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Abstract
The application of model order reduction for molecular dynamic systems exhibits intrinsic complexities due to the highly
nonlinear and nonlocal properties of such systems. The most costly computational part of such work is the calculation of potential
energy and inter-atomic force fields. We introduce the so-called hp-proper orthogonal decomposition–moving least squares
(hp-POD-MLS) method not only to tackle this force computation, but also to improve the accuracy of reduced displacement
approximations in an adaptive and controllable manner. The approach combines the proper orthogonal decomposition (POD)
method with the moving least squares (MLS) one to interpolate the inter-atomic force field at an arbitrary time instance; this
approximated force field is then fed into the reduced molecular dynamic (MD) governing equation to compute the reduced order
displacement field. In fact, this POD–MLS approach is already able to handle efficiently the force computation in the online
computational stage (i.e., the online force computational cost is independent of the dimension of the full MD space); however
its corresponding approximated displacement error will be very large if the considered total time interval is long. The proposed
hp-POD-MLS algorithm will divide adaptively and automatically the global temporal interval into many smaller local subintervals
(h-refinement), and then build the sets of local reduced basis functions over each of these subintervals ( p-refinement). The goal is
to reduce the corresponding displacement errors to a desired tolerance over these subintervals. The effectiveness of the algorithm
is demonstrated by performing reduced-order simulations of several molecular dynamic systems.
c 2015 Elsevier B.V. All rights reserved.
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1. Introduction
Model order reduction (MOR) is an increasingly popular family of metamodeling techniques for parametrized
initial boundary value problems (IBVP) solved using numerical methods. The objective of MOR is to obtain a lowdimensional approximation of a complex high-dimensional system while preserving the essential properties of the
original system. The applicability of reduced order modeling requires a certain smoothness of the solution with respect
to input parameters over parameter domain of original IBVP.
∗ Corresponding author.

E-mail address: JH.Song@colorado.edu (J.H. Song).
http://dx.doi.org/10.1016/j.cma.2015.10.003
c 2015 Elsevier B.V. All rights reserved.
0045-7825/⃝

K.C. Hoang et al. / Comput. Methods Appl. Mech. Engrg. 298 (2016) 548–575

549

For initial boundary value problems, MOR approaches based on time and frequency domains have been proposed.
In particular, the moment matching-based methods are commonly used for frequency domain-based MOR, such as
the Arnoldi algorithm [1], the Lanczos algorithm [2], and the Krylov subspace method [3,4]. However, these momentmatching techniques are primarily applicable to MOR of linear time-invariant systems. Time domain-based MOR
techniques can be divided into several types, such as the balanced truncation method [5,6], the proper orthogonal
decomposition (POD) method [7,8], the reduced basis (RB) method [9–11], the proper generalized decomposition
(PGD) method [12–14] and recently the dynamic modes decomposition (DMD) method [15], to name just a few.
All these methods are projection-based MOR techniques (either Galerkin or Petrov–Galerkin) to build ROM basis
functions in different ways, but they all share similar approaches to reduce governing equations.
In particular, the balanced truncation method builds ROM basis functions by retaining dominant Hankel singular
values and truncating the unimportant ones. These singular values are extracted from the corresponding observable
and controllable Gramians by solving the Lyapunov equations [16,17]. Alternatively, the POD method builds ROM
basis functions from eigenfunctions and eigenvalues of the associated correlation matrix which is formed from a set
of given snapshots, see for instance [18,19]. This procedure delivers a hierarchy of subspaces in which the snapshots
are best approximated in an average sense, i.e. an average of the distance between the original snapshot vectors and
an optimal representation of these vectors in the reduced space is minimized. The reduced basis method is a powerful
alternative to POD-based methodologies. The RB technique builds ROM basis functions one by one based on a Greedy
sampling algorithm and an efficient a posteriori upper error bound [20–22] (this is also the reason it is called certified
reduced basis). Note that the POD-snapshot method is optimal in the “average” sense, while the RB method is optimal
in the “max” sense (i.e., the maximum of the solution error bound is decreased after each Greedy iteration). On the
other hand, the PGD method approximates the exact solution by a separated variables representation, which is a sum
of N functional products where each product comprises d functions of separated variables [23]. It uses an iterated
linearization strategy so-called the alternating direction, fixed-point algorithm to update new functional products at
each enrichment step; the enrichment process continues until convergence. Unlike POD and RB methodologies with a
clear offline/online computational decomposition, the PGD method approximates the whole solution field over tensor
product spaces all at once. Finally, the DMD method extracts dominant dynamic modes of a system by solving an
eigenproblem of a so-called companion matrix, which is also formed from given snapshots [15,24]. The DMD method
shares many similarities with the POD method, and is currently an active research topic of CFD community.
Generally, the aforementioned offline/online computational decomposition can only be achieved when the system
matrices have an affine property. Namely, these matrices can be expressed as a sum of products of parameterdependent functions and parameter-independent matrices, so that all the parameter-independent quantities can be
precomputed offline and then all reduced terms can be assembled and computed online with a cost independent of full
model dimension (see for instance [11,25–27]). However, for general nonlinear systems (usually with nonaffinity),
several MOR approaches have been proposed to overcome the computational bottleneck. The most popular approach
might be interpolation. Among this class of methods, the Missing Point Estimation [28] and Gauss Newton with
approximated tensors (GNAT) [29] methods both build upon the gappy POD interpolation method [30]; while the
Empirical Interpolation Method (EIM) [31] and its discrete variant, the Discrete Empirical Interpolation Method
(DEIM) [32] perform interpolation on a low-dimensional basis for the nonlinear terms.1 Recently an interpolation
technique over the tangential space of the Grassmann (or Stiefel) manifold has been proposed [34–36]. The proposed
technique first maps the interest quantities (e.g., local basis functions, system matrices) into a (simpler) tangential
space, then performs the usual interpolation procedure on this space and finally maps the resulting quantities back
to the original manifold. Finally, we also want to mention the recently proposed method called “hp” reduced basis
method [37,38]. The main idea of these works is that rather than building a set of global ROM basis functions over
the whole parameter domain, the authors proposed to adaptively partition the original parameter domain into smaller
parameter subdomains (h-refinement), and subsequently build correspondingly sets of local ROM basis functions over
each of these parameter subdomains ( p-refinement).
Several works have been proposed to address the application of MOR for MD systems. Generally, most of the
MOR via the natural modes or POD modes applying to MD systems can achieve computational efficiency only by
linearizing the system stiffness matrix around the static equilibrium state [39–41]. Recently Ko and coworkers [42]
1 The main difficulty in applying EIM/DEIM/GNAT techniques to MD systems were explained clearly in the Introduction section of [33].
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Fig. 1. Illustration of the main idea of the proposed hp-POD-MLS approach for MD systems.

have used POD in conjunction with the moving least squares (MLS) method to investigate the mechanical behavior of
nanowires. Lee and coworkers [33] have used POD in combination with radial basis functions (RBF) to approximate
the potential energy or the inter-atomic force fields, then pass it back and solve the reduced governing equation to
obtain the approximated displacement field. The approach [33] is robust and is able to solve predictive problems,
in which the ROM is performed for non-training configurations and loading regimes. However, the approach is not
feasible with more than a limited number of ROM modes due to a huge number (e.g., O(105 )) of collocation points
even when using the sparse grid algorithm to approximate the force field (see the Appendix of [33]).
In this work, we propose to use the POD–MLS method to approximate the nonlinear inter-atomic force field
in MD systems. In particular, the POD-snapshot method [7] first builds ROM basis functions for the force field,
then the MLS method [43,44] is invoked for interpolating an inter-atomic force vector at an arbitrary time instance
within time domain. The interpolated force vector is finally substituted to the reduced governing equations to compute
the unknown displacement field. Similar to the approach [33], this proposed approach can circumvent difficulties
associated with the computation of the transformation between physical and reduced coordinates in calculating force
field online, hence recovers the computational efficiency of MOR for MD systems. However, if the considered time
interval [0, T ] is long the true error between full MD and approximated displacement fields might be large since
MD systems are strongly nonlinear and nonlocal. We thus propose to combine the “hp” adaptivity [37,38] in the
time domain with the POD–MLS method (so-called hp-POD-MLS method) to alleviate this problem. The proposed
hp-POD-MLS algorithm will divide adaptively and automatically the global time interval into many smaller local
subintervals (h-refinement), and then builds corresponding sets of local ROM basis functions over each of these
time subintervals ( p-refinement). The purpose is to control the approximated displacement errors to a given desired
tolerance over these subintervals (see Fig. 1).
We also want to mention that our work is very similar to the work [45] in the way to divide adaptively the time
intervals, i.e., dividing the current considered time interval into two smaller equal ones and this procedure continues
whenever the error tolerance is violated. Beside this only similar point, there are several key differences that we shall
make clear as follows. First, [45] uses RB technique with POD-Greedy algorithm to generate RB basis functions;
our work uses POD-snapshot algorithm to perform this task. Second, [45] uses an a posteriori error estimator to
upper bound the ROM solution error, while our work uses directly true error of the ROM solution. Third, at the
intersection of two consecutive time intervals, [45] uses the last ROM solution from the previous time interval to start
the solution procedure in the latter time interval, while our work uses directly the FOM solution to perform this task.
This is corresponding with Fig. 1 in which the true error in each time interval is always zero at the beginning of that
interval and evolves until the end of this time interval. We choose to “cut-off” that time interval whenever this true
error is larger than the error tolerance. This will of course causes the jumps/discontinuities at the intersection of two
consecutive time intervals; however, the global error is tried to keep lower than the global prescribed error tolerance.
This paper is organized as follows. The basic equations describing the dynamics of molecular systems, the proper
orthogonal decomposition methodology and the difficulties of applying POD-based MOR to MD systems are reviewed
in Section 2. Section 3 presents all details of the POD–MLS approach, which is the underneath background of the
proposed hp-POD-MLS one. Section 4 is devoted to the proposed hp-POD-MLS approach. The application of the
proposed method is demonstrated in Section 5 with two examples which are 1D and 2D molecular dynamics systems.
Finally, we provide some concluding remarks in Section 6.
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2. Basic equations
2.1. Equations of motions for molecular dynamics systems
In classical MD simulation, the governing equations are given by
mi

d 2 ri
= fi ,
dt 2

1 ≤ i ≤ na ,

(1)

where m i and ri are the mass and the position vector of atom i, n a is the number of atoms, and fi is the force acting
on atom i, consisting of the (internal) inter-atomic force and external force: fi = fiint + fiext [46,47]. The internal force
fiint can be derived by the inter-atomic potential energy as
fiint = −

∂ V (r1 , . . . , rn a )
,
∂ri

1 ≤ i ≤ na ,

(2)

where V (rn a ) is the inter-atomic potential energy of the n a atoms system, rn a = (r1 , r2 , . . . , rn a ).
The potential energy V (rn a ) consists of non-bonded and bonded parts, Vnon−bonded (rn a ) and Vbonded (rn a ). The
term Vnon−bonded (rn a ) represents the non-bonded interactions between atoms and traditionally is composed of 1-body,
2-body, 3-body, . . . , terms [48,49]


Vnon−bonded (rn a ) =
v(ri ) +
ν(ri , r j ) + · · · .
(3)
i

i

j>i

In Eq. (3), the term v(ri ) represents an externally applied potential field or the influence of the container walls; in
most cases, the non-bonded term is considered up to pair potential and thus three-body (and higher order) interactions
are neglected. The Lennard-Jones potential is the most commonly used form

 
σ 12  σ 6
LJ
−
,
(4)
ν (r ) = 4ε
r
r
where σ and ε denote the diameter and well depth, respectively. If electrostatic charges are present, the Coulomb
potentials need to be added
ν Coulomb (r ) =

Q1 Q2
,
4π ε0r

(5)

where Q 1 , Q 2 are the charges and ε0 is the permittivity of free space.
The intramolecular bonding interactions Vbonded (rn a ) should also be considered for molecular systems. The
simplest molecular model will include terms of the following kind
1 
1  r
ki j (ri j − req )2 +
k θ (θi jk − θeq )2
Vbonded (rn a ) =
2 bonds
2 bend angles i jk
+



1
φ,m 
k
1 + cos(mφi jkl − γm ) .
2 torsion angles i jkl

(6)

In Eq. (6), the ‘bonds’ typically refer to the separation ri j = |ri j | = |ri − r j | between adjacent pairs of atoms
in a molecular framework, the ‘bending angles’ θi jk are angles between successive bond vectors such as ri j and r jk ,
and the ‘torsion angles’ φi jkl are defined in term of three connected bonds, such as ri j , r jk and rkl . While the above
equation is a considerable oversimplification, most molecular force-fields include many cross-terms.
To solve the governing equation (1), the Verlet algorithm is mostly employed
1
ri (t + δt) = ri (t) + vi (t)δt + ai (t)δt 2 ,
2


1
1
vi t + δt = vi (t) + δt ai (t),
2
2

(7a)
(7b)
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1 ∂ V (rn a (t + δt))
,
mi
∂r

 i
1
1
vi (t + δt) = vi t + δt + δt ai (t + δt),
2
2

ai (t + δt) = −

(7c)
(7d)

where ri (t), vi (t) and ai (t) are the position, velocity and acceleration of atom i at time t, δt is the time step size.
Important features of this algorithm are: (1) it is exactly time reversible; (2) it is symplectic; (3) it is low order in time
thus permitting long timesteps; (4) it requires just one force evaluation per timestep, and (5) it is easy to implement.
2.2. Proper orthogonal decomposition-based model order reduction method
The objective of MOR is to construct the low-dimensional approximation of a complex dynamic system while
preserving the essential features of the original system. Within the context of MOR such as the method of POD [50],
the full-order model state variables z ∈ Rn and the reduced-order state variables a ∈ R N are related through the
following transformation
z ≈ zN = UN a


−1
or a = UTN U N
UTN z N ,

(8)

where U N ∈ Rn×N is the transformation matrix linking the state variables of the reduced-order model to those of the
full-order model, n is the number of degrees of freedom of the full-order model, N is the number of degrees of freedom
of its reduced-order system, and typically N ≪ n. If U N is an orthogonal matrix, Eq. (8) becomes a = UTN z N .
In the POD method, given a set of snapshots {ζ (x, t)}0≤t≤T , x ∈ Ω , it is required to construct a set of optimal

N
basis functions φ j (x) j=1 such that the average (squared) error between snapshots and their projection onto these
basis functions is minimized [50]
2 

N





subject to ∥φ j ∥Ω 2 = 1,
(9)
(ζ , φ j )Ω φ j 
min
ζ −

φ j ∈L 2 (Ω ) 
j=1
Ω


T
where x represents the spatial coordinates, ( f, g)Ω = Ω f (x)g(x)dx is the inner product in Ω , ⟨ f ⟩ = 1/T 0 f (t)dt
1/2
is the temporal averaging operator, ∥ · ∥Ω = (·, ·)Ω denotes the norm, and | · |Ω is the complex modulus. This is

N
equivalent to maximizing the averaged projection of {ζ (x, t)}0≤t≤T onto φ j (x) j=1 as
max

φ j ∈L 2 (Ω )


 
(ζ , φ j )Ω 2
Ω

subject to ∥φ j ∥2Ω = 1.

(10)

The aforementioned maximization problem can then be recast as a constrained variational problem with the
functional defined by




J [φ j ] ≡ (ζ , φ j )Ω  − λ ∥φ j ∥2Ω − 1 ,
(11)
where λ is the Lagrange multiplier associated with the orthonormal constraint. The extremum is reached when the
functional derivative is equal to zero, which leads to the following integral eigenvalue problem



ζ (x, t)ζ (x′ , t) φ j (x′ )dx′ = λ j φ j (x),
(12)
Ω



where the kernel ζ (x, t)ζ (x′ , t) ≡ K(x, x′ ) in Eq. (12) is called the averaged auto-correlation function.
Solving the eigenvalue problem Eq. (12) will give rise to a series of eigenvalues and eigenfunctions. The
eigenfunctions which associate with the first N largest eigenvalues will be used to construct low dimensional
approximation of the snapshots ζ . The determination of N will be based on compromising between the dimension of
the problem (computational effort) and the desired accuracy of the reduced-order model. The finite-dimensional POD
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approximation of the snapshot ζ spanned by the first N POD basis functions can be expressed as
ζ (x, t) ≈ ζ N (x, t) =

N


α j (t)φ j (x),

(13)

j=1

where ζ N is the low-dimensional approximation via the first N POD basis functions, and α j is the projection of ζ
onto the orthonormal basis function φ j (x), namely, α j (t) = ζ (x, t), φ j (x) . The projection error of ζ onto the POD
space can be estimated by [50]
2 

∞
N 







λj,
(14)
=
ζ (x, t), φ j (x) φ j (x)
ζ (x, t) −


j=N +1
j=1
Ω

where λ j is the jth eigenvalue.
2.3. The POD-snapshots method
In practice, one usually uses the method of snapshots to build the POD spaces due to its efficiency [7,51]. For a
discrete system with spatial and temporal discretizations, consider a set of snapshots {z1 , z2 , . . . , z K } collected from
the state variables at the ith time instance. We first form a n × K snapshot response matrix given by


u(x1 , t1 ) · · · u(x1 , t K )




..
..
..
Z = z1 , z2 , . . . , z K = 
(15)
,
.
.
.
u(xn p , t1 ) · · · u(xn p , t K )

where xi = [x1i , . . . , xni d ]T is the position vector of dimension n d for a discrete point xi , u(xi , t j ) = u 1 (xi , t j ), . . . ,

u n d (xi , t j ) is the solution of the state variable associated with a discrete point xi at time t j , n = n d × n p is the
degrees of freedom for the dynamical systems, n p is the number of spatial discrete points, and K is the number of
observations in time. We then form the correlation matrix C ∈ R K ×K which is given by
C=

1 T
Z Z.
K

(16)

The integral eigenvalue problem in Eq. (12) is now transformed to finding the eigenvalues and eigenfunctions of
the following (K × K ) eigenvalue problem
CΨ = Ψ Λ,
(17)


where Ψ = ψ 1 , . . . , ψ K is the eigenvector matrix and Λ is the diagonal matrix containing all eigenvalues which
are arranged in descending order λ1 ≥ λ2 ≥ · · · ≥ λ K of C. Finally, the corresponding POD basis functions can be
computed by
φ i = Zψ i ,

i = 1, . . . , K .

(18)


Note that the eigenvector ψ i corresponds to the eigenvalue λi , i = 1, . . . , K . Finally, we write as ψ 1 , . . . , ψ K s =


POD {z1 , z2 , . . . , z K }, K s with K s ≤ K to denote the POD-snapshots procedure which extracts K s POD basis


functions ψ 1 , . . . , ψ K s from K given snapshots {z1 , z2 , . . . , z K } as described above.
2.4. Reduced order modeling for molecular dynamics systems
We shall apply the traditional Galerkin POD technique to MD systems Eq. (1) in the following. Let a be
the reduced-order coordinates of the full MD atomic displacements z, such that the solution of atomic positions
x(x1 , x2 , x3 , t) = x0 + z(x1 , x2 , x3 , t), where x0 = x(x1 , x2 , x3 , 0) is the initial atomic position vector, and
n d = 3.
 The relation
 between the FOM state variables z and the ROM state variables a is given by Eq. (8), where
U N = φ 1 , . . . , φ N is the orthogonal POD projection matrix composed of the first N POD basis functions.
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Fig. 2. Schematic representation of the conventional model order reduction for molecular dynamics simulations with direct atomic potential.

Substituting the subspace transformation defined in Eq. (8) into Eq. (1) and performing the Galerkin projection [52]
onto the reduced-order space through project operator U N lead to the following reduced-order MD equation
UTN MU N ä(t) = UTN fext (t) − UTN ∇x V (x, t),

(19)

or equivalently
int
M N ä(t) = fext
N (t) + f N (t),

(20)

where M is the diagonal atomic mass matrix of the full MD model, M N = UTN MU N is the projected mass matrix
int
T ext
T
of the reduced-order model, and fext
N (t) = U N f (t) and f N (t) = −U N ∇x V (x, t) are the projected external and
inter-atomic force vectors of the reduced-order MD system, respectively.
Generally, solving Eq. (19) requires intensive calculation of the nonlinear and nonlocal multi-atomic interactions,
which are functions of current atomic positions in the physical domain. In particular, the computation of the reduced
T
internal force term fint
N (t) = −U N ∇x V (x, t) requires the reciprocal transformation between z and a (i.e., Eq. (8)) at
every time step. The advantage of ROM is thus lost since the online computational cost is still O(n) rather than O(N )
as it should be [53,27,26].
Fig. 2 illustrates the procedure of solving the reduced-order systems at each time step via POD projection using
direct atomic force calculation. There are two steps in this procedure. The inter-atomic force is first computed by
taking derivatives of the MD potentials V (x) with respect to the atomic position vector x, which is mapped from the
reduced variables a in the reduced-order coordinates. This computed inter-atomic force vector fint is then transformed
back to the reduced-order space to construct the reduced-order MD system ready for next time step. Obviously, the
T
computation of the reduced internal force fint
N (t) = −U N ∇x V (x, t) at each time step is the bottleneck in applying
ROM for MD systems.2
3. The POD–MLS approach
3.1. Main idea
In this work, we propose to use the POD method in combination with the MLS one to approximate the highly
nonlinear force term to tackle this bottleneck computation. The approach is similar to the “bi-level model reduction
technique” [54] which composes two computational stages: first, a POD reduction of the force terms is performed,
hence leading to a database of POD coefficients for a representative set of time (which is also the only input parameter
2 We refer to [33] (section 2.4) for an elaborately illustrative example on this bottleneck computation.
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Fig. 3. Schematic representation of the moving least squares method: the superscripts “ex” implies exact quantities and “MLS” implies their
moving least squares approximations.

considered in this work); secondly, responses surfaces are built to link each POD coefficient with the input time
variables.
In particular, given any time t, the optimal POD approximation of the inter-atomic force fint (t) is defined as
fint (t) ≈ fint
POD (t) =

M


f

αiex (t)φ i ,

(21)

t ∈ [0, T ],

i=1



f
where αiex (t) = fint (t), φ i
, 1 ≤ i ≤ M is the exact projection of the nonlinear force term fint (t) onto each of the
Ω

f

f

f
M
POD basis vector {φ j } M
j=1 of this force term, and Φ = {φ j } j=1 is the set of POD basis functions for force term. A
database for these exact projection coefficients will be built by this way. The moving least squares method will then
T
M
MLS (t), i.e., α ex (t) ≈ α MLS (t) using
try to approximate these coefficients α ex (t) = [α1ex (t), . . . , α ex
M (t)] ∈ R by α
standard MLS interpolation technique.
By using this approach, the reduced inter-atomic force term now can be approximated as
T int
fint
N (t) = U N f (t),

≈ UTN

M


(22a)
f

αiMLS (t)φ i ,

(22b)



f
αiMLS (t) UTN φ i .

(22c)

i=1

=

M

i=1

Note that the term in the brackets of Eq. (22c) has two attractive properties: (i) its size is (N × M) which is
completely independent from n and generally M, N ≪ n; (ii) it is parameter-independent meaning that we can
precompute it once in the offline computational stage and then retrieve it anytime in the online computational stage to
recover the reduced force term. The online computational cost is then O(N ) and O(M); and clearly, the bottleneck
computation of the reduced force term can be resolved completely with this approach. We shall recall briefly the MLS
method in the next section.
3.2. Moving least squares method
The moving least squares method, also called diffuse approximation [55] is able to build metamodels such as
surrogate surfaces from computed POD coefficients in parameter ranges of interest. The MLS technique is wellknown for its capability of capturing local phenomena [54,42]. Fig. 3 illustrates the idea of the MLS method applying
to our proposed approach. The MLS approximation of the i-component of the POD coefficient can be written as
αiMLS (t) = b(t)T ci (t),

1 ≤ i ≤ M,

(23)

where t is the (input) time parameter, b(t) = [1, t, t 2 , . . . , t p ]T ∈ R p+1 is the polynomial basis vector, and
ci (t) ∈ R p+1 is the vector of unknown. The difference with the classical least squares method lies in the fact that
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the coefficients ci (t) are not constant over the domain, but depend upon the value of t. In practice, the unknowns ci (t)
of Eq. (23) minimize the functional
Jt (ci ) =

Np

2
1
w j (t j , t) b(t j )T ci − αiex (t j ) ,
2 j=1

1 ≤ i ≤ M,

(24)

where t j are the (time) sample points, w j are the weights depending on some Euclidean distance between t j and t, and
N p is the number of sample points in a specific time range. The extremum is reached when the functional derivative
is equal to zero, which leads to the following normal equation


Np
Np


T

b(t j ) w j (t j , t) b(t j )
ci =
b(t j ) w j (t j , t) αiex (t j ), 1 ≤ i ≤ M.
(25)
j=1

j=1

By solving this small linear system ( p + 1) × ( p + 1), the unknown ci can be found and thus the ith component of
the MLS coefficient will be computed from Eq. (23), 1 ≤ i ≤ M. (We emphasize here that p ≪ n, hence the cost to
solve system Eq. (25) in the online stage is indeed very cheap.)
The weight function used in this work is given by [44]
2

w(d) =

e−d
,
d2 + ε

(26)

where d = distance(t, t j ) and ε = 0.001 as recommended in [44].
3.3. Error quantities
In the following, we will present two error quantities which will be used in the proposed algorithm. We first create
two different discretization sets of the same considered time interval [0, T ]: the training set Ξtrain and the testing set
Ξtest , where the time steps ∆ttrain ̸= ∆ttest , and the number of time steps are defined as K train = ∆tTtrain , K test = ∆Tttest .
(This is due to the fact that time is the only but special input parameter considered in this work). The time instance is
defined as: tk = k∆tX , 1 ≤ k ≤ K X , with either X ≡ “train” or X ≡ “test”, respectively.
 Assume that
 we have the
FOM3 displacement fields and force terms from MD simulation for t ∈ Ξtrain : Υ train = u(ti ), fint (ti ) , ∀ti ∈ Ξtrain ,


and that for t ∈ Ξtest : Υ test = u(t j ), fint (t j ) , ∀t j ∈ Ξtest , respectively. The sets of POD basis functions Φ u , Φ f and
associated offline data will be built based on Ξtrain ; while the data from Ξtest is only for error computation purposes.
Given any time t ∈ Ξtest , the POD–MLS approximation of the force term is defined as
int
fint (t) ≈ fint
POD (t) ≈ f M (t) =

M


f

αiMLS (t) φ i ,

(27)

i=1

where αiMLS (t), 1 ≤ i ≤ M is computed as described in Section 3.2. The true error in the force approximation is
defined by
e f (t) = fint (t) − fint
M (t),

t ∈ Ξtest .

(28)

The true error in the displacement field is given by
eu (t) = u(t) − u N ,M (t),

t ∈ Ξtest ,

(29)

where
u N ,M (t) =

N


a j (t) φ uj = U N a(t).

j=1

3 In this paper, FOM and ROM stand for “Full Order Model” and “Reduced Order Model”, respectively.

(30)
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Here, a(t) is the solution of the reduced Eq. (20) when substituting the true force fint (t) by its POD–MLS
u
u N
approximation fint
M (t), and Φ = {φ i }i=1 is the set of POD basis functions for displacement field. The reduced
displacement field is thus denoted u N ,M (t) to reflect the dependence on both N – the number of POD basis functions
for displacement field and M – the number of POD basis functions for force term.
The relative errors for force field and displacement field approximations are defined as


e f (ti )
|eu (ti )|

ε f (ti ) = int  , and εu (ti ) =
, ∀ti ∈ Ξtest ,
(31)
f (ti )
|u(ti )|
respectively. Finally, with the relative errors in Eq. (31), we define the root mean square error (RMSE) for the force
approximation terms


K test
 1 
(32)
ε 2 (ti ),
RMSE M (e f ) = 
K test i=1 f
and for the reduced displacement field


K test
 1 
RMSE N ,M (eu ) = 
ε 2 (ti ),
K test i=1 u

(33)

where K test is the number of time steps in Ξtest . These RMSE errors are representative errors over the whole time
domain and will be used mainly in this work to assess the quality of our approximations. Note also that the subscripts
N , M imply the dependence of these RMSE errors upon those subscript variables.
3.4. POD–MLS algorithm
Algorithm 1 presents one full computation over an arbitrary input temporal interval [ts , te ] ⊂ [0, T ] with available
data from MD simulation, i.e., training and testing data. We note that Algorithm 1 reflects exactly what the POD–MLS
approach does with ts = 0 and te = T .4 In particular, Algorithm 1 first tries to find the best approximation for the
force term using POD–MLS technique described above. By substituting this force approximation back to the reduced
equation Eq. (20), the reduced displacement field can then be calculated. With the availability of testing data, RMSE
errors for both displacement and force fields can be computed and outputted.
Specifically,
as observed
from Algorithm 1, the inputs are the particular time
interval [t



 s , te ]; the training data
Υ train = u(ti ), fint (ti ) , ∀ti ∈ Ξtrain , (ts ≤ t ≤ te ); the testing data Υ test = u(ti ), fint (ti ) , ∀ti ∈ Ξtest , (ts ≤ t ≤
te ); Nmax the prescribed maximum number of POD basis functions for displacement field and Mmax the prescribed
maximum number of POD basis functions for force field, respectively. The outputs include the optimal pair (N ⋆ , M ⋆ )
and the RMSE errors of both displacement and force fields. We first do POD-snapshot analyses as described in
Section 2.3 for force field (line 1, Algorithm 1) and displacement field (line 2, Algorithm 1). The obtained results are
POD basis vectors for the force and displacement fields, respectively. We next build the MLS database for the force
field from Eq. (21) (line 3, Algorithm 1) and compute RMSE error of the force field from Eq. (32). The optimal number
of basis functions M ⋆ for force approximation is set as Mmax , or, alternatively for computational saving purposes, we
can set M ⋆ as follows:
M ⋆ = M such that : RMSE M (e f ) − RMSE M−1 (e f ) ≤ ϵ f ,

(34)

where ϵ f is a prescribed tolerance for the difference between two consecutively iterated RMSE values of the force
field. The usual value of ϵ f is set to, say, 1e−10. This is to prevent the computational step on line 4, Algorithm 1
going to Mmax when RMSE M (e f ) already reaches the converged values, and hence the continuation to Mmax will be
unnecessarily expensive. Finally, we will use this optimal number M ⋆ to compute the reduced displacement field and
its associated RMSE error (line 5, Algorithm 1). The optimal number of basis functions for displacement field N ⋆ will
4 Here we denote [t , t ] for the sake of generality as it will be used largely in Section 4 afterwards.
s e
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be deduced straightforwardly from this calculation (line 6, Algorithm 1). Note that here we can also apply the same
principle to terminate the computational step (line 5, Algorithm 1) earlier for computational saving purposes. That is,
the run on line 5, Algorithm 1 can be stopped when either
N = Nmax

or

RMSE N −1,M ⋆ (eu ) + ϵ u ≤ RMSE N ,M ⋆ (eu ),

(35)

where ϵ u is a prescribed tolerance for the difference between two consecutively iterated RMSE values of the
displacement field. The usual value for ϵ u can be set to, say, 1%. This action implies that we will stop the run to
Nmax when the RMSE value of the displacement field at the next iteration do not decreases but increases more than
the prescribed tolerance.
Algorithm 1 one time interval
INPUT: [ts , te ], Υ train (ts ≤ t ≤ te ), Υ test (ts ≤ t ≤ te ), Nmax , Mmax
OUTPUT: (N ⋆ , M ⋆ ), RMSE N ,M (eu ), RMSE M (e f )
1:


f
φ 1f , · · · , φ M
{φ
} = POD {fint (ti ),
max

2:

φ u1 , · · · , φ uNmax } = POD ({u(ti ),
{φ

3:

α ex (t),
Build MLS database for force field {α

4:

Compute RMSE M (e f ),

5:
6:

Compute RMSE N ,M ⋆ (eu ), 1 ≤ N ≤ Nmax ;
N ⋆ = arg min RMSE N ,M ⋆ (eu );


ti ∈ Ξtrain (ts ≤ t ≤ te )}, Mmax ;
ti ∈ Ξtrain (ts ≤ t ≤ te )}, Nmax );
t ∈ Ξtrain (ts ≤ t ≤ te )};

1 ≤ M ≤ Mmax ; stop if exist M ⋆ satisfies (34);

1≤N ≤Nmax

Remark 3.1. 1. In practice, for the POD–MLS approach the selection of the optimal pair (N ⋆ , M ⋆ ) is not necessary
since Algorithm 1 is called only once over [0, T ] in the offline stage (which will be presented later in Section 3.5).
However, for the hp-POD-MLS approach the optimal (N ⋆ , M ⋆ ) in each subinterval [ts , te ] will be key importance to
reduce the offline computational cost since Algorithm 1 will be invoked many times and it is itself computationally
expensive. (This will be explained more details in paragraph 1 of Remark 4.1.)
2. There is alternatively a more optimal way to find the optimal pair (N ⋆ , M ⋆ ); however, this approach is very
computationally expensive. That is, if we consider RMSE N ,M (eu ) as a function of two variables N and M, we
could perform two nested loops: one outer loop over 1 ≤ M ≤ Mmax , and for each particular M, there is another
inner loop over 1 ≤ N ≤ Nmax . The optimal pair (N ⋆ , M ⋆ ) can then be found from
 ⋆

N , M ⋆ = arg min RMSE N ,M (eu ).
(36)
1≤N ≤Nmax
1≤M≤Mmax

In this work, we pursue a more feasible and much cheaper approach to find the pair (N ⋆ , M ⋆ ). Namely, we run one
independent loop 1 ≤ M ≤ Mmax to find M ⋆ , and then use this found M ⋆ to identify N ⋆ . Although this approach
is not as optimal as the one mentioned above, it is very feasible in practical situations since one needs to invoke
Algorithm 1 many times as presented in Section 4 afterwards.
3. The initial conditions to start the solution procedure Eq. (20) such as displacement, velocity and acceleration
vectors at time instance ts : r(ts ), ṙ(ts ) and r̈(ts ) are assumed to be available, and those are FOM vectors.
3.5. Offline–Online computational procedures
With the assumption of affine decomposition property of the external force term fext (t), t ∈ [0, T ], the computational procedure can be decomposed into offline and online computational stages as described follows.
In the offline stage (see Algorithm 1), which is expensive and performed only once, we first build and store the
f
sets of POD basis vectors for force and displacement fields from Section 2.3: Φ f = {φ j } M
j=1 , 1 ≤ M ≤ Mmax and
u
u N
ex
M
Φ = {φ i }i=1 , 1 ≤ N ≤ Nmax . Then, the exact coefficients α (t) ∈ R , t ∈ [0, T ] in Eq. (21) and the bracket
term in Eq. (22c) can be computed and stored. Finally, the FOM displacement, velocity and acceleration vectors at the
initial time step (i.e., the initial conditions r(t 0 ), ṙ(t 0 ) and r̈(t 0 )) also need to be stored.
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In the online stage, which is very cheap and can be invoked many times, given any input time t we first solve the
system Eq. (25) to compute the MLS coefficient c(t), hence α MLS (t) from Eq. (23) and fint
N (t) from Eq. (22) can all
be computed. Finally, with the available fint
(t)
and
known
initial
conditions
the
reduced
equation Eq. (20) can be
N
solved iteratively to obtain a(t), ȧ(t) and ä(t), respectively. The online computational
cost
is
analyzed
as follows. At


each time step t k , the cost to solve Eq. (25), then assemble Eqs. (23) and (22) are O M( p + 1)3 , O (M( p + 1)) and
O(N M) operations, respectively. Finally, solving the reduced equation Eq. (20) will take O(N 2 ) operations as the
reduced mass matrix M N is diagonal, time-invariant and hence can be pre-computed once offline. In summary, the
online computational cost at each time step t k is completely independent of n which is the size of the MD model.
4. The proposed hp-POD-MLS approach
4.1. Principle
The POD–MLS approach described above can tackle the bottleneck computation of the inter-atomic force term,
i.e., one do not need any coordinates transformation (reduced–physical systems) in the online computational stage,
or, in other words the online computational cost is completely independent of n. However, if the considered time
interval [0, T ] is large, the approximation error of the force term will be large due to its highly nonlinear and nonlocal
properties. Consequently, the error of the displacement field will also be large since it now comprises not only
temporal, spatial errors but also the error propagated from the force approximation.5 To deal with this issue, we
propose to combine the “hp” ideas from [37,38] with our POD–MLS approach to form the so-called “hp-POD-MLS”
approach.
The main idea of this proposed approach is that by dividing the total temporal domain into smaller subintervals, we
aim to obtain better approximations of the force field and ultimately the displacement field over each local subinterval.
This is due to the fast convergence property of the local bases of these fields over each local time interval. Hence, the
final goal turns to find an efficient algorithm to divide adaptively the temporal domain into smaller local subintervals
and then build correspondingly local bases (of force and displacement fields) over each of these subintervals.
Because the computation and bases generation over an arbitrary temporal interval [ts , te ] is available from
Algorithm 1 in Section 3.4, the remaining key component is an efficient algorithm to divide adaptively the total
temporal interval/domain into smaller ones. Algorithm 2 presents our proposed “hp-POD-MLS” approach to perform
such a task. The main idea of this proposed algorithm is to divide a given temporal interval into two smaller
subintervals whenever the RMSE displacement error is larger than the prescribed tolerance ϵutol (say, 5%). The criterion
to divide temporal intervals into smaller ones is based on the RMSE for displacement error Eq. (33), because it is the
quantity we are interested in. The RMSE for force error Eq. (32) is just an intermediate indicator which also contributes
partly to the displacement error as devised in Appendix A.
Algorithm 2 is essentially a recursive loop. In particular, the inputs of Algorithm 2 include the specific temporal
interval [ts , te ] and the prescribed tolerance ϵutol . The outputs involve POD basis vectors for displacement and force
fields and all necessary offline terms for subsequent online computations over all divided subintervals [ts , te ]i , 1 ≤
i ≤ Ndom . Consider each line of Algorithm 2 in details. It starts with an arbitrarily given temporal interval [ts , te ],
then calculates the RMSE N ⋆ ,M ⋆ (eu ) error over this interval by calling Algorithm 1 (line 1, Algorithm 2). This error
is next compared with the prescribed tolerance ϵutol (line 3, Algorithm 2). If the error is smaller than the prescribed
tolerance, we can terminate the division of this particular interval and store its offline data (line 4, Algorithm 2).
Otherwise, if the error is larger than the prescribed tolerance, the interval is divided into two halves [ts , tm ] and [tm , te ]
e
where tm = ts +t
2 ; and the computational procedure is repeated over each of these two temporal subintervals in an
exactly similar manner (line 6–8, Algorithm 2). The subintervals division algorithm is iterated and stopped when all
subintervals have RMSE N ⋆ ,M ⋆ (eu ) ≤ ϵutol .
Remark 4.1. 1. Essentially, Algorithm 2 is very similar to the Algorithm 3 in [37], except that the input parameter
now is time rather than geometry, material or other kinds of parameters as in [37]. Algorithm 2 includes many calls
5 We devise an error relation linking the true error of displacement field with that of the inter-atomic force field in Appendix A. This error
estimation is robust and holds for any technique used to approximate the force term — not limited only to the POD–MLS approach used in this
work.
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Algorithm 2 hpPODMLS
INPUT: [ts , te ], ϵutol
f
φ 1f , · · · , φ M
φ u1 , · · · , φ uN ⋆ }, and all offline data associated with each temporal interval [ts , te ]i ,
OUTPUT: {φ
⋆ }, {φ
1 ≤ i ≤ Ndom

1:
2:
3:
4:
5:
6:
7:
8:
9:

2.

3.

4.

5.

6.

Call algorithm 1: one time interval([ts , te ]) to compute RMSE N ⋆ ,M ⋆ (eu );
[ts ,te ]
ϵN
⋆ ,M ⋆ ← RMSE N ⋆ ,M ⋆ (eu );


 
[ts ,te ]
tol or te − ts ≤ M ⋆ then
≤
ϵ
if ϵ N
⋆ ,M ⋆
u
∆ttrain
Terminate this interval division and save all offline data of that subinterval [ts , te ]k ;
else
ts + te
tm =
;
2
hpPODMLS([ts , tm ], ϵutol );
hpPODMLS([tm , te ], ϵutol );
end if
to Algorithm 1 and thus, it is very computationally expensive. Because of this reason, we proposed two stopping
conditions (34) and (35) to end Algorithm 1 earlier if the enrichments (in N and M) do not help to decrease the
corresponding errors.
Generally, the displacement field of a MD system consists of two components: an oscillation part related to the
high frequency responses and a real motion trajectory part related to the low frequency responses of atoms. The
oscillation of atoms at their own positions are an inherent property of MD systems due to strong inter-atomic forces;
and the amplitude of the oscillation part is usually much smaller than that of the trajectory part. Our proposed
approach captures very well the low frequency responses, i.e., the overall motion trajectory of atoms; while the
high frequency oscillation is approximated modestly.
There is a significant difference between our proposed “hp-POD-MLS” approach with the “hp-RB” one in
[37,38]. In [37,38], the authors are able to divide/enrich the input parameter domain as fine as they need since
those parameters relate to geometry, material configurations, etc. which are usually not provided as fixed given
data (i.e., only their range is fixed). On contrary, for time parameters considered in this work (which is also a
special kind of parameter) one cannot enrich temporal domain as fine as they want since the time step size (or,
given training and testing data) is fixed. We thus enforce a second stopping condition on line 3, Algorithm 2 to
prevent the considered temporal subinterval from having too few snapshots to build POD basis functions (for both
displacement and force fields).
Due to the limitation that we cannot divide/enrich the temporal intervals too finely (as mentioned in paragraph 3
above), there would have situations that the (possible) finest subintervals cannot fulfill the error tolerance ϵutol (line
3, Algorithm 2). For these cases, we would accept the error violations of those subintervals. We will observe from
all numerical experiments in Section 5 that these violation intervals only happen when the amplitude of atoms
motion trajectory are close to that of atoms oscillation, i.e., when the MD system is close to its static equilibrium
state. Consequently the considered interval needs more POD modes to capture this highly oscillated trajectory.
However, these subintervals are generally very short compared with others where the proposed algorithm works
very well; hence we can safely and reasonably accept these violated subintervals.
As mentioned in Section 1, we use the exact full-order model (FOM) solution at the intersection of two arbitrarily
consecutive time intervals to start the solution procedure within the latter interval. By this way, we would introduce
jumps/discontinuities in the solution field at the intersection of all time intervals. Consequently, the true error of
the displacement field is always zero at the beginning of each time interval and evolve within this interval until
reaching the prescribed error tolerance and be “cut-off” as shown in Fig. 1. Furthermore, another consequence is
that the solution behavior within one time interval will have very little effect on other time intervals.
One advantage of this proposed approach is that we can perform the calculations over subintervals in a parallel and
independent way. Namely, we can assign the computation work over each subinterval to a different processor, and
thus many different processors can handle many different subintervals at the same time. Once all computational
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Fig. 4. The 1D MD model problem subjected to a loading (only 12 atoms are shown).

work is complete, we will assemble and store finally all the offline data of all subintervals which are ready for the
online computational stage afterwards.
4.2. Offline–Online computational procedures
The computational procedures of the proposed hp-POD-MLS approach is very similar to that of the POD–MLS
approach presented in Section 3.5, except that now one has to deal with many temporal subintervals rather than only
one as in POD–MLS case. We also mention here that since time domain is a simple 1D domain, its partition into
subintervals is straightforward and conceptually much simpler than the partition of higher dimensional domains such
as parameter domains in [37]. However, if other types of parametrization are also included in the MD model, more
complicated partition treatment must be developed. This topic is not trivial and is out of the scope of this work.
In the offline stage, there are two steps which are “divide” and “build”. First, we run Algorithm 2 only once to
divide and find adaptively local temporal subintervals; and secondly build local POD basis vectors with all necessary
offline data within each found local subinterval.6 We emphasize that the initial conditions of each local subinterval
(i.e., the projection of FOM vectors r(ts ), ṙ(ts ) and r̈(ts ) onto corresponding local bases) need to be computed and
stored in the offline stage as well.7 In the online stage, we will loop chronologically through all local time subintervals
[ts , te ]; and over each of them, the computation is exactly similar to the online stage presented in Section 3.5 above.
5. Numerical examples
In this section, we will demonstrate the proposed approach by applying it to two numerical examples which are 1D
and 2D molecular dynamics problems.
5.1. 1D model problem
5.1.1. Problem description
We consider the 1D gold (Au) chain model as illustrated in Fig. 4. The MD system consists of 200 atoms which are
aligned in the x-direction, for which the nearest neighboring atomic interaction is described by the following harmonic
potential for simplicity
V (ri j ) = De α 2 (ri j − r0 )2 ,

(37)

where ri j is the distance between atoms i and j, r0 is the equilibrium bond distance, De is the energy well depth relative
to the dissociated atoms, and α controls the width of the potential. The harmonic potential used here is actually the
−1
linearized Morse potential for 1D Au chain [56]. The related parameters are given by: De = 5.6 eV, α = 1.637 Å
and r0 = 2.922 Å.
6 Note that we can reuse Algorithm 1 to perform this second step.
7 We also note that the memory storage of the offline stage will depend strongly on the number of divided local subintervals, and hence on the
prescribed error tolerance. Thus, the more accurate the approximated ROM is, the more storage will be required and vice versa.
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Fig. 5. MD displacement responses vs. time of output atoms: (a) the 5th atom, (b) the 100th atom and (c) the 200th atom.

The Au chain is fixed on the left end and subjected to the external loading along the axial direction at the right end


(t − t 0 )2
ext
0
,
(38)
f (t) = f exp −
2σ 2
where f 0 = −10 eV/Å, t 0 = 5 ps and σ = 1 ps.
In this work, time is the only input parameter. The total time range is [0, T ], with T = 40.96 ps. For the training
set, the time step size is ∆ttrain = 1 fs, number of time steps is K train = ∆tTtrain = 40 960. For the testing set, the time
step size is ∆ttest = 1.25 fs, number of time steps is K test = ∆Tttest = 32 768, respectively. The atoms for displacement
output are chosen as the 5th, 100th and 200th atoms from the left end (Fig. 4). We show the time history of the full
MD displacement and inter-atomic force of 3 output atoms in Figs. 5 and 6, respectively. As observed from Figs. 5
and 6, the displacement and the force fields are quite smooth versus time and there is almost no local atoms oscillation
for this particular example due to the simple potential energy chosen in Eq. (37). (Note that this chosen time interval
[0, T ] is slightly more than 2 motion cycles of the MD system as observed from Fig. 5.)
We first present the results using the POD–MLS approach (without “hp”) for this 1D problem in Fig. 7. In
particular, by implementing Algorithm 1 with the settings: ts = 0 ps, te = 20 ps, Mmax = 200, Nmax = 200,8
we obtain the relative errors for the approximation force field in Fig. 7(a). Here, the maximum relative error is defined
as the maximum over all time steps of the corresponding relative errors Eq. (31): ε max
= maxti ∈Ξtest ε f (ti ) and
f
εumax = maxti ∈Ξtest εu (ti ), respectively. The RMSE errors are defined as in Eqs. (32) and (33). The optimal number of
8 In this work, the possibly maximum values of N
max and Mmax are set to 200 as we want to perform the online computational stage in real-time
R
context using Matlab⃝
on PC.
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Fig. 6. Direct MD inter-atomic force field vs. time of output atoms: (a) the 5th atom, (b) the 100th atom and (c) the 200th atom.

Fig. 7. Relative errors of (a) the inter-atomic force field, and (b) the resulting displacement field using POD–MLS (without “hp”) approach over
time interval [0, 20] ps. The optimum value M ⋆ = 132, which is found from Fig. 7(a), is used in the computation of Fig. 7(b).

POD basis functions for force approximation is found as M ⋆ = 132 from Fig. 7(a). This M ⋆ value is then fed into line
5, Algorithm 1 to compute the approximated displacement field and its corresponding relative error; these results are
shown in Fig. 7(b). We observe from Fig. 7 that the approximations of force and displacement fields are quite poor
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Fig. 8. Relative errors of (a) “projection” force field, and (b) “projection” displacement field using the POD-snapshot method over time interval
[0, 20] ps.
Table 1
Results of the 1D problem using the hp-POD-MLS algorithm with ϵutol = 1%.
Subintervals

Temporal indices of subintervals

(M ⋆ , N ⋆ )

RMSE M ⋆ (e f )

RMSE M ⋆ ,N ⋆ (eu )

T1
T2
T3
T4
T5
T6
T7
T8
T9

[1, 2561]
[2561, 5121]
[5121, 10 241]
[10 241, 15 361]
[15 361, 20 481]
[20 481, 25 601]
[25 601, 30 721]
[30 721, 35 841]
[35 841, 40 961]

(70, 64)
(100, 16)
(100, 11)
(100, 9)
(100, 39)
(100, 9)
(100, 9)
(100, 9)
(100, 9)

2.3983e−03
4.6355e−06
3.5101e−04
5.2586e−06
5.9958e−05
2.8476e−06
4.5282e−05
3.2758e−06
5.3812e−05

5.8789e−03
1.2906e−03
7.4375e−04
8.6252e−03
6.4006e−04
3.7809e−03
1.4075e−03
2.4808e−03
2.7269e−03

(RMSE M ⋆ (e f ) = 6% and RMSE M ⋆ ,N ⋆ (eu ) = 15%) since these fields need a much larger number of POD modes to
have better approximations. This is due to the fact that the considered time interval [ts , te ] is long and the force field
is highly nonlocal, hence large numbers of POD modes would be expected.
For comparison purposes, we also compute the “projection” force/displacement field by projecting the (testing)
MD force/displacement field onto its set of POD basis functions Φ f /Φ u and then calculate the errors between this
projection and the full MD fields. The results are shown in Fig. 8. The figure also demonstrates our above argument that the system would need a lot of POD modes to obtain good approximations of both displacement and force
fields. Indeed, both force and displacement fields would need more than 180 POD modes to have RMSE errors
around 10−5 .
5.1.2. hp-POD-MLS algorithm
We then apply the proposed algorithm for the 1D MD problem. The parameters chosen are: ϵutol = 1% for
Algorithm 2; Nmax = 100, Mmax = 100, ϵ f = 10−8 , and ϵ u = 10−2 for Algorithm 1. The results are reported
in Table 1. The convergence results of force and displacement fields on subintervals T1 , T5 and T9 are illustrated
in Fig. 9. By comparing Fig. 9 with Fig. 7 and Table 1, we see that our proposed algorithm helps to decrease the
approximation error of the displacement field (and the force field as well) over all temporal subintervals to a desired
tolerance. Fig. 10 presents the comparison of MD and ROM displacement responses versus time at three output atoms.
The right figure of Fig. 10(a) also shows the discontinuity at t = 25.6 ps between subintervals T6 and T7 as discussed in
paragraph 5 of Remark 4.1; and generally the results show good agreement between the ROM and FOM displacement
responses.
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Fig. 9. Relative errors of the inter-atomic force field and the resulting displacement field over subintervals T1 (a, b), T5 (c, d), and T9 (e, f) using
hp-POD-MLS algorithm (ϵutol = 1%).
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Fig. 10. Comparison of MD and ROM displacement responses vs. time of output atoms: (a) the 5th atom, (b) the 100th atom and (c) the 200th
atom using hp-POD-MLS method with ϵutol = 1%.

We also report the results using the proposed algorithm with ϵutol = 5% in Table 2. From Tables 1 and 2, we
see that the proposed algorithm divides the globally temporal interval [0, T ] adaptively and automatically into many
subintervals according to its displacement RMSE error (line 3, Algorithm 2). Generally, as we increase ϵutol the total
number of subintervals will decrease and vice versa.
We finally report the computational time of the full MD simulation and our proposed method in Table 3. Note
R
that both full MD and ROM simulations here are implemented in Matlab⃝
2012b. In addition, all computation is
performed on a desktop 3.2 GHz quad-core Intel Core i5, RAM 8 GB 1600 MHz DDR3. We observe from Table 3
that the obtained speedup by the proposed method (online stage) is quite modest. There are two reasons for this fact:
(i) the 1D MD model is small with only 200 atoms, and (ii) the potential energy chosen is the simplest type (and hence
the solution is very smooth with no self-oscillation of atoms). Otherwise, if we choose a more complicated potential
energy with more atoms, the computational speedup will be more substantial. This point will be more obvious with a
2D model problem in the next example.
For completeness, we also discuss the computational time of the POD–MLS (without “hp”) approach versus the
proposed hp-POD-MLS one. Generally, in both offline and online stages, the computational time of the hp-POD-MLS
approach is larger than that of the POD–MLS approach by an overhead. This is due to the subintervals selection
procedure which is similar to the discussion in the numerical results section of [57]. For example, in the online stage,
to achieve the best possible accuracy of 15% (see Fig. 7(b)) the POD–MLS approach with (M ⋆ , N ⋆ ) = (132, 50)
tMD
takes roughly 1 s (hence the corresponding speedup tPOD−−MLS
is about 14.6); while the hp-POD-MLS one takes about
3.5 s (hence corresponding speedup is about 4.1). However, we emphasize that this comparison is for the case of very
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Table 2
Results of the 1D problem using the hp-POD-MLS algorithm with ϵutol = 5%.
Subintervals

Temporal indices of subintervals

(M ⋆ , N ⋆ )

RMSE M ⋆ (e f )

RMSE M ⋆ ,N ⋆ (eu )

T1
T2
T3
T4
T5

[1, 20481]
[20481, 25601]
[25601, 30721]
[30721, 35841]
[35841, 40961]

(100, 12)
(100, 9)
(100, 9)
(100, 9)
(100, 9)

4.1175e−02
2.8476e−06
4.5282e−05
3.2757e−06
5.3808e−05

4.7495e−02
3.7809e−03
1.4075e−03
2.4808e−03
2.7269e−03

Table 3
Comparison of computational time for the 1D MD problem.
t

Direct MD (s)

Online hp-POD-MLS (s)

Speedup κ = t MD
ROM

Prescribed tolerance ϵutol

Number of subintervals

14.6489
14.6489

9.1259
10.6617

1.6052
1.3740

1%
5%

9
5

Fig. 11. The 2D MD model problem subjected to sinusoidal loading.

large error (15%). In fact, the POD–MLS approach can never reach the good accuracy as the hp-POD-MLS one does
(see Table 1, Table 2) within the limit of 1 ≤ N ≤ Nmax and 1 ≤ M ≤ Mmax ; and hence, this overhead might be
mitigated. (We also note that this fact is different from [57] where the global DEIM technique can reach the same
accuracy as the local LDEIM one does within the same limit of number of interpolation points.)
5.2. 2D model problem
5.2.1. Problem description
The in-plane movement of a graphene sheet under external loading is chosen as the two-dimensional (2D) problem.
The graphene sheet has the dimension of 26.3 Å in length and 13.3 Å in width with shrink-wrapped condition in the
x- and y-directions (Fig. 11). The system consists of 158 atoms of two types: carbon and hydrogen atoms. The
graphene edges are terminated by hydrogen atoms. The empirical reactive AIREBO potential [58,59] is adopted to
describe the interatomic interactions of graphene, which has been proved to simulate the sp 2 hybridized C–C covalent
bonds well. The AIREBO potential comprises three terms
V AIREBO = V 2nd−REBO + V LJ + V tors ,

(39)

where V 2nd−REBO is the second generation REBO potential [59], which accounts for the covalent bond interaction,
V LJ is the 12–6 Lennard-Jones potential that accounts for the non-bonded interaction among atoms, and V tors is the
torsional potential term. The detailed formulas can be found in [58,59].
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Fig. 12. MD displacement responses of output atom in x-direction over time ranges [0, 102.4] ps (right figure) and [10, 15] ps (left figure) of the
2D MD model.

The system is fixed on the left end and the right end is subjected to the external loading along the x-direction as
f ext (t) = A sin (2π ωt) ,

(40)

where A = 1 Å and ω = 0.02 ps−1 .
The total time range considered is [0, T ], with T = 102.4 ps. For the training data set, the time step size is
∆ttrain = 1 fs, the number of time steps is K train = ∆tTtrain = 102400. For the testing data set, the time step size
is ∆ttest = 1.25 fs, the number of time steps is K test = ∆Tttest = 81 920, respectively. The atom for displacement
output is chosen as shown in Fig. 11. Fig. 12 presents the full MD displacement of the output atom in x-direction
over time ranges [0, 102.4] ps and [10, 15] ps, respectively. We observe from Fig. 12 that this 2D problem is much
more non-smooth than the 1D problem considered in Section 5.1. Due to strong mutual interactions, all atoms in the
MD system now not only move following overall trajectory (the sinusoidal curve, right figure) but also self-oscillate
at their own positions (the small fluctuations on the sinusoidal curve, left figure). We also notice that the magnitude of
the oscillation part is small compared with that of the real trajectory part (as mentioned in paragraph 2, Remark 4.1).
For validation purposes, we first present the results using the POD–MLS approach (without “hp”) for this 2D
problem in Fig. 13. By implementing Algorithm 1 with the settings: ts = 0 ps, te = 2 ps, Mmax = 100, Nmax = 100,
we obtain the relative errors for the approximation force field in Fig. 13(a). The optimal number of POD basis functions
for force approximation is found as M ⋆ = 100 from Fig. 13(a). This M ⋆ value is then fed into line 5, Algorithm
1 to compute the approximated displacement field and its corresponding relative error; these results are shown in
Fig. 13(b). Similar to the 1D problem in Section 5.1, we also observe that the errors of both approximation force and
displacement fields are poor due to the strong nonlocality, nonlinearity of force field and large length of the considered
time interval.
5.2.2. hp-POD-MLS algorithm
The proposed algorithm is now applied to this 2D problem. Similar to the 1D problem, we also choose the setting
parameters as follows: ϵutol = 1% for Algorithm 2; Nmax = 100, Mmax = 100, ϵ f = 10−8 , and ϵ u = 10−2 for
Algorithm 1. The algorithm provides a total of 242 subintervals. The results are reported in Fig. 14 and Table 4. In
particular, Fig. 14 shows that almost all subintervals satisfy the prescribed error tolerance ϵutol = 1% except some
subintervals whose displacement magnitude is small (subintervals near 25 ps, 50 ps, 75 ps and 100 ps, compare
Fig. 14, right Fig. 12 and Table 4), i.e. when the MD system is close to the static equilibrium state. This fact clarifies
paragraphs 2 and 4 mentioned in Remark 4.1: we will accept the prescribed tolerance violations of these subintervals
since they are usually very short and not important over the whole considered time interval [0, T ]. We could also
see the adaptivity and automatic of the proposed algorithm through Fig. 14: the subintervals are divided long/shortly
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Fig. 13. Relative errors of (a) the inter-atomic force field, and (b) the resulting displacement field using POD–MLS (without “hp”) approach over
time interval [0, 2] ps. The optimum value M ⋆ = 100, which is found from Fig. 13(a), is used in the computation of Fig. 13(b).

Fig. 14. RMSE error of displacement field over all temporal subintervals divided by the hp-POD-MLS algorithm with ϵutol = 1%.
Table 4
Results of the 2D problem using the hp-POD-MLS algorithm with ϵutol = 1%.

T1
T25
T29
T70
T80
T106
T133
T145
T189
T198
T228

Temporal subintervals (ps)

(M ⋆ , N ⋆ )

RMSE M ⋆ ,N ⋆ (eu )

[0, 0.1]
[9.6, 12.8]
[19.2, 20.8]
[29.6, 30.4]
[40.0, 41.6]
[50.0, 50.1]
[60.0, 60.8]
[69.6, 70.4]
[80.0, 80.8]
[89.6, 92.8]
[100.0, 100.1]

(27, 3)
(100, 1)
(100, 3)
(100, 2)
(100, 1)
(31, 3)
(100, 3)
(100, 3)
(100, 2)
(100, 1)
(26, 2)

9.5443e−02
7.8505e−03
6.3364e−03
4.2599e−03
6.2341e−03
9.9849e−02
1.9697e−03
3.4688e−03
8.9276e−03
8.6884e−03
1.0790e−01
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Table 5
Comparison of computational time for the 2D MD problem.
Direct MD on cluster (s)

Online hp-POD-MLS on PC (s)

Prescribed tolerance ϵutol

Number of subintervals

989.6489

65.3508

1%

242

appropriately such that they meet the prescribed error tolerance (although not all of them will always satisfy this
condition).
For illustration purposes, we show the convergence plots of the displacement field over several representative
subintervals (around time instances 0 ps, 20 ps, 40 ps, 60 ps, 80 ps and 100 ps) in Fig. 15. The comparison of MD and
ROM displacement responses versus time at the output atom is shown in Fig. 16. The results show good agreement
between the two fields. Here, we can also see that the proposed algorithm captures very well the low frequency
displacement (right figure, Fig. 16) and modestly the high ones (left figure, Fig. 16). We also point out from the
left figure of Fig. 16 that there is a jump/discontinuity near the time instance 13 ps as mentioned in paragraph 5 of
Remark 4.1. Note that such discontinuity is small for the 1D problem as the solution of this problem is very smooth
(see Fig. 5), while it is significant large for this 2D problem due to the high non-smoothness of the solution (see the
right figure of Fig. 12).
Finally, the molecular dynamics (MD) simulations are performed via the Large-scale Atomic/Molecular Massively
Parallel Simulator (LAMMPS) code developed by Sandia National Laboratories. The implementation of this task
utilized the Janus supercomputer capable of 184 TFLOPS9 (trillion floating-point operations per second), which is
supported by the National Science Foundation (award number CNS-0821794) and the University of Colorado at
R
Boulder. The ROM simulation is implemented completely in Matlab⃝
2012b on the same desktop as described in
Section 5.1.2. We report the computational time of these simulations on Table 5. The table again shows the efficiency
of the proposed algorithm.
6. Conclusion
In this work, a new algorithm is proposed to deal with ROM within MD context. The algorithm combines the POD
method with the MLS one to approximate rapidly the inter-atomic force field, thus permits the displacement field to be
computed effectively in real-time context. The combined POD–MLS method is further improved by incorporating the
“hp” idea in the temporal domain. The resulting hp-POD-MLS method divides the considered time interval adaptively
and automatically into smaller subintervals (h-refinement), and subsequently build sets of local ROM basis functions
over each of these subintervals ( p-refinement). The aim is to make the RMSE error of displacement field over these
subintervals satisfy some prescribed error tolerance. The proposed method is tested on several representative MD
systems. The results show that the algorithm works well in the sense: (i) the approximation displacement field agrees
well with the full MD one, and (ii) the computational speedup is significant for complex MD systems (2D or 3D
systems with complicated potential energy). Although there are still several temporal subintervals which do not
meet the prescribed error tolerance; however, numerical results so far show that these subintervals are in fact not
important as they associate with small magnitude displacement of systems. The proposed approach is currently under
investigation to extend to parametrized MD systems.
Appendix. An error relation linking displacement error and force error
In this section, we devise an error relation which links the true errors of the displacement field with that of
−ts
the force field. Given any time interval [ts , te ] which is discretized into K = te∆
t time steps, at a discrete time
k
k
instance
t = k∆t,
 ext,k
 1 ≤ k ≤ K , we denote the FOM displacement field and the FOM total force field as u and
k
int,k
f =f
+f
, respectively. The FOM MD equation (1), which relates those two quantities, is discretized in
time using a displacement-Verlet algorithm as follows
uk+1 − 2uk + uk−1 = fk ,

1 ≤ k ≤ K − 1.

9 Only 1 processor was used for this test due to the small size of this 2D model.

(41)
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Fig. 15. Relative errors of displacement field over subintervals (a) T1 ≡ [0, 0.1] ps, (b) T29 ≡ [19.2, 20.8] ps, (c) T80 ≡ [40, 41.6] ps,
(d) T133 ≡ [60, 60.8] ps, (e) T189 ≡ [80, 80.8] ps, and (f) T228 ≡ [100, 100.1] ps using hp-POD-MLS algorithm (ϵutol = 1%).
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Fig. 16. Comparison of MD and ROM displacement responses of output atom in x-direction over time ranges [0, 102.4] ps (right figure) and
[10, 15] ps (left figure) using hp-POD-MLS method with ϵutol = 1%.

The ROM approximation displacement field and the POD–MLS approximation total force field are denoted ukN ,M
and fkM , respectively. Similarly, the ROM approximation equation (20), which relates these two quantities, is also
discretized in time using the displacement-Verlet algorithm as
k−1
k
k
uk+1
N ,M − 2u N ,M + u N ,M = f M ,

1 ≤ k ≤ K − 1.

(42)

Proposition A.1. Let eku = uk − ukN ,M and ekf = fk − fkM be the true errors (or ROM errors) for the displacement and
force fields, respectively; RkN ,M is the residual of the discrete ROM equation (42), that is defined explicitly as


k−1
k
RkN ,M = fkM − uk+1
−
2u
+
u
(43)
N ,M
N ,M
N ,M .
Then, eku and ekf are related through the following expression

eku =

k−1



(k − i) eif + RiN ,M + ke1u − (k − 1)e0u ,

2 ≤ k ≤ K.

(44)

i=1

Proof. We start by subtracting Eq. (42) by Eq. (41), using the index k ′′ :
eku

′′ +1

′′

− 2eku + eku

′′ −1

′′

′′

= ekf + RkN ,M ,

1 ≤ k ′′ ≤ K − 1.

(45)

By writing Eq. (45) in turn for k ′′ = 1, 2, . . . , k ′ − 1, we have
e2u − 2e1u + e0u = e1f + R1N ,M ,

(46a)

+ R2N ,M ,

(46b)

e3u

− 2e2u

+ e1u

=

e2f

..
.
′

′

′

′

′

eku − 2eku −1 + eku −2 = ekf −1 + RkN −1
,M .

(46c)
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Summing up all Eqs. (46), we obtain
′ −1

 k


′
′
eku − eku −1 − e1u − e0u =
eif + RiN ,M ,

2 ≤ k′ ≤ K .

(47)

i=1

Applying the same trick as above, writing Eq. (47) for k ′ = 2, . . . , k
1 

 

e2u − e1u − e1u − e0u =
eif + RiN ,M ,

(48a)

i=1
2 

 

e3u − e2u − e1u − e0u =
eif + RiN ,M ,

(48b)

i=1

..
.
k−1 

 

eku − ek−1
− e1u − e0u =
eif + RiN ,M ,
u

(48c)

i=1

then summing up all resulting equations and manipulating similar terms, we will obtain Eq. (44) which concludes the
proof. 
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