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A self-consistentself-interactioncorrectionto thelocal spin density
approximationis shownto removemanyof the anomaliesin thepre-
dictedexchange,correlationandtotalenergiesof atoms,stability of
negativeionsand bandgapsof insulators.It also suggestsa newinter-
pretationof the calculatedcohesiveenergiesof transitionmetals.

DESPITE thestrikingsuccessof the localdensity(LD) more detailedaccountof our work wifi bepresented
[1] andspin-density(LSD) [2] functionalapproaches elsewhere[12].
to many-electronsystems,somesignificantdiscrepancies Spin-densityfunctional theory [1, 2] expresses
remain.Theseinclude the factsthat: (i) While the LSD the ground-stateenergyof amany-electronsystem,
total energyof a metalsurfaceistoolow whencom- coupledto anexternalpotentialVext(r) andcharac-
paredwith the exactvalue [3] ,theLSD energyfor terizedbyelectrondensityp(r) = p~(r)+ p~(r)and
atomsis toohigh [4]. Furthermore,the lowest-order spin-polarization~(r)= (Pt — p~)/p,as:
correctionto the LSD exchange-correlationenergy — 1 + 1 1 1

predictedby many-bodytheory,i.e., the density- E — T[p, ~j Eext[pj + ~Eq~[pj + E~~[p,~‘j, (1)
gradientcorrection[5] , is positive,andsocanonly whereT is thenon-interactingkinetic energy,~ =

worsenthecalculatedenergiesof atoms.(ii) Foratoms f d3rp(r)V~t(r)is the interaction of pwith Vext, Eee
[4] themagnitudeof theexchangeenergyin LSD is isthe interactionof p with thetime-averagedCoulomb
consistentlyunderestimatedby 10—15%while themag- potential V~([p] ; r) = f d3r’ p(r)/Ir — r’I, and~ is
nitude of thecorrelationenergyis overestimatedby thesumof exchangeand correlationenergies.Theself-
100—200%.(iii) Theexperimentallystablenegativeions consistentone-electronequationfoundvariationally
(e.g.W, O,F) arepredictedto beunstable[6]. (iv) from equation(1)is
Self-consistentLD bandstmcturecalculationsunder- 2 ~
estimatetheone-electronenergygap of insulatorsby as ~ ~ + V (r)} ~/i

1~a(r)= e%(/~(r), (2)
muchas 40%(see [7—11]),andmoregenerallythe LSD where the potential (with spin index a) is implicitly a
one-electron eigenvalues are not close to physical re- functionalof p and~:
rnoval energiesfromboundstates.Theconventional 1,

remedies have been delta-SCF or Slater transition-state V (r) = V~t(r)+ Vee([p] ; r) + V~~([p,~]; r), (3)
type calculations, which arevery tedious,especiallyfor and thedensityis determinedviap(r) = ~, i.~0(r)
solidswheretheybreakthe translationalperiodicity. from thespin—orbitaldensitiesp~0(r)= N~I~t’~0(r)I

2.
In this letterwe showthat theseproblemsareinter- (Naq is anoccupationnumber,0 or 1). Theexchange-

relatedand that a simple,physically transparent correlationpotential V~°~isthe functionalderivativeof
correctionto LSD — thesubtractionof spuriousself- ~ withrespecttop~(r).
interaction— accountsfor andcorrectsthequalitative Theimperfectly-knownexchange-correlationfunc-
as well asmostof thequantitativediscrepancies.This tional~ isusuallyreplacedby thelocal (LSD)
self-interactioncorrectionis a “non-homogeneity approximation[1, 2]: E~D= f d3rp(r) e~,[p(r),
correction”which vanishesfor systemsof uniform ~(r)], wheree~,(p,~)is theexchange-correlation
density,like thegradientcorrection[5], butunlike the energyper particleof auniformelectrongas;this
latterit arisesonly for localizedelectronicstates.A approachreducesto theLI) approachin theunpolarized
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Table 1. (— 1) x total energy in eVfor atoms schemewasusedby Undgren[141 as a wayto obtain
bettertrial orbitals for the Hartree—Focktotalenergy;

Atom Exact SIC LSD its application to the LSD energy functional has been

H 13.6 13.6 13.0 proposedbyZungerandCohen[15] andPerdew [16].
He 79.0 79.4 77.1 In thepresentapproach,we solve the one-electron
Li 203.5 204.2 199.8 Schrodingerequationself-consistentlyin a centralfield
Be 399.1 399.8 393.0 approximation.(As in the Hartreeapproximation,the
B 670.8 672.0 662.5 resultingorbitals are not automaticallyorthogonal.At
N 1485.3 1489.0 1472.8 eachiteration we haveperformeda Schmidtortho-
F 2713.5 2720.9 2696.7 gonalizationof the orbitals,which we find hasonly a
Ne 3507.9 3517.9 3489.1 very smalleffecton thedensityandtotal energy(e.g.

10-2eV for second-rowatoms).)
The schemeproposedaboveis an ansatzwhich will

limit ~= 0. In the present studywe useCeperley’s be usedto testtheutility of self-interactioncorrections
correlation [13] , which we have matched to the exact to LSD. It is an orbital functional [16] and not a den-
high-density limit andgeneralizedto arbitraryspin sity functionalscheme,and we will defer to the end of
polarization [12]; we have used an accurate ex~(p, ~), this letter the problemof incorporatingself-interaction
in order to uncoverthe realerrorsof LSD and of our correctionswithin a true density-functionalscheme.
self-interaction-correctedscheme. (Furthermore,evenwithin an orbital-functionalscheme

We notethat iEee[p] andE~SD[p, ~] in equation theabsoluteminimumof equation(4) over all ortho-
(1) containspuriouselectronself-CoulombIEee[p~] gonal orbitalswill be given,not by our self-consistency
andselfexchange-correlationE~D[p~, 1] contri- scheme,butby the introduction of off-diagonal
butionsfrom eachspinorbital,which are negligible Lagrangemultipliersinto theEulerequationfor the
only for very diffuse orbitals. (By ~= 1 we express the orbitals.)
fact that each orbital is fully spin-polarized.)The partial Figure 1 shows rV~(r) for Ni in the 3d84s2 con-
success of LSD in describing localizedstates(atoms, figuration,comparedwith the LSD potentialrV~SD(r).
molecules, deep impurities, etc.) rests on the fact that The removal of self-interaction(SI)hasresultedin a
often most of the positive self-Coulomb energy is can- pronounced orbital dependence (decreasing with the
celled by the negative self-exchange-correlation energy. delocalization of the orbital), an overall deepening of
The corresponding spurious contributions to the poten- the potential, a reduced spin-dependence,andcorrect
tial of equation (3)in LSD are V~~([p~

0];r)and r-~°°behavior.
V~SD([p,~0,1]; r). Retention of these self-interactions Gunnarsson and Lundqvist [2] have argued that

results in a misrepresentation of the long-range behavior LSD gives reasonable total energiesoutsideits domain
of the potential for systemswith localizedorbitals (e.g. of formalvalidity (densitiesthatvary slowly in space)
the larger electrostaticlimit — (Q + 1 )/r of the poten- becauseit satisfiesthe sumrule that theexchange-
tial for ions of chargeQ is notrealized), correlationholen(r, r’) aroundan electronat r must

To generalizetheLSD formalismfor systemswith contain— 1 electrons:f d
3r’ n(r, r’) = — 1. The LSD

localizedstates,we proposea self-interactioncorrected andSICholesmaybe constructedby inspectionof
(SIC)energyfunctional:

= ~ I d~rp(r)fd~r’n(r,r’)IIr—r’I.
ESIC = E’~’~[p,~]— (4) .1

The SIC holesoconstructedclearly satisfiesthesum
with E”~’~givenby theLSD versionof equation(1). rule (foroccupationnumbers0 or 1). Unlike the LSD
Wehaveexplicitly subtractedtheself-interaction hole but like the true one,it is not sphericallysym-

~ ~ where metric. Detailswill be presentedelsewhere[12].

= 4E~[p~] + E~D[p~, 1]. (5) Total energycalculationsfor atoms(Fable 1)
showthat,while the LSD valuesaresubstantially

(The SI correctiontermin equation(4)belongstoE~~.)higher than the experimentalones [17, 18] , the SIC
Thecorrespondingvariationalone-electronpotentialis valuesare slightly lower. ThusSIC brings theatomic

V~,(r)= V~sD(r)— V~([paaJ; r) resultsinto line with LSD calculationson thejellium

t LSD surface(forwhich the orbitalsaredc-localizedand
— ~ ([p~, 1] ,r), (6) theLSD = SIC energyis slightly lower than theexact

wherethep~(r)arenow the orbital densitiesthat are value [3]).
self-consistentwith thepotential(6). Thiskind of Table 2 comparesthe self-consistentSIC exchange
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Table2. (— 1) x exchangeand (— 1) x correlation o.

energiesineVfo::toms Correlation

Atom :i ~:ir~:~ 6.0

Table3. SI correctionsAsic to the LSDband-structure -3.0

7ornOa~,~nin thebandgapsofrare-gassolidsand thecore

Solid ~ E~D £~Eg ~~sic ~

I I I I I
Ne 21.4~ 11.2~ — 10.2 9.9 1 2 ~ Distance Ia.u) 8 9 10
Ar 14.2(a) 8.3~ — 5.9 5.8
Kr 11.6(a)

68(d) — 4.9 Fig. 1. The LSDandSIC atomicpotentialsfor Ni
Xe 9,3(a) — — 4.2 3da4s

2.Shadedareasindicatethespin splitting.
UF(U ls) 64.4~ 47.2(e) — 17.2 18.0
T~VIL’~\ .,-

7~(b) .,~1(e) — 75 7fl

LA1~j~.~) .~I.U dV.i “ one-electronpotential.But in our SIC approach,since
anelectronis “forbidden” to interactwith itself, e00

(a)Ref [7]; ~Ref. [8, 11]; ~Ref. [9]; ~Ref. candependon N~,only indirectly (hencelessstrongly),
[10]; (e)Ref. [111. throughthe reflection backontoorbitalac of its self-

consistenteffecton the otherorbitals.Thus,to the
E~andcorrelationE~energieswith LSD andexact extentthatphysicalrelaxationeffectsaresmall, the
values[17, 18] . Thelong-known [4] 10—15%discrep- SIC eigenvaluegivesthechangein totalenergyfunc-
ancyof E~’

2from the exactvalueislargely corrected. tionaldue to removalof anelectron.
Similarly, the large(100—200%)errorsin~ which Theenergyelgenvaluesofthe SICapproachdo in
havebeenattributed[19] to the effect of thediscrete factapproximatethe correspondingionizationenergies
atomicenergyspectrumon E~,are reducedby a factor betterthanthe LSD eigenvaluesdo. Forexample,the
of 5. measuredfirst ionizationpotentials[17] and theneg-

We also find that theSIC approachcorrectlypre- ativesof the correspondingSIC andLSD eigenvalues
dicts thestabffity of negativeions, in contrastto LSD are respectively(in eV): He 24.6,25.8, 15.3;Kr 14.0,
which oftenhasno self-consistentnegative-ionsolution 14.0,9.4;U 5.4, 5.4,3.2; Cr 6.8, 6.7,4.0.
[6], andto Hartree—Fockwhich seriouslyunder- Turningnowto solids,we notethat LI) andLSD
estimatesthebinding.Theobservedelectronaffmities, bandcalculationshavehadsomestrikingsuccessesin
and the z~SCF-calculatedaffinities from the SICand relating thebandeigenvaluesandrelatedspectralfunc-
Hartree—Fockapproaches,are respectively(in eV): tionsto observedexcitations.However, in manyof the
I-V 0.8,0.9, — 0.3 ; O 1.5, 1.6, — 0.5;F 3.4, 3.6,1.4; calculationsfor insulators,if additionalapproximations
Cl 3.6,3.8,2.6. suchas artificial exchangescalingareavoided,ano-

In thespirit of Koopmans’theorem,we would like malouslysmallopticalgapsE~are frequentlyobtained
to identify theeigenvaluesof the one-electron in LSD (e.g. [7—11]).Weshowin Table3, alongwith
Schrodingerequationwith physicalremovalenergies, theLD bandstructureerror~ the difference~
atleastfor themoreloosely-boundelectronsfor which betweentheLSD andSIC eigenvalueof theoutermost
relaxationeffectsareexpectedtobe small.However, atomicorbital forming thevalencebandedge(e.g.2p,
thechangein the totalenergyfunctionaldueto removal 3p,4p for Ne, Ar, Kr respectively).Qearly theSI of
of anelectronfrom orbital aa, including relaxation,is this orbital accountsforalmost 100%ofthe LSDerror
strictly [16,20] — ~ dN~e~(N~,),and not—e~,

0(1) in the insulatinggapof thesolid.We alsoshowin
(theeigenvalueat full occupancy).Evenfor rather Table3 theerrorof theLSD bandstructureprediction
weakly-boundelectrons,e1~0dependsstronglyonN~, of the energyof coreelectrons,relativeto vacuum,in
in LSDbecauseof the spuriousself-interactionin the the insulatorLIF; againSIcorrectionof the eigenvalue

removesmostof thediscrepancy.
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We nextconsiderthe implicationsof SIC for cal- theSI correctedtotalenergyof equation(4). Theresult
culationsof the cohesiveenergyEB ofmetalswithin of this first minimizationis theenergycorresponding
LSD [21]. TheseassumethatER is thedifference to Pt andp~afurtherminimization overp~andp~
betweenthecalculatedatomicandsolid LSD totalener- gives theground-stateenergy.
gies,and agreecloselywith experimentexceptin the 3d
transitionseries(e.g.ER is overestimatedby 70,45,45
and 25%for Mn, Fe, Co and Ni respectively[21]). It Acknowledgements— Oneof us (J.P.)acknowledges

discussions with S.H. Vosko,L. Kleinman,D. Koelling,seemsreasonableto assumethat thecore SI corrections D.C. Langrethand M. Levy, and NSF support.
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