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Abstract
In this paper, the Interface Immersed Particle Difference Method (IIPDM) for weak discontinuity in elliptic problems is
presented. Heat conduction and potential flow problems with smooth and non-smooth interfaces are considered. The previously
developed Particle Difference Method (PDM) accurately solves this class of interfacial singularity problems, however, it
requires additional difference equations on the interfacial points. In contrast, the IIPDM no longer requires the additional
interfacial equations since the interface condition is already immersed in the particle derivative approximation through the
moving least squares procedure. The method successfully captures both singularities and discontinuities in the derivative field
due to the interface geometry regardless of its smoothness. In fact, enforcement of the interface condition is conducted both
in an implicit manner and in an explicit manner enriching the polynomial basis as well as the local approximation. Under
the constrained derivative approximation, discretization of the elliptic PDE in its strong form leads to a difference scheme
or a point collocation scheme involving only the particles. Consequently, the strong formulation can avoid the increase in
total system size and improves the computational efficiency. Numerical experiments show that the IIPDM can sharply capture
discontinuities and singularities within a solution field. Furthermore, convergence studies of various elliptic interface problems
demonstrate efficiencies captured from the IIPDM when comparing convergence rates against the PDM.
c 2020 Elsevier B.V. All rights reserved.
⃝
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1. Introduction
Rapid change in material properties across an interface may cause singularities in the mechanical behavior. The
presence of non-smooth interfacial geometry, such as a sharp corner and a slit, often worsen discontinuities formed
from such behavior. Steady state fields governed by elliptic partial differential equations in composite materials that
contain discontinuous material coefficients provide another example of discontinuous behavior. Multi-phase flows,
cracks, shocks and fluid–structure interaction also become the other cases where the solution and its derivatives
exhibit singular behavior near the material interface. In general, two difficulties arise in numerical analysis for these
interface problems; capturing the interfacial discontinuity and handling the geometric characteristics of interface. The
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former is associated with not losing mathematical robustness of the approximation function derived for describing
the jumps in the solution and its derivative fields while the latter is rather related to the accuracy of approximation
modeling the interfacial geometry regardless of its smoothness. These features may consist of the completeness of
the approximation in the solution process of the discontinuity problems. For example, non-smooth interface such
as wedge-shaped and slit-like interfaces often provokes numerical difficulties in solving discontinuity problems.
When the completeness of the approximation is well achieved, both the singular characteristics due to interfacial
jump and the geometric effect of interface shape can be successfully captured. Since the elliptic problem with nonuniform material coefficients results in a weak discontinuity (i.e. discontinuity only in the derivative solution fields),
deriving a proper approximation is necessary; it would become also easier if modification of the approximation is
not severely restricted by the numerical scheme. From this scenario, the particle method might be a very attractive
option for it directly deals with the strong form of the governing PDEs. Note that the numerical quadrature for the
weak formulation often causes cumbersome numerical problems even when the weak form consists of theoretically
definite terms; subdivision of integration cell might bring numerical difficulties which hardly appear in the nicely
written formulations [1–4]. A particle method based on the strong form avoids the use of numerical quadrature and
its associated numerical difficulties. In addition, particle methods offer dramatic flexibility in the construction of
approximation function since they are independent of constraints from the mesh or grid structure. In its framework,
not only the polynomial basis but also the local approximation can be enriched to meet the specific condition given
from the governing partial differential equations [5–8]. Enriching the polynomial basis, which is called an intrinsic
enrichment, may become an easy task. However, it often makes the total system overdetermined and causes smearing
phenomenon in the jump capturing [7]. On the other hand, modifying the local approximation of moving least square
procedure, which is called an extrinsic enrichment, can ensure a determined system and captures the discontinuity
more sharply avoiding the smearing phenomenon [8–11]. When the governing equation contains transient terms,
the extrinsic approach can take more benefits in terms of accuracy and efficiency; this approach does not change the
original form of meshfree shape function but modifies the constitution of the local approximation function by adding
extra interfacial singularity related terms. Also, it requires addition of extra difference equations for enforcing the
interface condition so that this augmentation in total system size might deteriorate computational efficiency of the
numerical scheme.
In solving the partial differential equation with discontinuous coefficients, a local asymptotic approximation,
which is able to capture the singular behavior near the interface, is useful although a regular approximation is
available elsewhere away from the interfacial region. However, it is not easy to theoretically derive such a special
approximation from the asymptotic solution; even if one can find a feasible solution, the solution inevitably becomes
intractable from a numerical point of view. This is why many researchers have rather concentrated on finding such
solution in the framework of numerical strategies. For instance, the finite difference method can treat the singularity
by considering truncation error in the stencil touched by the interface. LeVeque and Li [12] developed a difference
scheme of this class and named it the immersed interface method (IIM). In fact, the IIM employs the Cartesian
orthogonal grid being independent of the interface geometry. This is one of key advantages but may be a drawback
at the same time since the use of adaptive grid is restricted. Anyhow, the advantages of the IIM is attributed to the
sharp capturing of interfacial discontinuity; recent developments in the IIM can be found in the literature [13–17].
This results in the higher order convergence rate for the numerical solution compared to the immersed boundary
method (IBM) [18] which was developed using a discrete modeling of the singular source term in the framework
of finite difference method earlier than the IIM. Earlier than these schemes, Osher and Sethian [19] proposed the
front tracking method which can trace the propagating interface with a curvature-dependent speed based on the
finite difference scheme. It needs to be addressed that the method developed in this study has advantages over the
IIM. Compared to the IIM, the method can provide mathematically simpler calculation for the interface problem
by introducing a sophisticated numerical technique where an interface condition-inserted approximation function is
derived through the moving least squares procedure without obstacles by grid or mesh construction. In addition,
unlike the IIM, since the developed method has the approximation function, it has a merit in material modeling
which requires tricky handling of stress, strain and their rates. Although the strong form based numerical methods
have often suffered from developing nonlinear material model, Yoon et al. [20] effectively solved the material
nonlinear problem in the framework of the same method developed in this study.
Flexibility in node assignments and distributions in computational domain is one of obvious advantages of the
particle method; several collocation methods have been developed, including the reproducing kernel collocation
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method [21,22] and the isogeometric analysis collocation (IGA-C) method [23]. More recently, as alternatives
of classical meshfree approaches, novel methods based on the machine learning [24] and the nonlocal operator
approach [25–27] have been also developed and successfully applied to various engineering problems. This is
remarkable feature when considering an internal boundary with an arbitrary shape is included in the computational
domain. The meshfree point collocation method using the approximate derivatives had been developed to obtain
the discontinuous solutions of elliptic interface problems [8]. More recently, the particle difference method (PDM)
provides many interesting numerical and mathematical aspects of the strongly formulated particle method for solving
elliptic and parabolic partial differential equations with discontinuous material coefficients [9–11]. In these studies,
the asymptotically leading singularity called the wedge function was introduced in the approximation since it
plays a crucial role in representing the derivative jumps of numerical solution near the interface; the magnitude
of wedge angle is directly related to the normal derivative jump across the interface. As in Yoon and Song [9,10],
the discontinuities can be categorized into the solution jump, the normal derivative jump and the tangential derivative
jump. Three leading singular functions such as the step function, the wedge function and the scissor function were
correspondingly devised to be included in the local approximation function. As aforementioned, the most practical
way to find the asymptotic solution to such a partial differential equation with the interfacial singularity is to
utilize numerical methodologies. Previously, several works [9–11] demonstrated that the PDM well fits this class of
interface problems; the PDM provides flexibility sufficient to enrich the approximation through which the asymptotic
solution might be numerically well expressed. Since the PDEs considered in this paper takes the continuous solution
but involves the normal derivative jump, only the use of wedge function can provide the appropriate asymptotic
numerical solution. On the other hand, the PDM was successfully applied to the dynamic crack growth simulations
involving concrete beam fractures [28,29]. In addition, the PDM has been applied for a phase field simulation
of coupled microstructure solidification [30–32], frictional contact [33] and wind-driven ocean circulation [34]
problems. More recently, Yoon et al. [20] developed a new PDM equipped with a nonlinear algorithm for solving
material nonlinear problems; they showed how to effectively utilize the conventional material models within the
framework of the strongly formulated particle method.
This paper derives a constrained particle derivative approximation that automatically enforces the interface
condition given from the governing equations. During the derivation, not only the local approximation but also the
polynomial basis function are extended based on the moving least square procedure such that the residual functional
is constrained to meet the interface condition. As a result, the interface condition is naturally immersed in the particle
derivative approximation and the additional difference equations, which were build up in the former PDMs [9,10],
are no longer necessary. Final system of the equations results in determined system without the need to perform
numerical integration, thereby resulting in considerable improvements in computational efficiency. The developed
numerical scheme has no difficulty in handling the geometric topology due to interfacial singularity modeling.
In fact, enrichment used in this constrained approximation may seem to be ‘extrinsic’ but the form of modified
approximation rather looks ‘intrinsic’ in some sense because it does not lead to the increase in system size or the
over-determined system and the resultant numerical scheme produces very sharp discontinuous solution avoiding
any smearing phenomenon near the interface. The newly developed PDM is named the Interface Immersed Particle
Difference Method (IIPDM). Comparison to the conventional PDM will present more insight on understanding
the key features of the IIPDM. Also, the robustness and accuracy of the IIPDM will be verified through various
numerical experiments including convergence studies.
2. Interface immersed particle difference method for elliptic interface problem
2.1. Particle derivative approximation
In this section, derivation of the conventional particle derivative approximation is briefly explained. Recall that an
attractive aspect of the particle derivative approximation is that the shape function and its approximate derivatives
are obtained at the same time by the inversion of the moment matrix during the standard moving least squares
α α
procedure. For∑
the sake of convenience, we use the multi-index notation. Let the αth power be xα = x1 1 x2 2 · · · xnαn
α1 α2
n
α
αn
where |α| =
i=1 αi . And the αth
( ) partial derivative operator is defined by Dx = ∂x1 ∂x2 · · · ∂xn . For a given
differentiable function u(x) ∈ C m Ω , the Taylor series is written as
∑ (x − y)α
u(x) =
Dxα u(y) + H.O.T.
(1)
α!
|α|≤m
3
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where the series is expanded around the local center y. where α! denotes the factorial of the n-tuple α; i.e., α! =
∏
n
i=1 αi !. Then the mth order Taylor polynomial for approximating the given function is written by neglecting the
high order terms as following
∑ (x − y)α
u con (x; y) =
Dxα u(y) = pmT (x; y) a(y)
(2)
α!
|α|≤m
Eq. (2) consists of the polynomial basis vector and the derivative coefficient vector. The polynomial vector takes
the following form
)
(
(x − y)α K
(x − y)α1
T
,...,
(3)
pm (x; y) =
α1!
αL !
where α 1 = (0, . . . , 0) and α K = (0, . . . , m); m is placed at the αth slot in the lexicographic order indicating the
highest derivative order as well as the consistency order of(the Taylor series. The length of polynomial vector is K =
)
(
(n+m)!
1 2
. For example, when n = 2 and m = 2, pmT (x; y) = 1, (x1 − y1 ) , (x2 − y2 ) , x1 −y
, (x1 − y1 ) (x2 − y2 ) ,
n!m!
2
)
( x2 −y2 )2
. Then the derivative coefficient vector is written as
2
⎛ α1
⎞
Dx u(y)
⎜
⎟
..
a(y) = ⎝
(4)
⎠ .
.
α

Dx K u(y)
Note that a(y) includes all of the derivative approximations for u(y) up to α K . a(y) is determined by incorporating
the moving least squares procedure and nodal solution but no actual differentiation of the approximation is involved.
It is also noted that u I = u(x I ) in the context of the PDM; u I denotes the nodal solution at x I . More details on
this issue can be found in Yoon and Song [9,10].
In the PDM, a compactly supported weight function which is non-negative and continuous in Rn is used. Based
on the discrete L 2 norm sense, the weighted residual functional is written as
∑ xI − y [
]2
J=
w(
) pmT (x I ; y) a(y) − u I
(5)
ρy
I
)
(
is the weight function. The dilation function ρy = ρ(y) is continuous but varies with the position
where w x Iρ−y
y
and node density. Conventional particle or meshfree methods often require the differentiability of weight function
but the PDM does not. This feature naturally leads to the use of non-differentiable weight functions which was
proved to be effective in the PDM [9,10]. Basically, any continuous function can be used as a weight function if
it is compactly supported and increases monotonically; even a function with discontinuous derivative at the origin
can be employed. In this study, an exponential weight function and a fourth order polynomial weight function with
discontinuous derivatives are used [9,10]. For a given nodal arrangement, the dilation function indicates the size
of domain of influence of the Taylor polynomial; it is determined not to abruptly change since its continuity helps
guarantee the quality of the particle derivative approximation. So, it is determined to contain nodes in a regular
range regardless of the node density, geometry and boundary convexity. In practice, N ≥ c1 K suffices for the
determination of neighbor node number N where K = (n+m)!
indicates the minimum number of nodes required for
n!m!
the inversion of the moment matrix; here, c1 is set up within the range of 2.5 to 3.0.
Eq. (5) can be rewritten in a matrix form as follows
J = (P(y)a(y) − U)T W(y) (P(y)a(y) − U)

(6)

where U = {u 1 , . . . , u N }T is the unknown coefficient vector for nodal solution. P(y) is defined in Eq. (7) and is
very similar to the Vandermonde matrix found in the interpolation theory:
⎡ (x − y)α1
(x1 − y)α K ⎤
1
⎛ T
⎞
.
.
.
pm (x1 ; y)
⎥
⎢
α1!
αK !
⎥
⎜
⎟ ⎢
..
..
..
.
⎢
⎥
.
P(y) = ⎝
=
(7)
⎠ ⎢
.
.
.
.
⎥
⎣ (x − y)α1
αK ⎦
T
(x N − y)
pm (x N ; y)
N
...
α1!
αK !
4
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where all components of the first column of P(y) are 1. Similarly, W(y) consists of weight functions on its diagonals
only as following
⎡
⎤
⎢w( x1 − y ) . . .
⎢
ρy
⎢
W(y) = ⎢
..
..
⎢
.
.
⎢
⎣
0
...

0

⎥
⎥
⎥
⎥.
..
⎥
.
⎥
xN − y ⎦
)
w(
ρy

(8)

To obtain a(y), a stationary condition is imposed on the residual functional J , i.e., the Fréchet derivative of J . Since
J is positive definite, this condition minimizes J yielding the normal equation M(y)a(y) − B(y)U = 0; then a(y)
is given as following
a(y) = M−1 (y)B(y)U

(9)

where the moment matrix (or Gram matrix) M(y) and B(y) are defined as
M(y) = PT (y)W(y)P(y)

(10)

B(y) = PT (y)W(y).

(11)

Now the continuous local approximation of u(x) is given by
u con (x; y) = pmT (x; y) M−1 (y)B(y)U

(12)

The local approximation may apply to an arbitrary point x in a small neighborhood of y. One can achieve a global
approximation using the moving process which simply substitutes x for y. However, the derivative of the local
approximation should be taken with respect to x earlier than the moving process. This process was expressed as
= Dx(1,0) u(x) = limy→x Dx(1,0) u con (x; y),
Dxα u(x) = limy→x Dxα u con (x; y)in the aforementioned literature; e.g., ∂u(x)
∂x
1

= Dx(0,2) u(x) = limy→x Dx(0,2) u con (x; y). Yoon and Song [9] pointed out that this process is equivalent to
the process to find the coefficients of Taylor polynomial using the moving least squares procedure. Note that since
neither case requires full differentiation of the local approximation, the derivative calculation becomes pretty simple.
As previously mentioned, the particle derivative approximation yields the best accuracy on the local center y and
most computations occur on the nodes not between nodes in the PDM.
In Eq. (12), only pmT (x; y) is the function of x so that taking the derivative of Eq. (12) with respect to x and
substituting x for y yields
(
)
(
)
Dxα u con (x; x) = Dxα pmT (x; x) M−1 (x)B(x)U
(13)
∂ 2 u(x)
∂ x22

where any derivative of the weight function or M(y) or B(y) is not involved. In fact, taking the derivative of Eq. (2)
with respect to x and substituting x for y is equivalent to Eq. (13). From this scenario, the particle derivative
approximation is given from a(x) of Eq. (9) and then Eq. (4) can be explicitly rewritten as follows
⎛ α1
⎞
Dx u(x)
⎜
⎟
..
T
−1
a(x) = ⎝
(14)
⎠ = Q M (x)B(x)U
.
α

Dx K u(x)
× (n+m)
and includes up to the α K th derivatives of the polynomial basis. For
where QT has the order of (k+m)
k!m!
n!m!
T
example, for n = 2 and m = 2, Q takes the following form:
⎛
⎞
1 0 0 0 0 0
⎜ 0 1 0 0 0 0 ⎟
⎜
⎟
⎜ 0 0 1 0 0 0 ⎟
⎟
QT = ⎜
(15)
⎜ 0 0 0 2 0 0 ⎟
⎜
⎟
⎝ 0 0 0 0 1 0 ⎠
0 0 0 0 0 2
5
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Also, αth row of QT might be explicitly written as
)
(
( )
Row α−th QT = Dxα pmT (x; x) = α!eαT

(16)

where eαT = (0, . . . , 1, . . . , 0) is a unit vector of the same length with the polynomial basis where the nonzero
component places at the αth slot in the lexicographic order.
On the other hand, Eq. (14) can be expressed using the generalized derivative matrix of shape function as follows
⎛ α1
⎞
Dx u(x)
⎜
⎟
..
T
(17)
⎝
⎠ = Φ (x)U
.
α

Dx K u(x)
where Φ T (x) denotes the matrix of which rows contain the approximate derivatives of the shape function up to the
α K th order. For example, provided that n = 2 and m = 2, Φ T (x) is written as
⎛ [0,0]
⎞T
Φ1 (x) . . . Φ1[0,2] (x)
⎜
⎟
..
..
..
Φ T (x) = ⎝
(18)
⎠ .
.
.
.
Φ N[0,0] (x) . . .

Φ N[0,2] (x)

The αth component of Eq. (17) is given by
∑
Dxα u(x) =
Φ Iα (x)u I

(19)

I

Therefore, the αth component of a(x) and the αth row of Φ T (x) express the αth order derivative approximations
for u(x) and shape function, respectively. When considering that inverting the moment matrix and differentiating
the shape functions are costly parts of the particle methods, it is clear that the particle derivative approximation
may provide a very efficient option for the construction of discrete system.
2.2. Constrained particle derivative approximation for interface condition enforcement
Related to the problems considered in this paper, a meshfree point collocation method [6,8] has been developed
to discretize the governing equations using the extrinsically enriched meshfree approximation in the framework
of point collocation scheme. However, the method [6,8] yielded extra unknowns along the interface so that the
additional equations for enforcing the interface condition inevitably augmented the discrete system size. Here is
the point where the current work was motivated; it aims to improve the computational efficiency of the strongly
formulated particle method by avoiding the extra unknowns or additional equations. The interface condition will be
immersed in the particle derivative approximation such that the approximation is able to automatically satisfy the
interface condition. Hence, the developed numerical method will not provoke any augmentation in the final system
size.
Now let us define the difference and average with respect to a function f at a point xΓ ∈ Γ across the interface
in a direction d as following
(20)
[ f ]xΓ ,d = f + (xΓ ; d) − f − (xΓ ; d)
)
1( +
⟨ f ⟩xΓ ,d =
f (xΓ ; d) + f − (xΓ ; d)
(21)
2
where f + (xΓ ; d) = limε→0+ f (xΓ + εd) and f − (xΓ ; d) = limε→0+ f (xΓ − εd). It is assumed that Ω be an open
bounded domain in R2 and Γ an interface in Ω (See Fig. 1); u(x) is a continuous function defined on Ω and its
first derivatives are bounded in Ω \Γ so that u(x) allows the finite jumps in its derivatives across Γ . In addition,
let y ∈ Ω be an arbitrary point being so close to Γ that a small open ball Bρ (y) centered at y with radius ρy can
touch Γ . As given in Fig. 2, a projection point of y to Γ is defined by yΓ reading
yΓ = arg

min

x∈Γ ∩Bρ (y)

∥x − y∥

(22)
6
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Fig. 1. A composite body with an interface composed of the regular domain Ω R and singular domain Ω S bounded by ∂Ω .

Fig. 2. Configuration for the wedge function construction.

Note that u(x) behaves singularly on the small region Bρ (y) for some coefficient vector c which may turn out to
be [∇u]yΓ as follows
[ ]
(
)
1 ∂u
∥x − yΓ ∥ + c · (x − yΓ ) + O ∥x − yΓ ∥2
u(x) = u (yΓ ) +
(23)
2 ∂d yΓ ,d
where d is the unit vector depending on x and yΓ i.e.,
x − yΓ
.
(24)
d=
∥x − yΓ ∥
More detailed explanation on Eq. (23) can be found in[ the
] literature [8]. If n is the prescribed unit normal vector
∂u
to Γ at yΓ and s is the orthonormal vector to n, then ∂d
can be componentized as follows
yΓ ,d
[ ]
[
]
∂u
∂u
∂u
=
(d · n) +
(d · s)
∂d yΓ ,d
∂n
∂s
[ ]
[ ]yΓ ,d
∂u
∂u
=
(d · n) +
(d · s)
∂n yΓ ,d
∂s yΓ ,d
[ ]
(25)
∂ [u]yΓ ,d
∂u
=
sign (d · n) (d · n) +
(d · s)
∂n yΓ ,n
 ∂s
 
( =0
)
[ ]
∂u
x − yΓ
sign ((x − yΓ ) · n)
=
·n
∥x − yΓ ∥
∂n yΓ ,n
7
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Fig. 3. Schematic drawing of wedge function; a normal line and unit normal vector are depicted.

Here

[ ∂u ]

∂d yΓ ,d

can be successfully projected to the quantity related to
∂[u]y d
Γ
∂s

[ ∂u ]

∂n yΓ ,n

since there is no derivative jump of

u(x) in the tangential direction, i.e.,
= 0. As a result, the behavior of u(x) on Bρ (y) can be addressed as
follows
[ ]
(
)
1 ∂u
∥(x − yΓ ) · n∥ + u (yΓ ) + c · (x − yΓ ) + O ∥x − yΓ ∥2
u(x) =
(26)

 
2 ∂n yΓ ,n 


wedge par t

smooth par t

where it is noticed that a wedge function might be devised by using the term ∥(x − yΓ ) · n∥. In fact, this term
was named the hyperplane function [9–11]. Similarly, as given in Fig. 2, the wedge function b (x; y) is defined as
follows
b (x; y) = ∥(x − yΓ ) · n∥

(27)

A schematic drawing of b (x; x) is presented in Fig. 3.
Based on the singular property in Eq. (26), a corrected form of the local approximation near the interface can
be proposed as follows
[ ]
∂u
b (x; y) .
(28)
u dis (x; y) = pmT (x; y) a(y) +
∂n yΓ ,n
The corrected approximation is usually combined with the second order polynomial basis; i.e., n = 2 and m = 2.
a(y) and pmT (x; y) are the coefficient and polynomial vectors defined in Eqs. (3)–(4). By finding a(y), the local
approximation u dis (x; y) can be completely constructed. Namely, it can be completed by minimizing the weighted
residual functional
(
)
N
∑
]2
x I − y [ dis
JΓ =
w
u (x I ; y) − u I
(29)
ρy
I =1
over the coefficient vector a(y) subject to
[
]
∂u dis
= g (yΓ )
κ
∂n yΓ ,n

(30)

where κ(x) is a material coefficient which permits discontinuity across Γ . Eq. (30) comes from the interface
condition of the governing equation. (See Eq. (66)) Once a(y) is obtained, the constrained particle derivative
approximation, which denotes u dis (x; y) and its approximate derivatives, can be achieved by substituting x for
the local center y.
8
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Let us consider an equivalent form of the interface condition in Eq. (30) as follows
⟨ dis ⟩
[ dis ]
∂u
∂u
⟨κ⟩yΓ ,n
+ [κ]yΓ ,n
= g (yΓ )
∂n yΓ ,n
∂n yΓ ,n

(31)

where g Γ (yΓ ) is known value given from the interface condition. The average of normal derivative across Γ can
be computed from Eq. (28) as follows
⟨ dis ⟩
∂pT (yΓ ; y)
∂u
= m
a(y)
(32)
∂n yΓ ,n
∂n
⟨
⟩
= 0. When considering y = (y1 , y2 ), yΓ = (y1Γ , y2Γ )
where a(y) is the minimizer of JΓ of Eq. (29) and ∂b(x;y)
∂n
and n = (n 1 , n 2 ), the detailed form of

T (y ;y)
∂pm
Γ
∂n

yΓ ,n

is addressed as follows

⏐
∂pmT (x; y)
= ∇pmT (x; y)⏐x=y · n
Γ
∂n
= (0, n 1 , n 2 , (y1 − y1Γ ) n 1 , (y2 − y2Γ ) n 1 + (y1 − y1Γ ) n 2 , (y2 − y2Γ ) n 2 )

(33)

The derivative jump term in Eq. (31) is obtained as follows
[ dis ]
[κ]yΓ ,n ∂pmT (yΓ ; y)
g (yΓ )
∂u
−
=
a(y)
(34)
⟨κ⟩yΓ ,n
⟨κ⟩yΓ ,n
∂n yΓ ,n
∂n
[ dis ]
[ ∂u ]
= ∂n
. Therefore, the local approximation u dis (x; y) of Eq. (28), which satisfies the
where ∂u∂n
y ,n
yΓ ,n

Γ

constraint condition of Eq. (30), is obtained as
(
)
[κ]yΓ ,n ∂pmT (yΓ ; y)
g (yΓ )
dis
T
u (x; y) = pm (x; y) −
b (x; y)
a(y) +
⟨κ⟩yΓ ,n
⟨κ⟩yΓ ,n
∂n

(35)

Now to find a(y), Eq. (35) is plugged into Eq. (29) so that Eq. (29) can be minimized. Based on the standard
moving least squares procedure, the local approximation is then obtained as
(
)
g
g (yΓ )
−1
dis
T
u (x; y) = pmΓ (x; y) MΓ (y)BΓ (y) u I −
b (x I ; y) +
b (x; y)
(36)
⟨κ⟩y ,n
⟨κ⟩yΓ ,n
Γ

Here

T
pmΓ

(x; y) is the modified polynomial basis vector with the following form:

T
pmΓ
(x; y) = pmT (x; y) − qΓT (yΓ ; y)

(37)

where
qΓT (yΓ ; y) =

[κ]yΓ ,n ∂pmT (yΓ ; y)
⟨κ⟩yΓ ,n
∂n

(38)

Note that elements of qΓT (yΓ ; y) are all fixed values since x in qΓT (x; y) is already replaced by the projection point
yΓ so that they are not affected by current derivative computation. Actually, Eq. (37) shows how the polynomial
should be corrected to meet the interface condition; as seen in Eq. (38), each component of qΓT (x; y) provides the
correction term corresponding to each element of pmT (x; y). Also, MΓ (y) and BΓ (y) are expressed as follows
MΓ (y) = PΓT (y)W(y)PΓ (y)

(39)

BΓ (y) = PΓT (y)W(y).

(40)

where
⎞
T
pmΓ
(x1 ; y)
⎜
⎟
..
PΓ (y) = ⎝
⎠
.
T
pmΓ (x N ; y)
⎛

(41)
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Similar to Eq. (14), the constrained particle derivative approximation can then be obtained by
⎛ α1
⎞
Dx u(x)
g(xΓ )
⎜
⎟
..
T
a(x) = ⎝
HΓ (x)
⎠ = Ψ (x)U +
.
⟨κ⟩xΓ ,n
αL
Dx u(x)

(42)

where
Ψ T (x) = QΓT M−1
Γ (x)BΓ (x)

(43)

The above expression looks quite similar to Eq. (14). However, in addition to Eq. (43), Eq. (42) has an extra extrinsic
correction term. For example, when n = 2 and m = 2 then Ψ T (x) and HΓ (x) are written as
⎛ (0,0)
⎞T
Ψ1 (x) . . . Ψ1(0,2) (x)
⎜
⎟
..
..
..
Ψ T (x) = ⎝
(44)
⎠
.
.
.
⎛

Ψ N(0,0) (x) . . . Ψ N(0,2) (x)
∑ (0,0)
b (x; x) −
ψ I (x)b (x I ; x)

⎜
I
⎜
⎜
..
HΓ (x) = ⎜
.
⎜
∑
⎝ D (0,2) b (x; x) −
ψ I(0,2) (x)b (x I ; x)
x

⎞
⎟
⎟
⎟
⎟
⎟
⎠

(45)

I

From Eq. (42), the zeroth order constrained particle derivative approximation, which is equivalent to the local
approximation in Eq. (36), can be written by
Dx(0,0) u(x) = u dis (x, x)
(
)
∑ (0,0)
∑ (0,0)
g (xΓ )
b (x; x) −
ψ I (x)b (x I ; x)
=
ψ I (x)u I +
⟨κ⟩xΓ ,n
I
I

(46)

where ψ J(0,0) (x) is the shape function computed at the node x in the vicinity of Γ and also, it is the Jth component
of the first row of Ψ T (x). This implies that inversion of the corrected moment matrix MΓ involves all the nodal
shape functions up to the order of consistency at a time, i.e., ψ J(0,0) (x), ψ J(1,0) (x), ψ J(0,1) (x), ψ J(2,0) (x), ψ J(1,1) (x)
and ψ J(0,2) (x). Since this feature sophisticatedly circumvents computational burden occurred in the shape function
derivative calculation, it makes the IIPDM very efficient.
In general, the constrained particle derivative approximations in Eq. (42) can be explicitly written as follows
(
)
∑
∑
g (xΓ )
α
α
α
α
Dx u(x) =
ψ I (x)u I +
Dx b (x; x) −
ψ I (x)b (x I ; x)
(47)
⟨κ⟩xΓ ,n
I
I
Note that only Dxα b (x; x) and ψ Iα (x) need to be calculated; in fact, the computation is straightforward because
b (x; x) is a known linear function and ψ Iα (x) is constructed by Eq. (43) at once. So, even high order derivative
computation does not require expensive computational cost. For example, when |α| = 1, the first order constrained
particle derivative approximation are given by
(
)
∑ (1,0)
∑ (1,0)
g (xΓ )
(1,0)
(1,0)
Dx u(x) =
ψ I (x)u I +
Dx b (x; x) −
ψ I (x)b (x I ; x)
(48)
⟨κ⟩xΓ ,n
I
I
(
)
∑ (0,1)
∑ (0,1)
g (xΓ )
(0,1)
(0,1)
ψ I (x)b (x I ; x)
(49)
Dx u(x) =
ψ I (x)u I +
Dx b (x; x) −
⟨κ⟩xΓ ,n
I
I
where the modified shape functions are written by
(
)
ψ I(1,0) (x) = Row (1,0)−th QΓT M−1
Γ (x)BΓ (x)
(
)
ψ I(0,1) (x) = Row (0,1)−th QΓT M−1
Γ (x)BΓ (x)

(50)
(51)
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Fig. 4. Discretization of the interface using line segment.

where (1, 0)th and (0, 1)th rows are counted in the lexicographic order. When |α| = 2, the second order constrained
particle derivative approximation are obtained as
(
)
∑ (2,0)
∑ (2,0)
g (xΓ )
(2,0)
(2,0)
Dx u(x) =
ψ I (x)u I +
Dx b (x; x) −
ψ I (x)b (x I ; x)
(52)
⟨κ⟩xΓ ,n
I
I
(
)
∑ (1,1)
∑ (1,1)
g
(x
)
Γ
Dx(1,1) u(x) =
ψ I (x)u I +
Dx(1,1) b (x; x) −
ψ I (x)b (x I ; x)
(53)
⟨κ⟩
x
,n
Γ
I
I
(
)
∑ (0,2)
∑ (0,2)
g (xΓ )
(0,2)
(0,2)
Dx b (x; x) −
ψ I (x)b (x I ; x)
(54)
Dx u(x) =
ψ I (x)u I +
⟨κ⟩xΓ ,n
I
I
where the modified shape functions are given by
(
)
ψ I(2,0) (x) = Row (2,0)−th QΓT M−1
Γ (x)BΓ (x)
(
)
ψ I(1,1) (x) = Row (1,1)−th QΓT M−1
Γ (x)BΓ (x)
(
)
ψ I(0,2) (x) = Row (0,2)−th QΓT M−1
Γ (x)BΓ (x)

(55)
(56)
(57)

On the other hand, although no additional difference equations are made on the interface, the interface still
needs to be discretized. The interface is discretized by segmental points such that the given interface condition
might be interpolated along the discretized interface. (See Fig. 4) The projection point of a node is supposed to be
found based on the discretized interface; since xΓ may fall on an arbitrary position between the segmental points,
g (xΓ ) needs to be interpolated using the values of adjacent segmental points. In this study, the Lagrange linear
interpolation is employed; validity of use of the Lagrange interpolation has been verified by the authors within
similar contexts [9–11].
Let us consider the computation of the derivatives of b (x; y) and QΓT . In the IIPDM, the derivative computation
occurs in a point-wise manner. Recall that the derivative is taken with respect to x in advance of the moving process
which replaces x by y. Thus, the derivatives of b (x; x) can be computed as follows
Dx(1,0) b (x; x) = n 1 sign ((x − xΓ ) · n)

(58)

Dx(0,1) b (x; x)
Dx(2,0) b (x; x)

(59)

= n 2 sign ((x − xΓ ) · n)
=

Dx(1,1) b (x; x)

=

Dx(0,2) b (x; x)

=0

(60)

where the second order derivatives of b (x; x) are all zeros because b (x; x) is a linear function. On the other hand,
qΓT (xΓ ; x) is a scalar function and QΓT involves the derivative of b (x; x) only. In particular, αth row of QΓT can be
calculated as follows
(
)
Row α−th QΓT = Row α−th QT + Dxα b (y; y) qΓT (yΓ ; y) .
(61)
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Then QΓT can be rewritten in a matrix form as follows
⎛
b (x; x) qΓT (xΓ ; x)
⎜ n 1 sign ((x − xΓ ) · n) qT (xΓ ; x)
Γ
⎜
⎜ n 2 sign ((x − xΓ ) · n) qT (xΓ ; x)
T
T
Γ
⎜
QΓ = Q + ⎜
0
⎜
⎝
0
0

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(62)

where QT was already given in Eq. (15).
2.3. Particle difference scheme for the elliptic problem with discontinuous material coefficients
In this section, a strong formulation based on the PDM is explained for solving the elliptic problem with
discontinuous material coefficients. When considering the elliptic problem of divergence form with a layered
singularity on Γ , the governing equations are given by
∇ · (κ∇u) = f, in Ω

(63)

u = u, on ∂Ω

(64)

[u] = 0, on Γ

(65)

[

κ

]
∂u
= g, on Γ
∂n

(66)

where configuration underneath the above equations is the same with Section 2.2. Since κ(x) > 0 and f (x)
permit discontinuity along Γ , u(x) is continuous but allows a finite jump in its derivative fields across Γ . To
find the discontinuous solution, a particle difference scheme is developed. It is expected to sharply capture the
interfacial singularity avoiding extra difference equations for enforcing the interface condition. In order to solve the
elliptic boundary value problem with the interface conditions, the particle difference scheme is developed using the
constrained particle derivative approximation which was already enforced by the interface condition in Eq. (66).
So, the difference equations are required to be constructed only on the interior nodes near the interface not on any
interfacial point. This strong form based scheme may be similar to not only the finite difference scheme like the
IIM or IBM but also the meshfree point collocation scheme.
Let ΛΩ be the set of all interior nodes distributed in Ω and Λ∂Ω the set of all boundary nodes. N Ω and N ∂Ω
are the numbers of interior and boundary nodes, respectively; the total number of nodes is N = N Ω + N ∂Ω . The
conservation equation in Eq. (63) and the boundary condition in Eq. (64) are discretized on interior and boundary
nodes correspondingly as following
(
)
(
)
κ(x I ) ∆u h (x I ) + ∇κ(x I ) · ∇u h (x I ) = f (x I ), x I ∈ ΛΩ
(67)
u h (x I ) = u(x I ),
∂ 2uh
∂ x12

x I ∈ Λ∂Ω
∂ 2uh
∂ x22

(68)
(

∂u h

∂u h

)

where ∆u h =
+
and ∇u h = ∂ x , ∂ x . Since no equations are required for the interface condition
1
2
enforcement, assembling these discretized equations leads to the system of equations of the IIPDM as follows
⎡
⎤
⎛
⎞
F
(
)
A
Ω
Ω
{ N ×1} ⎠
⎣{ N ×N } ⎦ U
=⎝
(69)
G
B
{N ×1}
∂Ω
∂Ω
{ N ×N }
{ N ×1}
For the interior node (x I ∈ ΛΩ ), the coefficient and force elements of the system can be expressed as below
{
}
A I J (x I ) = L ψ J(0,0) (x I )
(70)
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FI (x I ) = f (x I ) (
)
}
∑ { (0,0)
g (x I Γ )
−
L {b (x I ; x I )} −
L ψ J (x I ) b (x J ; x I )
⟨κ⟩x I Γ
J
{
}
where the discrete differential operators L ψ J(0,0) (x I ) and L {b (x I ; x I )} can be explicitly given by
{
}
(
)
(
)
L ψ J(0,0) (x I ) = κ(x I ) ψ J(2,0) (x I ) + ψ J(0,2) (x I ) + ∇κ(x I ) · ψ J(1,0) (x I ), ψ J(0,1) (x I )
L {b (x I ; x I )} = κ(x I ) (∆b (x I ; x I )) + ∇κ(x I ) (∇b (x I ; x I ))

(71)

(72)
(73)

where as shown in Eq. (60), ∆b (x I ; x I ) = 0 since b (x I ; x I ) is a linear function; ∇b (x I ; x I ) = Dx(1,0) b (x I ; x I ) ,
)T
Dx(0,1) b (x I ; x I ) and its more detailed form can be referred to Eqs. (58)–(59). If the influence domain of x I does
not touch the interface, ψ Jα (x I ) are readily replaced by Φ αJ (x I ); except for f (x I ), other remaining terms in the right
hand side of Eq. (71) disappear. For the boundary node (x I ∈ Λ∂Ω ) which touches the interface, the components
of the system are written by
(

B I J (x I ) = ψ J(0,0) (x I )

(74)

G I (x I ) = u(x I )
(
)
∑ (0,0)
g (x I Γ )
b (x I ; x I ) −
ψ J (x I )b (x J ; x I )
−
⟨κ⟩x I Γ
J

(75)

However, when the influence domain of x I does not touch the interface, ψ J(0,0) (x I ) might be replaced by Φ (0,0)
(x I );
J
except for u(x I ), other remaining terms in the right hand side of Eq. (75) readily disappear. Namely, the discrete
equation is simplified as follows
∑
Φ J (x I )u J = u(x I )
(76)
J

The matrix [A I J ] corresponds to the elliptic differential operator in Eq. (63) while the matrix [B I J ] is the linear
combination of shape functions ψ J(0,0) or Φ (0,0)
to describe the boundary equation. During the discretization, the
J
effect of layered singularity due to the interface condition naturally moves to the left-hand side forcing terms, [FI ]
and [G I ]. For instance, a more explicit form for the conservation equation can be written as
}
∑ { (2,0)
) ∑ (1,0)
(
) ∑ (0,1)
(
κ(x I )
ψ J (x I ) + ψ J(0,2) (x I ) u J + Dx(1,0) κ(x I )
ψ J (x I )u J + Dx(0,1) κ(x I )
ψ J (x I )u J
J
J
J
{
}
∑ (0,2)
g(x I Γ ) ∑ (2,0)
ψ J (x I )b(x J ; x I ) +
= f (x I ) +
ψ J (x I )b(x J ; x I )
2 ⟨κ⟩Γ
J
J
{
}
∑ (1,0)
∑ (0,1)
g(x I Γ )
Dx(1,0) b(x I ; x I ) −
ψ J (x I )b(x J ; x I ) + Dx(0,1) b(x I ; x I ) −
ψ J (x I )b(x J ; x I )
−
2 ⟨κ⟩Γ
J
J
(77)
From this scenario, when the influence domain of x J does not touch Γ , Eq. (77) become much simpler as follows
}
(
)∑
∑ {
(1,0)
κ(x I ) J Φ (2,0)
(x I ) + Φ (0,2)
(x I ) u J + Dx(1,0) κ(x I )
(x I )u J
J
J
J ΦJ
(
)∑
(78)
(0,1)
+ Dx(0,1) κ(x I )
(x I )u J = f (x I )
J ΦJ
Final system of IIPDM in Eq. (69) is unsymmetric but makes a determined system which involves the same
numbers of equations and unknowns. Also, the system is sparse since all shape functions have the compact support
due to the weight function. As aforementioned, it is a key advantage of the IIPDM that all discrete equations are
made only on the nodes; any extra numerical treatment for the interface condition is not required by the help of the
constrained particle derivative approximation in which the interface condition is already immersed. Computational
cost for constructing the constrained particle derivative approximation is comparable with that for the conventional
particle derivative approximation [9,10] since the IIPDM does not increase the size of total system of equations;
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most of the computing time is consumed in inverting the stiffness matrix of the system and computational cost
for constructing additional interfacial equations is saved. Moreover, the computational cost taken in finding the
projection point and constructing the jump term is relatively negligible. In the next chapter, the robustness, accuracy
and convergence property of the IIPDM are thoroughly investigated through various numerical examples.
3. Numerical examples
3.1. Accuracy of the constrained particle derivative approximation
In the finite difference literature, consistency of discretization is defined by its ability to exactly represent the
differential equation in the limit as the number of grid points goes to infinity and the maximum distance between
neighboring grid point goes to zero [35]. On the other hand, in finite element and weak form based meshfree
methods, the patch test has been used as a simple test for acceptability of a method, for it usually agrees with the
mathematical proofs of convergence [36,37]. In this section, the reproducing property of the constrained particle
derivative approximation is investigated in advance of the error estimation with respect to the convergence of
numerical solutions. The reproducing property is crucial in the strong formulation in terms of the consistency as well
as the interpolation accuracy. Based on the given closed-form solution, the boundary condition, the force term and
the interface condition can be derived a priori to be applied in the reproducing property test involving the boundary
value problem like in the patch test. Namely, if the nodal solution, interface condition and material coefficients are
provided from the closed-form solution, numerical solutions such as the temperature, gradients and force term can be
reproduced using the constrained particle derivative approximation and nodal temperature solution. The reproducing
property test evaluates the relative error of derivative solutions up to the order of consistency reproduced using nodal
solution. The test result might indicate the capability to interpolate derivative functions using the nodal solution.
Recall that the capability is crucial in the implementation of strong formulation.
As previously explained, the shape function of the constrained particle derivative approximation is different
from the one obtained from the standard PDM due to the correction terms in the approximation for the interface
condition enforcement. Not only the polynomial basis but also the local approximation itself is enriched by the
wedge relevant correction terms; in fact, it may seem to be a combination of intrinsic and extrinsic enrichment
methodologies. Numerical solutions reproduced by the constrained particle derivative approximation are compared
with the exact solutions for error measuring. The relative L ∞ error, which indicates the maximum difference between
the reproduced nodal solution and the exact solution, is defined as
nu
ex
 
e f  ∞ = max I ∈ΛΩ ∪Λ∂Ω {| f (x I ) − f (x I )|}
(79)
L
ex
max I ∈ΛΩ ∪Λ∂Ω {| f (x I )|}
where f represents any solution such as temperature, its gradient and Laplacian values. The superposed ‘nu’ denotes
the numerical solution while ‘ex’ denotes the exact solution. The term ‘relative’ indicates that the error value is
normalized by the maximum exact values.
The reproducing property rate for the elliptic problem with a circular interface are plotted in Fig. 5; for the error
measuring, numerical models with 400, 1600, and 6400 nodes were used where the interface was discretized with
40, 80, and 160 segmental points, correspondingly. The closed-form solution can be found in Eq. (80). The figure
shows that the constrained particle derivative approximation is second-order accurate; specifically, the slopes for the
solution, gradient, and Laplacian are found to be around two, one, and bounded, respectively. However, it should
be noted that these rates may differ from the convergence rate achieved by solving the partial differential equation
because the latter implies the whole performance of the strongly formulated numerical scheme rather than that of the
approximation function. Fig. 6 shows the reproducing property for the elliptic problem with a non-smooth interface.
The exact solution can be referred to Eq. (84). As easily expected, in comparison to the smooth interface case, the
rates decrease because the geometric singularity due to the corner of the interfacial boundary deteriorates the quality
of numerical solution; therefore, the rates for the temperature, gradient and force term are slightly smaller than those
of the smooth interface case. In addition, Fig. 7 shows the reproducing property obtained from the potential flow
problem where the circular inclusion interrupts the layered flow; the closed-form solution is given in Eq. (92). In
the test, relative errors for the stream function, velocities and heat source term were calculated using Eq. (79). The
rate plots clearly show that the constrained particle derivative approximation has the second-order accuracy when
the problem involves the smooth interface without any geometric singularity. So, the considered potential problem
yields a similar reproducing property with the smooth interface problem.
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Fig. 5. Accuracy of the constrained particle derivative approximation for smooth interface problem involving a circular interface; the
reproducing properties for the temperature, gradient and force term.

Fig. 6. Accuracy of the constrained particle derivative approximation for non-smooth interface problem involving a square interface; the
reproducing properties for the temperature, gradient and force term.

3.2. Heat conduction in the square domain with a circular inclusion
In this section, a heat conduction problem with a smooth interface is solved using the IIPDM.
{ A circular interface,
}
of radius 1/2 centered at xC = (1, 1) is placed in the square domain Ω = [0, 2]×[0, 2]; Γ = x ∈ Ω | |x − xc | = 12 .
As shown in Fig. 8, the inclusion, Ω − , is surrounded by the circular interface; Ω + = Ω \Ω − . The closed-form
solution for this problem is given by
{
∥x − xc ∥2 , ∥x − xc ∥ < 1/2
)
)
u(x) = 1 (
(80)
2 (
c∥
∥x − xc ∥2 + 2 + κC+ log (2 ∥x − xc ∥) , ∥x − xc ∥ ≥ 1/2
1 − 8κ1+ − κ1+ + ∥x−x
4
2κ +
where the material coefficient and heat source are correspondingly given as
{
∥x − xc ∥ + 1, ∥x − xc ∥ < 1/2
κ(x) = +
∥x − xc ∥ ≥ 1/2
κ ,
f (x) = 8 ∥x − xc ∥2 + 4

(81)
(82)
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Fig. 7. Accuracy of the constrained particle derivative approximation for the potential flow problem with a smooth interface involving a
circular inclusion; the reproducing properties for the stream function, velocity and force (or Laplacian) term.

Fig. 8. Heat conduction problem with a circular material discontinuity.

where unlike the material coefficient, the heat source term keeps its continuity across the interface. From Eqs.
(80)–(81), the interface condition for the heat flux can be explicitly written as below
]
[
∂u
κ
= 2C.
(83)
∂n Γ
[ ∂u ]
Thus the exact jump in the normal derivative field across the interface becomes constant, i.e., ∂n
= 5+8C
− 1.
4κ +
Γ
+
During the simulation, κ = 100 and C = 0.1 are applied; in fact, this large difference in the material coefficient
may result in bad solvability of the problem. Fig. 9 depicts a numerical model where 1600 nodes are regularly
distributed in the square domain including the boundary.
Surface plots for the temperature and the x and y-directional components of the temperature gradient computed
by the 6400-node model are presented in Fig. 10(a)–(c), respectively. These steady state solutions quite well match
the closed-form solutions. The figures clearly show that a wedge sharply forms along the material discontinuity
line; no smearing in the derivative jumps is found. Fig. 11 provides the convergence rates for the relative L ∞
errors in the temperature and the temperature gradient obtained by the 400, 1600, and 6400 node models. Slightly
higher convergence rates than the optimal rates were acquired; the rates for the temperature and the gradient are
16
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Fig. 9. Numerical model for the heat conduction problem with 1600 nodes and 160 interfacial points.

1.26 and 2.11, respectively. Even though the difference in material coefficient across Γ is very large, the IIPDM
yields quite good numerical results. For comparison, the convergence rates obtained for the same problem by the
extrinsic meshfree collocation method [8] are presented in Fig. 12. The extrinsic meshfree collocation method is
the strong form based particle method of which the approximation itself is enriched by the wedge function but
unlike the IIPDM, it produces extra discrete equations for enforcing the interface condition. It is noteworthy from
a mathematical viewpoint that the extrinsic meshfree collocation method is almost equivalent to the conventional
PDM [9,10]. As seen in Fig. 12, it yields the convergence rates 1.71 and 1.21 for the temperature and gradient
respectively; although the rate for the temperature is slightly less than 2, the rate for the gradient is slightly larger
than 1. This implies that the extrinsic meshfree collocation method relatively better captures the gradient field with
a jump than the temperature solution with a wedge. However, IIPDM produces more balanced convergence rates for
the temperature and the gradient. It is capable of capturing both the temperature and temperature gradient involving
interfacial wedge and jump. Without sacrifice in computational cost, it better performs in this type of interface
problem than the conventional PDM or the extrinsic meshfree point collocation method.
3.3. Heat conductions in the square domain with non-smooth interfaces
In this section, the effect of non-smooth interface is investigated by solving the heat conduction problems with
angular shape inclusions. The inclusion has 45 or 90 degree interior angle at the center of problem domain. The
wedge-shaped interface, Γ , is located in the square domain Ω = [0, 2]×[0, 2]. Although the smoothness of interface
shape is a geometric factor, the wedge-shaped inclusion inherently induces singularity leading to the deterioration
of the convergence rate of numerical solution. Thus the robustness of numerical scheme manipulating an asymptotic
singular derivative approximation is estimated through these non-smooth interface problems together with the effect
of interior angle size. In the first case, the interface has a sharp angle of 90 degree at xC = (1, 1). (See Fig. 13(a))
So, the wedge-shaped inclusion, Ω − , becomes a square and Ω + = Ω \Ω − . The closed-form solution for this case
is written as
{
∥x − xc ∥2 + c (x1 − x1c ) (x2 − x2c ) , in Ω −
u(x) =
(84)
∥x − xc ∥2 , in Ω +
where c is an arbitrary constant; in the computation, c = −4 is used. The discontinuous material coefficients and
heat sources are respectively given by
{
1, in Ω −
κ(x) =
(85)
10, in Ω +
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Fig. 10. Surface plots of numerical solutions obtained by the 6400-node model; a wedge and jumps were successfully captured along the
circular material discontinuity line: (a) temperature (b) the x-directional component of the temperature gradient, and (c) the y-directional
component of the temperature gradient.

{
f (x) =

4, in Ω −
40, in Ω +

(86)

where the force term also makes a discontinuity across the interface so that the solvability of the governing partial
differential equation may be further deteriorated.
In the second case, the heat conduction problem with a 45 degree angle inclusion is solved. The computational
domain is the same with the first case except for the shape of inclusion. (See Fig. 13(b)) The closed-form solution
for this case is given by
{
∥x − xc ∥2 + c (x1 − x1c ) ((x1 − x1c ) − (x2 − x2c )) , in Ω −
u(x) =
(87)
∥x − xc ∥2 , in Ω +
18

Y.-C. Yoon and J.-H. Song

Computer Methods in Applied Mechanics and Engineering 375 (2021) 113650

Fig. 11. Convergence rates for the temperature and temperature gradients obtained by the IIPDM; accuracy of the numerical solution for
heat conduction problem with a smooth interface.

Fig. 12. Convergence rates for the temperature and temperature gradients obtained by the extrinsic meshfree collocation method [8]; accuracy
of the numerical solution for heat conduction problem with a smooth interface.

where c is an arbitrary constant. The discontinuous material coefficients and heat sources are respectively written
as
{ −
κ = 1, in Ω −
κ(x) = +
(88)
κ = 10, in Ω +
{ −
f = 4 + 2c, in Ω −
f (x) =
(89)
f + = 40,
in Ω +
where both the material coefficients and heat sources are discontinuous.
Figs. 14(a)–(c) show surface plots for the problem with a square inclusion; they are drawn using the nodal
solutions for the temperature and the x and y-directional components of the temperature gradient computed by the
6400-node model, respectively. Note that the layout of interface does not coincide with the regular node arrangement;
in the IIPDM, the interface may place at an arbitrary position in the computational domain regardless of the node
arrangement. It is seen from the figures that a wedge is sharply formed along the material interface. Since the
steady state solution quite well matches the closed-form solution, the discontinuity is also well captured without
smearing or oscillation in the vicinity of interface. On the other hand, Figs. 15(a)–(c) present surface plots for the
temperature and the x- and y-directional components of the temperature gradient computed for the problem with
a triangle inclusion, respectively. One can see that the jump in the temperature gradient fields is sharply captured
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Fig. 13. Configurations for the heat conduction problems with wedge-shaped inclusions: (a) 90 degree interior angle case, and (b) 45 degree
interior angle case.

across the interface; although the jump sizes are quite large, no smearing is observed. As a result, it can be said that
the IIPDM is able to capture the wedge and jump behaviors along the interface regardless of the wedge geometry.
Fig. 16 presents the convergence rates for the relative L ∞ errors in the temperature and the temperature gradient
computed by 400, 1600, and 6400 node models. The convergence rates for different interior angles are compared
to one another. In the 90 degree angle case, the convergence rates for temperature and temperature gradient are
obtained as 1.93 and 1.00, respectively. Despite the sharp interior angle, these are very close to the theoretically
optimal values 2.00 and 1.00, correspondingly; in this case, the geometric shape of interface induces a moderate
strength singularity in the solution fields. On the other hand, in the 45 degree angle case, the convergence rates are
obtained as 1.08 and 0.86 for the temperature and the gradient, respectively. These are less than the theoretically
optimal values; especially, the convergence rate for the temperature is considerably less than its optimal value since
the geometry of interface additionally induces a considerable strength of singularity. Also, absolute magnitudes
of the relative L ∞ errors for 45 degree angle case are much bigger than the 90 degree angle case. In addition,
no smearing occurs during computation of the gradient field even in the presence of a large jump; also, neither
oscillation nor waggling is observed near the interface. This is very promising because many weak form based
numerical schemes involving numerical integration have suffered from this smearing and oscillation phenomena.
This may be more cumbersome in the transient problems such as moving boundary problem and crack propagation
problem. So, it is clear that the IIPDM sophisticatedly achieves the performance enough to treat the tricky interfacial
geometry as well as derivative discontinuity in the interfacial singularity problem.
3.4. Heat conduction in the 2D domain with a slit
In this section, heat conduction in a square domain with a slit is analyzed. Since the existence of the slit inevitably
blocks smooth heat flow, a geometry-induced singularity occurs. The concave interface like a slit often provokes
many numerical difficulties because treatment of the tip placed in the interior domain is not straightforward. In
particular, it is known that this steady state heat problem is equivalent to the potential flow problem with the same
geometry. Therefore, when solving this potential flow problem, there appears the geometry-induced singularity in
the flow due to the diffraction around the slit and the velocity makes both the singularity and the discontinuity
in the solution field. The slit plays a role of a crack in the solid mechanics problems; the crack causes a stress
concentration at the tip disturbing the natural flow of stresses. Let Ω = [−1, 1] × [0, 2] be the computation domain
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Fig. 14. Surface plots of numerical solutions for 90 degree interior angle case computed by 6400 node model: (a) temperature (b) x-directional
component of the temperature gradient, and (c) y-directional component of the temperature gradient.
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Fig. 15. Surface plots of numerical solutions for 45 degree interior angle case computed by 6400 node model: (a) temperature (b) x-directional
component of the temperature gradient, and (c) y-directional component of the temperature gradient.

with the slit Γ . The tip of slit is positioned at xc = (0, 1). In this case, the closed-form solution is expressed by a
complex value and the analytical complex potential is written by
√
Ω (z) = z 2 + 1 = φ(x) + i ψ(x)
(90)
where z is the complex variable and ψ(x) is the velocity potential which corresponds to the temperature in the heat
conduction problem. Based on the Cauchy–Riemann theorem and the complex potential, the complex velocity is
expressed as follows
Ω ′ (z) = √
where

∂ψ
∂ x1

z

z2 + 1
(
= imag √ z

=

z 2 +1

∂u(x)
∂u(x)
∂ψ(x)
∂ψ(x)
−i
=
+i
(91)
∂ x1
∂ x2
∂ x2
∂ x1
)
)
(
∂ψ
z
and ∂ x = r eal √ 2
. Particularly, u(x) might be thought as the heat flow in the
2

z +1

heat conduction problem. ψ(x) is the solution of the given problem;
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∂ψ
∂ x2
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Fig. 16. Convergence rates for the heat conduction problems with 45 and 90 degree interior angle interfaces.

of ψ(x). From Eqs. (90)–(91), the normal derivative jump of ψ(x) can be defined a priori. The boundary condition
imposed to the bottom line of the computational domain is applied to Γ ; i.e., ψ(x) = 0 on x = (x1 , 0) and Γ . Note
that mathematically, the velocity is supposed to have a infinite value at the tip of slit because the gradient of the
velocity potential becomes infinite there.
Fig. 17 presents the numerical model for heat conduction problem with the slit where 6400 nodes are regularly
distributed over the interior and boundary regions. The straight interface is placed not to share the same spatial
position with the regular interior node even though the sharing provokes no numerical difficulty. Fig. 18(a) shows
a surface plot for the velocity potential which is equivalent to the temperature in the heat conduction problem. It is
clearly seen that a wedge with a three dimensional shape is formed along the slit. A sliced profile for the potential
function along the slit trajectory and the ligament is given in Fig. 18(b) where the potential value is compared
with the analytical solution. Note that the numerical solution pretty well matches the analytic one although the
solution takes a complex shape making an abrupt change around the tip of slit. Fig. 19(a)–(b) present surface plots
for the complex velocity indicating the temperature gradient in the heat conduction problem. The velocities are
calculated from the directional component of complex potential gradient. In spite of the singularities induced by
both the geometry of the slit and the jump occurred along this very thin layered interface, the temperature gradients
or complex velocities are sharply captured because the developed numerical scheme properly performs. Since they
have an infinite value, the resolution of singularity capturing readily depends on the resolution of node distribution.
Although the velocity fields induce quite large jump according to the angular position, promisingly, the jumps are
very sharply captured without any smearing or oscillation. Sliced profiles for the complex velocity along the lines
of x2 = 1 and x1 = 0 are given in Fig. 20(a)–(b), respectively and are compared with the analytical solution. Good
agreements with the analytical solutions indicate that the IIPDM can solve this class of interface problem with a
quite good accuracy. Although treatment of the interface tip often causes numerical awkwardness and ambiguity
in many numerical schemes, the IIPDM consistently performs weather the interface takes the convex shape like
a circle or the concave geometry like a slit. Without any extra special technique, the numerical awkwardness is
effectively coped with. Therefore, the discontinuity and singularity, which are induced by the interface geometry
and the wedge solution, can be accurately captured without smearing and oscillation. No matter how smooth the
interface is, the IIPDM can appropriately solve the elliptic interface problems.
3.5. Potential flow in the 2D domain with a circular inclusion
In this section, potential flow around a circular cylinder is analyzed. The cylinder has a radius (a > 0) and is
centered at xc = (1, 1). Let Ω = [0, 2] × [0, 2] be the computation domain with the circular interface Γ of a radius
a. The circulation of the cylinder and the far field uniform velocity are assumed to be λ and (U, 0), respectively; U
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Fig. 17. Numerical model for the potential flow problem with a slit discretized using 1600 nodes and 160 interfacial points.

Fig. 18. Numerical solutions for the potential flow problem with a slit: (a) surface plot for velocity potential interpreted as heat flow, and
(b) sliced profile for the velocity potential along the slit trajectory and the ligament compared with the analytical solution.

denotes the strength of inlet flow. Around the cylinder (∥x − xc ∥ ≥ a), the flow is described in terms of the stream
function as follows
{
0, in( Ω −
)
u(x) =
.
(92)
a2
λ
c∥
U x2 1 − ∥x−x
− 2π
log ∥x−x
, in Ω +
a
∥2
c

When the uniform flow continuously passes around the cylinder, the solution u(x) satisfies the elliptic partial
differential equations given in Eqs. (63)–(66). This potential flow problem can be considered as a circularly
immersed interface problem where the inclusion is assumed to have a different material coefficient resulting in
zero circulation. In the simulation, flow parameters a = 0.5, U = 1 and λ = −2 are applied. In this case,
material coefficient, κ, is given as a unit value; because of the constant κ, the constrained particle derivative
approximation might be slightly modified. However, regardless of κ, the interface condition of Eq. (66) is supposed
to be automatically satisfied by the constrained particle derivative approximation. According to Eqs. (65)–(66),
u(x) = 0 should be imposed on Γ ; also, u(x) = 0 in the inside of the cylinder. Only the tangential component of
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Fig. 19. Surface plots of numerical solutions for complex velocity computed by 6400-node model: (a) x-directional component of the gradient
∂ψ
∂u
∂u
of velocity potential ( ∂∂ψ
x = − ∂ x ), and (b) y-directional component of the gradient of velocity potential ( ∂ x = ∂ x ).
1

2

2

1

Fig. 20. Sliced profiles for complex velocity components (or the gradient of velocity potential) compared with the exact solutions along the
∂u
lines of x2 = 1 and x1 = 0, respectively: (a) x-directional component of the gradient of velocity potential ( ∂∂ψ
x = − ∂ x ), and (b) y-directional

component of the gradient of velocity potential ( ∂∂ψ
x =
2

1

∂u
∂ x1 ).

velocity is non-zero on the cylinder and the jump function g can be calculated as follows
[
]
∂u(x)
λ
= 2U sin θ −
∂n
2πa

2

(93)

Eq. (93) may enter the constrained particle derivative approximation in Eq. (47). According to Eq. (92), the Dirichlet
boundary condition is imposed on the boundary nodes. Alternatively, as in the conventional PDM [9,10], the jump
function might be considered as a part of the solutions by setting up additional difference equations along the
interface.
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Fig. 21. Numerical model for potential flow problem consisting of 1600 nodes and 160 interfacial points.

Fig. 21 depicts the numerical model for the potential flow problem with the circular inclusion where 6400 nodes
are regularly distributed in the interior and boundary regions. The cylinder may place at an arbitrary position since
the interface discretization is not associated with the node arrangement at all. As aforementioned, regardless of the
unnecessariness of extra interfacial equation, the interface has to be discretized in accordance with the resolution
of the node distribution. A contour plot for the stream function is given in Fig. 22 where the stream line smoothly
passes around the inclusion generating the zero-value contour line around the cylinder. Fig. 23(a)–(b) present surface
plots for x and y-directional components of velocity which were computed by taking the directional component of
the gradient of stream function. Although the velocity fields induce a large jump according to the angular variation,
the jump is sharply captured without any smearing and oscillation thereby displaying IIPDM’s effectiveness in
simulating potential flow about a circular inclusion.
Fig. 24 presents the convergence rates for the relative L ∞ errors in the stream function and the velocity computed
by 400, 1600, and 6400 node models. The convergence rates for the stream function and the velocity read 1.47 and
1.00, respectively. The rate for the stream function does not reach the theoretically optimal value although the rate for
the velocity does. This implies that the IIPDM tends to better approximate the derivative solution than the solution
itself because the constrained particle derivative approximation was designed to automatically enforce the interface
condition which is expressed in terms of the derivative function. As previously mentioned, the normal derivative
jump can be set to be extra unknown. For instance, the derivative jump computation result of this case is given in
Fig. 25 where it is seen that the derivative jumps obtained as a part of solutions quite well match the analytical
solution. Also, the convergence rate for this additional jump computation is depicted in Fig. 24. It is obtained as
0.72 which is slightly less than the rate for the gradient computation. As a result, the IIPDM is expected to well
perform in some special categories of engineering problems where the gradients of a function such as stresses in
solid and velocities in fluid have an emphasis together with interfacial singularities.
4. Conclusions
This study proposed the Interface Immersed Particle Difference Method (IIPDM) for solving the interface
problems described by the elliptic partial differential equation with discontinuous material coefficients such as
heat conduction and potential flow problems with various inhomogeneous inclusions. These problems induce the
layered singularities due to a jump in derivative solution field and a geometry-driven singularity. The IIPDM is
able to effectively and accurately produce numerical solutions for this class of elliptic interface problem. Numerical
solution accuracy is very high and calculated convergence rates are close to mathematically optimal values so
that the resultant discontinuous solution is proved to be reliable. In comparison to the previously developed PDM,
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Fig. 22. Stream line contour plot for uniform potential flow problem (λ = −2).

Fig. 23. Surface plots of numerical solutions for the velocity (6400-node model): (a) x-directional component of the gradient of stream
function ( ∂∂ux = −vx ), and (b) y-directional component of the gradient of stream function ( ∂u
∂ y = v y ).

Fig. 24. Convergence rates for the potential flow problem with a circular inclusion (λ = −2).
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Fig. 25. Comparison of the exact and numerical derivative jump solutions computed by 6400-node model with 160 interfacial points.

IIPDM exhibits improved computational efficiency since it requires no additional difference equations along the
interface. It is noteworthy that the interface condition is already embedded in the particle derivative approximation
in the moving least squares framework. As a result, the constrained particle derivative approximation can treat
both the wedge solution induced by the derivative jump and the singularity induced by the interface geometry. The
geometric property of the interface can be implicitly captured during the construction of difference equation for
the governing partial differential equations regardless of the smoothness of interface geometry. Setting aside the
initially distributed nodes, any extra nodes are not added for catching the interfacial singularity nor any partial node
arrangement is reconstructed like in the extended finite element method. In the IIPDM, the interface modeling is
completely separated from the nodal arrangement. Total discrete system was strongly formulated such that the strong
forms for governing equations are discretized node by node using the constrained particle derivative approximation.
The discretization process looks similar to that of finite difference method, even more to that of the point collocation
meshfree method.
In the moving least squares procedure for the constrained particle derivative approximation construction, the
interface condition functions as a constraint condition like in a optimization problem. Embedding the interface
condition in the particle derivative approximation changes not only the local approximation but also the basis
polynomial function. Each element of the polynomial function was enriched by the corresponding wedge component
and a wedge function was extrinsically added in the original local approximation. The constrained particle derivative
approximation is able to sharply capture the wedge and jump in the solution fields; furthermore, it maintains
robustness regardless of the smoothness of interface geometry and preserves the reproducing property for the
differentiable function as well as the singular function involving the wedge. So, it may be extended to other types
of the constraint problems found in special engineering fields.
Numerical experiments showed that the IIPDM is capable of capturing the wedge behavior together with the
jump in the solution fields. The IIPDM yields very sharp and accurate numerical solutions without any smearing
or oscillation phenomenon near the interface. In fact, it can achieve the better convergence rates for the elliptic
interface problem than the conventional PDM which requires additional difference equations along the interface.
This is very promising because the IIPDM yields less number of difference equations than the conventional PDM;
also, the constrained particle derivative approximation is employed only in the vicinity of the interface owing to the
compact support of approximation function. Thus, the IIPDM is readily expected to be applied to much challenging
interface problems involving more complex geometry and transient characteristics such as solidification problems
and structure fluid interaction problems. Upon successful applications of the proposed method to various elliptic
boundary value problems with discontinuity, our algorithm will be also further expended to complex engineering
problems in three dimensions [31,32].
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