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Pseudopotential study of electron-hole excitations in colloidal free-standing InAs quantum dots

A. J. Williamson and Alex Zunger
National Renewable Energy Laboratory, Golden, Colorado 80401

~Received 6 August 1999!

Excitonic spectra are calculated for free-standing, surface passivated, InAs quantum dots using atomic
pseudopotentials for the single-particle states and screened Coulomb interactions for the two-body terms. We
present an analysis of the single particle states involved in each excitation in terms of their angular momenta
and Bloch-wave parentage. We find that~i! in agreement with other pseudopotential studies of CdSe and InP
quantum dots, but in contrast tok•p calculations, the dot wave functions exhibit strong odd-even angular
momentum envelope function mixing~e.g.,s with p) and large valence-conduction coupling.~ii ! While the
pseudopotential approach produced very good agreement with experiment for free-standing, colloidal CdSe
and InP dots, and for self-assembled~GaAs-embedded! InAs dots, here the predicted spectrum doesnot agree
well with the measured~ensemble average over dot sizes! spectra.~1! Our calculated excitonic gap is larger
than the photoluminescence measured one, and~2! while the spacing between the lowest excitons is repro-
duced, the spacings between higher excitons is not fit well. Discrepancy~1! could result from surface state
emission. As for~2!, agreement is improved when account is taken of the finite-size distribution in the
experimental data.~iii ! We find that the single-particle gap scales asR21.01 ~not R22), that the screened
~unscreened! electron-hole Coulomb interaction scales asR21.79 (R20.7), and that the excitonic gap scales as
R20.9. These scaling laws are different from those expected from simple models.
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I. INTRODUCTION

Semiconductor quantum1 dots have recently generate
considerable interest due to the dramatic differences betw
their electronic structure and that of the bulk material fro
which they are derived. These differences arise from
lower symmetry of the dot, quantum confinement level sh
and the enhancement of electron hole Coulomb and
change interactions.

While the Stranski-Krastanov growth technique produ
semiconductor-embedded dots2–4 which are typically subject
to only a small confining potential, colloidal chemist
techniques5–7 produce dots whose surfaces are passivated
large organic molecules. This leads to much larger confin
potentials~a few eV!, and thus many more confined ener
levels. These colloidal techniques have recently enabled
production of quantum dots with diameters from 10 to 60
made from CdSe,8 CdS,9 InP,10 and InAs.11 The spectros-
copy of these systems is richer than that of the SK dots, w
several groups reporting data for up to 10 excited state
CdSe,8 InP,10 and InAs.11 On the theoretical side, colloida
CdSe~Refs. 8 and 12! and InP~Refs. 10 and 13! have re-
cently been studied using both the standard 636 k•p
method8,10 and more sophisticated pseudopotential12–14 tech-
niques.

In this paper, we turn our attention to colloidally grow
InAs quantum dots. InAs is a challenging system to stu
because,~i! the small bulk band gap of 0.42 eV sugges
strong valence-conduction-band coupling. This is suppo
by recent studies11,15 showing that the standard 636 k•p
formalism fails to describe the observed electronic tran
tions, while 838 k•p produces a better fit to measured e
citonic transitions,~ii ! the small band gap combined with
large spin-orbit splitting~0.38 eV! suggests that spin orb
effects will play a significant role,~iii ! the observed band ga
PRB 610163-1829/2000/61~3!/1978~14!/$15.00
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extends to 1.6 eV, i.e., almost four times the bulk valu
suggesting dramatic quantum confinement,~iv! the large
confining potential leads to as many as eight clearly resol
excitations, for a range of dot sizes.

We use a multiband pseudopotential Hamiltonian to c
culate both the single-particle states and electron-hole e
tation energies for InAs quantum dots with a range of siz
Our method is different from another recent pseudopoten
calculation of Mizel and Cohen15 in that although their for-
malism can be generalized to multiple bands, they use on
single-band approximation~like the EMA or the truncated
crystal method16! and do not include electron-hole effect
Both methods however, do incorporate nonparabolicity
the bands. The nature of the single-particle states is analy
in terms of the parent Bloch orbitals and envelope functio
which enables a detailed description of the origin of ea
calculated exciton. This analysis allows comparisons to
made with existing effective mass based predictions for
single-particle states in these dots. In contrast to envel
function-based effective mass calculations, our more gen
treatment shows that the single-particle states include a
nificant amount of mixing of valence and conduction stat
as well as a mixing of envelope functions with odd and ev
parity. We have calculated thesingle dotabsorption spectra
of a few dots. Comparing with the experimental results
ensembles of dot sizes, we do not find good agreemen
contrast to thek•p method11 that gives better agreemen
However, agreement with our results is improved when
finite size distribution of the experimental dot samples
taken into account. We discuss possible reasons for the
flicts between experiment and theory.

II. PSEUDOPOTENTIAL CALCULATIONS OF THE
ELECTRONIC STRUCTURE OF InAs QUANTUM DOTS

Our pseudopotential calculations consist of two ste
First we calculate the single particle states for the quan
1978 ©2000 The American Physical Society
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PRB 61 1979PSEUDOPOTENTIAL STUDY OF ELECTRON-HOLE . . .
dot ~Secs. II A and II B!. Then we solve the ‘‘two-particle’’
problem by calculating the energy of the electron-hole ex
tations of the system~Sec. II C!.

A. Single-particle calculation

We use a pseudopotential Hamiltonian to model
single-particle electronic structure of the system

Ĥ52
1

2
¹21(

a,n
va~r2Ran!1va

(SO) . ~1!

The system’s potential is constructed from a sum of scree
atomic pseudopotentials,va , wherea represents In and As
andRan are the positions of the In and As atoms within t
dot. The pseudopotentials,va , have been fitted to the exper
mental band gaps and effective masses of bulk InAs.
experimental and fitted values are given in Table I. The fit
InAs bulk band structure is shown in Fig. 1. We use t
reciprocal space functional form of the pseudopotential

va~q!5a0a

~q22a1a!

a2aea3aq2
21

, ~2!

TABLE I. Experimental and fitted bulk InAs pseudopotenti
properties.DSO is the spin-orbit splitting andmG1c

* , mG15v ,hh* Fig.

7~a! dmG15v ,lh* are the effective masses of electrons, heavy and l
holes.

Property Expt. value~Ref. 36! Pseudopotential

G1c2G15v (eV) 0.42 0.41
X1c2G15v (eV) 2.33 2.27
L1c2G15v (eV) 1.71 1.61
D0 (eV) 0.38 0.36
mG1c

* 0.029 0.028
mG15v ,hh* @100# 0.43 0.41
mG15v ,lh* @100# 0.038 0.039

FIG. 1. InAs bulk band structure from theL to G to X calculated
with the empirical pseudopotential defined in Eq.~2!.
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e
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wherea0a ,a1a ,a2a ,a3a are adjustable parameters. The fi
ted values ofai ,a are given in Table II. The same pseudop
tential form was recently used to study self-assembled Ga
covered InAs pyramidal dots.17–20 In Refs. 17–20 the
pseudopotential contained an additional term to describe
effects of strain in the system. As the free-standing InAs d
studied here are strain free this term is not required here.
assume the bulk zinc-blende structure and the bulk In
inter-atomic spacing (d56.057 Å). We construct spherica
InAs dots of radiusR, by selecting all the atoms that fa
within a sphere of this radius. Any atoms from the surface
the dot which have three dangling bonds are removed.
result of adopting this atomistic description is to reduce
symmetry of the dots from the full spherical symmetry
continuum models to the lowerTd symmetry. The sizes and
compositions of the four dots studied in this paper are lis
in Table III.

To simulate the chemical passivation via ligands,7 we em-
bed the InAs dots within an artificial barrier material, repr
sented by an atomic pseudopotential, fitted to have a la
band gap than InAs, thus producing a type-I alignment
tween the dot and the barrier. The barrier material is
signed to have the InAs lattice constant so that no strai
introduced into the system. This embedding process is ph
cally equivalent to the choice of a finite barrier surroundi
the dots and is designed to reflect the fact that the dots
surrounded by organic molecules, which themselves h
large, but finite band gaps.21

We expand the single-particle wave functions,c i , in a
plane-wave basis whose cutoff must be identical to that u
in the original pseudopotential generating procedure,

c i~r !5(
G

Ecut

cG,ie
iG•r. ~3!

The matrix elements of the Hamiltonian in Eq.~1! in the
basis of Eq.~3! are calculated according to

t

TABLE II. Screened atomic pseudopotential parameters
InAs and the barrier potentials. Thea parameters refer to Eq.~2!.

a0 a1 a2 a3

In 118.781 1.783 3.382 0.393
Barrier cation~cond! 107.755 1.915 3.460 0.414
Barrier cation~val! 333.070 0.120 3.126 0.521

As 65.943 2.664 1.684 0.637
Barrier anion~cond! 19.892 2.097 1.182 0.243
Barrier anion~val! 49.614 2.737 1.523 0.574

TABLE III. InAs quantum dot sizes and compositions.

Dot number 1 2 3 4

No. In atoms 140 276 456 736
No. As atoms 141 249 459 683
Diameter~Å! 23.9 30.3 36.6 42.2
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ĤG,G85
1

2
G2dG,G81Vlocal~G2G8!1Vnonlocal~G,G8!.

~4!

The spin-orbit interaction is represented by a nonlo
pseudopotential,Vnonlocal(G,G8), which is evaluated in rea
space using the linearly scaling small box method from R
22. This method applies the nonlocal pseudopotential to e
atom in turn. For each atom, a new wave functioncbox(r )
5c i(r ) is defined within a small box around the atom
cbox(r ) is periodically repeated and then fast Fourier tra
forms are used to generatecbox(G). The non-local pseudo
potential is then applied by

f i~G!5(
G8

Vnonlocal~G,G8!cbox~G8!. ~5!

The InAs dots, surrounded by barrier material, form
supercell that is periodically repeated. Sufficient barrier
oms are used, to ensure that the interactions between an
dot and its periodic images are negligible. The total num
of atoms ~In, As, and barrier! in the largest supercell is
25 000 atoms, which is too large for the Hamiltonian in E
~1! to be solved by conventional diagonalization metho
We thus use the ‘‘folded spectrum method,’’23,24 in which
one solves for the eigenstates of the equation

~Ĥ2e re f!
2c i5~e2e re f!

2c i , ~6!

wheree re f is a reference energy. By placinge re f within the
band gap of the dot, and close to the valence-band maxim
or conduction-band minimum, one is able to obtain the
few valence states or the bottom few conduction states
spectively, by minimizinĝ cu(H2e re f)

2uc&. The use of fast
Fourier transforms, FFT’s results in anNlnN scaling with the
number of atoms,N, enabling calculation of systems contai
ing 105 atoms. It is easy to guess an approximate value
e re f : We first determine the position of thebulk InAs band
edges by using the same pseudopotential to calculate
bulk InAs band structure,enk . This is illustrated in Fig. 1.
As quantum confinement effects push electron~hole! levels
up~down! in energy, placinge re f within the bulk band gap
ensures that it will also be within the band gap of the In
dot. Note, although Eq.~6! has twice as many eigensolution
as the standard Schro¨dinger equation,Ĥc i5e ic i , we only
search for solutions to Eq.~6! in a finite basis ofN plane
waves@Eq. ~3!#. We therefore only haveN solutions to Eq.
~6!. By applying theĤ operator twice, it can be shown tha
each of theseN solutions is a solution ofĤc i5e ic i and thus
all our solutions to Eq.~6! are also solutions of the standa
Schrödinger equation. Note, also that our approach to
single-particle problem includes@Eq. ~1!# shape effects, in-
terface effects, and spin-orbit coupling in the Hamiltoni
@Eq. ~1!#. In the effective mass approximation, on the oth
hand, these effects are included perturbatively.11 Also note
that we neglect self-consistency with respect to the bulk.
the dots contain several hundred atoms we expect the po
tial of the dot interior to be bulklike. The pseudopotent
used here was fitted to reproduce these bulk properties w
out requiring a self-consistent calculation.
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B. Methods for analyzing the single particle wavefunctions

Having calculated the single-particle states of an In
quantum dot, we are interested in analyzing the nature
each of these states in terms of the bulk Bloch wave fu
tions $fnk% from which they are derived, the symmetry o
their envelope functions and their defining quantum nu
bers. These quantities will enable us to classify each of
electron-hole excitations calculated in the following secti
in terms of the detailed nature of their initial valence sta
and the final conduction state. They also enable us to m
contact with alternative electronic structure theories, such
the k•p technique, which typically classifies states in term
of their envelope function and total angular momentu
Note, the expressions in Eqs.~7!–~10! below are used only
to analyze the solutions of Eq.~3! and do not affect the
results.

We first deconstruct each single-particle dot wave fu
tion, c i(r ), in terms of the bulk Bloch states at theG point,
fnG5unG(r )eik•r in the manner described in Ref. 12. W
choose this basis to~i! enable the calculation of the differen
angular momentum character of the states, and~ii ! to enable
comparison with conventional envelope-function-bas
methods. These zone center Bloch states form a comp
set, and therefore one can expand the single-particle
wave functions according to

c i~r !5(
n

F(
k

bn~k!eik•rGun,G~r !, ~7!

which can be rewritten as

c i~r !5(
n

un,G~r ! f n
( i )~r !, ~8!

whereun,G(r ) is the bulk Bloch wave function for thenth
band at theG point, andf n

( i )(r ) is a corresponding envelop
function. Note that the ‘‘single-band approximation’’ corre
sponds to retaining a singlen value in Eq.~8!, while the
636 k•p corresponds ton5bulk valence band maximum
~sixfold degenerate, including spin!. The present ‘‘multi-
band’’ method corresponds to a large number of bands in
~8!. We further decompose each envelope function,f n

( i )(r ),
into spherical harmonics,YL,m(u,f), according to,

f n
( i )~r !5(

L,m
Rn,L,m

( i ) ~ ur u!YL,m~u,f!, ~9!

and then define the weight from each angular momen
component,wn,L

( i ) , as

wn,L
( i ) 5 (

m52L

L E
0

R

urRL,m
n ~r !u2dr, ~10!

whereR is the radius of the quantum dot. The quantity,wn,L
( i ) ,

tells us how much of bulk bandn and angular momentumL
is contained in the dot wave functionc i .

An additional property that is useful for classifying th
single-particle states is the total angular momentum,F, of
dot statei. This is calculated for each of the single-partic
dot states according to
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F~F11!5K (
n

un,G f n
( i )u~ F̂u1F̂ f !

2u(
m

um,G f m
( i )L .

~11!

The angular momentum operatorF̂u5 i r3¹1sW, ~wheresW is
the Dirac spin matrix!, acts only on the Bloch orbitals,un(r ),
and F̂ f5 i r3¹ acts only on the envelope function,f n

( i )(r ).

C. Two-particle calculation and the absorption spectrum

Calculation of an optical absorption spectrum based
the single-particle states of a quantum dot, requires a s
tion for the ‘‘two-body’’ electron-hole problem. More com
plete solutions of the electron-hole problem via the confi
ration interaction require knowledge of the Coulom
exchange and correlation energy associated with
electron-hole pair.25 In this work, we choose to ignore th
fine structure effects resulting from the exchange and co
lation energy, reducing the two-body problem simply to c
culating the electron-hole Coulomb energy. We then de
the exciton energy in terms of the initial single-partic
valence-state energy,e i , the final conduction state energ
e j , and the electron-hole Coulomb energy,Ji j , as

Eexciton
( i j ) 5~e j2e i !2Ji j . ~12!

The electron-hole Coulomb energy,Ji j , between each o
the possible electron~i! - hole~j! pairs is calculated by a direc
integration of the single-particle wave functions

Ji j ~R!5E E uc i~r1!u2uc j~r2!u2

ē~r12r2 ;R!ur12r2u
dr1dr2}R2n, ~13!

wherec i(r ) andc j (r ) are our calculated electron and ho
wave functions andē(r12r2 ,R) is a distance-dependen
screening function, connected to the dielectric functi
e(r ,r 8,R), by,

1

ē~r2r 9!ur2r 9u
5E dr 8e21~r2r 8;R!

1

ur 92r 8u
~14!

andn is a size scaling exponent discussed below. We foll
Ref. 12 in writing the Fourier transform ofe21(r12r2 ;R) as
the sum of electronic and ionic terms,

e21~k;R!5eel
21~k;R!1De ion

21~k;R!. ~15!

The electronic term is defined in terms of the Thomas Fe
model of Resta,26

eel
21~k;R!5

k21q2 sin~kR`!/~e`
dotkR`!

k21q2
. ~16!

Note, theR dependence ofeel
21(k;R) comes frome`

dot . We
defineq in Eq. ~16! as

q52p21/2~3p2n0!1/3, ~17!

wheren0 is the electron density, andR` is the solution to

sinh~qR`!

qR`
5e`

dot . ~18!
n
u-

-
,
e

e-
-
e

,

i

The ionic term is taken from Ref. 27

De ion
21~k;R!5S 1

e0
dot

2
1

e`
dotD S 1/2

11rh
2k2

1
1/2

11re
2k2D .

~19!

Here rh,e5(2mh,e* vLO /\)21/2, vLO is the longitudinal
optical-phonon frequency (238.6 cm21) and mh,e* are the
electron and hole effective masses~0.023 and 0.4m0). To
obtain the value ofe0

dot , we again assume that the dot int
rior is bulklike soe0

dot2e`
dot can be approximated from th

bulk,

e0
dot2e`

dot5e0
bulk2e`

bulk5De ion
bulk. ~20!

We use the bulk value of 2.9 forDe ion
bulk . Finally, we use a

generalization28 of the Penn model29 to obtaine`
dot ,

e`
dot~R!511~e`

bulk21!
~Egap

bulk1D!2

@Egap
dot ~R!1D#2

, ~21!

where D5E22Egap
bulk54.28 eV. The electronic and ioni

components of the screening function are plotted in Fi
2~a! and 2~b!. One sees that the electronic contribution dom
nates for all but the smallestk vectors. Figure 3 shows th
screened dielectric function in real space,e(R,r ), as a func-
tion of electron-hole separationr, for dots with radii,R, from
Table III. At very small separations,e(R,r ) approaches 1.0
which corresponds to no screening at zero separation
tween the electron and hole. When the electron and hole

FIG. 2. The electronic and ionic contributions to the dielect
screening function. Plotted in reciprocal space.
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separated byr 5628 Å, e(r ) approaches the particula
value ofe`

dot(R) which is different for each of the dots: Th
resulting values ofe`

dot(R) are 7.19, 7.91, 8.41, and 8.92 fo
dot diameters 23.9, 30.3, 36.6, and 42.2 Å. The ionic scre
ing, De ion has a very long tail, such thate(r ) approaches
e0

dot for r .100 Å. The R-dependence ofe(r ,R) can be
clearly seen in Fig. 3. In all cases the value is smaller t
the bulk InAs value ofe0

bulk515.15.
More simplified calculations ofJi j assume a universa

value for alli andj, based on ans-like envelope function and
an infinite potential barrier.30 These approximations lead t
the often adopted formula

JEMA5
23.572

e0
bulk2R

}R21. ~22!

Our pseudopotential calculated values for the scree
electron-hole Coulomb energy between an electron in
lowest energy conduction state and a hole in the high
energy valence state,J11, are plotted along with those pre
dicted by Eq.~22! in Fig. 4. The magnitude of the pseud
potential values is larger than that predicted by Eq.~22! for

FIG. 3. The screened dielectric function. Plotted in real sp
for each of the 4 InAs dots given in Table III.

FIG. 4. Electron-hole Coulomb energies calculated using b
pseudopotential@Eq. ~13!# and effective mass@Eq. ~22!# expressions
for all 4 sizes of InAs quantum dot given in Table III.
n-

n

d
e
st

all sizes of dot. A fit of the dependence of the screen
Coulomb energies,J, on the dot radius,R, to J5A/Rn, yields
a size exponent,n, of 1.79, for the pseudopotential result
compared to the 1.0 scaling predicted by Eq.~22!. The dif-
ference in magnitude between Eq.~22! and pseudopotentia
calculated Coulomb energies of Eq.~13! has two sources
Firstly, we use microscopic~rather than envelope! functions
that are not required to vanish exactly on the surface of
dot as EMA functions are required to do when subjected
an infinite potential barrier. This wavefunction effect caus
the unscreened Coulomb energyeJ to scale asR2m with
m,1, while in the EMAm51. This effect was discussed b
Franceschettiet al.31 who foundm;0.7 for GaAs. Secondly,
the description of screening in Eqs.~14! to ~21! leads to a
reduced screening at smallR with respect the bulk screening
e0

bulk . This acts toincreaseour values ofJi j and itsR de-
pendence with respect to those in Eq.~22!. This effect is
opposite and stronger than the wave-function effect. The
effect isJ;R21.79 compared withJ;R21 in Eq. ~22!. The
present calculated values for the size scaling of the
screened electron-hole Coulomb interaction,eJ, and the
screened Coulomb interaction,J for InAs dots are compared
with calculations for Si,38 InP,37 and CdSe12 dots as well as
the predictions from Eq.~22! in Table IV. It shows that for
the scaling ofeJ hasm,1 while the scaling ofJ hasn.1.

The final stage in the calculation of our theoretical a
sorption spectra, is to calculate the dipole matrix-transit
element for the transition from valence statei to conduction
statej, Mi→ j ,

Mi→ j~R!5u^c i u¹uc j&u2. ~23!

The optical absorption spectra,I (E,R), can then be written
as,

I ~E,R!5(
i

(
j

M i→ j~R!expF2S E2Eexciton
( i j )

s D 2G ,
~24!

whereEexciton
( i j ) is the excitation energy@Eq. ~12!# ands rep-

resents an experimental linewidth broadening which we
to 25 meV.

Our theory of Eq.~24! corresponds to the spectra of
single dot with a well defined radius,R, and shape. Curren
samples exhibit a size distribution about an average sizR̄
producing an ensemble absorption spectra

TABLE IV. A comparison of the size scaling exponent,n, in
R2n of the unscreened electron-hole Coulomb energy,eJ, the
screened electron-hole Coulomb energy,J, the single particle band
gap,Egap

sp and the excitonic band gapEgap
exciton @Eq. ~12!# for InAs,

InP, CdSe, and Si quantum dots.

Property InAs InP~Ref. 37! CdSe~Ref. 12! Si ~Ref. 38! EMA

eJ 0.70 0.86 0.82 1
J 1.79 1.35 1.18 1.50 1
Egap

sp 1.01 1.16 1.64 1.20 2
Egap

exciton 0.90 1.09 1.93 1.18

e

h
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Ī ~E,^R&!5E P~R!I ~E,R!dR, ~25!

whereP(R) is the size-distribution function. A major contr
bution in the interpretation of experimental data is that if t
size distribution is too broad, a given transition (i j ) for size
R1 could overlap with another transition~i’j’ ! for sizeR2.

III. RESULTS

A. Single-particle states

Using the Hamiltonian described in Sec. II A, the 48 hig
est energy hole states and the 24 lowest energy elec
states were calculated for the InAs dots listed in Table
Figure 5 shows plots of the electron and hole wave functi
squared, for the dot with a diameter of 42.2 Å, in a pla
through the center of the dots. The plots show that as a re
of the large band offsets between the vacuum and the I
dot, the wavefunctions are strongly localized within the In
dot. Approximately 90.5% and 95.9% of the ground st
electron and hole wave functions squared respectively,
localized within the dot.

The single-particle energies of the highest energy h
state and the lowest energy electron state are plotted
function of diameter in Fig. 6. For comparison, the sa
states obtained from a recent Wannier function based,single-
band pseudopotential calculation of Mizel and Cohen15 are
also shown. Figure 6 shows that in both calculations, as
size of the InAs dot increases, the quantum confinement
creases, such that the valence band maximum~VBM ! and
conduction band minimum~CBM! approach the bulk VBM
and CBM values. We have fitted the size dependence of
dot VBM and CBM according to

evbm
dot 5Evbm

bulk1
a

Rnv

~26!

ecbm
dot 5Ecbm

bulk1
b

Rnc
,

whereR is the radius of the InAs dot. This fitting reveals th
the size exponents,nv,c , of the hole and electron quantum
confinements are significantly different to the effective m
exponents:

FIG. 5. Highest energy hole and lowest energy-electron w
functions squared in a plane through the center of the dot for a
standing spherical InAs quantum dot with diameter of 42.2 Å.
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nv5H 1.21 Current Pseudopotential

1.59 Single band15

2.0 EMA

~27!

nc5H 0.95 Current Pseudopotential

1.23 Single band15

2.0 EMA.

Figure 6 also shows that while the CBM states calcula
with the multiband pseudopotential and the single-ba
method are almost identical in energy, the VBM states c
culated using the single-band method are higher in ene
than those calculated using the pseudopotential. This dif
ence can be attributed to the fact that the real-dot vale
band has strong interband coupling, so the single-band
proximation used by Mizel and Cohen15 is more severe for
the valence band. For the CBM states, the single band
proximation is sufficient because the energy spacing betw
bands is large and there is therefore little interband coupl

Single-particle gaps:In Fig. 7~a! we plot the single-
particle band gaps obtained from our multi-band pseudo
tential calculations. For comparison we also show the sin
particle gaps obtained from the single-band calculations15 of
Mizel and Cohen and the 8 bandk•p calculations from Ref.
11. Figure 7~a! shows that the single band calculations15 tend
to underestimate the single particle gap with respect to
more converged calculations, as a result of the underestim
of the valence-band quantum confinement in single-b
models. The 8 bandk•p and current multiband pseudopote
tial results show good agreement with each other. In F
7~b!, we compare the multiband pseudopotential calculati
with a recent photoluminescence~PL! experiment, by ex-

e
e

FIG. 6. Size dependence of the lowest energy hole state
highest energy electron states, calculated using the present m
band pseudopotential and single band techniques. The circles
triangles mark the present multiband pseudopotential and sin
band~Wannier function! results. The solid lines are the best fit to
scaling ofE01ARn @see Eq.~26!#.
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1984 PRB 61A. J. WILLIAMSON AND ALEX ZUNGER
tracting the single-particle gaps from experimental results
Ref. 6 by subtracting an approximate value for the electr
hole Coulomb energy calculated fromEcoul53.572/2eR
~Ref. 30!. Heree is the static dielectric constant of bulk InA
and R is the dot radius in atomic units. We also show t
results of the single-particle gap extracted from a new sc
ning tunneling microscopy~STM! experiment32 on the same
colloidal InAs dots. The multi-band pseudopotential calcu
tions predict larger gaps than those measured by PL. T
can have three reasons~i! the observed emission could in
volve surface states below the CBM and above the VBM a
would therefore have a lower energy than the calcula
band to band values.~ii ! The calculation assumes a sing
dot, while in the experiment there is an ensemble of d
Thus, the observed emission could be of low energy si
the largest dots in the ensemble, having the lowest CBM
highest VBM energies emit. In addition~3! measured sizes
suffer from the notorious difficulty of measuring size acc
rately. If the measured transmission electron microscopy
is underestimated,~especially for the small dots! this could
explain the discrepancy. In new tunelling STM experime
on similar InAs dots, Baninet al. measure a single particl
gap that is higher than that extracted from the optical exp
ment and is in much better agreement with the calculatio

FIG. 7. ~a! Calculated single-particle band gaps calculated us
present multiband pseudopotential~circles!, 838 k•p ~solid line!
and single band techniques~squares!. ~b! Measured single particle
band gaps using photoluminescence~solid line! and STM experi-
ments ~triangles!. ~c! Present multiband pseudopotential resu
~circles! including the electron-hole Coulomb energy calculat
from Eq. ~13! vs PL data.
n
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We fit the single-particle~sp! band gap to the following
power law,

Esp
dot5Esp

bulk1ADn, ~28!

taking the bulk gap as 0.42 eV. Our pseudopotential res
yield a size exponentnsp521.01. This is considerably
smaller than the effective mass predicted value of22. In the
previous section we have seen that the Coulomb interac
Ji j scales asR21.8, while here we see that the single-partic
gap scales asR21.01. Thus therelative importance of Cou-
lomb effects increases for small dots. This is the opposite
the effect predicted by single-band effective mass predicti
of J(R);R21 andEgap;R22. The scaling,n, of the single
particle band gap is compared with similar calculations
InP, CdSe and Si dots in Table IV.

Excitonic gaps:In Fig. 7~c!, we plot the actual PL results
along with our multiband pseudopotential excitonic resu
calculated from Eq.~12! including the electron-hole Cou
lomb energy screened according to Eq.~13!. The single-
particle pseudopotential results from Fig. 7~a! are shown for
comparison. The size exponent for the excitonic gap
nexciton520.90, smaller than that for the single-particle g
(nsp521.01). Using the Coulomb energy from Eq.~13!
rather than Eq.~22! improves the agreement with experime
in Fig. 7~b! by a factor of 3. However, the fit is still no
particularly good. The reasons for this were discussed ab

Confinement energies:We have also calculated the rat
of the conduction band quantum confinement,DECB(R), to
the valence-band quantum confinement,DEVB(R), defined
as

DECB~R!5ecbm
dot 2ecbm

bulk

~29!
DEVB~R!5evbm

dot 2evbm
bulk .

Definej(R) as

j~R!5
DECB~R!

DEVB~R!
. ~30!

Our multiband calculations for InAs dots find a value
j(R) that decreases withR. The best linear fit@constant
j(R)] to the data yields a ratio,j(R), of 3.13 for the multi-
band calculations. For Si dots,j(R) was recently measured33

to have a value of 2.
Within the single-band effective mass approximation,

suming an infinite potential barrier at the surface, the qu
tum confinement of electrons and holes can be written
Dee,h5\2p2/2me,h* R2, whereme,h* is the effective mass o
electrons and holes at theG point andR is the size of the
quantum dot. The ratio of electron confinement to hole c
finement

j~R!5
DEcbm~R!

DEvbm~R!
5

mh*

me*
5const. ~31!

is therefore given by the ratio of the electron and hole eff
tive masses, which is approximately 15.4. This is sign
cantly different to our multiband calculated value of 3.1

g
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TABLE V. Contributions~as fractions of unity! from the split-off~SO!, heavy hole~hh!, light hole~lh!, and conduction band~CBM! bulk
states to the single particle states of the InAs dot with 42.2 Å diameter. The dot states are numbered~first column! from the band edge. Fo
electron states 1 is the lowest in energy, 8 the highest. For hole states, 1 is the highest in energy, 24 the lowest. The contribution
state is determined using Eq.~8!. For each state the bulk SO, hh1lh and CBM contributions are decomposed into their angular momen
components using Eq.~10!. Only the states contributing to the major excitonic peaks in Fig. 8 are shown. All entries less than 0.01
to 0.0. The main contributions are marked in bold. Totals include envelope functions with angular momenta from 0 to 6.

SO contribution hh1 lh contribution CBM contribution
Level Energy~eV! s p d Total s p d Total s p d Total

Conduction States
1 ec 0 0.07 0 0.07 0 0.20 0 0.20 0.69 0 0 0.69
2 ec10.360 0.06 0 0.01 0.07 0.01 0 0.19 0.20 0 0.64 0.01 0.65
3,4 ec10.361 0 0 0.07 0.07 0.09 0 0.10 0.19 0 0.64 0.01 0.65

Valence States
1,2 ev 0 0.02 0.02 0.04 0.50 0.29 0.09 0.89 0 0.02 0 0.02
3,4 ev20.014 0 0.01 0.01 0.03 0.23 0.55 0.07 0.88 0 0.01 0 0.01
7,8 ev20.098 0 0.02 0.02 0.08 0.08 0.38 0.18 0.78 0 0 0.02 0.02
11,12 ev20.123 0.28 0 0 0.31 0 0.26 0.19 0.56 0 0 0.01 0.01
13 ev20.140 0 0.21 0.06 0.28 0 0.12 0.21 0.60 0 0 0 0
15,16 ev20.175 0 0.06 0.01 0.14 0.02 0.26 0.05 0.73 0 0 0 0
18 ev20.189 0 0.04 0.13 0.27 0.07 0.16 0.04 0.69 0 0 0 0
23,24 ev20.223 0 0.05 0.01 0.14 0.01 0.33 0.12 0.69 0 0 0.02 0.02
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This difference can be attributed to the fact that the pseu
potential calculated hole states are derived from a mixtur
the bulk heavy and light hole states.

B. The nature of the single particle wavefunctions

The results of the single-particle wave-function analy
from Eqs.~8!–~10! is given for the 42.2 Å diameter dot in
Table V. Details of the analysis for the other dot sizes
given at Ref. 35. Only the states which contribute to
excitonic peaks discussed in Sec. II C are listed in the ta
For each state, the fraction of the wave function derived fr
the bulk G-like split off, heavy (G8v) and light hole (G7v)
and lowest conduction band (G6c) states is given~see Fig.
1!. For each of these bulk states, the fraction of the to
wave function derived from envelope functions withs, p, and
d symmetry is also given. The significant contributions
each state are marked in bold. Contributions less than
have been set to zero. For example, the highest energy
state has a fraction of 0.010.0210.0250.04 derived the
bulk split-off band, 0.5010.2910.0950.89 derived from the
bulk heavy and light hole bands and 0.010.0210.050.02
derived from the lowest bulk conduction band. The rema
ing 0.05 fraction is derived from bulk bands further from t
band gap, and from higher angular momentum envel
functions.

Analysis of the results in Table V and those for the oth
size dots reveals several interesting properties of the si
particle wavefunctions:

~1! The origin of the lowest lying electron states in the d
follows qualitatively the predictions of single-band effecti
mass theory. For example, the lowest electron state of
42.2 Å diameter dot~see Table V! is 69% derived from the
bulk conduction band edge state (G6c) with an s-like enve-
lope function. The next two highest electron levels are 6
derived from the same bulk Bloch state, but with ap-like
envelope functions.
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~2! As a result of the small band gap of bulk InAs, there
a strong coupling between the electron and hole states.
proximately 20% of the weight of the lowest energyelectron
statesin the dot is derived from the split-off, heavy and ligh
hole (G8v1G7v) bulk states. This valence-conduction mi
ing explains why the 636 k•p method, which ignores such
coupling, fails to describe these states in InAs dots.

~3! The highest energy hole states in the dot have sign
cant weight from both thes and p envelope functions from
both heavy- and light-hole bulk states. They therefore can
be described, even qualitatively, by a single-band model.
VBM of the 42.2 Å diameter dot~see Table V! has 50%s
and 29%p character. Similarly, the lowest electron state
the dot has 27% non-s character, originating from valenc
bands. Such ans-p mixing is largely absent in current theo
retical descriptions of InAs dots via thek•p method.11

~4! The order of the electron and hole states changes w
size. This reflects different size scaling of the quantum c
finement for different states. For example in the 42.2 Å
ameter dot~see Table V! the lowest conduction state iss-like
~69%!, then states 2, 3, and 4 arep-like ~64%!, then states 5,
6, 7, and 8~not shown in the table! are a mixture ofd andg.
In the 30.3 Å diameter dot, the states with 42%p character
have moved above the states identified by their significand
andg character making them states 6, 7, and 8 as oppose
2, 3 and 4. Similarly, in the valence band the state with 3
s-like contribution from the split off band and 13% and 12
from p andd envelopes of heavy- and light-hole states is t
5th and 6th state from the top of the valence band in
30.3 Å diameter dot but moves to the 11th and 12th st
from the top of the valence band in the 42.2 Å diameter d

C. Calculated single-dot absorption spectra

Theoretical single-dot absorption spectra were calcula
for each of the dots listed in Table III using the meth
described in Sec. II C. These spectra are shown in F
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8~a!–8~d!. The identities of each of the major peaks in t
spectra were determined by examining the nature of the
tial and final single-particle states contributing to each pe
The following criteria were used to establish these identit

~1! The ratio of the contributions to the single partic
states from the heavy hole, light hole, split off, and cond
tion states.

FIG. 8. Calculated absorption spectra for single InAs quant
dots with diameters of~a! 23.9, ~b! 30.3, ~c! 36.6, and~d! 42.2 Å.
The labels~a!–~k! refer to the classification of the states in Tab
VI.
i-
k.
s.

-

~2! The contribution of each angular momentum comp
nent from the heavy hole, light hole, split off, and conducti
states.

~3! The total angular momentum, F, of each sing
particle state~see Sec. II B!.

~4! The strength of the dipole transition probability matr
element for each peak.

Table VI shows the identities of the peaks for the 42.2
diameter dot. Details of the analysis for the other dot si
are given at Ref. 34. They show that there are two sepa
manifolds of transitions: peaks~a! to ~e!, which correspond
to transitions from the dot hole states to thelowest s-like
electron state and peaks~f! to ~k!, which correspond to tran
sitions from the dot hole states to thenext highest p-like
electron state. The analysis of the peaks shows:

~a! ‘‘peak a’’ represents the fundamental band gap tran
tion. The initial valence state associated with this peak i
doubly degenerate hole state withs andp character derived
from both heavy- and light-hole bulk states. This initial sta
has a total angular momentum,F, that ranges from 1.75 to
2.01. The final conduction state is the singly degener
lowest energy electron state, with ans-like envelope function
and a total angular momentum that ranges from 1.11 to 1
In the approximatek•p language, this transition is closest
the S3/2 to S1/2 transition.

~b! ‘‘peak b’’ corresponds to a transition with very wea
intensity. For the largest dot with 42.2 Å diameter, this st
has merged with peak~a! and cannot be resolved. The initia
valence state associated with this peak is a doubly degen
hole state withp character derived from both heavy- an
light-hole bulk states. It is the second highest energy h
state. This initial state has a total angular momentum t
ranges from 1.92 to 2.51. The final conduction state is
same as in peak~a!. In the approximatek•p language this
transition is closest to theP5/2 to S1/2 transition.

~c! ‘‘peak c’’ has a strong intensity. The initial valenc
state associated with this peak is a doubly degenerate
state with a mix ofs, p, andd character. Its most significan
contribution is from the split-off state but it contains som
heavy and light hole character. This initial state has a to
angular momentum that ranges from 1.99 to 2.48. The fi
tters

tation
All

F

TABLE VI. Analysis of the significant absorption peaks for a dot with 42.2 Å diameter. The peak le
refer to the labelling of the peaks in Figs. 10 and 8. Peak energies are calculated according to Eq.~12!. The
valence and conduction indices refer to the number of the state from the band edge~i.e., VBM and CBM have
index 1, etc!. The envelope function information summarizes the results from Table V. Note, the no
‘‘s,’’ ‘‘p’’ etc. refers to the orbital content of the wave functions, not the specific number of nodes.
energies are in eV.

Initial valence state Final conduction state
Peak Peak energy Index Energy Envelope F Index Energy Envelope

~a! 1.209 1,2 25.8260 s1p 1.77 1 24.516 s 1.11
~c! 1.335 11,12 25.9491 p1d 2.48 1 24.516 s 1.11
~g! 1.588 3,4 25.8401 p 1.90 2,3,4 24.156 p 1.92
~h! 1.675 7,8 25.9240 s1p1 f 2.66 2,3,4 24.156 p 1.92
~i! 1.717 13 25.9660 p1d1 f 2.93 2,3,4 24.156 p 1.92
~j! 1.760 15,16 26.0087 p1 f 3.07 2,3,4 24.156 p 1.92
~k! 1.800 23,24 26.0491 p 3.19 2,3,4 24.156 p 1.92
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conduction state is the same as in peak~a!. In the approxi-
matek•p language this transition is closest to theP5/2 to S1/2

transition.
~d! ‘‘peak d’’ is a transition with very weak intensity. Fo

the largest dot with 42.2 Å diameter this transition merg
with ‘‘peak c’’ and is no longer distinguishable. The initia
valence state associated with this peak is a doubly degen
hole states with a mix of mostlys and d character. It is
derived from the bulk heavy- and light-hole states. This i
tial state has a total angular momentum that ranges from
to 3.25. The final conduction state is the same as in peak~a!.
In the approximatek•p language this transition is closest
the S5/2 to S1/2 transition.

~e! ‘‘peak e’’ has a similar origin to ‘‘peak d’’ and also
has a very weak intensity. It also merges with ‘‘peak c’’
the largest dot with 42.2 Å diameter. The initial valence st
associated with this peak is a singly degenerate hole s
with a mix of s, d, and someg character. It is derived from
both the bulk spin-orbit, heavy- and light-hole states. T
initial state has a total angular momentum that ranges f
3.03 to 3.75. The final conduction state is the same as in p
~a!. In the approximatek•p language this transition is close
to theS7/2 to S1/2 transition.

~f! ‘‘peak f’’ corresponds to a transition with very wea
intensity that is only observed in the two smaller dots. It h
the same initial state as ‘‘peak a,’’ but the final state is
next highest conduction state. This conduction state is a
ply degenerate state, with ap-like envelope function and a
total angular momentum that ranges from 2.15 to 2.19. In
approximatek•p language, this transition is closest to th
S3/2 to P3/2 transition.

~g! ‘‘peak g’’ corresponds to a transition from the sam
initial state as ‘‘peak b,’’ to thep-like conduction state. This
is a very intense peak that is observed in all the sizes of
In the approximatek•p language, this transition is closest
the P5/2 to P3/2 transition.

TABLE VII. Comparison of the current multi-band pseudop
tential assignment and thek•p assignment from Ref. 11 of the
experimentally observed optical transitions in Ref. 11. The ini
states and final states of each transition are denoted bynQF , where
n is the principal quantum number,Q the lowest angular momen
tum component of the wave function andF total angular momen-
tum. Note, it is only possible to determine the envelope funct
angular momentum and total angular momentum for the multib
pseudopotential wavefunctions.

Pseudopotential Closest expt. peakk•p assignment
Peak assignment from Ref. 11 from Ref. 11

~a! S3/2→S1/2 E1 2S3/2→1S1/2

~b! P5/2→S1/2 Not observed No prediction
~c! P5/2→S1/2 E2 /E3 No prediction
~d! S5/2→S1/2 E2 No prediction
~e! S7/2→S1/2 E3 2S3/2→1S1/2

~g! and ~h! P5/2→P3/2 E5
1P3/2→1P3/2

1P3/2→1P1/2

~j! S7/2→P3/2 E6 2S1/2→1S1/2

~k! P7/2→P3/2 E7
1P1/2→1P3/2

1P1/2→1P1/2
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~h! ‘‘peak h’’ is also a very intense peak that is observ
in all the sizes of dot. The initial valence states are a com
nation of the same initial state as ‘‘peak c’’ and also a dou
degenerate hole state, very close in energy to this state
mostly s and f character, derived from heavy- and light-ho
states, with a total angular momentum ranging from 2.66
2.72. The final conduction state is the same as in peak~f!. In
the approximatek•p language, this transition is closest to th
P5/2 to P3/2 transition. It is possible that the proximity o
peaks~g! and~h! combined with their strong intensity woul
not allow them to be distinguished in a photoluminescen
experiment. This is discussed further in Sec. III E.

~i! ‘‘peak i’’ is has a weaker intensity, but is observed
all the sizes of dot. The initial valence state is the same
‘‘peak d.’’ The final conduction state is the same as in pe
~f!. In the approximatek•p language, this transition is clos
est to theS5/2 to P3/2 transition. This transition is weakly
allowed.

~j! ‘‘peak j’’ corresponds to a transition with strong inten
sity. The initial valence state associated with this peak i
doubly degenerate hole state containing mostly a mix ofp, d,
and f character. Its contains significant contributions fro
both the bulk split-off state and the heavy- and light-ho
states. This initial state has a total angular momentum
ranges from 3.03 to 3.41. The final conduction state is
same as in peak~f!. n the approximatek•p language, this
transition is closest to theS7/2 to P3/2 transition.

~k! ‘‘peak k’’ corresponds to a transition with weak inten
sity. The initial valence state associated with this peak i
doubly degenerate hole state containing mostlyp character.
It is mostly derived from the bulk heavy- and light-ho
states. This initial state has a total angular momentum
ranges from 3.19 to 3.24. The final conduction state is
same as in peak~f!. In the approximatek•p language, this
transition is closest to theP7/2 to P3/2 transition.

Having discussed the identities of the peaks in each
size, we next wish to see how to connect peaks with the s

l

n
d

FIG. 9. Pseudopotential calculated~circles! absolute positions of
absorption peaks vs 1/R2 for InAs quantum dots with diameter
23.9, 30.3, 36.6, and 42.2 Å. The pseudopotential results are
nected using the analysis from Sec. III C. Experimental results fr
Ref. 11 are represented by the black lines.
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identities in different sizes of dot. This is not always po
sible, as different sizes of dots might have some peaks
are fundamentally new, or two peaks that have merged
gether. We have labeled in Fig. 8 and in Table VI the pe
that originate from similar excitons in the different sizes
dots by the same letters~a! to ~k!.

D. Comparison of calculated single-dot spectra
with the experimental absorption spectra

The positions of the above peaks are plotted as a func
of diameter for each dot in Fig. 9 and with respect to t
band gap of each dot in Fig. 10. As some of the peaks me
with each other in the larger dots, not all the peaks
marked for all the sizes of dot. The predictions of Figs. 9 a
10 pertain to hypothetical samples each containing dots
single size and spherical shape. The actual synthes
samples11 contain a significant, but unknown, distribution
dot sizes and shapes. Nevertheless, the experimental re
from Ref. 11 are included in Figs. 9 and 10. It should
noted that where two peaks have effectively merged
gether, or where the weight of a particular peak is too sm
to be detected~e.g., peak ‘‘b’’!, these points are not plotte

FIG. 10. Pseudopotential calculated~circles! positions of ab-
sorption peaks minus the band gap vs band gap for InAs quan
dots with diameters 23.9, 30.3, 36.6, and 42.2 Å. The pseudopo
tial results are connected using the analysis from Sec. III C.
labels ~a!–~k! refer to the classification of the states in Table V
Experimental results from Ref. 11 are represented by the b
symbols and lines.
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in Figs. 9 and 10. A comparison of the pseudopotential
sults in Fig.10 with the results from Ref. 11 is given in Tab
VII, which shows that

~1! Peak~a!, by definition, corresponds to the experime
tally measured band gap,E1.

~2! We assign two weak sets of peaks~c and d! as origi-
nating from the weakly observedE2 experimental peak.

~3! For theE3 peak we calculate a single peak~e!.
~4! For the weakly observedE4 peak we find no calcu-

lated counterpart.
~5! The strongest two calculated peaks~g and h! fall on

either side of theE5 peak and it is possible that the streng
of these excitations could prevent them from being isola
in the experiment. They are also merged by a finite s
distribution ~see Sec. III E!.

~6! The final two calculated peaks~j and k! correspond to
the experimentalE6 andE7 data.

For each of the peaks, the calculated scaling of the e
ton energyspacingswith dot size~or band gap! shows rea-
sonable agreement with the experimental results. Howe
Fig. 9 shows that the calculated values of theabsoluteexci-
ton peaks appears to exhibit a different size dependenc
that observed in Ref. 11. This lack of agreement can be
tributed in part to the finite size and shape distributi
present in the experimental samples. This is discussed in
following section.

E. Ensemble absorption spectra

The ideal comparison between theory and experimen
between the calculated~Fig. 8! and measuredsingle-dot
spectra. However, no such single-dot measurements
rently exist for InAs quantum dots. Our predicted single-d
spectra for different sizes~Fig. 8! suggest that the interpre
tation of an ensemble spectra could differ qualitatively fro
the interpretation of a single-dot spectra. This calls for m
surement of the single-dot spectra. For example, peak~b! in
the dot with a diameter of 30.3 Å coincides with peak~e! in
the dot with a diameter of 36.9 Å and with peak~g! in the
dot with a diameter of 42.2 Å. Thus, if the experimenta
accessible samples represent a broad size distribution
impossible to consistently assign experimental peaks
unique calculated single-dot peaks.

We try to quantify the effect of a finite-size distribution i
the experimental samples by using our single-dot spectr
combination with Eq.~24! to calculateensembleabsorption
spectra. These are not directly comparable with the size
lected photoluminescence excitation~PLE! results from Ref.
6, but are designed to provide a general indication of
effects of size distribution on the absorption spectra of
ensemble of dots. We neglect shape-distribution effe
since they are not quantified experimentally. Transmiss
electron microscopy studies of III-V semiconductor quantu
dots35 show that there are two factors producing an ensem
of different dot volumes. First, in any sample there is a fin
range of dot diameters. Second, the dots are ellipsoida
shape, with a range of ratios of major to minor axes. W
have therefore chosen to model the distribution of siz
P(R), in Eq. ~24! by a simple Gaussian, whose width,sR ,
builds in the size distribution,
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P~R!5
1

A2psR

e2(R2R0)2/2sR
2
. ~32!

In Fig. 11~a! we plot ensemble absorption spectra calcula
from Eq. ~24! for quantum dots with a mean diameter
23.9 Å and standard deviations,sR , of 0, 5 and 10% of the
mean size. The functionI (E,R) in Eq. ~24! was obtained by
fitting the size dependence of each of the peaks,i, in Fig. 9 to
Ei(R)5Ei

01aRN and then summing the contributions fro
all the peaks so that

I ~E,R!5 (
peaks,i

a ie
2[E2Ei (R)] 2/2s0

2
, ~33!

where a i is the relative intensity of peaki, and s0 is the
intrinsic line width of the peaks, set to 5 meV. Figures 11~b!
to 11~d! show similar ensemble absorption spectra for d
with size distributions that have mean diameters of 30
36.9 and 42.2 Å and standard deviations of 5%. Figu

FIG. 11. Calculated absorption spectra for ensembles of I
quantum dots with mean diameters of~a! 23.9, ~b! 30.3, ~c! 36.6,
and ~d! 42.2 Å. ~a! shows ensemble spectra for size distributio
with 0, 5 and 10% standard deviations.~b!, ~c!, and~d! show only
the spectra associated with a 5% size distribution. The labels~a!–
~k! refer to the classification of the states in Table VI.
d

s
,
s

11~a! to 11~d! show that as the width of the size distributio
increases, the peaks become ‘‘smeared out.’’ With a stand
deviation of 5% it is still possible to resolve peaks,~a!, ~c!,
~g!, and ~h!. However, peak~j! is just a small shoulder on
peak~h!. With a standard deviation of 10% peaks~g! and~h!
have effectively merged together. The merging effect
comes more severe as the mean size of the dots increas
the initial spacing of the peaks is smaller for larger dots.

Figure 12 shows how the centers of the broadened pe
in each of the 5% ensemble spectra from Fig. 11 vary w
size. Figure 12 is the size ensemble equivalent of the sin
dot results plotted in Fig. 10. As in Fig. 10, the experimen
results of Baninet al. are plotted for comparison. Compar
son of Figs. 10 and 12, reveals that

~1! The fundamental transition~a! is still clearly resolv-
able in the ensemble spectra and corresponds to experim
peakE1.

~2! The first excited state~c! is still clearly resolvable in
all sizes of dot. This peak probably still corresponds to pe
E2.

~3! Peak~d! is only resolvable in the two smallest dot
where it is close to the experimentalE3 peak.

~4! For the larger two dots, peaks~g! and ~h! merge to
form one large peak. The position of this merged peak

s

FIG. 12. Pseudopotential calculated~circles! positions of ab-
sorption peaks minus the band gap vs band gap for InAs quan
dot ensembles with mean diameters of 23.9, 30.3, 36.6, and 42
and standard deviations of 5%. The pseudopotential results are
nected using the analysis from Sec. III C. The labels~a!–~k! refer to
the classification of the states in Table VI. Experimental resu
from Ref. 11 are represented by the black lines.
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close to the experimentalE5 peak. For the two smaller dots
the peak splits into two peaks~g! and~h! with different size
scaling behavior.

~5! Peak~j! is only resolvable from peaks~g! and ~h! in
the two smaller dots, where it could correspond to either
experimentalE6 or E7 peaks.

~6! The weaker peaks~b!, ~e!, and~k! are not individually
resolvable for any size of dot in the ensemble spectra.

IV. CONCLUSIONS

We have performed pseudopotential calculations of
electronic structure of both the ground and excited state
free standing InAs quantum dots for a range of experim
tally realistic sizes. Using calculated electron-hole Coulo
energies and dipole matrix transition probabilities we ha
constructed single-dot absorption spectra for 4 different s
of quantum dot. These spectra exhibit a series of cle
resolvable exciton peaks. The size dependence of the spa
between the exciton peaks in these single dot spectra sh
partial agreement with those found in recent experiments
fitting the size dependence of each exciton peak and po
lating a Gaussian distribution of dot sizes, we have cal
to

ff

a-

.
.

e

e
of
-

b
e
s

ly
ing
ws
y

tu-
-

lated ensemble absorption spectra. The size scaling of
peaks in these ensemble spectra shows a better agree
with the experimental data.

We also have analyzed the single-particle parentage
each excitonic peak. We find that~i! as a result of the smal
band gap of InAs, there is significant valence-conduct
band mixing in the quantum dot states,~ii ! the removal of
spherical symmetry of these dots produces odd-even mix
in these states.

Our predicted single-dot excitonic spectra~Fig. 8! await
experimental testing. Our predicted ensemble spectra~Figs.
11! are not in as good agreement with experiment as
results for InP~Ref. 13! and CdSe~Ref. 12! dots. Sample
quality, including shape distributions could be a factor in th
relative lack of agreement.
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