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Comparison of the k -p and the direct diagonalization approaches for
describing the electronic structure of quantum dots
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(Received 11 August 1997; accepted for publication 4 October)1997

It is shown that the standar@ecoupledl 6 X6 k- p effective-mass approach for semiconductor
quantum dots overestimates significantly the hole and electron confinement energies, and, for dots
made of materials with small spin-orbit couplifig.g., phosphides, sulphidgsroduces a reverse

order ofs- andp-like valence states. By contrasting the electronic structures of dots as obtained by
a direct diagonalizatiofmultiband pseudopotential approach and bykitg approximation, we are

able to trace the systematic errorskep in dots to thek- p errors in the underlying bulk solids. This
suggests a “diagnostic tool” and a strategy for improving khe. © 1997 American Institute of
Physics[S0003-695097)00449-X]

It is now possible to produce via techniques of colloidal (LDA) calculations on the underlying bulk solid and includes
chemistry nearly spherical quantum dots of a variety of adjustments to correct the LDA error in bulk band energies.
semiconductor materialéCdSe?® InP? InAs® Sif), with  The wavefunctiong/") are expanded in a plane wave basis,
typical diameters of 30—-60 A and good surface passivationand matrix elements af,, are computed essentially exactly
The rich spectroscofy® of such dots has been analyzed, via numerical Fourier transformation. For periodic bulk sol-
almost universally, using a theoretical model that is so comids, Eq.(1) is solved using conventional matrix diagonaliza-
mon that we term it the “standard model.” Thisk“p ef-  tion techniques. This produces the Bloch functigp(r)
fective mass approach®™’~12expands the wave functions =e'*""u,,(r) of bandn and wavevectok, and the bulk band
of the dot in terms of a linear combination Nf, bulk Bloch  structure dispersio,, .
functions at the Brillouin zone centé=0, orI" point). The For ~10°-atom quantum dot, conventional diagonaliza-
most sophisticated version applied widely to quantum dotgion techniques are impractical, so we solved HEq.via the
is>®91%he 6x6 k- p (i.e., N,=6). We know, however, that novel “folded spectrum method(FSM),'® that provides ex-
the loss of translational periodicity in all three dimensionsact eigen solutions of the near-edge states at a computational
could lead in a quantum dot to coupling between manycost that increases only linearly with the system’s size. Un-
(Np>1) bulk bands, and that this coupling could extend inlike the standard model, surface effects are treated explicitly
momentum space well beyond the Brillouin zone centerand effective mass approximations are not invoked. Unlike
This physical need for a large number of bulk basis functiongight-binding model® the dot wavefunctionsy (r) are
is mitigated in thgsmall basidN,~ 6) standard model by the known explicitly, and a variationally flexible basis set is
introduction of empirical matrix element§'Luttinger pa-  used. Our method was previously applied to nanostructures
rameters’) drawn from the corresponding bulk solid. The of Si.** CdSel”!®GaAs!® and InP!° We propose to use here
rapid increase in the number of such energy parameters dis direct diagonalization approach to analyze khe ap-
the basis sizeN, increases, and the fact that some of theproach. Specifically, we will start from a given atomic
parameters are not physical observables, limit one’s ability tgpseudopotentiglv,,} for InP and draw from it the electronic
improve the standard model by raisimd, systematically. structure of spherical InP quantum dots as obtained, in par-
Thus, the model itself does not provide an intrinsic, reflectiveallel, via the 6x6 k- p and by direct diagonalization. Given
mechanism for judging when more bands and more paranthe physically equivalent inputs, differences and similarities
eters are needed to correctly describe a given quantum dot the ensuing electronic structure will then be directly ana-
system. lyzable in terms of the basis set representation used by the

We have recently developed an alternative theoreticalwo approaches. This will give us a new “diagnostic tool”
approach’~'°that includes, at the outset, a converged num-or analyzing when the standard model is adequate and what
ber of bands without the need to introduce redundant empiriaspect, specifically, needs to be corrected for a given system.

cal parameters. We solve via direct diagonalizatio®) the In thek- p approacH;® the wave functions of the dot are
single particle Schrodinger equation expanded by, zone-center Bloch functions
e (= el - < SN
—5 VA2 X vlr—Ry—dy) =y, (1) =213 b0 g -o(r). @)

where v,(r) is the screened nonlocal pseudopotential ofj, practical applications to large gap quantum dct?one

atom of typea (‘k?oth”the dot material and its passivating yecouples the valence bands from the conduction bands, and
layen located at “cell” n and sited,,. This pseudopotential i aats the |atter by a 22 modet! while describing the

is derived® from ab initio local density approximation g mer by a 6<6k-p modeP™® using an isotropic mass
approximation'? An infinite potential well is assumed here,
dElectronic mail: alex_zunger@nrel.gov although this restriction can be removed@o performk-p
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as obtained by direct-diagonalizatigpD) pseudopotential and by the

FIG. 1. Bulk band structure of zincblende InP as calculated by direct diago- p approach with pseudopotential-derived Luttinger parameters. We assume
nalization(DD) pseudopotential method and by the 6 k- p (plus 2x 2 for Ay=0.

conduction band We assumé\,=0.

verse thes/p order. Since the lowest dot conduction state

calculations that are equivalent to our pseudopotential direc&lways hass symmetry, thek-p method predicts that the
diagonalization method, we need to determine the Luttingerowest transition p—s) ,is forbidden in one-photon experi-

parameters from our pseudopotential. To do so, we first solv ents and allowed in two-photon experiments, while a direct

sEi?)h(:) V;g'trﬁeCte?f'eag?vnea::f:;fgs’ oFb(;[?'lr:ngczeﬁEg"t(hg'tsiﬁet;ediagonalization predicts that the lowest transitiea(s) is
nk . ) R i . id-
absence of spin-orbit couplingi.e., Ag=0). my(001) one-photon allowed(ii) The k-p energy levels are consid

—0.474, my(111)=1.030, mp(001)=0.097, m(111) erably deepeflarger confinementthan the “exact” pseudo-

0083 which are close to the experimentally observe otential results. The latter give the band gaps versus sizes in
Y ) . P y 0D ood agreement with experimefitFor a dot with 20 A di-
values.” These anisotropic masses are used to derive, fg

) . . meter, thek- rror for valen i meV, an
Ay=0, the (anisotropi¢ Luttinger parameters;, y,, and eter, thek-p error for valence states is 600 meV, and

. N . ; . iii) the curvature of conduction energies versus size is con-
v3, Which yield, after averaging, the pseudopotentlal—derlvea( ) g

. . . - — siderably too large irk-p. Unlike the enhancedmany-
ggtgolglg I;:]J(t)tljnegier parameterg, =4.86 andy,= 1.66 for the body) quasiparticle self-energy in local density functional

. . . - calculation for Si dot€° the overestimated confinement en-
Figure 1 compares the exact dispersigy (solid lineg

with its 6X 6 k- p approximationek ? (dotted line$ for bulk ergies ofk-p in Fig. 2 result from the impropek-p bulk

S ) ! dispersion, i.e., from the one-body effect.
periodic zinc-blende InP with lattice constant5.83 A and T : . .

. : . 0 analyze the reason for these discrepancies, we project
spin-orbit parameteA,=0. We see thafi) nearI’ the two y b broj

methods produce identical results, by constructi@n.The the dot wave functiong™'(r) obtained from Eq(1) onto the

light-hole-like k- p band(denpted bQ deviates_significa_\ntly gluolﬁ EL]??;)’Wﬁg?gnncéltol?rﬁ;f ?;(e: )gr OJ-L(J::I,[I;?] ttf:)ejla é.?:e(;(,pt?St

from the exact counterpart immediately outside Ehpoint. use

(iii) The heavy-hole-like valence banddenoted bb, are

similar out to 30% of thel’-X distance. Finally,(iv) the

conductlon_ banc{dt_—:‘noted. bg» obtained from the X2k lﬂ&'é&r):E > Cﬂ,)k{e'k'run,k(r)}. 3

-p calculation, deviates significantly from the strongly non- nok

parabolic exact conduction band. _
Figure 2 compares the results of direct-diagonalizatiorFigure 3 plots the spectral decomposition coeffic:iénﬁ;"ékl2

(solid lineg and 6x 6 k- p (dotted lineg for the orbital ener-  of the lowest conduction staf€ig. 3(@)] and the two highest

gies of spherical InP dots of different sizes. The equa- valence statefi.e., with s (solid lineg and p (dotted line$

tions for dots are solved via the spherical-wave representssymmetries in Fig. @)] of the InP dot with a diameter of

tion of Sercel and Vahal¥, but using a 6<6 rather than a 34.8 A. We label the lowest eight bulk bands {plby the

4X4k-p model. indexn with increasing energy order, as shown in Fig. 1. We
The striking feature of Fig. 2 is that the p approach see from Fig. 3 that:

producedi) an incorrect order of the valence states: the state  (a) The s-like dot valence state has a large contribution

of (envelope functionp symmetry is above that o sym-  from the bulk light-hole bandbb,), while the p-like dot

metry. This incorrect order was seen in otlkep calcula- valence state has no contribution from the bulk light-hole

tions of dots with small spin-orbit energies, e.g%i€dS band. Given that the-p approximation places the bulk

and ir? InP. We find that inclusion ofelectron-hole Cou-  light-hole band at spuriously deep energiEgy. 1), we ex-

lomb correction to the pseudopotential result does not repect that thek- p will also place the dot's-like state at too
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FIG. 3. Spectral coefficienijx;ﬂ,“2 [Eg. (3)] showing how much of the bulk
bands|nk) participates in each stafe) of the InP dot with diameter 34.8 A.
The bulk bands (hY) are marked in increasing order of enefgge Fig. 1,
where b is light hole-like, bl , are heavy hole-like, and blis bulk con-
duction bands-like states: solid linesp-like states: dotted lines.

deep an energgover confinement This is indeed borne out

by Fig. 2.

(b) The s-like dot valence band has a significant contri-

bution fromI" point (k=0), whereas the-like dot valence
state has no contribution frok= 0. Also, thek points which

contribute most significantly to the dptlike state are gen-

erally more distant fromk=0 than thosek points which

contribute significantly to the datlike state. Given that the
k-p approach does not describe well the bulk dispersion

away fromI" (Fig. 1), we expect that th&- p model will not

describe the-like dot valence state well either. This is also

borne out by Fig. 2.

(c) The slike dot valence state has a larger contribution ,

from the bulk conduction band than tipelike dot valence

state, indicating that the-like dot valence state is more af-

=2 2 enidlenid? @

The orbital energies of the, p-like valence states, and the
lowest conduction state of the InP dot with 34.8 A diameter
as obtained by direct diagonalization alia eV), respec-
t|vely, (es,ep y€cp)=(—0.17~0.22+ 1.99) whilek- p gives
(e5P ey ei?)=(—0.49-0.39;+2.42) with a reverse/p
order, as noted above. The modEl. (4)], using 16(count-

ing spin degeneragypseudopotential bulk bands, gives
(€s.€p.€cp) =(—0.19~0.24+2.01), which are quite close
to the results obtained by direct diagonalization. The model
also gives the correct/p order. Thus, the six bulk bands
used byk- p are not as potent as the 16 exact bands in por-
traying the dot’s states.

We conclude that thk- p errors in quantum dots can be
diagnosed via thé&- p errors in the corresponding bulk sol-
ids. Specifically, Figs. 1-3 show that tkep method needs
to primarily bend the bulk light hole band (Pbupwards and
to couple the bulk conduction with the valence bands in or-
der to produce qualitatively correct electronic structure of
spherical quantum dots. Since th& 6 k- p produces errors
even for a large-gap~2 eV) dot material such as InP, in-
clusion of the conduction banf.e., a 8<8 mode}) is not
expected to lead to significant improvements, unless the |h
band is fixed, at the same time.
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