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Abstract
In this work, we present a strong form meshfree collocation method for frictional contact problems. Frictional contact
constraints are included in the strong form force balance equation as part of Neumann boundary conditions. The equation is
then directly discretized with the precomputed derivative operators obtained from moving least-squares approximation using
Taylor expansion of the displacement field through point-wise computations at collocation points. The accuracy and effectiveness
of the method are examined via several benchmark frictional and frictionless contact problems using non-uniformly distributed
collocation points. Numerical results are also compared with analytical and finite element solutions.
c 2019 Elsevier B.V. All rights reserved.
⃝
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1. Introduction
Developing robust and efficient contact methods has engendered considerable interest in the engineering
community due to many important applications. Most of the existing algorithms have been developed based on
traditional weak form based finite element methods. As well known in the literature, these methods require mesh
generation along with numerical integration, resulting in significant reduction of computational efficiency. Moreover,
treatment of the contact region using adaptive refinement to achieve sufficient accuracy is not simple. To circumvent
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these difficulties, this study aims to introduce a strong form meshfree collocation method, and would be highly
desirable given the sharp gradients that are often observed on stick/slip boundaries and at edges of contact patches.
The strong form meshfree collocation method used in this study [1–3] is based on computing discretized
higher-order derivative operators with a Taylor expansion through the moving least-squares approach. However,
it should be also noted that such ideas have been also introduced and explored previously for the meshfree
methods by other researchers [4–7]. One of the distinct features of the current method is that it allows for
straightforward computation of derivative operators that can directly discretize governing equations of any order, as
well as their boundary conditions. The method has been subsequently further developed and generalized for various
engineering problems, e.g., generalized formalism for strong and weak discontinuities [1,2] and moving interface
problems [3,8], polycrystalline solidification with diffusive interface approach [9–11], inelastic material [12], and
ocean circulation [13] problems. The application of this collocation approach to frictionless and frictional contact
problems is the main goal of this study. Distinct advantages of the method for contact problems are an easy adaptive
refinement on contact area and an easy treatment of contact constraints as one of Neumann boundary conditions.
Moreover, it does not require numerical integration, which makes it significantly more efficient than standard finite
element methods.
Several collocation methods have been recently developed. Two main examples are the reproducing kernel
collocation method [14,15] and an isogeometric analysis collocation (IGA-C) method [16,17]. Among these two,
the IGA-C method has been only applied for several contact problems including frictional or frictionless contact
problems for elasticity [16], large deformation elasticity [17], and a rod-to-rod contact [18]. As noticed in [16],
the IGA-C method is not a meshfree method because it adopts the isoparametric concept and employs meshes that
either have a tensor product structure or are locally refined. Some other interesting numerical methods that can
handle contact problems simply through the kernel function [19,20] or avoid classical discretization yielding to
simpler implementation [21,22] have been also developed by other researchers. However, to the best of knowledge,
our study is the first attempt to model frictional contact using a meshfree collocation approach on a strong form.
The main contribution of this paper is as follows. We focus on one body contact with a rigid, immoveable body
(i.e., a Signorini-type problem) by directly imposing frictional contact constraints on the small-strain linear elasticity
equation. The elastostatic equation with frictional contact constraints is directly discretized using the approximations
of the displacement field and its derivatives obtained from the incorporation of the Taylor series to a moving leastsquares approximation. Such a discretization possesses various characteristics that are desirable for frictional contact
problems. In other words, the method applies only to a point-wise computation on the basis of a compact support
radius which is suitable for local refinement and dynamic adaptivity. Furthermore, the arrangement of collocation
points can be easily refined to determine the complex features of solutions, and also no numerical integration is
required because it does not involve a weak formulation. Moreover, we expect that the computational speed can
be significantly increased by the particle derivative approximation. These advantages make the proposed meshfree
collocation method a promising candidate for modeling frictional contact problems. The performance of the method
is verified through several benchmark problems in frictional and frictionless contact.
This outline of the paper is as follows. In Section 2, we describe the governing equation for the infinitesimal
linear elastic problem. The contact kinematics, penalty regularization, and return mapping algorithm are described
in Section 3. In Section 4, we briefly explain the fundamental approach of the strong form meshfree collocation
method and introduce the strong form based formulation for one body frictional contact with a rigid body along
with its discretizations. The linearizations for iteration with Newton’s method are also provided in Section 4. In
Section 5, numerical examples are provided to investigate the performance of the method. Finally, a summary and
concluding remarks are given in Section 6.
2. Problem description
We consider one body contact with a rigid, immobile obstacle as shown in Fig. 1. The closure of the domain
Ω is denoted by Ω̄ , i.e., Ω̄ = Ω ∪ Γ , where Γ is the boundary of the domain. The domain boundary Γ is further
partitioned into the disjoint set: Γu on which the displacement is prescribed, Γt on which the traction is prescribed,
and Γc the contact surface, i.e., Γ = Γu ∪ Γt ∪ Γc with Γu ∩ Γt = Γu ∩ Γc = Γc ∩ Γt = ∅. We are interested in
finding the displacement field u of the domain Ω such that
div σ + b = 0

in Ω

(2.1)
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Fig. 1. Nomenclature for one body contact against a rigid, immobile obstacle; small deformation contact theory are adopted with
ν(x) ≈ −n(x).

where σ is the Cauchy stress tensor and b is a body force. For the constitutive assumption, we consider linear
isotropic elastic material, i.e.,
σ = 2µϵ + λtr(ϵ)1

(2.2)

where λ and µ are Lamé constants, 1 is a second order identity tensor, and ϵ is the strain tensor defined by
ϵ = (grad u + (grad u)⊤)/2. Eq. (2.1) is complemented by Dirichlet and Neumann boundary conditions and contact
constraints
u = ū on Γu ,
σ n = t̄ on Γt ,
σ n = tc

(2.3)

on Γc

where n is the unit outward normal vector to domain Ω , ū is the prescribed displacement on Γu , t̄ is the prescribed
traction on Γt , and tc is the unknown contact traction on Γc .
3. Contact kinematics and constraints
In this section, we describe the computational contact constraints that govern the interaction between the
deformable body and the obstacle on the contact boundary. The contact constraint condition enforces the Coulomb
friction law based on the contact pressure, which in turn assures the impenetrability condition between the body
and obstacle. We assume that the pressure exerted by the obstacle on the contact boundary Γc shall be compressive
in the direction normal to the intervening boundary of the deformable body Ω ; details on adopted nomenclature
can be also found in Laursen [23].
3.1. Contact constraint for impenetrability condition
To define the contact constraints, we focus on a point x ∈ Γc . We assume that for each point x ∈ Γc , a
corresponding point ȳ(x) ∈ Γobs is identified for the purpose of contact geometry definition. For given x ∈ Γobs , we
choose ȳ(x) as the point on Γobs which is closest to x in a Euclidean sense. Then, for each point x ∈ Γc , a surface
normal n(x) is defined as the geometric unit normal to the obstacle surface Γobs at ȳ(x), i.e., n(x) ≈ −ν(x). These
definitions are graphically described in Fig. 1.
Given a displacement field u : Γc → R2 , we define a gap function g : Γc → R as follows. For all x ∈ Γc ,
g(x) = g0 (x) − u(x) · ν(x),

(3.1)

where g0 (x) denotes the initial gap between two bodies. To define the normal contact conditions, the contact traction
is decomposed into normal and tangential components via
tc = t N − t T = t N ν − t T τ

(3.2)
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where ν is the unit outward normal to Γc and τ is the unit tangential vector on ȳ(x) ∈ Γobs defined as
ν = e3 × τ

(3.3)

where e3 is the unit basis vector pointing outward the considered two-dimensional plane.
The gap function g and contact pressure t N are then further related through the Kuhn–Tucker complementary
conditions:
g(x) ≤ 0,

t N (x) ≥ 0,

t N g(x) = 0.

(3.4)

Eq. (3.4)2 refers to the fact that if there is contact then the pressure is compressive. Eq. (3.4)3 is the requirement
that the pressure is nonzero only when contact occurs (i.e., g = 0). Further, when g < 0, this condition requires
that t N be zero, consistent with an out-of-contact condition.
3.2. Penalty regularization
A penalty regularization for the normal contact constraints can be constructed by introducing the normal penalty
parameter ϵ N . We replace the contact pressure with the expression
t N = ϵ N ⟨g⟩

(3.5)

where ⟨•⟩ is the Macaulay bracket which represents the positive contribution of the operand, defined as
{
g
if g ≥ 0,
⟨g⟩ =
0
otherwise.

(3.6)

The impenetrability condition is exactly satisfied as the penalty parameter ϵ N → ∞.
The frictional contact traction is evaluated with the penalty approach [24,25]. Introducing the tangential penalty
parameter ϵT , the penalty regularization for frictional contact constraints can be written as
Φ := ∥tT ∥ − µt N ≤ 0,
tT
1
vT − ζ̇
=
t˙T ,
∥tT ∥
ϵT
ζ̇ ≥ 0,

(3.7)

ζ̇ Φ = 0
where µ is the coefficient of friction. Application of a backward Euler integrator to the penalty regularized spatial
equations of evolution yields the following:
Φ : = ∥tT ∥ − µt N ≤ 0,
(
)
tT
tT = ϵT uT − ∆ζ
,
∥tT ∥
∆ζ ≥ 0,

(3.8)

∆ζ Φ = 0.
A trial state/return mapping algorithm is employed to determine the Coulomb frictional traction. For implementation,
the computational algorithm for Coulomb frictional traction is then given by:
1. Compute the trial state friction by assuming no slip during the increment:
ttrial
= ϵT uT ,
T
Φtrial = ∥ttrial
T ∥ − µt N .

(3.9)

where uT = (1 − ν⊗ν)u on Γc . Note that the normal contact pressure t N is previously given by t N = ϵ N ⟨g⟩
in Eq. (3.5).
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2. Check the stick/slip condition of collocation points of the contact boundary based on the pre-computed trial
function Φtrial :

tT =

⎧
⎪
⎨ttrial
T

ttrial
T
⎪
⎩µt N trial
∥tT ∥

if Φtrial ≤ 0 (stick),
otherwise (slip).

(3.10)

It should be noted here that there are other methods that can impose normal contact constraints such as variational
inequalities, Lagrange multiplier, perturbed Lagrangian, and augmented Lagrangian methods. However, penalty
methods have the particular advantage of removing the constraints explicitly from the formulation, enabling one to
develop formalism for the problem as an unconstrained optimization problem [23]. The penalty approach is also
frequently adopted for industrial-level contact analysis due to its efficacy. Thus, in this study we initially adopt
the penalty approach, and remain exploring aforementioned other approaches within the framework of the strong
meshfree method as future work.
4. Strong form and discretized equations
We provide the brief derivation of the meshfree collocation approximation in this section; details can be
found in [1–3]. Incorporating the Taylor series expansion to a moving least-square approximation gives rise to
higher-order derivatives of the shape functions. For convenience, we start by defining mathematical notations. Let
x = (x1 , . . . , xn ) be an n-dimensional real vector and α = (α1 , . . . , αn ) be an n-tuple of non-negative integers. The
αth power of x is defined by
α

α

xα = x1 1 x2 2 · · · xnαn .

(4.1)

We define the αth derivative of a smooth function f (x) with respect to x as
Dxα f (x) =

∂ |α| f (x)
· · · ∂ xnαn

α
α
∂ x1 1 ∂ x2 2

(4.2)

∑n
where |α| is the sum of all components of α, i.e., |α| ≡ i=1
αi .
Upon neglecting higher-order terms in a Taylor series, the mth-order polynomial for approximating a continuous
function u(x) at the local center x̄ can be expressed as
∑ (x − x̄)α
u(x; x̄) =
Dxα u(x̄) = p⊤m (x; x̄)a(x̄)
(4.3)
α!
|α|≤m
where α! is the factorial of α, i.e., α! = α1 ! · · · αn !. Note that as shown in Eq. (4.3), the Taylor polynomial can be
decomposed into the polynomial vector p⊤m (x; x̄) and the derivative coefficient vector a(x̄) computed at the local
center. The polynomial vector takes the form
[
]
(x − x̄)α L
(x − x̄)α1
,...,
(4.4)
p⊤m (x; x̄) =
α1!
αL !
where α i ’s are an n-tuple of non-negative integers and L = (n + m)!/n!m! is the number of the components of
the polynomial vector p⊤m . Here, (x − x̄)αi is the α i th-power of x − x̄ defined by (x − x̄)αi = (x1 − x̄1 )α1i (x2 −
x̄2 )α2i · · · (xn − x̄n )αni . The derivative coefficient vector can be defined as
]
[
(4.5)
a⊤(x̄) = Dxα1 u(x̄), . . . , Dxα L u(x̄)
which includes all of the derivatives for u(x̄) at the local center up to the α L th-order.
Bearing mind of the idea of moving least-square approximation, minimizing with respect to a(x̄) the discrete
form of the weighted, discrete L 2 -norm given by
(
)
N
∑
x I − x̄
J=
w
[p⊤(x I )a(x̄) − u I ]2
(4.6)
ρ
x̄
I =1
yields
a(x̄) = M−1 (x̄)B(x̄)u⊤.

(4.7)
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The matrices M and B can be defined by
)
(
N
∑
x I − x̄
M(x̄) =
pm (x I ; x̄)p⊤m (x I ; x̄),
w
ρ
x̄
I =1
)
(
)
]
[ (
x N − x̄
x1 − x̄
pm (x1 ; x̄), · · · , w
pm (x N ; x̄)
B(x̄) = w
ρx̄
ρx̄
where the polynomial vector pm (x I ; x̄) is defined in Eq. (4.4).
In Eq. (4.7), substituting x for x̄ and replacing a(x) with Dαx u(x) yield
Dαx u(x) =

N
∑

ΦαI (x)u I

(4.8)

(4.9)

(4.10)

I =1

where α = (α1 , α2 ) be a 2-tuple of non-negative integers. In matrix form, Eq. (4.10) can be expressed as
⎞
⎞ ⎛ α1
⎛ α1
α
α
Φ1 (x) Φ2 1 (x) · · · Φ N1 (x) ⎛ u ⎞
Dx u(x)
1
⎜ Dα2 u(x) ⎟ ⎜ Φα2 (x) Φα2 (x) · · · Φα2 (x) ⎟ ⎜ ⎟
⎟ ⎜ u2 ⎟
⎟ ⎜ 1
⎜ x
N
2
⎟ . ⎟
⎟=⎜
⎜
..
.. ⎟ ⎜
..
⎟ ⎜ ..
⎜
..
.
.
⎠ ⎝ .
⎝
.
. ⎠⎝ . ⎠
.
α
α
α
α
uN
Φ L (x) Φ L (x) · · · Φ L (x)
D L u(x)
x

1

(4.11)

N

2

where α i ’s are a 2-tuple of non-negative integers, e.g., α 1 = (0, 0), α 2 = (1, 0), α 3 = (0, 1), . . ., α L = (0, m) for
the mth order polynomial vector pm . Here, ΦαI (x) is the αth derivative of the shape function at node I defined as
(
)
xI − x
ΦαI (x) = e⊤α M−1 (x)p(x I ; x)w
(4.12)
ρx
where e⊤α = [e0 , . . . , em ] with its component defined as
{
1 if k = α
ek =
0 otherwise

(4.13)

for k = 0, . . . , m.
4.1. Discretization for one-body frictional contact
In this section, we present the discretized strong form governing equations with the aforementioned meshfree
collocation method. To this end, the governing Eq. (2.1) is rewritten as
µ∆u + (λ + µ)∇(div u) + b = 0

in Ω

by substituting Eq. (2.2). In plane strain, the Lamé constants are
E
νE
,
µ=
λ=
(1 − 2ν)(1 + ν)
2(1 + ν)
where E is Young’s modulus, and ν is Poisson’s ratio.
In Cartesian components, Eq. (4.14) has the equivalent form
µu i, j j + (λ + µ)u j, ji + bi = 0

in Ω

(4.14)

(4.15)

(4.16)

where i, j = 1, 2 in two dimensions, and the repeated subscript follows the summation convention. A full Newton–
Raphson iteration scheme is used to resolve the nonlinear system of equations. The residual R for the nonlinear
system of equation can be written as
R(u) = Lu − F (u) = 0.

(4.17)

Notice that F (u) is nonlinear due to the presence of contact tractions. A Newton–Raphson solution technique for
Eq. (4.17) is defined in iteration j by
⏐
∂R ⏐⏐
R(u j ) +
δu = 0
(4.18)
∂u ⏐
j
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followed by the update
u j+1 = u j + δu.

(4.19)

Iterations on j continue until the residual norm ∥R(u j )∥ is less than the prescribed tolerance. Henceforth, we denote
∂R
as the tangent stiffness matrix K, i.e. K = ∂R
. By replacing u with δu, we can obtain K for Eqs. (4.21) and
∂u
∂u
(4.23).
By adopting conventional linearization procedure, the final form of linearized equation can be written by
δu = K−1 R(u j )

(4.20)

where
⎡

⎡

K int
⎢ 0
K=⎢
⎣ 0
0

0
KD
0
0

0
0
KN
0

⎤
0
0⎥
⎥,
0⎦
Kc

u int
1I (x J )

⎤

⎢u int (x )⎥
⎢ 2I J ⎥
⎥
⎢ D
⎢ u 1I (x J ) ⎥
⎥
⎢
⎢ u D (x ) ⎥
⎢ 2I J ⎥
u=⎢ N
⎥,
⎢ u 1I (x J ) ⎥
⎥
⎢
⎢ u N (x ) ⎥
⎢ 2I J ⎥
⎥
⎢ c
⎣ u 1I (x J ) ⎦
u c2I (x J )

⎡

⎤
−b1 (x J )
⎢−b2 (x J )⎥
⎢
⎥
⎢ u 1I (x J ) ⎥
⎢
⎥
⎢ u 2I (x J ) ⎥
⎢
⎥.
f=⎢
⎥
⎢ t1 (x J ) ⎥
⎢ t2 (x J ) ⎥
⎢
⎥
⎣ t1c (x J ) ⎦
t2c (x J )

For convenience, we define Λ = Λi ∪ Λd ∪ Λt ∪ Λc where Λi , Λd , Λt , and Λc are sets of interior nodes, Dirichlet
boundary nodes, Neumann boundary nodes, and nodes on contact surface Γc , respectively. Substituting (4.10)
into (4.14) yields the discrete form
N
∑
{[(λ + 2µ)Φ(2,0)
(x J ) + µΦ(0,2)
(x J )]u 1I + (λ + µ)Φ(1,1)
(x J )u 2I } + b1 (x J ) = 0,
I
I
I
I =1
N
∑
{(λ + µ)Φ(1,1)
(x J )u 1I + [µΦ(2,0)
(x J ) + (λ + 2µ)Φ(0,2)
(x J )]u 2I } + b2 (x J ) = 0
I
I
I

(4.21)

I =1

for the interior nodes x J ∈ Λi . In matrix form, Eq. (4.21) can be rewritten as
[
]
[
]
K Iint1J 1 K Iint2J 1
−b1 (x J )
int
int
K =
,
f =
−b2 (x J )
K Iint1J 2 K Iint2J 2

(4.22)

where
(x J ) + µΦ(0,2)
(x J )],
K Iint1J 1 = [(λ + 2µ)Φ(2,0)
I
I
K Iint1J 2 = (λ + µ)Φ(1,1)
(x J ),
I

(x J ),
K Iint2J 1 = (λ + µ)Φ(1,1)
I

K Iint2J 2 = µΦ(2,0)
(x J ) + (λ + 2µ)Φ(0,2)
(x J ).
I
I

Similarly, by substituting Eq. (4.10) into Eq. (2.3)1 , the discrete form of the Dirichlet boundary condition can
be obtained as
N
N
∑
∑
(0,0)
(4.23)
Φ I (x J )u 1I − ū 1I (x J ) = 0,
Φ(0,0)
(x J )u 2I − ū 2I (x J ) = 0
I
I =1

I =1

for x J ∈ Λd . In matrix form, Eq. (4.23) can be rewritten as
[ D
]
[
]
K I 1J 1
0
ū 1I (x J )
D
D
K =
,
f =
0
K ID2J 2
ū 2I (x J )

(4.24)

where
K ID1J 1 = Φ(0,0)
(x J ),
I

K ID2J 2 = Φ(0,0)
(x J ).
I

Similarly, substituting Eq. (2.2) into Eq. (2.3)2 yields
2µn · ϵ + λn · 1(div u) − t = 0

on Γt .

(4.25)
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Substituting Eq. (4.10) into Eq. (4.25) results in the discrete form of the Neumann boundary condition
N
∑
(1,0)
{[(λ + 2µ)Φ(1,0)
(x J )n 1 + µΦ(0,1)
(x J )n 2 ]u 1I + [λΦ(0,1)
I
I
I J (x J )n 1 + µΦ I J (x J )n 2 ]u 2I } − t1 (x J ) = 0,
I =1
N
∑
{[µΦ(0,1)
(x J )n 1 + λΦ(1,0)
(x J )n 2 ]u 1I + [(λ + 2µ)Φ(0,1)
(x J )n 2 + µΦ(1,0)
(x J )n 1 ]u 2I } − t2 (x J ) = 0
I
I
I
I

(4.26)

I =1

for x J ∈ Λt . This can be rewritten as the matrix form
[
]
[
]
K IN1J 1 K IN2J 1
t1 (x J )
N
N
K =
,
f
=
t2 (x J )
K IN1J 2 K IN2J 2

(4.27)

where
(x J )n 1 + µΦ(0,1)
(x J )n 2 ,
K IN1J 1 = (λ + 2µ)Φ(1,0)
I
I
K IN1J 2 = µΦ(0,1)
(x J )n 1 + λΦ(1,0)
(x J )n 2 ,
I
I

(1,0)
K IN2J 1 = λΦ(0,1)
I J (x J )n 1 + µΦ I J (x J )n 2 ,

K IN2J 2 = (λ + 2µ)Φ(0,1)
(x J )n 2 + µΦ(1,0)
(x J )n 1 .
I
I

Now, we model normal and frictional contacts by replacing tc in Eq. (2.3)3 with the contact traction Eq. (3.2),
i.e.,
2µn · ϵ + λn · 1(div u) − tc = 0

on Γc

(4.28)

where contact traction is given by tc = t N − tT . In Cartesian components, it has the equivalent form
µ(u i, j + u j,i )n j + λδi j n j (u k,k ) − t N νi + tT τi = 0

on Γc

(4.29)

where δi j is the Kronecker delta. It should be emphasized again that contact traction t N and tT in Eq. (4.29) entail
nonlinearity as subsequently described in Eqs. (4.30) and (4.36) for stick and slip cases, respectively.
For the stick case, applying (3.5) to t N and (3.9) and (3.10) to tT yields
µ(u i, j + u j,i )n j + λδi j n j (u k,k ) − ϵ N ⟨g(x J )⟩νi + H (g(x J ))tTtrial τi = 0

(4.30)

where tTtrial = ϵT u T = ϵT (u · τ ). Notice that the Heaviside function H (g) is multiplied to the last tangential contact
terms to describe that there is no frictional contact without contact, i.e., g < 0. Kc for the contact terms can be
obtained, i.e., for a contact node x J ∈ Λc .
N
∑
{[(λ + 2µ)Φ(1,0)
(x J )n 1 + µΦ(0,1)
(x J )n 2 ]δu 1I + [λΦ(0,1)
(x J )n 1 + µΦ(1,0)
(x J )n 2 ]δu 2I }
I
I
I
I
I =1

+ϵ N H (g(x J ))(δu(x J ) · ν)ν1 + ϵT H (g(x J ))(δu · τ )τ1 = 0,
N
∑
{[µΦ(0,1)
(x J )n 1 + λΦ(1,0)
(x J )n 2 ]δu 1I + [(λ + 2µ)Φ(0,1)
(x J )n 2 + µΦ(1,0)
(x J )n 1 ]δu 2I }
I
I
I
I

(4.31)

I =1

+ϵ N H (g(x J ))(δu(x J ) · ν)ν2 + ϵT H (g(x J ))(δu · τ )τ2 = 0.
Notice that we used the directional derivative of ⟨g(x J )⟩, i.e., △⟨g(x J )⟩ is given by △⟨g(x J )⟩ = H (g(x J ))(−δu(x J ) ·
ν). It should be also emphasized here that the small sliding approximation for the linearizations implies that δν and
δτ are taken to be zero. In other words, the normal and tangent vectors are held constant during iterations, as is
the contact point.
In matrix form,
[
]
K IN1J 1 + k stick
K IN2J 1 + k stick
I 1J 1
I 2J 1
c
Kstick =
,
(4.32)
K IN1J 2 + k stick
K IN2J 2 + k stick
I 1J 2
I 2J 2
fcstick =

[

] [
]
t1c (x J )
ϵ N ⟨g(x J )⟩ν1 − ϵT H (g(x J ))(u k τk )τ1
=
,
t2c (x J )
ϵ N ⟨g(x J )⟩ν2 − ϵT H (g(x J ))(u k τk )τ2

(4.33)
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in which Kc is the stiffness matrix for the stick condition of contact nodes. In particular, we write the last two
contact terms in the following matrix form for easy understanding at Eq. (4.31), i.e.,
N
∑

kc (x J )δui I ,

for i = 1, 2

(4.34)

I =1

where the contact stiffness matrix kstick defined as
[
ϵ ν ν + ϵ T τ1 τ1
(0,0)
stick
kc
= Φ I (x J )H (g(x J )) N 1 1
ϵ N ν1 ν2 + ϵT τ1 τ2

]
ϵ N ν2 ν1 + ϵT τ2 τ1
.
ϵ N ν2 ν2 + ϵT τ2 τ2

(4.35)

Note that, we also used the PDM approximation of δu as
δu(x J ) =

N
∑

Φ(0,0)
(x J )δu i I ,
I

for i = 1, 2.

I =1

For the slip case, equation is given by
µ(u i, j + u j,i )n j + λδi j n j (u k,k ) − ϵ N ⟨g(x J )⟩νi + µt N sign(tTtrial )τi = 0

(4.36)

where sign(tTtrial ) = sign(u · τ ) and t N = ϵ N ⟨g(x J )⟩. Note that sign(tTtrial ) depends on the relative directions between
the displacement vector u and the tangential vector τ . We define the positive direction of τ as Eq. (3.3). With this
definition, sign(tTtrial ) = 1 if u · τ is positive and sign(tTtrial ) = −1 if u · τ is negative.
N
∑
{[(λ + 2µ)Φ(1,0)
(x J )n 1 + µΦ(0,1)
(x J )n 2 ]δu 1I + [λΦ(0,1)
(x J )n 1 + µΦ(1,0)
(x J )n 2 ]δu 2I }
I
I
I
I
I =1

+ϵ N H (g(x J ))(δu(x J ) · ν)ν1 − µϵ N H (g(x J ))(δu(x J ) · ν)sign(u · τ )τ1 = 0,
N
∑

{[µΦ(0,1)
(x J )n 1
I

+

λΦ(1,0)
(x J )n 2 ]δu 1I
I

+ [(λ +

2µ)Φ(0,1)
(x J )n 2
I

+

(4.37)

µΦ(1,0)
(x J )n 1 ]δu 2I }
I

I =1

+H (g(x J ))ϵ N (δu(x J ) · ν)ν2 − µϵ N H (g(x J ))(δu(x J ) · ν)sign(u · τ )τ2 = 0
In matrix form,
[
Kcsli p =

fcsli p =

[

sli p

K IN2J 1 + k I 2J 1

sli p

K IN2J 2 + k I 2J 2

K IN1J 1 + k I 1J 1
K IN1J 2 + k I 1J 2

sli p

sli p

]
,

(4.38)

] [
]
t1c (x J )
ϵ N ⟨g(x J )⟩ν1 − µϵ N ⟨g(x J )⟩sign(u k τk )τ1
=
t2c (x J )
ϵ N ⟨g(x J )⟩ν2 − µϵ N ⟨g(x J )⟩sign(u k τk )τ2

(4.39)

where
p
ksli
= Φ(0,0)
(x J )H (g(x J ))
c
I

[

ϵ N ν1 ν1 − µϵ N sign(u k τk )ν1 τ1
ϵ N ν1 ν2 − µϵ N sign(u k τk )ν1 τ2

]
ϵ N ν2 ν1 − µϵ N sign(u k τk )ν2 τ1
.
ϵ N ν2 ν2 − µϵ N sign(u k τk )ν2 τ2

5. Numerical study
In this section, we provide numerical examples demonstrating the performance of the proposed collocation
method introduced in Section 4. The method is applied to several benchmark frictionless and frictional contact
problems. To check accuracy of the method, some of the numerical results are compared with the results of
ABAQUS [26] using the plane strain elements (CPE4R). The upper and lower bounds of the dilation parameter
ρx̄ determine the computational efficiency and the invertibility of the moment matrix M in (4.8), respectively. To
ensure the invertibility of the moment matrix M while a desirable computational efficiency is retained, a spatially
varying continuous dilation function is constructed to evaluate the dilation parameter ρx̄ at each collocation point.
To this end, a pseudo-collocation point counting approach that can measure the spatial variation of the collocation
density is adopted; a detailed computational algorithm can be found in [27].
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Fig. 2. Problem description of two blocks subject to the prescribed compression u y : (a) a block roller-supported at the bottom and fixed at
the left-bottom corner; (b) a block with the contact surface Γc at the bottom.

Fig. 3. Models of collocation points for two-dimensional block problems: (a) non-uniformly distributed 142 collocation points and (b)
uniformly distributed 144 collocation points.

5.1. Frictionless contact analysis
5.1.1. Two-dimensional block contact problem
As a patch test, we first consider the problem of a block of height H and width L subjected to uniaxial
compression. In Fig. 2, two blocks used for the study are provided. Without contact, a block with roller support
at the bottom and fixed at the left-bottom corner is provided in panel (a) of Fig. 2. In panel (b) of Fig. 2, perfect
contact conditions are modeled on the contact surface Γc , i.e., only stick is permitted. The material properties are
taken to be E = 1.0 and ν = 0.0, and the height and width of the block are both taken to be H/L = 1.0. We take
the domain of influence ρx = 0.65 on average. The uniform compression u y = −0.01 is applied at the top surface
as shown in the figure. As well-known, the convergence of the Newton–Raphson nonlinear solver is sensitive to
the penalty parameter. Our study shows that it converges within the range of ϵ N = 103 to ϵ N = 1014 with sufficient
accuracy of the solution.
In Fig. 3, we display models of both uniformly and non-uniformly distributed collocation points used for the
test of this problem. The y-directional displacement and stress obtained from non-uniformly distributed collocation
points are displayed in Figs. 4 and 5. Figs. 4(a) and 5(a) show the results from the block without contact described

A. Almasi, T.-Y. Kim, T.A. Laursen et al. / Computer Methods in Applied Mechanics and Engineering 357 (2019) 112597

11

Fig. 4. Contour plots of vertical displacement u yy obtained from (a) the block without contact in Fig. 2(a) and the block with frictionless
contact in Fig. 2(b).

Fig. 5. Contour plots of stress σ yy obtained from (a) the block without contact in Fig. 2(a) and the block with frictionless contact in
Fig. 2(b).

Fig. 6. Problem description for Hertzian frictionless contact: A half cylinder subjected to the uniform distributed pressure t y .

in Fig. 2(a). Figs. 4(b) and 5(b) show the results from the block with contact described in Fig. 2(b). The results
of the block with contact are almost indistinguishable with those of the block without contact, indicating accuracy
of the method. The same results are obtained from uniformly distributed collocation points although they are not
displayed in this paper. Notice that the displacement and stress from the proposed method match well with their
exact solutions. We find the vertical displacement to match the exact solution with an L ∞ -norm error of 2.3 × 10−16
which is close to machine precision.
5.1.2. Hertzian contact problem
The next problem we used for the validation of our algorithm is a cylindrical Hertzian contact problem [28] on
a rigid obstacle. The schematic view of the Hertzian contact is displayed in Fig. 6. The cylinder is modeled as an
isotropic linear elastic material with E = 200 and ν = 0.3. We use the radius of a cylinder R = 10.0. The penalty
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Fig. 7. (a) Non-uniformly coarse distributed 235 collocation points over the entire domain, (b) non-uniformly fine distributed 2457 collocation
points over the entire domain, and (c) non-uniformly distributed 1472 collocation points refined near contact region for Hertzian contact.

Fig. 8. Hertzian frictionless contact: (a) normal traction t N at Γc and (b) stress σ yy .

parameter ϵ N is taken to be 106 . As shown in Fig. 6, a half cylinder is pressed by a distributed pressure t y = −1.0
resulting in a normal contact force at the point of the contact. One of main advantages of the proposed collocation
method is the easy adaptive refinement of the collocation points. This advantage is applied to this problem since
high accuracy is required on the contact surface. To examine the mesh dependence of the method, in Fig. 7, three
types of non-uniformly distributed collocation points we used are provided: (a) coarse over entire domain, (b) fine
over entire domain, and (c) refined in the vicinity of contact region.
Plots of the normal contact traction t N and the stress in the y-direction are presented in Fig. 8. In Fig. 8(a),
we compare the normal contact tractions from three collocation points in Fig. 7 along with the analytical solution.
While the traction obtained from Fig. 7(c) is almost consistent with the analytical solution, the results from Fig. 7(a)
and (b) are significantly deviated. In Fig. 8(b), high stress concentration near the contact region is observed as
expected. These results indicate that the proposed collocation algorithm can model frictionless contact accurately
and efficiently with adaptive refinement.
We also quantify convergence and error behavior of the method. However, it should be noted that the analytic
solution for the displacement fields of Hertzian contact problem is elusive and there exist a limited body of
theoretical error analyses available for strong form-based collocation methods and therefore, a rigorous convergence
study of the problem in a classical sense is unavailable. For the reason, we have adopted a non-classical,
i.e. numerical, approach in investigating the convergence and error behaviors of the method.
Discrete L ∞ -norm errors are measured for the approximated displacement fields uh ∈ Ω and contact pressure
thN ∈ Γc with respect to the numerical and the analytical reference solutions of the problem, respectively:


maxi u ih − u iref 
  ,
∥eu ∥∞ =
(5.1)
maxi u ref 
i

 
et 
N ∞



maxi (t Nh )i − (t Nref )i 


=
maxi (t ref )i 

(5.2)

N

where uref is the numerical reference solution of the displacement fields over the entire domain Ω , while t Nref refers
to the analytical reference solution of the contact pressure on the local contact surface Γc . We initially considered
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Fig. 9. (a) Uniformly distributed 7814 collocation points over the entire domain with h(= 0.163), (b) uniformly distributed 2020 collocation
points with 2h, (c) uniformly distributed 930 collocation points with 3h, and (d) uniformly distributed 540 collocation points with 4h.
Table 1
Computed L ∞ -norm errors and convergence rates for frictionless Hertzian contact problem.
Discretization

Total # of col. pts

# of col. pts on Γc

∥eu ∥∞

R (∥eu ∥∞ )

 
et 
N ∞

(  )
R et N ∞

h ( = 0.163)
2h
3h
4h

7814
2020
930
540

31
15
11
7

–
2.8e−2
8.1e−2
10.2e−2

–
2.7
0.83
–

6.2e−2
7.3e−2
5.5e−2
13.63e−2

0.24
0.71
3.2
–

four different types of uniform discretization to compute ∥eu ∥∞ ; i.e. uniformly distributed collocation points with
h(= 0.163), 2h, 3h and 4h as shown in Fig. 9. Among the set of solutions for these four different discretizations,
the solution computed with the discretization size of h = 0.163 is considered as the numerical reference solution
uref in the subsequently described convergence and error study; note that in contrast, t Nref is the analytical solution.
The results of the error behavior and convergence of the method is summarized in Table 1; the rate of
convergence, i.e. R is computed for each segment of the log–log plot of L ∞ -norm errors versus h. Both
our collocation and the finite difference methods are similar in that they use a Taylor expansion to construct
approximated solution fields, therefore we expect that our approach to produce an optimal order of convergence
equal to the order of the Taylor expansion used. A cubic polynomial was employed in this study, consequently the
expected optimal convergence rate is order of three.
For ∥eu ∥∞ -norm errors, increasing h-refinement results convergence rates that quickly approach to the optimal
convergence rate. Though the final convergence rate for ∥eu ∥∞ -norm error is still sub-optimal, i.e. R = 2.7, such
a sub-optimal convergence rate can be well explained with the presence of nonlinearity in the contact problem.
In contrast, for the case of et N ∞ -norm errors, though the methods initially exhibit a super-convergent behavior,
i.e. R = 3.2, the convergence rate quickly diminishes and saturates to a low value even with increased resolutions.
As shown along the x-axis in Fig. 10, this may be attributed to singular points which lay at the boundary of the
contact surface where the contact pressure profile is non-smooth. These points are the main contributors of error.
However, it should be emphasized that with h-refinement the computed contact pressure at the vicinity of contact
center converges to the analytical solution.
The real advantage of the method is being able to do nonuniform refinement, whereas the mesh convergence
study kind of restricts one to a uniform strategy. Further theoretical and numerical studies for the stability, error
behaviors, and convergence rate of the proposed method for nonlinear contact problems remains as the authors’
future work.
The computational efficiency of the method is further tested by measuring CPU wall-clock time for the four
aforementioned discretization levels. The measured CPU wall-clock times for discretizations with 540, 930, 2020

14

A. Almasi, T.-Y. Kim, T.A. Laursen et al. / Computer Methods in Applied Mechanics and Engineering 357 (2019) 112597

Fig. 10. Hertzian frictionless contact: comparisons of the normal contact traction t N at Γc with four different discretization.

Fig. 11. Problem description of a block with inclined contact surface: A block subject to the uniform distributed pressure t y .

and 7814 collocation points are 8.32, 20.92, 96.54 and 2837.56 s, respectively. In most computations, the method
takes less than a couple of minutes and shows a comparable computational speed with the conventional finite
element methods. It is also worth mentioning that less than 10% of total CPU wall-clock time is required for
the computations of discretized differential operators Φ. Note that the finest discretization used for the problem
consisting of 7814 collocation points, the pronounced increase in CPU wall-clock time is mainly attributed to the
inefficiency of the implemented geometric search algorithm as well as a significant increase in the number of contact
points. Each additional contact point results in an additional nonlinear equation that needs to be iteratively solved.
Within the similar context of engineering applications, details on the computational efficiency and scalability of the
method [10], and the on-line/off-line approach for the efficient computation [9] can be found in authors’ previous
works.
5.2. Frictional contact analysis
5.2.1. Two-dimensional block with inclined contact surface problem
We consider the problem of a block loaded in compression, with a contact surface oriented at an angle θ as
shown in Fig. 11. We use the width and height with the ratio of H/L = 1.0, and the angle of inclined contact
surface is tan θ = 0.2. The material parameters are taken to be E = 1.0, ν = 0.3, and µ = 0.2. We use the frictional
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Fig. 12. (a) Non-uniformly coarse distributed 445 collocation points over the entire domain, and (b) non-uniformly distributed 2589 collocation
points refined near contact region for inclined block contact problem.

Fig. 13. The contour plot of the horizontal displacement u x x : (a) for non-uniformly distributed 445 collocation points, and (b) for 2589
collocation points with local refinement near contact region.

and normal contact penalty parameters, i.e., ϵT = ϵ N = 106 . As shown in Fig. 11, the inclined block is pressed by
a distributed pressure t y = −1.0. For computations, as shown in Fig. 12, two types of non-uniformly distributed
collocation points are considered: (a) coarse over entire domain (445 collocation points in total), and (b) refined in
the vicinity of contact region (2589 collocation points in total). We take the domain of influence ρx = 0.33, and
ρx = 0.18 on average for Figs. 12(a) and (b), respectively.
Fig. 13 shows the contour plot of the horizontal displacement u x x obtained using µ = 0.2 for both discretization.
The discontinuity in the displacement field is clearly visible, indicating slip along the contact surface.
In Fig. 14, we examine the influence of the frictional coefficient µ on the stick–slip transition. Plots of the ratio
of the tangential traction to the normal traction, i.e., tT /µt N , are provided for three cases of µ = 0.2, 0.25, and 0.3.
From the slip condition (3.10), the contact region is slip if tT /µt N = −1, otherwise it is stick. These plots clearly
show the increase of the stick region with increasing µ, indicating the increase of the slip region with decreasing
µ.
These results suggest that the proposed collocation algorithm can model frictional contact accurately and
efficiently with adaptive local refinement.
5.2.2. Hertzian contact problem
In this section, our algorithm is applied to the frictional Hertzian contact. In doing so, a half cylinder is pressed
by the uniform displacement u y = −0.215 and u x = 0.01 as shown in Fig. 15. We take ϵT = ϵ N = 106 , and all
other parameters are the same with those used for the frictionless Hertzian contact. We take the domain of influence
ρx = 0.78 on average.
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Fig. 14. The stick–slip transition with various values of µ for inclined block frictional contact: (a) associated with discretization of panel
(a), and (b) associated with discretization of panel (b) of Fig. 12.

Fig. 15. Problem description of Hertzian frictional contact: A half cylinder subject to the vertical displacement u y and the horizontal
displacement u x .

Fig. 16. Contour plot of the von misses stress.

The contour plot for the von misses stress is displayed in Fig. 16. As expected, high stress concentration is
observed in the vicinity of the contact region.
The analytical solution for this problem is not available in closed form, except a simplified solution [29].
Therefore, the normal and tangential tractions on the contact surface are compared with the results from the finite
element method (FEM) using ABAQUS in Fig. 17. Both tractions from the proposed collocation (COL) method
are quantitatively close to those of the FEM. To obtain the FEM results, the contact pair algorithm available in
ABAQUS/Explicit is used to simulate the contact interaction between the rigid surface and the half cylinder. In
this algorithm, the penalty formulation with Lagrange multiplier is used to describe normal and tangential contact
constraints.
In Fig. 18, we check the stick–slip transition on the contact surface Γc with two values of µ = 0.2, and 0.25. As
expected, the slip region, where the ratio tT /µt N equals 1 or −1, with µ = 0.2 is wider than that with µ = 0.25,
indicating an ability of our algorithm to capture the effect of the frictional coefficient.
5.3. Frictional contact on a curved contact surface
In this section, we apply our algorithm to a problem with the curved contact surface wherein different portions of
the contact surface exhibit stick or slip. This problem was used by Kim et al. [30] for testing two-body contact using
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Fig. 17. Comparison of the proposed collocation (COL) method with the FEM using Abaqus : (a) normal traction t N and (b) tangential
traction tT .

Fig. 18. The stick–slip transition with values of µ = 0.2 and µ = 0.25 for Hertzian frictional contact.

the mortar finite element method. As shown in Fig. 19, the curved contact surface Γc separates two domains into
a computational domain Ω and a rigid obstacle. The computational domain Ω is only modeled for simulation. The
prescribed tractions t y1 and t y2 are applied to Ω . Notice that this problem is similar to the slope stability problem
in the sense that a sufficiently large traction t y1 results in slip along the entire contact surface. The curved portion
of the contact surface is taken to be a circular arc with radius R = L = 0.3. We take the bulk material properties
E = 1.0 and ν = 0.3, the frictional coefficient µ = 0.5, and the penalty parameters ϵT = ϵ N = 106 . Here, we
consider L s for the vertical length of stick region and L for the vertical length of contact surface.
In Fig. 20, we show the non-uniformly distributed collocation points that are refined near the curved contact
surface Γc . In Fig. 21, the stick–slip response is examined with the change of the tractions. The plot of L s /L
against the ratio t y1 /t y2 is displayed. Notice that L s /L indicates the variation of the stick region. As expected, the
length of the stick region L s /L increases with decreasing t y1 /t y2 . In other words, the slip region increases with
increasing t y1 /t y2 . This result proves that our collocation algorithm is capable of capturing a stick–slip response on
a curved contact surface.
6. Conclusion
In this paper, a one-body contact formulation for a strong form meshfree collocation method was introduced for
frictional contact problems. Nonlinear contact constraints were directly applied to the strong form of the governing
equation. Then, the equation was discretized with the recently introduced strong form meshfree point collocation
method. Several numerical examples demonstrated the ability of the method to accurately represent frictional and
frictionless contact behavior.
For frictionless contact, our simulation results showed good agreement with analytical solutions for uniformly
and non-uniformly distributed collocation points. In particular, the performance of local refinement near the contact
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Fig. 19. Stick–slip response problem description with the curved contact surface Γc . L is the vertical length of contact surface and L s is
the vertical length of stick region.

Fig. 20. Non-uniformly distributed 5971 collocation points refined near the contact surface.

Fig. 21. The variation of the stick region L s /L with the ratio t y1 /t y2 .

area was tested for Hertzian contact. For frictional contact, the stick–slip response of our algorithm was examined
for a block with inclined contact surface and Hertzian contact. For Hertzian contact, normal and tangential tractions
with local refinement in the vicinity of the contact region were almost close to the results from the finite element
method using ABAQUS. Moreover, the capability of the stick–slip response of our algorithm was tested on a curved
contact surface. These results indicate that the strong form meshfree collocation method proposed in this study can
be used for modeling frictional contact problems.
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Future research will be applying our algorithm to various contact problems of the Signorini type in elasticity
theory for further verification. Such applications and the extension of the proposed algorithm to two body contact
problems for elastic or inelastic materials [12] in two or three-dimensions [9,10] are obviously interest. Another
interesting future work will be developing a true adaptivity algorithm for contact problems, i.e., combining the
proposed strong form collocation method with error estimator to automatically generate refined discretization in
regions of strong contact gradients.
Acknowledgment
Work supported through the Idaho National Laboratory (INL) Laboratory Directed Research & Development
(LDRD) Program under the U.S. Department of Energy (DOE) Idaho Operation Office Contract DE-AC0705ID14517.
References
[1] Y.C. Yoon, J.H. Song, Extended particle difference method for weak and strong discontinuity problems: Part I. Derivation of the extended
particle derivative approximation for the representation of weak and strong discontinuities, Comput. Mech. 53 (2014) 1087–1103.
[2] Y.C. Yoon, J.H. Song, Extended particle difference method for weak and strong discontinuity problems: Part II. Formulations and
applications for various interfacial singularity problems, Comput. Mech. 53 (2014) 1105–1128.
[3] Y.C. Yoon, J.H. Song, Extended particle difference method for moving boundary problems, Comput. Mech. 54 (2014) 723–743.
[4] S. Li, W.K. Liu, Reproducing kernel hierarchical partition of unity part I–formulation and theory, Internat. J. Numer. Methods Engrg.
45 (1999) 251–288.
[5] S. Li, W.K. Liu, Reproducing kernel hierarchical partition of unity part II–applications, Internat. J. Numer. Methods Engrg. 45 (1999)
289–317.
[6] D.W. Kim, Y.S. Kim, Point collocation methods using the fast moving least square reproducing kernel approximation, Internat. J.
Numer. Methods Engrg. 56 (2003) 1445–1464.
[7] M. Hillman, J.S. Chen, An accelerated convergent and stable nodal integration in Galerkin meshfree methods for linear and nonlinear
mechanics, Internat. J. Numer. Methods Engrg. 107 (2016) 603–630.
[8] S.-H. Lee, K.-H. Kim, Y.-C. Yoon, Particle difference method for dynamic crack propagation, Int. J. Impact Eng. 87 (2016) 132–145.
[9] Y. Fu, J.G. Michopoulos, J.H. Song, Bridging the multi phase-field and molecular dynamics models for the solidification of nano-crystals,
J. Comput. Sci. 20 (2017) 187–197.
[10] J.H. Song, Y. Fu, T.-Y. Kim, Y.C. Yoon, J.G. Michopoulos, T. Rabczuk, Phase field simulations of coupled microstructure solidification
problems via the strong form particle difference method, Int. J. Mech. Mater. Des. 14 (2018) 491–509.
[11] A. Almasi, A. Beel, T.-Y. Kim, J.G. Michopoulos, J.H. Song, Strong-form collocation method for solidification and mechanical analysis
of polycrystalline materials, J. Eng. Mech. 145 (2019) 04019082.
[12] Y.C. Yoon, P. Schaefferkoetter, T. Rabczuk, J.H. Song, New strong formulation for material nonlinear problems based on the particle
difference method, Eng. Anal. Bound. Elem. 98 (2019) 310–327.
[13] A. Beel, T.-Y. Kim, W. Jiang, J.H. Song, Strong form-based meshfree collocation method for wind-driven ocean circulation, Comput.
Methods Appl. Mech. Engrg. 351 (2019) 404–421.
[14] N.R. Aluru, A point collocation method based on reproducing kernel approximations, Internat. J. Numer. Methods Engrg. 47 (2000)
1083–1121.
[15] H.Y. Hu, J.S. Chen, W. Hu, Error analysis of collocation method based on reproducing kernel approximation, Numer. Methods Partial
Differential Equations 27 (2011) 554–580.
[16] L. De Lorenzis, J.A. Evans, T.J.R. Hughes, A. Reali, Isogeometric collocation: Neumann boundary conditions and contact, Comput.
Methods Appl. Mech. Engrg. 284 (2015) 21–54.
[17] R. Kruse, N. Nguyen-Thanh, L. De Lorenzis, T.J.R. Hughes, Isogeometric collocation for large deformation elasticity and frictional
contact problems, Comput. Methods Appl. Mech. Engrg. 296 (2015) 73–112.
[18] O. Weeger, S.-K. Yeung, M.L. Dunn, Isogeometric collocation methods for cosserat rods and rod structures, Comput. Methods Appl.
Mech. Engrg. 316 (2017) 100–122.
[19] P. Areias, T. Rabczuk, F.J.M. Queirós de Melo, J. César de Sá, Coulomb frictional contact by explicit projection in the cone for finite
displacement quasi-static problems, Comput. Mech. 55 (2015) 57–72.
[20] N. Nguyen-Thanh, K. Zhou, X. Zhuang, P. Areias, H. Nguyen-Xuan, Y. Bazilevs, T. Rabczuk, Isogeometric analysis of large–deformation
thin shells using RHT–splines for multiple-patch coupling, Comput. Methods Appl. Mech. Engrg. 316 (2017) 1157–1178.
[21] H. Guo, X. Zhuang, T. Rabczuk, A deep collocation method for the bending analysis of kirchhoff plate, Comput. Mater. Contin. 59
(2019) 433–456.
[22] T. Rabczuk, H. Ren, X. Zhuang, A nonlocal operator method for partial differential equations with application to electromagnetic
waveguide problem, Comput. Mater. Contin. 59 (2019) 31–55.
[23] T.A. Laursen, Computational Contact and Impact Mechanics: Fundamentals of Modeling Interfacial Phenomena in Nonlinear Finite
Element Analysis, Springer-Verlag Berlin Heidelberg, 2003.
[24] P. Wriggers, Finite element algorithms for contact problems, Arch. Comput. Methods Eng. 2 (1995) 1–49.
[25] P. Wriggers, G. Zavarise, Computational contact mechanics, Encycl. Comput. Mech. (2004).

20

A. Almasi, T.-Y. Kim, T.A. Laursen et al. / Computer Methods in Applied Mechanics and Engineering 357 (2019) 112597

[26] ABAQUS, ABAQUS Documentation, Dassault Systemes, Providence, RI, USA 2011.
[27] D.W. Kim, H.K. Kim, Point collocation method based on the FMLSRK approximation for electromagnetic field analysis, IEEE Trans.
Magn. 40 (2004) 1029–1032.
[28] K.L. Johnson, Contact Mechanics, Cambridge University Press, 1985.
[29] D. Nowell, D.A. Hills, A. Sackfield, Contact of dissimilar elastic cylinders under normal and tangential loading, J. Mech. Phys. Solids
36 (1988) 59–75.
[30] T.-Y. Kim, J. Dolbow, T.A. Laursen, A mortared finite element method for frictional contact on arbitrary interfaces, Comput. Mech.
39 (2007) 223–235.

