnAs superlattices in the (201) crystallographic
orientation. In the present work we use a set of first-principle-calculated Curie temperatures
to uncover—via a statistical, ‘data mining’ approach—the rules that govern the dependence
of TC on the configuration of Mn substitutional impurities in GaAs. We find that TC is
lowered (raised) when the average number of first (third and fourth) nearest-neighbour Mn
pairs increases. Our approach offers simple atom-by-atom strategies to achieve high TC in (Ga,
Mn)As alloys.

The Curie temperature TC(σ ) of an arbitrary configuration σ of Mn substitutional
impurities in GaAs is calculated using the best strategies available. (i) The electronic
structure of the configuration σ is obtained from density-functional theory in the local-density
approximation. (ii) For each configuration σ , the exchange interactions {Ji j(σ )}—which enter
the Heisenberg Hamiltonian H = − ∑

i, j Ji, j (σ )si · s j —are calculated directly from linear
response theory (LRT) [9]. In general, we find that the Ji, j (σ ) are non-monotonic as a function
of the i– j distance, depend on the crystallographic orientation of the i– j Mn pair, and extend
up to ∼15 nearest-neighbour shells. (iii) For each configuration σ , we calculate TC(σ ) using
a Monte Carlo (MC) simulation of the Heisenberg Hamiltonian3. For a random substitutional
alloy (xMn = 8%) our procedure yields TC = 230 K, this being an upper bound to the currently
measured value TC ≈ 160 K [10] for a nearly uncompensated (Ga, Mn)As alloy. Clustering
effects present in currently grown samples can be responsible for the lower-than-ideal TC [11].

Using the method described above, we calculated TC for an input set of 21 ordered
structures {σinput} (see figure 1 and table 1) that includes all GanMnmAsn+m supercells with
n + m � 6 and Mn composition 1/6 � xMn � 1/3. We see from figure 1 and table 1 that TC

depends not only on the Mn composition but also, at each composition, on the configuration

3 We use a simulation cell of up to 8×8×8 or 10×10×10 times the unit cell used to calculate {Ji j (σ )}. The number
of MC steps (∼104–105) and the number of independent MC runs are systematically increased until the statistical error
bars of the cumulants allow us to determine TC to within ∼3 K.
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Table 1. Calculated Curie temperature TC, Mn concentration xMn, and parameters NR (for
R = NN1 . . . NN4) of the (Ga, Mn)As structures included in the input set {σinput}.
Structure TC (K) xMn NN1 NN2 NN3 NN4

1 304 0.17 2 0 2 6
2 258 0.17 2 2 4 2
3 304 0.17 2 0 2 6
4 309 0.17 2 0 0 4
5 322 0.17 0 4 0 4
6 353 0.17 0 2 4 2
7 364 0.17 0 0 8 2
8 324 0.17 2 0 2 6
9 308 0.17 2 0 4 2

10 293 0.20 2 2 4 2
11 311 0.20 2 0 4 2
12 380 0.20 0 2 8 0
13 175 0.25 6 0 6 6
14 341 0.25 2 0 6 6
15 177 0.25 4 4 0 4
16 360 0.25 0 4 8 4
17 275 0.25 0 6 0 12
18 322 0.25 2 2 4 4
19 242 0.33 4 4 0 4
20 358 0.33 2 2 12 2
21 183 0.33 6 0 6 6

of the Mn impurities. For example, figure 1 shows that TC is larger for GaAs/MnAs (201)
superlattices than for (001) or (111) superlattices with the same Mn composition.

In the next step, we randomly select a subset of the input set, {σfit} ⊂ {σinput}, which
includes 15 of the 21 structures in {σinput}. We then fit the TC (σ ) of the structures in {σfit} using
the expansion

TC(σ ) = t0 +
∑

R

tR NR(σ ), (1)

where t0 and {tR} are fitting parameters4, and NR(σ ) is the number of Mn–Mn pairs separated
by the face-centred cubic (fcc) lattice vector R, divided by the number of Mn atoms, in the
configuration σ . The remaining six structures in {σinput} are used as a benchmark to test the
predictive capability of equation (1). We include in the expansion of equation (1) the set of
lattice vectors {R} corresponding to the first four fcc nearest-neighbour pairs (NN1 . . . NN4)
on the cation sublattice, as shown in figure 2. Note that the NN1 and NN4 pairs are oriented in
the (1, 1, 0) crystallographic direction, which is characterized by chains of alternating cations
and anions (see figure 2), while the NN2 pair is oriented along the (0, 0, 1) direction and NN3

is along the (2, 1, 1) direction.
The expansion coefficients of equation (1) are fitted to the calculated TCs of the structures

in the set {σfit} using a least-squares fitting algorithm. The results are summarized in table 2.
Considering the large range of TC of the structures in the input set (see figure 1), and the
small number of fitting parameters, the quality of the fit (error = 24 K) is rather good. We
find that the quality of the fit improves only marginally if more fcc pairs are included in the

4 The fitting parameter t0 should not be construed as the value of TC in the limit xMn → 0, because all the structures
considered here are in the composition range 16% < xMn < 34%.
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Figure 2. First four nearest-neighbour vectors on the cation fcc sub-lattice (arrows). Ga/Mn atoms
are denoted by red (dark grey) circles, while As atoms are denoted by light grey circles.

expansion of equation (1). Figure 3(a) compares the directly calculated (by LRT + MC) TC

of the structures in {σfit} with the values obtained from equation (1). Figure 3(b) compares
the directly calculated TC of the structures not included in {σfit} with the value predicted from
equation (1). The standard deviation is ∼38 K.

The main conclusions that are apparent from the results of the fit (see table 2) are that
the coefficient t(1/2,1/2,0) (corresponding to NN1) is negative and large and the coefficient
t(0,0,1) (NN2) is small and negative, whereas the coefficients t(1,1/2,1/2) and t(1,0,1) (NN3 and
NN4) are relatively small and positive. This means that structures with no first-nearest-
neighbour Mn–Mn pair (t(1/2,1/2,0) = 0) tend to have the highest TC, whereas structures with
t(1/2,1/2,0) = 4 or 6 have the lowest TC. This result suggests that the main route to achieving
high-TC ferromagnetism in uncompensated, Mn-doped GaAs is to prevent the formation of Mn–
Mn first-nearest-neighbour pairs, while at the same time maintaining a sufficiently large Mn
concentration by allowing for third and fourth Mn pairs.

Table 2. Coefficients of the expansion of equation (1), obtained from a least-squares fit of the
structures included in {σfit}.
Parameter (equation (1)) T (K)

t0 335.6
t(1/2,1/2,0)(NN1) −32.6
t(0,0,1)(NN2) −4.5
t(1,1/2,1/2)(NN3) 5.6
t(1,0,1)(NN4) 3.9
Standard deviation 24.3

To test these predictions, we calculated—via linear-response theory and Monte Carlo
simulations—the Curie temperature TC of a set of Ga30Mn2As32 cubic supercells, where the
two Mn substitutional impurities occupy different sites in the cation sublattice, separated by
the fcc lattice vector R. We find that TC increases from 189 K when R = NN1, to 206 K for
R = NN2, and to 289 K for R = NN4. These results confirm the predictions of our ‘data
mining’ approach (table 2) that TC anti-correlates with the number of first-nearest-neighbour
Mn pairs.
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Figure 3. Comparison between the directly calculated TC (black lines and dots) and the results of
the fit (red lines and dots) for the (Ga, Mn)As ordered structures included in the input set. The
structures are sorted according to their Mn composition.

It has been customary in the field of magnetism to inspect measured or calculated exchange
energies JR between certain pairs of magnetic ions, and to infer their potential contribution to
TC on the basis of an expansion of the ferromagnetic energy

E(σ ) = −
∑

R

JR NR(σ ). (2)

For example, if JNN1 is positive and large (strong first-nearest-neighbour ferromagnetic
coupling), the ferromagnetic energy E(σ ) is a minimum for configurations with large values
of NNN1, and therefore one expects that increasing the number of nearest-neighbour pairs
NNN1 would raise TC. We find however that the coefficients {tR} of the TC expansion of
equation (1) behave very differently than the coefficients {JR} of the expansion of equation (2),
and in some cases may even have opposite sign. For example, for a first-nearest-neighbour
pair of Mn substitutional impurities in a Ga30Mn2As32 supercell, our direct calculation gives
JNN1 = 70.1 meV, while tNN1 = −32.6 meV (see table 2). Thus, even though the large positive
value of JNN1 indicates strong ferromagnetic coupling between NN1 Mn ions, TC can actually
be increased by reducing the average number of NN1 pairs. This example illustrates the general
principle that attempting to rationalize TC according to the value of the individual exchange
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interactions {Ji j} in a specific configuration σ may be misleading. Indeed, the exchange
interactions {Ji j}—which depend not only on i and j , but also on the position of spectator
ions [3, 4]—are merely inputs to a Monte Carlo simulation of the Heisenberg Hamiltonian that
produces TC. It is the complete set of exchange interactions {Ji j} for a given configuration σ

that decides TC(σ ).
The failure to rationalize TC in terms of the contribution of specific, individual exchange

interactions Ji j s suggests considering the exchange interactions between clusters as the source
of the dependence of TC on {NR}. It has been observed [12, 13] that, by virtue of the strong
ferromagnetic coupling between nearest-neighbour Mn ions, each Mn NN1 pair acts as a single
magnetic centre Mn2. At fixed Mn concentration, the average distance between magnetic
centres increases when the Mn ions are clustered in pairs, compared to the case where the
Mn ions are homogeneously dispersed. As a result, even though the total spin of a Mn cluster
is larger than the spin of an isolated Mn ion, the exchange interactions between such clusters
decrease, leading to an overall decrease in TC. This argument also implies that, when the
Mn ions are clustered in pairs, the percolative concentration threshold—i.e. the minimum
Mn concentration below which ferromagnetism cannot occur due to the absence of magnetic
percolation—increases.

When larger Mn clusters are formed, for example following spinodal decomposition of
the (Ga, Mn)As alloy, the behaviour of TC depends crucially on the clusters’ shape, size and
spatial distribution, which are often determined by non-equilibrium decomposition dynamics.
In [11] we showed that the presence of short-range order in the Ga0.92Mn0.08As alloy (8% Mn
concentration) leads to a significant decrease in TC compared to the homogeneous random alloy,
because the resulting Mn-rich clusters are only very weakly coupled (super-paramagnetism).
For higher Mn concentrations, however, it is possible that the Mn-rich clusters could be strongly
magnetically coupled, leading to an increase in TC with respect to the homogeneous random
alloy of the same Mn concentration. An example of this behaviour was given by Katayama-
Yoshida et al [14] in the case of the Ga0.70Cr0.30N alloy.

Chang et al [15] recently suggested that, in addition to carrier-induced magnetic
interactions, Mn–Mn first-nearest-neighbour pairs are coupled by superexchange interactions,
which favour an anti-ferromagnetic spin alignment. They estimated that, in the absence
of hole carriers, the ferromagnetic spin configuration of a random (Ga, Mn)As alloy with
xMn = 6.25% would be 2.77 meV higher in energy than the spin-glass configuration. However,
this energy difference is much smaller than the ferromagnetic stabilization energy induced by
hole carriers in uncompensated (Ga, Mn)As alloys [6]. Indeed, Chang et al [15] showed that
the Curie temperature of the (Ga, Mn)As random alloy changes very little when superexchange
interactions are included.

In conclusion, we have demonstrated—via a statistical analysis of first-principles
calculations of the Curie temperature—that the most relevant design parameter to achieve high
TC in Mn-doped GaAs is the concentration of Mn–Mn first-nearest-neighbour pairs. Reducing
the occurrence of such pairs would lead to a significant increase in the TC of (Ga, Mn)As alloys.
Since it is energetically favourable for Mn substitutional impurities in GaAs to form nearest-
neighbour pairs [16, 17], reducing the concentration of such pairs may require non-equilibrium
growth techniques or atom-by-atom manipulation of the Mn impurities [5].
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