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First-principles theory of short-range order in size-mismatched metal alloys:
Cu-Au, Cu-Ag, and Ni-Au

C. Wolverton, V. Ozolin¸š, and Alex Zunger
National Renewable Energy Laboratory, Golden, Colorado 80401

~Received 20 October 1997!

We describe a first-principles technique for calculating the short-range order~SRO! in disordered alloys,
even in the presence of large anharmonic atomic relaxations. The technique is applied to several alloys
possessing large size mismatch: Cu-Au, Cu-Ag, Ni-Au, and Cu-Pd. We find the following:~i! The calculated
SRO in Cu-Au alloys peaks at~or near! the^100& point for all compositions studied, in agreement with diffuse
scattering measurements.~ii ! A fourfold splitting of the X-point SRO exists in both Cu0.75Au0.25 and
Cu0.70Pd0.30, although qualitative differences in the calculated energetics for these two alloys demonstrate that
the splitting in Cu0.70Pd0.30 may be accounted for byT50 K energetics whileTÞ0 K configurational entropy
is necessary to account for the splitting in Cu0.75Au0.25. Cu0.75Au0.25 shows a significant temperature depen-
dence of the splitting, in agreement with recentin situ measurements, while the splitting in Cu0.70Pd0.30 is
predicted to have a much smaller temperature dependence.~iii ! Although no measurements exist, the SRO of
Cu-Ag alloys is predicted to be of clustering type with peaks at the^000& point. Streaking of the SRO peaks

in the ^100& and ^1 1
2 0& directions for Ag- and Cu-rich compositions, respectively, is correlated with the

elastically soft directions for these compositions.~iv! Even though Ni-Au phase separates at low temperatures,
the calculated SRO pattern in Ni0.4Au0.6, like the measured data, shows a peak along the^z00& direction, away
from the typical clustering-typê000& point. ~v! The explicit effect of atomic relaxation on SRO is investigated
and it is found that atomic relaxation can produce significantqualitativechanges in the SRO pattern, changing
the pattern from ordering to clustering type, as in the case of Cu-Ag.@S0163-1829~98!03808-9#
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I. INTRODUCTION

At temperatures above ordering transitions, intermeta
alloysA12xBx often form solid solutions composed of a di
ordered arrangement of the constituent atoms on~or near!
sites of a Bravais lattice. The atoms in these solid soluti
are not randomly arranged, but rather possess some degr
short-range order~SRO!: The SRO is characterized in re
space by the pair-correlation functionP lmn for the atomic
shell (lmn), given byŜi Ŝi 1( lmn) @whereŜi 5 21~11! if site
i is occupied by anA(B) atom# averaged over all symmetry
equivalent pairs of lattice sites. The Warren-Cowley SR
parameter for shell (lmn) is then

a lmn~x!5
^P lmn&2q2

12q2
, ~1!

where the brackets denote a thermal average, andq52x
21. For a completely random alloy, the occupation variab
Ŝi are uncorrelated,̂ Ŝi Ŝi 1( lmn)&5^Ŝi&^Ŝi 1( lmn)&5q2 for
~lmn! ~000!, and the SRO parametersa lmn are all zero;
Hence, the degree of SRO determines the extent to w
spatial correlations exist in disordered alloys. In diffracti
experiments, these correlations give rise to intensity mo
lations in the monotonic Laue background between Bra
peaks. Thus, the correlations due to SRO have been ex
mentally measured in many disordered alloys by extrac
the portion of diffuse scattered intensity due to SRO.1–33

This portion of diffuse scattering due to SRO is proportion
to the lattice Fourier transform ofa lmn(x),
570163-1829/98/57~8!/4332~17!/$15.00
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a lmn~x!eik•Rn, ~2!

wherenR is the number of real-space shells used in the tra
form. The SRO expressed in real space@Eq. ~1!# or recipro-
cal space@Eq. ~2!# can be given a simple interpretation: Lo
cal ‘‘ordering tendencies’’~i.e., a preference for unlike atom
pairs! is given in real space bya lmn,0 and in reciprocal
space by a peak ina(k) ‘‘off G ’’ @a(k)Þ^000&#. Local
‘‘clustering tendencies are likewise given bya lmn.0 and a
peak ina(k) at ^000&. Clearly, the SRO reflects the unde
lying energetic tendencies of atoms in a solid to prefer l
pairs of atoms (A-A or B-B clustering! or unlike pairs (A-B
ordering, or anticlustering!.

The basic thermodynamic factors affecting SRO can
appreciated as follows: In the canonical ensemble at com
sition x and temperatureT, the thermal average in Eq.~1! is
given by

^P lmn&5(
s

P~s,T!Ŝi Ŝi 1~ lmn! , ~3!

where the sum extends over all possible configurations
P(s,T) is the probability of each configurations:

P~s,T!5
1

Z~x,T!
expF2E~s!

kBT G , ~4!

whereZ(x,T) is the canonical partition function andE(s) is
the total energy of configurations. This energy is, of course
dependent on the atomic positions$Ri%. For instance, one
could choose the atomic positions to be ‘‘unrelaxed,’’ i.e.,
4332 © 1998 The American Physical Society
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57 4333FIRST-PRINCIPLES THEORY OF SHORT-RANGE . . .
ideal fcc lattice sites,$Ri%
0. We show below that this choic

can lead to qualitatively incorrect SRO patterns for the s
tems studied here. A more correct description of the ene
is as a function of ‘‘relaxed’’ equilibrium atomic position
$Ri%

eq, determined by zero-force conditions for alli
51, . . . ,N atoms

Fi5
]E

]Ri
50. ~5!

Equations~3! and ~4! demonstrate that the SRO is dete
mined by a sampling of all configurations with a probabil
tic weighting factor. The problem of predicting the equili
rium SRO pattern for a given alloy atx and T is then to
evaluate Eqs.~3! and ~4! which requires knowledge o
E(s,$Ri%

eq) for eachs. It is important to notice that we us
the total relaxed electron1ion energyE(s,$Ri%

eq! of con-
figuration s. It thus contains~a! the sum of all occupied
energy bands,~b! electron-electron Coulomb, exchange, a
correlation, and~c! ion-ion terms. In contrast, the popula
Fermi surface nesting construct9 is often used to explain the
SRO of Eqs.~1!–~4! by focusing instead on a single tot
energy term from the sum in~a! alone~the highest occupied
band!.

Theory and measurements of SRO in alloys formed fr
metal constituents with large size mismatch are challeng
due to the fact that atoms ‘‘relax’’ away from their ide
lattice sites and move to energy-lowering positions given
Eq. ~5!. Even though local atomic relaxation does not al
the identity of atoms on given lattice sites~and hence, does
not alter Ŝi or s in general!, it does affect the energy
E(s,$Ri%

eq), and hence via Eqs.~3!–~5! will affect the pro-
pensity of developing a paticular type of SRO pattern in
alloy. These sometimes large atomic relaxations lead to
ficulties in SRO treatments: Theoretically, the size misma
requires one to treat the energetic effects of large ato
relaxations in all configurations, specifically, both rando
and partially ordered states@Eq. ~3!#. Experimentally, in dif-
fuse scattering measurements, the atomic displacem
themselves lead to diffuse scattering, complicating the se
ration of the portion of diffuse scattering due to SRO. O
calculations include the implicit effect of atomic displac
ments onP(s,T) and therefore on the SRO contribution
diffuse scattering. However, we are not attempting to cal
late the explicit contribution of atomic displacements to t
diffuse scattering. A first-principles total-energy method c
pable of treating not only the chemical effects of SRO b
also the energetic effects of atomic relaxations in si
mismatched alloys, the mixed-space cluster expansion,
recently been proposed34 and shown to accurately describ
the atomically relaxed energetics of ordered, random,
partially ordered states.35 Recent generalizations of th
method36,37 have been developed to incorporate the anh
monic effect of relaxations, and thereby to treat systems w
very large size mismatch. Here, we use this method to th
retically determine~and, in some cases, predict! the SRO in
several size-mismatched transition- and noble-metal allo
including the effects of large atomic relaxationsin Eq. ~4!.
By ‘‘turning off’’ various contributions to the energetic
~such as that of atomic relaxations!, we are also able to ex
plicitly study the effects of atomic relaxations on SRO.
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We examine the SRO ofthreefcc-based alloy systems, a
with large size mismatch: Cu-Au, Cu-Ag, and Ni-Au. Som
results are also shown for Cu-Pd. We choose these sys
for the following reasons:

In Cu-Au, the SRO has been thoroughly investigated
perimentally, at many compositions and temperatures,
ticularly for the Cu-rich region of the phas
diagram.5–7,11,13,14,18,31Cu-Au exhibits compound-forming
long-range order~LRO! at low temperatures, with the stab
phases being composed mostly of^100& composition waves.
SRO fluctuations are found to be primarily located at or n
the ordering-typê 100& points in reciprocal space. Interes
ingly, although the observed low-temperature LRO
Cu3Au is commensurate~i.e., wave vectors at high
symmetry points!, a small fourfold splitting of thê 100&
peaks has been observed8,13,31for Cu-rich alloys, and recen
in situ experiments31 have measured an interesting increa
in this splitting with increasing temperature for Cu0.75Au0.25.
We refer to this asincommensurateSRO~i.e., the peak wave
vector is off the high-symmetry point!. Analogies with
model Hamiltonian results, such as those of the 2D ax
next-nearest-neighbor Ising~ANNNI ! model, have been
used31 to infer the physical mechanism for this ‘‘duality’
between commensurate LRO and incommensurate SRO
Cu3Au. We examine below the validity of these mod
Hamiltonian results towards explaining the physics
Cu3Au.

Cu-Pd alloys also exhibit compound-forming LRO; how
ever, for Cu-rich alloys, the Cu-Pd phase diagram show
series of long-period superstructures based on the^100& L12
compound. Like Cu-rich Cu-Au, the SRO of Cu-rich Cu-P
alloys also have shown peaks near the^100& points with a
fourfold splitting.10 The temperature dependence of th
splitting has recently been theoretically predicted.38

The SRO of Ni-Au has been measured12 only for an iso-
lated composition and temperature. Surprisingly, ev
though the LRO of this alloy involves phase separation
low temperatures, the SRO~for temperatures above the mis
cibility gap! is found to peak along thêz00& points (z
;0.6), rather than at̂000&, which is the typical wave vecto
for clustering-type SRO.

The LRO in Cu-Ag alloys is, like Ni-Au, phase separ
tion; however, Cu-Ag remains phase separated up to
melting point. For Cu-Ag, there are no reported measu
ments of the SRO. We wish to predict it.

II. METHODOLOGY

A direct approach to calculating the equilibrium SRO
solid solutions from Eq. ~3! involves computation of
E(s,$Ri%

eq) for all configurationss. This type of direct ap-
proach to study finite-temperature thermodynamic prop
ties, such as SRO, would inevitably run into the problem
the ‘‘configurational explosion:’’ Even for a binary allo
system with a modest number of sitesN, the number of
possible configurations 2N for which we need to know the
energy of Eq. ~3! becomes enormous. Additionally, th
evaluation of the total energy of evenone configuration by
first-principles means is currently limited to relatively sma
N by the computational effort of these techniques, wh
currently scales withN3. One method used to obtain finite-T
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4334 57C. WOLVERTON, V. OZOLIŅŠ, AND ALEX ZUNGER
thermodynamics is to perform statistical calculations
means of a Monte Carlo algorithm using an energy fu
tional E(s,$Ri%

eq) that describes the alloy in question. Th
Monte Carlo calculations do not explore the entirety of co
figuration space equally~which is unnecessary and terrib
inefficient!, but rather efficiently spend most time samplin
the energy in regions of configuration space where the
ergy is close to its thermal average. Still, even with efficie
sampling of configuration space, Monte Carlo calculatio
require that the energy functional be sufficiently compu
tionally inexpensive so that it is easily evaluated for ve
large unit cells and for many different configurations. Thus
direct use of the local-density approximation~LDA ! to de-
scribeE(s,$Ri%) in Eq. ~4! is impractical. Hence, we wish to
use a method whereby one maps LDA alloy energetics o
an energy functional that is sufficiently simple so that Mon
Carlo simulations become possible, but also sufficiently
curate to reflect the atomically relaxed LDA energetics o
wide variety of alloy configurations. Such a method, t
mixed-space cluster expansion~CE!, has been developed34,39

and applied to several alloy systems.40,37,36The CE method
relies on a mapping of the alloy energetics onto a general
Ising-like model: One selects a single, underlying parent
tice ~in the case of this paper, fcc! and defines a configuratio
s by specifying the occupations of each of theN lattice sites
by anA atom or aB atom. For each configuration, one a
signs the spin-occupation variables,Ŝi561 to each of theN
sites. Within the Ising-like description of the mixed-spa
CE, the positional degrees of freedom are integrated
leaving an energy functional of spin variables onlyŜi which
reproduces the energies ofatomically relaxed configurations,
with atomic positions$Ri%

eq at their equilibrium zero-force
valuessatisfying Eq.~5!. The details of construction of thi
energy functional within the LDA are discusse
elsewhere,34,36 and thus we give here only the salient poin

A. Mixed-space cluster expansion

The expression used for the formation energy~the energy
with respect the the compositional average of the alloy c
stituents! of any configurations in the mixed-space CE is

DH~s!5(
k

J~k!uS~k,s!u21(
f

D f Jf P f~s!

1
1

4x~12x!(k
DECS

eq~ k̂,x!uS~k,s!u2, ~6!

where theJ’s are the interaction energies~‘‘effective cluster
interactions’’!, f is a symmetry-distinct figure comprised o
several lattice sites~pairs, triplets, etc.!, D f is the number of
figures per lattice site,Jf is the Ising-like interaction for the
figure f , and the ‘‘lattice-averaged product’’P f is defined as
a product of the variablesŜi , over all sites of the figuref
with the overbar denoting an average over all symme
equivalent figures of lattice sites. In contrast to some pre
ous approaches, we do not define the energy@left-hand side
of Eq. ~6!# via parametrizedJ’s. Rather, our approach i
based on the fact that we know the left-hand side of Eq.~6!
quite accurately from first-principles LDA total energies f
simple configurationss, so we define the interaction ene
y
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giesJf andJ(k) from these energies. Thus, we incorporate
the outset a detailed quantum-mechanical picture~LDA ! for
interactions, and hence for SRO. Also, we note that thetotal
energy of Eq.~4! includes eigenvalue~or one-electron!, elec-
trostatic, and exchange-correlation terms. Hence, energ
contributions to the one-electron energies~e.g., the Fermi
surface! used previously to discuss SRO are only one o
few terms in the total energy.

The mixed-space CE of Eq.~6! is separated into three
parts:

~i! The first summation includesall pair figures corre-
sponding to pair interactions with arbitrary separation. Th
pair interactions are conveniently summed using
reciprocal-space concentration-wave formalism.J(k) and
S(k,s) are the lattice Fourier transforms of the real-spa
pair interactions and spin-occupation variables,Ji j and Ŝi ,
respectively.~ii ! The second summation includes onlynon-
pair figures. The real-space summation of Eq.~6! is over f ,
the symmetry-distinct nonpair figures~points, triplets, etc.!.
~iii ! The third summation involvesDECS( k̂,x), the constitu-
ent strain energy, defined as the energy change when t
bulk solids A and B are deformed from their equilibrium
cubic lattice constantsaA and aB to a common lattice con-
stanta' in the direction perpendicular tok̂:

DECS~ k̂,x!5min
a'

@~12x!DEA
epi~ k̂,a'!1xDEB

epi~ k̂,a'!#,

~7!

whereDEA
epi( k̂,a') is the energy required to deformA biax-

ially to a' . The constituent strain energy corresponds to
k→0 limit of J(k) and takes on different values dependi
on the direction in which this limit is taken. Thus, the co
stituent strain energy involves a nonanalyticity inJ(k) ask
→0 and hence corresponds to infinite-range real-space e
tic interaction terms. Including these long-range terms
plicitly ~rather than trying to cluster expand them! removes
the k→0 nonanalyticity ofJ(k), and thus significantly en-
hances the convergence of the CE.34 The calculated constitu
ent strain energies for several principle directions are sho
in Fig. 1 for the Cu-Au, Cu-Ag, and Ni-Au fcc alloy system
A detailed discussion of the calculation and parameteriza
of constituent strain energies, including anharmonic ela
strain terms, is given in Ref. 41.

B. First-principles alloy energetics

The following input is needed to construct the mixed
space CE Hamiltonian:~i! the total energies of a set of fully
relaxed ordered fcc-based compounds@required to fit the val-
ues of J(k) and Jf#, and ~ii ! the epitaxial energies
DEA

epi( k̂,a') of the alloy constituents@required to compute

DECS
eq( k̂,x) via Eq. ~7!#. The output is a Hamiltonian@Eq.

~6!# that ~i! predicts the energy of any configuration~i.e., not
only ordered compounds!, even 1000-atom cells or muc
larger, ~ii ! possesses the accuracy of fully relaxed, fu
potential LDA total energies, and~iii ! is sufficiently simple
to evaluate so that it can be used in Monte Carlo simulatio
and thereby extends LDA accuracy to finite temperatures
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57 4335FIRST-PRINCIPLES THEORY OF SHORT-RANGE . . .
Here, we use mixed-space CE Hamiltonians that h
been constructed using fully relaxed, full-potential, line
ized augmented plane-wave, total energies for the fcc-ba
Cu-Au, Cu-Ag, and Ni-Au systems. For each alloy, t
mixed-space CE has been fit to total energies of;30– 35
ordered compounds and epitaxial energies for;5 – 6 differ-
ent orientations~see Ref. 36 for details of the LDA calcula
tions and CE construction for these systems!.

C. Monte Carlo details

In order to discern the equilibrium SRO in the alloys
interest here, we have subjected the mixed-space CE of
~6! to Monte Carlo simulations in the canonical~fixed com-
position! ensemble.42 We have used fcc unit cells with size
of 243– 323513824–32768 atoms.a lmn(x) are computed

FIG. 1. The calculated constituent strain energies for Cu-
Cu-Ag, and Ni-Au along several principle directions.
e
-
ed

q.

by taking thermal averages of the spin products^P lmn& and
then using Eq.~1! to obtain the SRO parameters. Using
finite numbernR of these real-space shells in Eq.~2!, we
obtain the SRO in reciprocal space,a(x,k). Tests have been
performed to ascertain the number of Monte Carlo steps
quired for convergence of the SRO. We have used.1000
Monte Carlo stops~MCS! for taking averages of the SRO
this is preceded by;100–500 MCS for equilibration. Fo
SRO in the disordered phase, the Monte Carlo algorit
converges quite quickly; thus, large cell sizes and large nu
ber of MCS were only necessary in cases of determin
very subtle features of the SRO pattern~e.g., the temperature
dependence of the fourfold SRO splitting in Cu-Au or C
Pd!. We have calculated the SRO using several different r
dom number generators in the Monte Carlo algorithm. O
very subtle features such as SRO splitting were affected
any significant way. We settled on the generator from
ESSL libraries.43

For all of the alloys studied here, the (hk0) plane in
reciprocal space @which contains the high-symmetr

G(5^000&), X(5^100&), andW(5^1 1
2 0&) points# contains

the SRO peak positions. Therefore, for all SRO plots in
ciprocal space, we show only the (hk0) plane. A schematic
plot of this plane of reciprocal space is shown in Fig. 2 alo
with the high-symmetry points.

III. CONSTITUENT STRAIN: RELEVANCE TO SRO

Here we discuss the constituent strain energies@Eq. ~7!#
for the alloy systems of interest~Cu-Au, Cu-Ag, and Ni-Au!
and give some indications of the conditions under which t
strain energy is expected to play a major role in determin
the SRO. The constituent strain energies for Cu-Au, Cu-A
and Ni-Au are shown in Fig. 1 for several principle dire
tions. The strain energies for these three systems look qu

,

FIG. 2. Schematic plot of (hk0) plane of reciprocal space, with
high-symmetry points labeled. The plane is shown from the p
spectives used in both the contour and three-dimensional plo
this paper.
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4336 57C. WOLVERTON, V. OZOLIŅŠ, AND ALEX ZUNGER
tatively similar, with each alloy showing the same crosso
of the minimal strain energy with composition: The^100&
strain is minimal for alloys where the ‘‘large atom’’~Au or
Ag! is in the majority~e.g., Au-rich Cu-Au, Au-rich Ni-Au,
or Ag-rich Cu-Ag!. However, for alloys where the ‘‘smal
atom’’ ~Cu or Ni! is in the majority~e.g., Cu-rich Cu-Au,
Ni-rich Ni-Au, or Cu-rich Cu-Ag!, the ^201& direction be-
comes the elastically softest direction. This crossover of
strain direction is forbidden in harmonic elasticity theorie
and hence is due to anharmonic strain effects.41

The energetic effects of constituent strain are expecte
be particularly relevant for determining SRO in alloys who
energetics are dominated by strain. In particular, pha
separating alloys are most likely to exhibit ‘‘clustered
A-rich or B-rich regions. The strain energy required to ma
tain coherency between theseA-rich and B-rich regions is
physically related to the constituent strain energy. Thus,
expect the constituent strain to be most relevant for decid
the SRO tendencies in phase-separating alloys~Cu-Ag and
Ni-Au!, and less so in ordering alloys~Cu-Au!. As we show
below, we indeed see manifestations of the crossover of
elastically soft direction on the SRO of Cu-Ag and Ni-A
alloys, but not in Cu-Au.

Equation~6! shows that the alloy Hamiltonian used in th
Monte Carlo simulations is composed of three parts: the
interaction terms, the multibody interaction terms, and
constituent strain terms. We show below calculations of S
using all three parts of the Hamiltonian. However, given
discussion of the relevance of constituent strain to SRO,
interesting to see the SRO pattern produced by conside
the constituent strainonly. Thus, in addition to the ‘‘full’’
calculations, which contain pairs, multibodies, and const
ent strain in the alloy Hamiltonian, we have also compu
the SRO with the CS energy only. These results are show
Fig. 3, where we have used the Ni0.4Au0.6 and Ni0.1Au0.9
alloys as examples. From Fig. 1 it is clear that the constitu
strain energy is very similar for the three alloy systems,

FIG. 3. Monte Carlo–calculated short-range order of Ni0.4Au0.6

and Ni0.9Au0.1 using constituent strain terms only. Peak intensity~in
arbitrary units! is shown by contour shaded black.
r

ft
,

to

e-

-

e
g

he

ir
e
O
e
is
ng

-
d
in

nt
o

we do not expect the ‘‘strain-only’’ results for Ni-Au to b
qualitatively different from Cu-Au or Cu-Ag at analogou
compositions.~Because the CS energy is nonanalytic in
ciprocal space about the origin, many Fourier coefficients
required to converge the SRO of CS alone, thus we use
shells of parameters in Fig. 3.! One can see that the SR
with CS only is dominated by almost constant streaks
intensity along theG 2X andG 2W lines, for Au-rich and
Ni-rich alloys, respectively, with very little intensity else
where. These SRO patterns are understandable when
considers that the soft elastic direction is^100& and^201& for
Au-rich and Ni-rich alloys, respectively. Thus, in Au-ric
alloys, ^100&-type fluctuations in the random alloy are ene
getically favored, and because the constituent strain is de
dent only on direction and not on the length of the wavev
tor, one should expect that all fluctuations along the~100!
direction will occur roughly equally, regardless of the leng
of the wave vector. This expectation is confirmed by t
results in Fig. 3. Similarly for Ni-rich alloys,̂ 201&-type
fluctuations are favored, giving rise to the streaks of intens
alongG 2W.

IV. SHORT-RANGE ORDER IN Cu 12xAux

Cu-Au is one of the first alloy systems for which SR
measurements exist.3 Since then, many other measuremen
have been carried out for a variety of alloy compositions
both electron diffraction44–48 and x-ray
diffraction.5–7,11,13,14,18,31Many of the early investigations
have not adequately accounted for displacements. There
also been one previous calculation of the SRO
Cu0.50Au0.50 from LDA energetics.49 The Cu-Au system has
historically served as the prototypical Ising-like alloy syste
for LRO, in that its phase diagram shows order
compounds50–53 (L10 and L12) that can be stabilized by a
simple nearest-neighbor Ising model. In much the same w
Cu-Au has also historically served as the prototypical ord
ing system in terms of SRO fluctuations: Measurements fr
Cu-rich to Au-rich compositions have shown peaks in t
SRO pattern at~or near! the X point (^100& point!. Detailed
measurements show a fine structure of the SRO peaks w
small fourfold splitting of the peaks off theX point.8,9,13,31

The stable long-range ordered compounds in the Cu-Au
tem (L10 and L12) are also composed of^100&-type com-
position waves, and thus for this system there seems to
~near! coincidence between dominant wave vectors of lon
and short-range order. However, as we show below~and
pointed out previously15,54,55!, this coincidence does not exis
for all alloys. For example, below we show cases where
configurational entropy (Cu0.75Au0.25) and the strain energet
ics ~Ni-Au! shift the free-energy minimum and hence t
peak in the high-temperature SRO relative to the lo
temperature long-range ordered state. A detailed discus
of the various classes of long- and short-range order in all
is given in Ref. 55.

A. Effects of composition

Figure 4 shows the calculated SRO patterns in recipro
space for Cu12xAux over a range of compositions,x50.25,
0.50, and 0.75. The SRO patterns all show large intensitie
the ^100& point (X point!:
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FIG. 4. The calculated SRO patterns in Cu0.75Au0.25, Cu0.5Au0.5, and Cu0.25Au0.75 for T5550 K, 670 K, and 800 K, respectively. Pea
intensity is shown by contour shaded black. Contours are separated by 4, 5, and 0.7 Laue units, respectively.
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~i! Cu0.75Au0.25: The LRO of Cu3Au is of L12 type, char-
acterized by ^100& composition waves. The SRO o
Cu0.75Au0.25 shows a very slight fourfold splitting of the ca
culated SRO peaks off of theX point along thê 1z0& direc-
tion. This fourfold splitting has been measured, and th
measurements will be compared with the calculated split
and will be discussed in detail in Secs. IV B and IV C. T
comparison of calculated real-space Warren-Cowley S
parametersa lmn @Eq. ~1!# with those from several experi
mental measurements for Cu0.75Au0.25 are given in Table I,
showing good agreement with the measured values~note that
of the experimental data cited, Ref. 18 is probably the m
modern, at-temperature measurement!: Almost all values fall
well within the spread between different experimental v
ues. The first-~second-! neighbor parameters are predicted
e
g

O

st

-

be the dominant parameters, having strong ordering~cluster-
ing! tendencies, in agreement with all the measured valu
After the first and second neighbors, the next largest par
eter is calculated to be for the fourth-neighbor shell, w
another cluster tendency. Again, this aspect of the calc
tion agrees with the measured values.@Note that the
reciprocal-space SRO pattern of Cu0.75Au0.25 is clearly of
ordering type, even though two of the three largest real-sp
SRO parameters~second- and fourth-neighbor! are positive,
indicating clustering in these shells. Thus, it it easier to
termine the overall clustering/ordering tendency by exam
ing the pattern in reciprocal space, rather than by examin
individual a lmn in real space.# The biggest discrepancy be
tween calculated and measured values is in the th
neighbor shell. The calculations give a negative~ordering!
sured value

TABLE I. Comparison of calculated Warren-Cowley SRO parametersa lmn with measured values for Cu0.75Au0.25 alloys. Values ofa000

are as measured except in cases denoted by ‘‘1.000’’: In these experiments, all SRO parameters have been normalized by the mea
of a000.

Shell Calculated Measured
( lmn) a lmn a lmn

650 K 703 Ka 678 K b 723 K b 678 K c 723 K c 693 K d

0 0 0 1.000 0.935 ‘‘1.000’’ ‘‘1.000’’ 1.280 1.140 1.107
1 1 0 20.170 20.134 20.152 20.148 20.218 20.195 20.093
2 0 0 0.257 0.158 0.186 0.172 0.286 0.215 0.141
2 1 1 20.027 0.007 0.009 0.019 20.012 0.003 0.035
2 2 0 0.087 0.039 0.095 0.068 0.122 0.077 0.050
3 1 0 20.032 20.040 20.053 20.049 20.073 20.052 20.099
2 2 2 0.045 0.010 0.025 0.007 0.069 0.028 0.018
3 2 1 20.004 20.008 20.016 20.008 20.023 20.010 20.006
4 0 0 0.034 0.031 0.048 0.042 0.067 0.036 0.075
3 3 0 20.022 20.011 20.026 20.022 20.028 20.015 20.019
4 1 1 20.018 0.009 0.011 0.020 0.004 0.007 0.017

aReference 18. At temperature, displacement corrected.
bReference 3. No size correction.
cReference 7. Quenched.
dReference 11.
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TABLE II. Comparison of calculated Warren-Cowley SRO parametersa lmn with measured values for Cu12xAux alloys.

Shell Calculated Measured
( lmn) a lmn a lmn

Cu0.75Au0.25 Cu0.5Au0.5 Cu0.25Au0.75 Cu0.75Au0.25 Cu0.5Au0.5 Cu0.25Au0.75

T5650 K T5670 K T5800 K T5703 K a T5700 K b T5573 K c

0 0 0 1.000 1.000 1.000 0.935 1.263 0.992
1 1 0 20.170 20.128 20.032 20.134 20.187 20.071
2 0 0 0.257 0.316 0.147 0.158 0.230 0.103
2 1 1 20.027 20.110 20.045 0.007 20.013 20.027
2 2 0 0.087 0.150 0.034 0.039 0.109 0.044
3 1 0 20.032 0.000 0.003 20.040 20.029 20.023
2 2 2 0.045 0.089 20.008 0.010 0.030 0.022
3 2 1 20.004 20.023 20.012 20.008 20.018 20.001
4 0 0 0.034 0.097 0.030 0.031 0.037 0.028
3 3 0 20.022 0.021 0.006 20.011 20.006 0.006
4 1 1 20.018 20.081 20.006 0.009 20.001 20.005

aReference 18.
bReference 32.
cReference 14.
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value of a211520.027, one measurement7 gives a slightly
weaker ordering value ofa211520.012, but all the other
measured values give clustering valuesa211.0. It is inter-
esting to note that the one measurement that givesa211,0
was performed for alloys quenched from two different te
peratures and found the value of this parameter to be q
sensitive to temperature, witha211 getting more negative
with decreasing temperature.@The calculations were per
formed at a temperature (T5650 K! 38–73 K lower than the
measured values.#

~ii ! Cu0.5Au0.5: The calculated SRO of Cu0.5Au0.5 shows a
very small splitting, but at this composition, the calculat
splitting is twofold along thêz00& direction. A comparison
of calculated and measured real-space SRO parameter
various compositions Cu12xAux is given in Table II. For the
sake of space, we have only listed one set of measured
parameters for each composition~somewhat arbitrarily, the
most recent data found for each composition!. Comparison
of calculated and measured data shows that in almos
cases, the trends ofa lmn with composition are accuratel
reflected in the calculations.

~iii ! Cu0.25Au0.75: The calculated SRO splitting alon
^z00& increases for Au-rich compositions, and the SRO
Cu0.25Au0.75 now shows two distinct peaks: one at^100& and
one at^z00& with z;0.4. The SRO peak at;^0.4,0,0& in
Cu0.25Au0.75 is correlated with the LDA-predicted ground
state structure at this composition:36 Although experimental
evidence for structural determination in CuAu3 seems incon-
clusive due to difficulties in obtaining equilibrated lon
range ordered samples, it is commonly assumed50–53 that
CuAu3 crystallizes in theL12 structure ~characterized by
^100& composition waves!. Yet our total energy, full-
potential, all-electron, atomically relaxed LDA calculatio
indicate36 that at CuAu3 stoichiometry andT50 K, other
ordered compounds have energy lower than theL12 struc-
ture: Specifically, Au-rich Cu-Au superlattices along t
^100& direction are predicted to be lower in energy than
L12 CuAu3 structure. Thesê100& superlattices are charac
-
ite

for

O

all

f

e

terized by composition waves along the^z00& direction. An
explanation is given in Ref. 36 for the low energy of the
^100& superlattices in terms of the low constituent strain e
ergy of Au-rich Cu-Au along thê100& direction~see Fig. 1!.
One should note thatunrelaxedLDA total energies@i.e., with
all atoms fixed on ideal fcc sites# will erroneously predict
that theL12 phase is stable at CuAu3 composition, highlight-
ing the importance of atomic relaxation in theories of SR
Thus, the SRO peak that we find at;^0.4,0,0& for
Cu0.25Au0.75 is a fingerprint of the low-energy Au-rich
Cu-Au ^100& superlattices at this composition. To ou
knowledge, neither the stability of the Cu-Au^100& super-
lattices nor the SRO peak along^z00& in Au-rich Cu-Au has
been experimentally measured.

B. Existence of SRO peak splitting in Cu0.75Au0.25:
Comparison with Cu0.70Pd0.30

In disordered Cu0.75Au0.25, diffuse scattering
measurements8,9,13,31have shown that the peak intensity du

FIG. 5. The calculated temperature-dependence of the S
splitting in Cu0.75Au0.25 and Cu0.70Pd0.30.
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to SRO is not precisely at theX point, but rather that there i
a fourfold splitting of this peak in thê1z0& direction. Re-
ichert, Moss, and Liang31 have recently measured the tem
perature dependence of this splittingin situ and have ob-
served, interestingly, an increase in splitting with increas
temperature. Using our theoretical approach, we have
examined the fine structure of the SRO peaks in Cu0.75Au0.25
as a function of temperature in an effort to ascertain
origin of ~1! the fourfold splitting itself, and~2! the
temperature-dependence of said splitting. Another alloy
which X-point fourfold splitting has been observed10 is
Cu0.70Pd0.30. First-principles calculations56,57,38 have repro-
duced this peak splitting in Cu0.70Pd0.30 at fixed temperature
Additionally, near Cu3Pd stoichiometry, long-period supe
structures are observed at low temperatures, in contrast t
situation for Cu3Au whereL12 is the low-temperature sto
ichiometric ground state. This makes Cu3Pd a potentially
interesting contrast to Cu3Au. Because a mixed-space CE f
Cu-Pd has already been constructed using LDA energeti57

we use this Hamiltonian to examine the fine structure a
temperature dependence of the SRO peaks in Cu0.70Pd0.30 so
as to provide a comparison with the case of Cu0.75Au 0.25.58

Figure 5 shows the calculated SRO intensity in disorde
Cu0.70Pd0.30 and Cu0.75Au0.25 alloys along thê 1z0& line in
reciprocal space. Both Cu0.70Pd0.30 and Cu0.75Au0.25 alloys
show a splitting of the SRO peak off theX point, in agree-
ment with measurements. The splitting is quantified byz, the
distance~in units of 2p/a) of the SRO peak from theX
point. The calculated low-T splitting wave vectors in
Cu0.70Pd0.30 z50.13(2p/a) and in Cu0.75Au0.25 z
50.05(2p/a) are in excellent agreement with the measu
values ofz50.1320.14 ~Refs. 59 and 10! and z50.05,31

respectively.60

We wish to determine the thermodynamic origin of~1!
the existenceof SRO splitting in these alloys and~2! the

FIG. 6. Structural energiesDE(z51/2m)5E(z)2E(L12) of
m-period L12-based long-period superstructures in Cu3Au and
Cu3Pd as a function of ‘‘fundamental’’ wave vector,^1z0&, where
z51/2m. The energies ofL12, D022, andD023 structures, corre-
sponding tom5`, 1, and 2, are shown by arrows.
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temperature dependenceof such splitting. First, we examine
the origin of theexistenceof the splitting. We find that the
qualitative differences in the total energies of Cu0.75Au0.25
and Cu0.70Pd0.30 lead to the conclusion that the SRO splittin
in Cu0.75Au0.25 cannot be inferred fromT50 K energies
alone. However, the splitting in Cu0.70Pd0.30 can be inferred
from T50 K energies alone: Figure 6 depicts the clust
expanded T50 K structural energiesDE@z5(1/2m)#
5E@(1/2m)#2E(0) of L12 ‘‘long-period superstructures’’
~LPS’s!. One subset of these LPS’s are formed fromL12
(m5`) by inserting an antiphase boundary everym cells
and have ‘‘fundamental’’ superstructure peaks at (1z0)
where z51/2m. ~There are, in general, other ‘‘harmonic
wave vectors corresponding to lower amplitude composit
waves used to build the LPS. For example, see Refs. 6
62.! In Cu3Pd, a structure with an intermediate (m0;324
or z;0.1720.12) value is predicted to be more stable th
L12 (z50) atT50 K. This implies that there is anenergetic
lowering for fluctuations in the disordered Cu0.70Pd0.30 alloy
of the z;0.1720.12 type that produce splitting in the SR
peaks. For Cu3Au LPS, however, we find thatDE(1/2m)
.0 at T50 K for all m and therefore these LPS are n
ground-state structures, in qualitative contrast with Cu3Pd.
This means thatthere is no energetic gain for fluctuation
that produce SRO splitting inCu0.75Au0.25. The fact that the
splitting exists nonetheless in our calculations~even though
there is an energetic penalty for such splitting! clearly dem-
onstrates that the existence of the calculated SRO splittin
Cu3Au is due to entropic effects. Further, because the o
entropic effect we have included in our calculations is co
figurational, one can conclude thatconfigurational entropy is
necessary to account for the SRO splitting inCu0.75Au0.25.

Another way to see the distinction between the energe
of Cu0.75Pd0.25 and Cu0.75Au0.25 is to examine the Fourie
transformJtotal(k) of the Hamiltonian used to generate th
SRO patterns in Fig. 5. Figure 7 shows the calcula
Jtotal(k) for Cu0.75Pd0.25 and Cu0.75Au0.25 along the^1z0&
line in reciprocal space. In these figures, we have included
contributions of the mixed-space CE Hamiltonian of Eq.~6!:

Jtotal~k!5Jpair~k!1JMB~k!1JCS~k!, ~8!

FIG. 7. Jtotal(k) ~consisting of pair, multibody, and constituen
strain terms~Ref. 63! along the^1z0& line in reciprocal space for
Cu3Au and Cu3Pd.z50(1/2) corresponds to theX(W) point, char-
acterized byL12 (D022)-type composition waves.
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where the three terms are the pair interactions, the multib
interactions, and the constituent strain.63 The minimum in
Jtotal(k) for Cu0.75Au0.25, which demonstrates the lowesten-
ergy point along this line, does not occur for some interm
diatezÞ0, but rather occursat the X point. Thus, as stated
before, the internal energy alone for this Hamiltonian w
not produce SRO fluctuations with a fourfold splitting~since
there is an energetic penalty forzÞ0 fluctuations!. Since our
TÞ0 Monte Carlo results using the energetics shown in F
7 nonetheless produce a SRO splitting, we conclude that
the configurational entropy that moves the minimum in fr
energy towards somezÞ0 position and hence produces
splitting the SRO peaks.

In qualitative contrast to Cu0.75Au0.25, Jtotal(k) for
Cu0.75Pd0.25 shows a minimum for an intermediate wave ve
tor between theX andW points (z;0.14). This means tha
fluctuations with wave vectorŝ1z0& (z;0.14) will be en-
ergetically favorable, and thus the thermodynamic origin
the SRO splitting in Cu0.75Pd0.25 is energetic rather than en
tropic.

The duality noted in the Introduction between commen
rate LRO and incommensurate SRO in Cu3Au is analogous
to what is expected from the 2D ANNNI model65: In this
model, if the ratio between the second- and first-neigh
pair interactions is 1/4,J2/J1,1/2, then the resulting LRO
is commensurate and the SRO is incommensurate.65 Further-
more, the splitting in the SRO is temperature dependent
this region of the ANNNI model where the duality exists, t
reciprocal-space pair interactionJ(k) has a minimumoff the
high-symmetry points. Thus, the competing interactio
manifest themselves at high temperature as incommens
SRO, while at low temperature the LRO is commensur
due to geometric effects of the lattice. The striking analo
between the predictions of this model Hamiltonian and w
has been observed in Cu3Au has been used to suggest31 that
the mechanismat work for Cu3Au is the one underlying the
ANNNI model, i.e., the duality is encoded in the spec
features ofJ(k) ~‘‘competing interactions’’!. We have used a
microscopic electronic structure model to calcula
J~k) f or Cu3Au from first-principles(Fig. 7), and find that
J(k) has an extremum atthe high-symmetry point. This
shape of our first-principles calculatedJ(k) does not lead~in
the 2D ANNNI model! to the LRO/SRO duality observe
experimentally. However, our calculated LRO and SRO
nonetheless exhibit the observed duality. Thus, we are fo
to conclude that the duality is brought about by effects ‘‘o
side’’ the 2D ANNNI model, and as explained above, t
~3D! configurational entropy plays the crucial role.

We next compare our results with the previous theoret
studies of SRO splitting in Cu0.75Pd0.25 alloys. Gyorffy and
Stocks56 have computed the effective interaction ink space
for Cu12xPdx alloys using a composition fluctuation pertu
bation of the Korringa-Kohn-Rostoker coherent potential
proximation ~KKR-CPA!. Although this approach~starting
from a perturbation of the completely random alloy, usi
the muffin-tin approximation, and neglecting relaxation a
electron-electron terms in the total energy! is quite different
from our own~starting from the full-potential total energie
of small-unit-cell ordered compounds, and including rela
ation!, comparison of the KKR-CPA interaction fo
Cu0.75Pd0.25 ~Fig. 3 in Ref. 62! with our Jtotal(k) shown in
y
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Fig. 7 shows surprising similarities: The minimum in th
KKR-CPA calculated interaction is along the^1z0& direc-
tion at the pointz;0.13, very close to our calculated min
mum at z;0.14. Also, the energetic difference inJtotal(k)
between thek5X point andk5W points is similar in the
previous (218 meV/atom! and current (216 meV/atom!
calculations. Using the calculations of Gyorffy and Stoc
Ceder et al.62 calculated the Cu-Pd LPS phase diagra
within the Bragg-Williams mean-field approximation. A
Cu3Pd stoichiometry, the LPS corresponding tom54 (z
50.125) is predicted to be stable, just as it is in our cal
lations~see Fig. 6!. We also emphasize that our calculatio
make no explicit use of the popular ‘‘Fermi surface nestin
constructs9,56,66,67~although the Fermi surface information
implicitly included in each of the total energies calculate!.
Indeed, the central quantity in our approach is thetotal
~electron1nuclear! energy, not just the one-electron piece~to
which Fermi surface nesting arguments apply!.

C. Temperature-dependence of SRO peak splitting
in Cu0.75Au0.25: Comparison with Cu0.70Pd0.30

Now that we have discerned the thermodynamic origin
theexistenceof the SRO splitting, we turn to itstemperature
dependence. In order to ascertain the temperature depe
dences of these splittings, we have performed the SRO si
lations for more than one temperature. Our calculations~Fig.
5! show a very small increase of the splitting with increasi
temperature in Cu0.70Pd0.30, and a much larger relative in
crease in Cu3Au, the latter being in qualitative agreeme
with the experiments of Reichert, Moss, and Liang.31

The thermodynamic origin of this temperature depe
dence may also be ascertained from Fig. 7. Because the
teractions in our Hamiltonian@Eq. ~6!# have no explicit tem-
perature dependence~e.g., due to nonconfigurational effects!,
the internal energy of a fixed configuration Eq.~6! has no
explicit temperature dependence. Thus,Jtotal(k) given in Fig.
7 for T50 K governs the energetic portion of the free ener
at all temperatures. Therefore,any temperature dependenc
of the SRO splitting must be due to configurational entro.
However, we have shown in Fig. 5 that there is a signific
temperature dependence of the peak position in Cu0.75Au0.25,
but not in Cu0.70Pd0.30. This is due to the difference in
Jtotal(k): In Cu0.75Pd0.25, the minimum inJtotal(k) is rela-
tively deep, and thus the SRO peak position is ‘‘pinne
nearz;0.14 and temperature-induced entropy effects can
move the minimum from this position. However, fo
Cu0.75Au0.25, the minimum ofJtotal(k) is extremely shallow
near theX point (z50), and thus this allows for the poss
bility of entropic effects shifting the peak position tozÞ0.
Thus, the shape of the calculatedJtotal(k) in Cu0.75Au0.25
allows the SRO peak to more easily move. However, it s
remains to be explained why the entropy should prefer
zÞ0 wave vector, rather than the high-symmetry (z50) X
point. Currently, we do not have an explanation for this e
tropic preference. Similar effects~movement of modulation
wave vector away from the high-symmetry point with i
creasing temperature! have been seen in studies of the ax
next-nearest-neighbor Ising model.61,64,65

Two points of caution are in order about the energy sc
involved in the calculation of these SRO splittings and ab
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FIG. 8. The calculated SRO patterns in Cu0.85Ag0.15, Cu0.50Ag0.50, and Cu0.15Ag0.85 at temperaturesT51100 K, 2000 K, and 1500 K,
respectively. Peak intensity is shown by contour shaded black. Contours are separated by 0.2, 0.4, and 0.2 Laue units, respectiv
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the prediction of splittings for compositions other th
Cu0.75Au0.25. One can see from Fig. 6 that the relevant e
ergy scale for this type of problem is;1 – 2 meV/atom,
which is beyond the expected accuracy even for ‘‘state
the-art’’ LDA calculations such as those described he
However, some qualitative effects described here are in
esting and valid regardless of slight variations in the ener
ics involved. For example, we have demonstrated that for
calculated Cu0.75Au0.25 Hamiltonian, configurational entrop
alone can move theT50 K internal energy minimum~at z
50) to a temperature-dependentz(T)Þ0 position at finite
-

f-
.
r-
t-
e

T. The second point of caution is that no statements can
made from this work about the possible splitting of SR
peaks in Cu-Au for alloy compositions other tha
Cu0.75Au0.25. In the approach used here~the mixed-space
cluster expansion fitted to LDA total energies!, the existence
of fourfold X-point splittings are related to the LPS energ
ics, and thus the SRO peak fine structure is most accura
captured when LPS’s are included in the fitting procedu
We have calculated the energies of several of these LPS’s
Cu3Au, but not for CuAu or CuAu3. Although these energet
ics have not been currently calculated for CuAu or CuA3,
TABLE III. Predicted Warren-Cowley SRO parametersa lmn for Cu12xAgx alloys.

Shell Calculateda lmn

( lmn) Cu0.85Ag0.15 Cu0.50Ag0.50 Cu0.15Ag0.85

T51100 K T52000 K T51500 K

0 0 0 1.000 1.000 1.000
1 1 0 0.018 0.028 0.021
2 0 0 0.033 0.050 0.031
2 1 1 0.008 0.008 0.001
2 2 0 20.025 0.003 0.002
3 1 0 0.007 0.015 0.005
2 2 2 0.009 0.003 20.005
3 2 1 0.002 0.004 20.000
4 0 0 0.016 0.018 0.003
3 3 0 20.011 0.004 0.002
4 1 1 0.006 0.011 0.004
4 2 0 20.006 0.005 0.002
3 3 2 20.000 0.000 20.002
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TABLE IV. Comparison of calculated Warren-Cowley SRO parameters with measured value
Ni0.40Au0.60.

Shell Calculated Measured
( lmn) a lmn a lmn

T52300 K T52000 K T51600 K T51023 K ~Ref. 12! Ref. 4a

0 0 0 1.0000 1.0000 1.0000 1.047~92!

1 1 0 20.0244 20.0260 20.0235 0.039~45! 20.030
2 0 0 0.0806 0.0932 0.1208 0.148~39!

2 1 1 20.0119 20.0138 20.0134 20.081~27!

2 2 0 20.0096 20.0089 20.0021 20.057~27!

3 1 0 0.0074 0.0089 0.0164 0.020~24!

2 2 2 20.0142 20.0171 20.0195 20.030~26!

3 2 1 0.0013 0.0016 0.0056 0.039~17!

4 0 0 0.0181 0.0219 0.0334 20.018~35!

3 3 0 20.0066 20.0070 20.0032 20.084~25!

4 1 1 0.0055 0.0067 0.0121 20.022~20!

4 2 0 20.0044 20.0048 20.0018 0.027~18!

3 3 2 20.0061 20.0071 20.0062 20.003~17!

aEarly, polycrystalline measurement.
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doing so poses no difficulty in principle if one were inte
ested in determining the existence~or absence! of SRO split-
ting in CuAu or CuAu3.

V. SHORT-RANGE ORDER IN Cu 12xAgx

Cu12xAgx is quite distinct from Cu12xAux in its low-
temperature phase stability. While Cu12xAux forms ordered
compounds which disorder and lead to a complete solub
of the solid solution at high temperatures, Cu12xAgx phase
separates at all temperatures up to the melting points of
Cu and Ag. There is only limited solubility of Cu in Ag
@;14% atT51050 K ~Ref. 51!# and of Ag in Cu@;5% at
T51050 K ~Ref. 51!#. Also, different from Cu12xAux where
a large number of measurements of SRO exist, to the
thors’ knowledge, no SRO measurements exist
Cu12xAgx solid solutions.

A. Effects of composition

The calculated reciprocal-space SRO patterns
Cu0.85Ag0.15, Cu0.50Ag0.50, and Cu0.15Ag0.85 are shown in
Fig. 8. ~The calculated SRO pattern for Cu0.5Ag0.5 is ‘‘ficti-
tious’’ in the sense that the measured phase diagram sh
phase separation at this composition up to the melting po!
All three patterns show clustering tendencies, indicated
peaks ina(k) at ~or near! theG point (^000&). However, the
peaks are either smeared or slightly split off the origin. T
shape of these SRO peaks is consistent with the importa
of the constituent strain energy in this phase-separat
large-size-mismatched~12%! Cu-Ag system: In Cu-rich al-
loys, the clusters of Ag are highly distorted and the str
energy is dominated by the elastic properties of Ag. Figur
shows that in Cu-rich Cu-Ag, the lowest strain energy occ

in the elastically soft@210#5@1 1
2 0# direction. Conversely,

for Ag-rich alloys, the strain energy is dominated by C
Figure 1 shows that at this limit, the alloy is soft in the@100#
direction. The SRO of Cu-rich Cu0.85Ag0.15has a smearing o
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the G point peak in the@1 1
2 0# direction, consistent with the

Cu-rich constituent strain energy being low in energy in t
direction. On the other hand, the SRO of Ag-ric
Cu0.15Ag0.85 shows a smearing of the peak intensity along
@100# direction, which is elastically soft for Ag-rich compo
sitions. The reason that these arguments connecting cons
ent strain energy and SRO do not pertain to Cu-Au alloys
explained above in Sec. III: Cu-Au alloys order, rather th
cluster, and hence Cu-Au alloys do not sample ‘‘clusterin
type’’ configurations.

The predicted real-space SRO parameters for Cu-Ag
loys are given in Table III. Most parameters are small a
positive, indicative of a weak clustering tendency. We a
not aware of any SRO measurements for this system. Exp
mental tests of our predictions for Cu-rich or Ag-rich Cu-A
alloys would be of interest.

VI. SHORT-RANGE ORDER IN Ni 12xAux

The Ni-Au system, like Cu-Ag, shows phase separation
low temperatures. However, the phase-separating tend
of Ni-Au is weaker than that of Cu-Ag: The top of the mi
cibility gap occurs at a temperature lower than melting, le
ing a completely miscible fcc solid solution at high tempe
tures. Important early experimental and theoretical work
this alloy includes the work of Mosset al.,68,69 Cohen
et al.,70,12,71 and Cook and de Fontaine.72 SRO measure-
ments have been performed for Ni-Au,12 though only for one
composition and temperature.

A. SRO of Ni0.40Au0.60: Comparison with experiment

The calculated real-space SRO parameters are give
Table IV and compared with those extracted from the diffu
x-ray scattering measurements of Wu and Cohen.12 The
agreement between calculated and measured SRO pa
eters is reasonable, but not as good as in other alloy syst
The dominant SRO parameter in both theory and experim
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FIG. 9. Monte Carlo–calculated short-range order of Ni0.4Au0.6 in the (hk0) plane using~a! 8, ~b! 25, and~c! 100 shells of Warren-
Cowley SRO parameters. Peak intensity is shown by contour shaded black. Contours are drawn such that there are;10 contour levels in
each plot.
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or
is for the second-neighbor shell, which has a stro
clustering-type tendency. Most of the calculated SRO par
eters have the same sign as the measured ones, with
notable exceptions: The nearest-neighbor SRO paramet
small and negative in our calculations~indicating a slight
ordering tendency in the nearest-neighbor shell!, while Wu
and Cohen find a small positive~clustering! value. The other
discrepancy between calculation and experiment occur
the ~400! shell. It is interesting, however, that the neare
g
-

wo
is

in
-

neighbor and~400! shells are the only ones for which th
experimental error~shown in parentheses in Table IV! is
larger than the measured value itself, and thus, the sig
these parameters is in some doubt. We also show in Tabl
that earlier x-ray measurements on polycrystalline samp4

show a nearest-neighbor SRO parameter that is negative
In measuring the SRO contribution to diffuse intensi

Wu and Cohen reported 25 real-space Fourier shells of S
parameters. They~1! found a large, positive second-neighb
FIG. 10. The calculated SRO patterns in Ni0.75Au0.25, Ni0.50Au0.50, Ni0.40Au0.60, and Ni0.25Au0.75 at T52300 K. Peak intensity is shown
by contour shaded black. Contours are drawn such that there are;10 contour levels in each plot.
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Warren-Cowley SRO parameter; and~2! noted, in a simula-
tion based on the measured SRO parameters, clusters
atoms, with the wavelength of these clusters correspond
to the peak of the measured SRO pattern in reciprocal sp
kSRO;(0.6,0,0). These facts indicate a short-rangeclustering
tendency along the~100! direction. Our calculations agre
with these observations. However, there is a semantic p
lem of how to characterize these facts when considering
of the measured data. We characterize the measured and
culated SRO pattern asordering typesince: ~1! The total
SRO pattern in reciprocal space~including 25 real-space
shells! shows peaksaway from theG point, the latter being
the typical wave vector for clustering-type tendencies. As
saw in Cu-Au, the gross ordering/clustering tendency
easier to determine by examining the SRO pattern in re
rocal space rather than looking at individual real-spa
shells.~2! The Warren-Cowley SRO parameters in real sp
show strong negative~ordering-type! values in many shells
other than second neighbor, indicating that the cluster
tendency in the second shell is competing with an order
tendency in many other shells.

Several authors have tried to account for the rather
prising result that even though Ni-Au is a phase-separa
alloy, the measured peak intensity in reciprocal space du
SRO is of ordering type and occurs at the pointkSRO
;(0.6,0,0), rather thankSRO5(0,0,0) which would be ex-
pected for a clustering alloy. Lu and Zunger40 calculated the
SRO ~using 21 real-space shells! and found peaks a
;(0.8,0,0) whereas Asta and Foiles73 used an embedde
atom method and found the SRO~using eight real-space
shells! to peak at;(0.5,0,0). Our calculations for the SR
of Ni0.4Au0.6 are given in Fig. 9. We have calculated th
SRO atT52300 K, above the miscibility gap temperatu
for our alloy Hamiltonian.74 We find that, using 8, 25, and
100 shells, the SRO peaks at~0.65,0,0!, ~0.40,0,0!, and
~0.38,0,0! respectively, in reasonable agreement with b
the measurements of Wu and Cohen@kSRO5(0.6,0,0) for 25
shells# and also with previous calculations. If any futu
SRO measurements on this system are undertaken,
should keep in mind the sensitivity of peak position to t
number of real-space shells included in the Fourier tra
form.

B. Effects of composition

Figure 10 shows the calculated SRO patterns
Ni0.75Au0.25, Ni0.50Au0.50, Ni0.40Au0.60, and Ni0.25Au0.75 at
T52300 K. Note that since the SRO has only been measu
for Ni0.40Au0.60, these other calculations represent theoret
predictions. The patterns for Ni0.40Au0.60, Ni0.50Au0.50, and
Ni0.25Au0.75 all show peaks between theG and X points.
However, the SRO pattern for Ni-rich alloys changes in
interesting way: In Ni0.75Au0.25, the peaks in the SRO are no
along the G 2X line, but rather near theG 2W line
(^z z/20&). As we show below in Sec. VII, unrelaxed ene
getics are likely to produce ordering-type SRO peaks in
system at ‘‘special’’ or high-symmetry points (G, X, W, and
L in the case of fcc!. However, under certain approximation
~pair interactions only, harmonic displacements, and me
field statistics!, Asta and Foiles73 have proved that a SRO
peak that occurs at a high-symmetry point for unrelaxed
Ni
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ergetics, can only be moved off the high-symmetry po
towards the origin upon atomic relaxation. This is precis
the effect we see in our calculations: For Au-rich alloys, t
low @100# constituent strain energy leads to a large energ
effect of relaxation for@100#-type fluctuations and henc
‘‘drags’’ the SRO peaks off of theX point and towards the
origin. In Ni-rich alloys, the@210# constituent strain is lowes
in energy and the resulting energetic effect of relaxat
drags the SRO peak off theW point towards the origin. In
harmonic elasticity theories,75 only the@100# or @111# strains
can be extremal; thus, it is only by including anharmon
effects that one can produce a strain energy minimum in
@210# direction. Thus, the interesting SRO pattern predic
for Ni0.75Au0.25 is not only the result of strain effects, but o
anharmonicstrain effects. Any harmonic theory could no
hope to capture this effect. It is also interesting to note t
the fourfold ‘‘ringlike’’ intensity predicted around thê110&
point ~Fig. 10! has been observed in electron diffraction e
periments in Ni0.4Au0.6 and Ni0.5Au0.5.

33

VII. EFFECT OF ATOMIC RELAXATION
OF SHORT-RANGE ORDER

We have demonstrated here a first-principles techni
that is capable of predicting the equilibrium SRO for a giv
alloy system including the effects of atomic relaxation~or
atomic displacements!. However, we have not investigate
the explicit effects of the relaxations themselves on the eq
librium SRO. Unlike experimental measurements of SR
we can make such an investigation by explicitly ‘‘turnin
off’’ the effect of atomic relaxation in our calculations, an
looking at the resultant effect on the SRO. There have p
viously been very few theoretical studies examining the
fect of atomic relaxation on the SRO,73 and, to the authors’
knowledge, none from a first-principles approach.

In order to examine the effects of relaxation, we must fi
define precisely what is meant by atomic relaxation and, c
sequently, what is meant by ‘‘unrelaxed’’ and ‘‘relaxed.
The formation energy of a given coherent configurations
may be divided34 into several parts:

DH~s!5DEVD~s!1dEUR
chem~s!1dEint~s!1dEext~s!.

~9!

The terms on the right-hand side of Eq.~9! are: ~i! the vol-
ume deformation~VD! energy, defined as the energy r
quired to deform the alloy constituents hydrostatically fro
their equilibrium lattice constants to that of the alloy stru
tures, ~ii ! the ‘‘chemical energy,’’ i.e., the energy differenc
between an unrelaxed~UR! structure~all atoms at ideal lat-
tice sites! and DEVD , sometimes called a ‘‘spin-flip’’ en-
ergy, ~iii ! the energy gained when atomic positions with
the unit cell are relaxed, but the unit-cell vectors mainta
there ideal angles and lengths, and~iv! the energy gained
when the unit-cell vectors are allowed to relax.

In terms of this breakdown of energies, we define ‘‘unr
laxed’’ and ‘‘relaxed’’ energies of coherent, ordered stru
tures in the following way.

Ordered, Unrelaxed: DEVD1dEUR. The unrelaxed ener
gies included the first two terms ofDH, but not the later two.
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Thus, this is the formation energy of a structure whose v
ume is hydrostatically deformed to equilibrium, but all ce
internal and cell-external positions are ideal.

Ordered, Relaxed: DEVD1dEUR
chem1dEint1dEext. The re-

laxed energies include all four terms inDH. Thus, the dif-
ference between unrelaxed and relaxed energies is simpl
last two terms,dEint1dEext, the energy gained upon cel
internal and cell-external distortions of the unit cell fro
their ideal values.

We are interested in SRO in disordered alloys, which i
phenomenon probingcoherentconfigurations of atoms, an
thus for the interpretations of this section, we must defi
geometries and energetics that correspond to unrelaxed
relaxed energies of ‘‘coherent ordered’’ and ‘‘cohere
phase-separated’’ states. Because SRO probes the prop
of coherent configurations, the energetics of incoherent c
figurations~such as ‘‘A1B’’ where A andB are each at their
equilibrium lattice constants! are irrelevant to this discus
sion. We consider a coherent phase-separated configur
to be an infinite-period superlattice, i.e., aApBq stacking of
p layers of A and q layers of B along some directionĜ
wherep andq become infinitely large.~There is of course an
interface betweenA andB in this configuration, but for suf-
ficiently largep andq the energetics of the interface becom
insignificant relative to the total energy of the superlattice!

FIG. 11. Schematic plot of relaxed and unrelaxed energetic
phase-separated and ordered states in Cu-Au, Ni-Au, and Cu
Although the figure is schematic, the energetics are from fi
principles total energies and are drawn to scale. ‘‘PS’’5 phase
separated; ‘‘O’’5 ordered; ‘‘R’’ 5 random. For unrelaxed ener
getics ‘‘PS’’ refers to the energy of deforming the alloy constitue
at equiatomic composition hydrostatically to a common volum

DEVD( 1
2 ); ‘‘O’’ is the energy of the equiatomic alloy in theL10

structure, but with all atoms fixed on fcc lattice sites. For relax
energetics ‘‘PS’’ is the equiatomic constituent strain energy in
@100# direction, and ‘‘O’’ is the energy ofL10, but allowed to relax
to its energy minimum, and ‘‘R’’ represents the energy of t
atomically relaxed random alloy. Arrows show possible ener
allowed fluctuations of the random alloy towards either order
~relaxed Cu-Au!, phase separation~relaxed Cu-Ag!, or both ~re-
laxed Ni-Au!. kSRO is the SRO peak wave vector for each of the
energetic situations.
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Then, the definitions we used for the unrelaxed and
laxed energies of coherent phase-separated systems ar
following.

Phase-Separated, Unrelaxed: DEVD . The ‘‘unrelaxed’’
geometry of this phase-separated system represents a
tion in which bothA andB are ideally cubic, but their vol-
umes have been distorted away from equilibrium to the co
mon superlattice volume. This is simply the hydrosta
volume deformation energy defined in Eq.~9!.

Phase-Separated, Relaxed: DECS5DEVD1dEint1dEext.
Here, atomic positions are fixed in the plane of the interfa
but perpendicular to the plane, atoms can move to ene
minimizing positions. The energy of this relaxed cohere
phase-separated system is precisely the ‘‘constituent s
energy’’ defined previously, and shown in Fig. 1.

Therefore, the energy change in going from volume d
formationDEVD to constituent strainDECS(Ĝ) gives an in-
dication of the relaxation of a coherent phase-separated
figuration. In terms of the breakdown in Eq.~9!, the energies
of phase separated configurations do not contain
‘‘chemical’’ energy terms by definition.

With these definitions then, we computed the energe
of unrelaxed and relaxed ordered and phase-separated
figurations for the alloys studied here. Figure 11 shows sc
matically the energetics of a few typical coherent pha
separated~PS! and ordered~O! configurations for Cu-Au,
Ni-Au, and Cu-Ag, both in unrelaxed and relaxed geometr
at equiatomic composition. Because@100#-type fluctuations
seem to be the most important type for the vast majority
the cases we have examined, we show in this figure o
@100#-type configurations:DECS(@100#) for the phase-
separated configuration, andL10 for the ordered configura
tion. For the relaxed energetics, we have also included
energy of the random alloy~R!. From this figure, severa
interesting trends emerge regarding our calculated sh
range order patterns, as follows.

Relaxed energetics. When the ordered phase is energe
cally below phase separation and the random alloy is in
mediate, such as CuAu, the energetically favored fluctuati
of the random alloy~shown by vertical arrows! are ordering-
type ~e.g., anX-point peak in SRO!. When, phase separatio
is lower then ordering and the random alloy is nearly deg
erate with the ordered phase, such as CuAg, clustering-
fluctuations of the random alloy are favored, and the sys
exhibits a clustering-type SRO peak (G). However, in the
case of NiAu, the relaxed phase-separated state is lower
the ordered phase, but the random alloy is higher in ene
than either the ordered or coherently phase-separated s
In this case, both ordering-type and clustering-type fluct
tions of the random alloy are energetically favored~although
clustering-type fluctuations more so!. Thus, there is a com
petition between ordering- and clustering-type fluctutatio
and the SRO peak is between the nominally clustering (G)
and ordering (X) wave vectors.

Unrelaxed energetics. For all three alloys, the energy gai
upon relaxation of the phase-separated state is large, bu
relaxation of the ordered phase is much less. In all th
alloys, unrelaxed energetics demonstrate that the ph
separated state is much higher in energy than the ord
state.~Although we have just plotted one ordered compou
in Fig. 11, the qualitative statements about relative energe
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are not effected by our specific choice of ordered co
pound.! Thus, one would expect that an ordering-type SR
would result for each of the three alloys, constrained to
relaxed geometries. Calculations using unrelaxed LDA en
getics bear out this expectation: Using a technique analog
to that described in Sec. II, we have fit theunrelaxedLDA
energies of a large number of Cu-Ag compounds to a clu
expansion Hamiltonian. Subsequent Monte Carlo calcula
using this Hamiltonian yields a SRO pattern~not shown
here! for ‘‘unrelaxed Cu-Ag’’ which is ordering type, with
peaks at theX point. Similar X-point ordering-type SRO
patterns have been predicted for unrelaxed Cu-Au~Ref. 49!
and Ni-Au.73 Thus, ~i! in Cu-Au, theX-point peaks are no
qualitatively affected by relaxation, while~ii ! in Ni-Au, re-
laxation moves the SRO peak from theX point toward the
origin of reciprocal space to a point along theG 2X line.
~iii ! In Cu-Ag, relaxation moves the SRO peak from
ordering-type positions (X point! to a clustering type posi
tion ~near theG point!, reversing thequalitative ordering
tendenciesof the disordered alloy. These predictions are
accord with the proof of Asta and Foiles,73 who showed that
under certain restrictions, relaxation can only move
ordering-type SRO peak towards theG point.

VIII. SUMMARY

In this paper, we have described a first-principles te
nique for calculating the short-range order~SRO! in disor-
dered alloys, even for alloys with large size mismatch, wh
harmonic elastic theories are invalid. The technique has b
applied to several alloys possessing large lattice misma
Cu-Au, Cu-Ag, and Ni-Au. We have demonstrated that
anharmonic strain energetics are most important and can
duce qualitatively new effects in the SRO of phas
separating alloys.

Cu-Au alloys. We have found SRO peaks at~or near! the
^100& point for all compositions studied (xAu50.25, 0.50,
and 0.75!, in agreement with a wide variety of electron an
x-ray diffuse scattering measurements. The calculated r
space Warren-Cowley parameters are also in excellent ag
ment with those from diffuse scattering measurements.
fine structure of the SRO peak in Cu0.75Au0.25 has been ex-
amined in detail and compared with the case of Cu0.70Pd0.30.
A four-fold splitting of the X-point SRO exists in both
Cu0.75Au0.25 and Cu0.70Pd0.30, although qualitative differ-
ences in the calculated energetics exist for these two all
demonstrating that qualitatively different thermodynam
underlie the peak splitting in these two alloys. By examini
both long-period L12-based superstructures andJtotal(k)
along the^1z0& direction of reciprocal space, we were ab
to see the energetic distinction between Cu0.75Au0.25 and
Cu0.70Pd0.30: We find that for Cu0.70Pd0.30 Jtotal(k) exhibits a
minimum between the X (z50) and W (z51/2) points and,
ground-state LPS structures are lower in energy thanL12.
However, for Cu0.75Au0.25, Jtotal(k) exhibits a minimum at
the X point, and the ground-state structure at this compo
tion is L12. The fact that a SRO peak splitting occurs
Cu0.75Au0.25 even thoughJtotal(k) is minimal at X demon-
strates that at finite temperatures, configurational entropy
shift the SRO peak position from theT50 LRO value (z
50) to T.Tc values@z(T)Þ0#. Another manifestation of
-
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the qualitatively different energetics in Cu0.75Au0.25 and
Cu0.70Pd0.30 is in the temperature dependence of the SR
splitting. The relatively flat nature ofJtotal(k) near X for
Cu0.75Au0.25 not only allows the entropy to move the pea
position off theX points, but also allows this peak position
be temperature dependent. The calculated temperature
pendence of the splitting is in good agreement with recenin
situ measurements.31 In contrast, the relatively deep mini
mum ofJtotal(k) for Cu0.70Pd0.30 ‘‘pins’’ the SRO peak posi-
tion at this energy minimum, and hence, Cu0.70Pd0.30 is pre-
dicted to have a much smaller temperature dependence.

Cu-Ag alloys. Although no measurements exist, the SR
of Cu-Ag alloys is predicted to be of clustering type, wi
peaks at thê000& point. The shape of these calculated SR
peaks is also of interest: Streaking of the SRO peaks

found in the^100& and^1 1
2 0& directions for Ag- and Cu-rich

compositions, respectively. These streaks correlate with
elastically soft directions for the constituent strain, a m
important contribution to the energetics of this phas
separating, clustering-type alloy. In the absence of ato
relaxation, anX-point peak is predicted.

Ni-Au alloys. Even though Ni-Au phase separates at lo
temperatures, the calculated SRO pattern in Ni0.4Au0.6, like
the measured data, shows a peak along the^z00& direction,
away from the typical clustering-typê000& point. We find
that the peak position of the reciprocal-space SRO patter
quite sensitive to the number of real-space shells used in
Fourier transform. We have also provided predictions
SRO for Ni-Au for Ni0.25Au0.75, Ni0.5Au0.5, and
Ni0.75Au0.25. As the Ni composition is increased, we see
interesting movement of the SRO peak position from
^z00& direction~for Au-rich alloys! to the^z z/20& direction
for Ni-rich alloys. This shift in SRO peak is correlated wit
the shift in the elastically soft direction from̂100& to ^210&
with increasing Ni content.

Finally, we have explored the explicit effect of atom
relaxation on SRO. Although unrelaxed energetics are lik
to produce ordering-type SRO in all the alloy systems st
ied here, we find that atomic relaxation especially of t
coherent phase-separated state can produce significan
evenqualitativechanges in the SRO pattern. For example,
Cu-Ag, the SRO pattern is qualitatively changed from ord
ing to clustering type upon the inclusion of atomic rela
ation. A description of the energetics underlying the coher
phase-separated and ordered states is given and these
gies are contrasted with that of the atomically relaxed r
dom alloy. They demonstrate that ordering-~clustering-!
type fluctuations are energetically favored in Cu-Au~Cu-
Ag!, while in Ni-Au both types of fluctuations are allowed
leading to an competition between ordering and clusteri
and ultimately to a SRO peak intermediate between theX
andG points.
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