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A B S T R A C T

The main objective of this paper is to exploit an eﬃcient and a simpliﬁed extended ﬁnite element
shell formulation for prediction of ductile fracture and crack branching of thin-walled aluminum
structures subjected to impact loading. In order to characterize an arbitrary crack initiation,
propagation and brunching, a phantom paired shell element approach is further developed and
implemented into Abaqus’ explicit solver via its user deﬁned element (VUEL). The energy dissipation
due to failure is captured by a cohesive force along the crack interface when its accumulative plastic
strain reaches a critical value. A numerical technique for modeling out-of-plane crack branching
phenomena is also developed by activating the phantom nodes and re-grouping the element
connectivity. Four numerical examples are used to demonstrate the applicability and accuracy of the
extended shell element approach for ductile failure prediction of an indentation test, a multi-bay
stiffened panel with crack branching, an explosively loaded plate, and a cylinder subjected to impulsive
loading.
© 2015 Elsevier Ltd. All rights reserved.

1. Introduction
The use of aluminum alloys and their extruded structural components in advanced vehicle construction has a great advantage in
minimizing a vessel’s weight. Given its one-third density of steel
and 70% of the tensile strength of steel, the resulting weight of aluminum high speed vehicle is much lower than a similar vessel
constructed from steel. The reduction of structural weight allows
for increased payload, top speed, and operation range at lower operational and total ownership cost. Since a vehicle is an operationcritical structure, it must be designed to have a suﬃcient level of
residual strength both during and after an extreme loading event
such as impact. The extreme dynamic loading can seriously damage
the vessel form by dishing and holing the stiffened panel. To ensure
the suﬃcient strength and damage tolerance of a structural component, a full-scale analysis coupled with experimentation has to
be implemented during the design iteration, structural certiﬁcation, and shock qualiﬁcation process.
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Design of large, high-speed aluminum vessels operating in a
hostile environment requires the welded structure to withstand
sub-critical growth of manufacturing ﬂaws and service-induced
defects against failure under extreme dynamic loading. The compounding effects from material heterogeneity and reduced strength
in Heat Affect Zone (HAZ) makes the welded aluminum structure
prone to crack initiation under normal operating conditions. In
the presence of unexpected extreme loading events, these initial
ﬂaws will propagate, branch, and be arrested by the nearby stiffeners. The complexity in component geometry, material
heterogeneity, and 3D stress distribution, will likely make crack
growth curvilinear, turning towards the stiffener. Failure to account
for the 3D crack growth geometry may lead to poor predictions
of the crack tip driving force which will have a pronounced
impact on the fracture pattern and its resulting load-deﬂection
prediction.
Typical size of a stiffened panel used in a large vehicle structure is about 10 m × 10 m with a thickness of 0.013 m. For such
thin-walled structures, the computational effort using solid ﬁnite
elements is prohibitive if a good element aspect ratio is maintained. Structural shell elements are widely used in such applications
because they offer the advantage of allowing the use of large elements while maintaining adequate numerical accuracy. Typical shell
elements have an in-plane size of 2–30 times larger than the plate
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thickness. It is therefore highly desirable to develop an eﬃcient
fracture analysis and design tool to characterize crack growth simulation in a large scale thin-walled structure within an eﬃcient shell
element formulation.
When the crack path is unknown a priori, a pioneering approach based on cohesive elements embedded at all element
boundaries is developed by Ref. [23] and the method had been improved by Ref. [6] by introducing cohesive elements only along
element boundaries where a certain fracture criterion is met. Given
the pre-deﬁned element topology, the crack growth direction is expected to be mesh dependent in addition to the added artiﬁcial
compliance in the model resulting from the ﬁnite cohesive stiffness used.
In order to characterize an arbitrary crack initiation and propagation, the extended ﬁnite element method (XFEM) coupled
with shell kinematics was developed by Ref. [2] based on the
Mindlin-Reissner theory and an enhanced assumed strain formulation to alleviate locking in thin shells. Instead of using the
approach of nodal enrichment via additional degrees of freedom,
an alternative approach based on two overlapping elements has
been developed by Ref. [11] where their identical kinematical
representation to XFEM has been proved by Ref. [20]. A phantom
paired approach coupled with a cohesive injection has been
developed by Ref. [21] and implemented for the Belytschko-Tsay
(B-T) shell element [27]. To further enhance the computational
eﬃciency, a one-point integration scheme along with elementwise progression of the crack is implemented by Ref. [21] for the
simulation of dynamic cracks in thin shells and its applications to
quasi brittle fracture problems. Note that the partition of unity
enriched methods for static and dynamic fracture in thin shell
analysis have been also developed by Refs. [7,15–18] besides from
the alternative methods for fracture in thin shells by Refs. [3]
and [1]. A 7-parameter, 6-node triangular solid-shell element
in conjunction with a rate-dependent cohesive zone model has
been developed by Ref. [13] and enhanced by [26] by implementing an explicit time stepping scheme, the Johnson Cook
phenomenological model, and a shifted cohesive zone model.
However, the implementation of these XFEM methodologies for
shell elements is still within a standalone ﬁnite element code
with limited capabilities in terms of element library, material
constitutive models, contact algorithms, and graphic user interface for ﬁnite element model generation and display of analysis
results.
Driven by the strong needs from commercial industries and
DoD Labs in the application of commercial ﬁnite element software such as Abaqus for the design and certiﬁcation of large scale
thin-walled metallic structures, it is imperative to implement the
XFEM for shell elements within a commercial ﬁnite element software. A great challenge exists since a commercial ﬁnite element
software such as Abaqus has placed a restriction in altering the
number of elements and their connectivity. The presence of multiple cracks and their growths in different planes will make the
kinematic description of these cracks challenging within an XFEM
framework for Abaqus. A novel approach for characterization of
multiple crack initiations and propagations has to be developed
via the phantom nodes re-grouping and re-assignment of element
connectivity.
The present paper is divided into ﬁve sections. In Section 2, the
development of phantom paired Belytschko-Tsay (B-T) shell [27] is
presented for Abaqus along with its numerical implementation.
Section 3 describes the modeling approach for crack branching along
with its capability demonstration. Section 4 gives the description
of a material model and a crack initial and propagation criterion.
The ﬁnal demonstration is reported in Section 5, in which four examples are selected for the ductile failure simulation of an
indentation test, a multi-bay stiffened panel with crack branching,
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an explosively loaded square plate, and a cylinder subjected to impulsive loading.

2. Phantom paired Belytschko-Tsay (B-T) shell for Abaqus
2.1. Overview of a B-T shell
The B-T shell is based on a combined co-rotational and velocity strain formulation. The co-rotational portion of the formulation
avoids the complexities by embedding a coordinate system in the
element. The selection of velocity-strain or rate-of-deformation in
the B-T shell formulation makes the conjugate stress the same as
the physical Cauchy stress that can greatly facilitate the constitutive description.
The velocity ﬁeld of the shell is given by

V (ξ, t ) = V mid (ξ, t ) − ς e 3 × q mid (ξ, t )

(1)

where vmid ∈ R3 are the velocities of the shell mid-surface,
θmid ∈ R3 are angular velocities of the normal to the mid-surface,
ς is the pseudo thickness which varies linearly from −h/2 to
h/2 along the shell thickness h, and ξ = (ξ1,ξ2) are material
coordinates of the manifold that describes the mid-surface
of the shell. The nomenclature used in Eq. (1) is illustrated in
Fig. 1.
A kinematic theory based on corotational rate-of-deformation
and corotational Cauchy stress rate is used. The corotational coordinate system serves as a local coordinate system to measure the
rate-of-deformation of elements during the simulations as shown
in Fig. 2.
Using Eq. (1), the velocity components of an arbitrary point with
thickness-direction coordinate can be deﬁned as

v x = v mid
+ θ mid
x
y ς,
mid
v y = v y − θ xmidς ,
v z = v mid
z

(2)

Deﬁne the corotational components of the velocity strain d
by

1 ⎛ ∂v ∂v j ⎞
d= ⎜ i +
2 ⎝ ∂v j ∂vi ⎟⎠

(3)

After substituting Eq. (2-3) into Eq. (2-2), we have

v mid

θ3mid
θ 2mid
e2

e3
Top surface

e1

θ1mid

Bottom surface

ς = h/2
ς =0
ς = −h / 2

Mid surface

Fig. 1. A geometric description of Belytschko-Tsay shell.
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Fig. 2. Vector and edge deﬁnitions for the transverse shear projection
scheme.
Fig. 3. Representation of a cracked shell using two 4-node elements: 2 solid
and 2 hollow circles denote the original nodes and the added phantom nodes,
respectively.
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position is. Expanding the above by subdividing each term into parts
that are associated with f(X) < 0 and f(X) > 0, we have
(4)

∂v
2d yz =
− θ xmid
∂y
2d
dxz =

By deﬁning

The rate form of the constitutive law expressed in corotational
system can be written by
(5)

where σ is the Cauchy stress rate and C is the fourth-order material tensor, which, in general, may depend upon time, t, stress, strain
rate, back stress if plasticity is involved. The components of the velocity strain, i.e., Eq. (4), can be directly substituted into Eq. (5) to
evaluate the corresponding stress tensor components. The stress and
velocity-strain components are conjugate in the sense that they can
be used in a principle of virtual power for the explicit element
formation.

2.2. Formulation of a phantom paired B-T shell
In order to represent mesh-independent crack propagation
in cracked shell elements, a phantom paired element approach
originally proposed by Ref. [11] is selected for its Abaqus implementation. As shown in Fig. 3, a kinematic description of a
cracked shell can be represented by a pair of elements. Each of
these two elements has two physical nodes (solid circles) and two
phantom nodes (hollow circles). For an element that is completely cut by a crack, a conventional XFEM displacement
representation is given by
nN

u ( X , t ) = ∑ N I ( X ) {uI (t ) + qI [ H ( f ( X )) − H ( f ( X I ))]}

(7)

I =1

∂v mid
z
− θ mid
y
∂y

σ = C (t , σ , d, …) d

nN

u = ∑ [uI N I (1 − H ) + uI N I H + qI ( H − H I ) N I ]

mid
z

(6)

I =1

where uI is the standard degree of freedoms (DoFs), qI is the enriched DoFs and H is the Heaviside function. The signed distance
function f indicates on which side of the crack the concerned

⎧ uI
u1I = ⎨
⎩uI − qI

if f ( X I ) < 0
if f ( X I ) > 0

(8)

⎧uI + qI
uI2 = ⎨
⎩ uI

if f ( X I ) < 0
if f ( X I ) > 0

(9)

We can rewrite Eq. (7) as

u ( X , t ) = ∑ u1I (t ) N I ( X ) H ( − f ( X )) + ∑ uI2 (t ) N I ( X ) H ( f ( X ))




I ∈S
I ∈S
1

u1( X ,t )

2

(10)

u2( X ,t )

where S1 and S2 are the index sets of the nodes of superposed elements 1 and 2, respectively, shown in Fig. 3 for the case of a 4-node
B-T shell. Because of the use of the one-point integration based on
the ﬁxed Gauss quadrature point, no projection needs to be made
to map the history variables for the subdomain integration associated with an evolving crack.
Without adding any new nodes along the crack line, the two
mathematical elements are separated after the connectivity rearrangement. Thus, the total displacement ﬁeld for a completely cut
element can be represented by the sum of two element ﬁelds:
u1(X,t), which holds for f(X) < 0 and u2(X,t), which deﬁnes for
f(X) > 0. Recasting the discontinuous ﬁeld in this form simpliﬁes
the implementation of the element in an existing ﬁnite element
code such as Abaqus. It is only necessary to activate extra elements (i.e. Element 2 in this case) and modify the corresponding
element connectivity to describe an arbitrary cracked shell
element.
Both the linear and angular velocities of the shell mid-surface
(vmid, θmid) have to be decomposed ﬁrst into its continuous and discontinuous part during its XFEM formulation. The discontinuity of
a ﬁeld variable across a crack surface that is normal to the midsurface of the shell can be represented equivalently via a phantom
paired approach as shown in Fig. 3. A detailed description of the
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XFEM formulation for a cracked Belytschko-Lin-Tsay shell has been
given by Ref. [21].
A cohesive interaction is embedded along a newly cracked surface
where the energy dissipation is captured from its initial opening
to a fully cracked stage as shown in Fig. 4. It is assumed that a crack
in a shell is always through its thickness and normal to the mid
surface of the shell. In addition, during the dynamic crack growth,
the tips are always in an element edge resulting in a completely cut
element. Using the principal of virtual power, the nodal forces {fint,
fext, fkin, fcoh} are computed based on the internal work (δWint), the
external work performed by applied load (δWext), the kinetic work
performed by inertia force (δWkin), and the work performed by the
cohesive traction on the crack surface Γc during its opening (δWcoh),
respectively. A ﬁnal system of equations can be formulated based
on the balance of linear momentum equation. A discretized element
formulation is constructed by introducing a shape function and one
point integration scheme. Using the one-point integration based on
the ﬁxed Gauss quadrature point, no projection needs to be made
to map the history variables for the subdomain integration associated with an evolving crack. With the phantom paired element
approach, the nodal force vectors associated with a cracked element
can be computed using the reference nodal force without a crack
multiplied by its associated area ratio of phantom element 1, i.e.,
(Ae1/A0), or Ae2/A0 for element 2. The same approach can used to
compute the nodal mass of a cracked element.
2.3. Implementation of phantom paired B-T shell via Abaqus VUEL
Since Abaqus does not allow the user to either alter the DoFs or
insert new elements during an analysis, overlay elements are predeﬁned in the XFEM zone (VUEL zone) by doubling the nodes
associated with each user-deﬁned element. The VUEL routine, the
user element in Abaqus/Explicit, has to be developed to deﬁne the
contribution of the element to the internal or external force/ﬂux
vector, form the mass/capacity matrix, and update the solutiondependent state variables associated with the element. At each call
of VUEL, Abaqus/Explicit provides the values of the nodal coordinates and of all solution-dependent nodal variables (displacements,
velocities, accelerations, etc.) at all degrees of freedom associated
with the element, as well as values of the solution-dependent state
variables associated with the element at the beginning of the current
increment.
In VUEL, the element nodal force (FJ) has to be computed from
the values of the nodal variables uM, the rate of nodal variables u m ,
and the solution-dependent state variables H within the element.
The solution-dependent state variables can include the damage
driven constitutive parameters and predeﬁned ﬁeld variables. The
mass is computed only once at the beginning of the analysis and
it is not allowed to be changed within the VUEL during the solution process.

Fig. 4. Illustration of XFEM formulation for a cracked Belytschko-Tsay shell.
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The implementation of the phantom paired shell elements in
Abaqus is accomplished via the overlay elements deﬁned over the
user-deﬁned elements zone. When a user-deﬁned element is in its
primitive state without a crack, only its real element is activated
while its phantom part is muted. In this case, all nodes of the real
element are real (or physical) and they have independent DoFs determined by the explicit analysis. All nodes of the phantom element
are phantom (or unphysical) and their ﬁeld variables are not calculated but rather inherited from the real element. This inheritance
of ﬁeld variables from real element to phantom element is very critical because it prepares the phantom element for future calculations
when the physical element is cut resulting in the activation of the
phantom element.
Fig. 5(a) shows a logic diagram for the implementation of a
cracked shell in Abaqus’ explicit via its VUEL. During the ﬁrst call
of VUEL, a lamped nodal mass will be deﬁned and the subsequent
change of the nodal mass matrix is not allowed. The internal
nodal force vector ( fˆeint ) is computed for each subelement (Element
1-2-7-8 and Element 5-6-3-4) where the contribution of each
subelement to the total internal force of the cracked shell element
is scaled by αi deﬁned by the ratio of the activated area to the
total area of the element. In addition, both the translational and
rotational mass matrix have to be scaled for the pair of overlay
elements based on the relative position between the crack front
and element edge. Therefore, the element mass matrix in VUEL
needs to be changed based on the position of the crack cut
position.
When a crack extends to an XFEM element, the element connectivity and mass associated with both the real and phantom elements
have to be changed. Unlike wake cracked elements, a tip element
is a cracked element where the crack tip resides on one of the
element edges. Under the assumption of element-by-element
crack growth, the crack tip is always on an element edge, and no
tip enrichment or slicing is required during numerical integration.
For a tip element, the aforementioned element reconstruction
rule has to be modiﬁed. The two physical nodes associated with
the edge where the crack tip resides on must be shared by both
the real and phantom elements. An illustration of this special
treatment is shown in the inset of Fig. 6. Assuming the crack tip
resides on the left edge deﬁned by nodes 1 and 2, both the real
and phantom elements share edge 1–2; this ensures that at the
crack tip, the crack is closed (i.e. crack opening displacement
equals to zero).
For the implementation, the XSHELL program is called by Abaqus/
Explicit in three levels as shown in Fig. 5(b). In Level 1, the program
reads in the control parameters and input data associated with mesh
and cracks. The geometry information is used to initialize relevant global variables and determine the nodal mass. At the analysis
increment level, XSHELL will check whether or not the program is
called at the beginning of an increment. If the answer is true, XSHELL
will execute two separate geometry update analysis modules. The
ﬁrst module is to check if any of the elements ahead of current cracks
has reached the critical conditions and update the crack conﬁguration if necessary. The other one is to check if failure criterion is
satisﬁed in the elements which are away from current cracks. A new
crack will be initiated from the elements that satisfy the failure criterion. After updating the cracked geometry resulting from the new
crack initiation and propagation of existing cracks, the nodes of elements affected by the geometry change will be regrouped to form
the phantom paired elements. Correspondingly, relevant nodal mass
needs to be recomputed based on the area associated with split
element fragments. An element level analysis consists of three parts,
i.e., the displacement ﬁeld approximation to obtain the strain, the
use of a material constitutive model to update the stress and virtual
work principle to compute the equivalent nodal force. Since Abaqus/
Explicit only accepts the nodal mass at the beginning of analysis,
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Fig. 5. Implementation of a phantom paired shell elements (XSHELL) in Abaqus via its VUEL: (a) Logic diagram of the VUEL developed for XSHELL and (b) its ﬂow chart for
the implementation.

all the nodal mass distribution cannot be updated directly for a
cracked element. To circumvent this diﬃculty, XSHELL scales the
nodal force based on the ratio of redistributed nodal mass to its initial
nodal mass and compute the scaled nodal force within Abaqus/
Explicit solver to achieve a consistent nodal acceleration.
When an element is split into two (both real and phantom elements are activated), the mass has to be re-distributed based on

the area of the physical sub-domain (shaded area in Fig. 4) included in the real or phantom element representation. An illustration
of the mass allocation rule that has been implemented is given in
Fig. 7 for a stationary crack (Case 1), a growing crack (Case 2), and
crack initiation in the middle followed by its propagation at both
ends (Case 3). For illustrative purposes, a unit mass is assumed for
each of the physical elements, and the re-distributed nodal mass
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Fig. 6. Change of element connectivity and mass allocation for three representative case scenarios of simple cracking (where opposite edges are cracked).

is annotated below the nodal number. In the case of crack initiation followed by propagation (Case 3), the two elements ahead of
each crack tip are intact before the crack propagates, so only real
elements are activated and they both take the full mass of the physical elements; as such, each node of these two real elements (nodes
1–4 and 9–12) is assigned a quarter of the mass of the physical
element, i.e. 1/4.
For the three elements in the middle (Case 3), their phantom elements are activated and each of them takes half the mass of the
physical element, which is then divided by the four nodes composing the phantom element. Quantitatively, the real and phantom
elements associated with physical elements 2–4 all have a mass of
1/2 each; the nodes composing these elements are then equally assigned a quarter of the element mass, i.e. 1/8. To compute the total
nodal mass, the attributes from all elements sharing the node are
summed up. For example, node 4 takes 1/4 from the uncracked
element 1 and 1/8 from the real element of element 2; that is 3/8
in total. After crack propagation, Element 5 is cracked so its phantom
element is activated and takes half the mass of the element. Comparing the nodal mass before and after crack extension, the mass
of nodes 9–12 are all cut by 1/8, which are then re-distributed to
the newly activated nodes 25–28.

introduce the additional crack tips after branching. A node-wise
search is performed at the beginning of the simulation to identify
the edges that are shared by more than two elements. An overview of this crack branching algorithm is illustrated in Figs. 7 and
8. Two geometric identities that play a key role in the crack branching algorithm are: weld edge and weld element. The weld edges are
those edges shared by more than two elements, which are highlighted as solid blue lines in Fig. 7. The weld elements are those
elements that contain at least one weld edge, such as element e1,
e2 and e3 in Fig. 7.
The crack branching algorithm is summarized as follows:
1) Check if the current tip element is a weld element. If it is not,
the crack moves forward without branching. If the tip element
is a weld element and satisﬁes failure criterion as the element
e1 shown in Fig. 7, move to Step 2.

3. Modeling of crack branching
As described in Section 2.3, distinct treatments have been implemented for the tip and internal elements based on the relative
position between the crack and the element boundary. When a crack
meets at an intersection of multiple planes with distinct orientation, a crack branching phenomena has to be explicitly addressed
for a correct kinematic representation of a cracked geometry. A great
challenge to model the crack branching is how to numerically identify the intersection zone, welded or intersected element and

e1

P3

e2

N2
P4
N1

P2

P1

Fig. 7. The crack branching algorithm for common cases.

e3
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e1

e2

P3

e3

N2

P4

P2

N1

P1

Fig. 8. The exceptional case under current crack branching algorithm.

e1

e2

e3

N
Pw 3
N2 P2
N1 P1

Fig. 10. Demonstration of contradictory node activation (N2) after crack branching
algorithm.

2) Check if the new crack tip is located in the weld edge (now
it is N2N3 shown in Fig. 9. If the crack tip Pw is on the weld
edge, move to Step 3; If not, the crack moves forward without
branching;
3) Set the two neighboring weld elements (e2 and e3) as the new
tip elements;
4) Cut the two new tip elements based on the crack propagation direction calculated from the local stress/strain ﬁelds. Two
crack tips will be obtained as P3 and P4;
5) If P3 and/or P4 are on an edge which shares nodes with the
weld edge (as indicated as the P4 in Fig. 10, modify the crack
tip location from the adjacent side to the weld edge’s opposite side. This modiﬁcation is made for simplifying the
connectivity regrouping for the cracked elements. In the case
shown in Fig. 11, the phantom node of N2 shall be activated
for crack P1P2PwP3, but not for crack branch P1P2PwP4. The tip
edge where P4 is located in shares the node N2. To bypass the
contradiction, the modiﬁed crack segment PwP4 is set to be
perpendicular to the weld edge in the local coordinates of e2
so that both nodes of the weld edge will be activated once
branching occurs;
6) Further crack propagation from P3 and P4 is the same as any
crack propagation within a panel without stiffeners.
4. Summary of material model and failure characterization
4.1. Material model
Two approaches have been used extensively in characterizing the
ductile fracture, namely, the micromechanical approach and the mac-

roscopic approach. In the micromechanical approach, the ductile
fracture is characterized via void nucleation, growth, shearing, and
coalescence [8,14,22]. While the micromechanical approach can correlate the evolution of the micro-damage with the observed physics,
it requires a large number of material parameters which have to
be calibrated at a very small length scale. The ﬁnite element size
has to be in the order of ∼10–100 m which is much smaller than
the desired size of a shell element used for the structural representation of a large scale thin-walled structure.
The macroscopic approach aims at the globally measurable
change of the material response due to damage material
[4,9,10,12,24]. The effect of the length scale is smeared via a mesh
dependent calibration process. To alleviate mesh dependency, the
mesh used at the coupon level during the material calibration has
to remain the same for developing a simulation model for a large
scale structure. The damage variable is determined via a calibration process using experimental data. The advantage of the
macroscopic approach is its computational eﬃciency. And because
of this, we have used the macroscopic approach for the material
and failure models used in the current approach. The most commonly used J2 plasticity model is implemented in the XFEM toolkit
for shell element (XSHELL). The J2 plasticity is assumed to present
the undamaged material response in which the von Mises yield
function of the materials is related only to the second stress deviator invariant J2. For shell structure applications, the von Mises
yield surface with associated plastic ﬂow is used within the plane
stress framework. An isotropic hardening behavior is assumed in
MAT24 of XSHELL. No volumetric plastic strain is considered in
this model.
The yield condition is given by

F = σ e − σ (ε p ) = 0

(11)

whereσe is the von Mises effective stress, σ is the current ﬂow stress,
which depends on the effective plastic strain ε p . The von Mises effective stress can be expressed by the deviatoric stress tensor sij as

P3
P4

e1
N3

Pw
N2 P2
N1 P1

Fig. 9. The enhanced crack branching algorithm.

e2

e3

1

2
3
σ e = ⎛⎜ sij sij ⎞⎟ = 3 J 2
⎝2
⎠

(12)

with the assumption of isotropic hardening, the yield stress, σ
can be deﬁned as a tabular function of plastic strain ε p . The yield
stress at a given state is simply interpolated from this table of
data, and the last slope of the tabular data is used to calculate the
yield stress value for plastic strains exceeding the last value given
in the tabular data. This data input format is convenient for users
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Fig. 11. Summary of a weighted average approach: (a) schematic of average domain; and (b) deﬁnition of a weighting function w(r).

since the measured test data can be directly used without performing the curve-ﬁt.

crack tip element. After the discretization, a pointwise calculation
of Eq. (14) can be performed using

4.2. Crack initiation based on a weighted average for accumulative
plastic strain

e avg =

An average accumulative plastic strain criterion is implemented in XSHELL toolkit. Based on the average accumulative plastic
strain criterion, a strong discontinuity ahead of the previous crack
tip is injected along the direction according to the maximum principle tensile strain direction of an averaged strain εavg when the strain
at the crack tip material point reaches a fracture threshold. Such
an element-wise calculation can be mesh dependent. To alleviate
this issue, a non-local approach based on a weighted average is
implemented to compute an averaged strain, εavg prior to the application of a damage initiation criterion. For the computation of
the averaged strain, εavg, a half disk ahead of the crack tip is introduced as shown in Fig. 11.
Assuming the center of half disk coincides with the crack tip, a
weight function can be deﬁned by

In Eq. (16), w(rα) is the weight associated with point α, rα is the
distance from point α to the crack tip, and εα is the strain. The parameter rα serves as the length scale during this averaging process.
With a user-selected non-local zone size of rc, all the elements within
the half-circular disk (see Fig. 11) can be extracted for the pointwise
calculation using Eq. (16).

w=

1

(2π )

⎛ r2 ⎞
exp ⎜ − 2 ⎟
⎝ 2l ⎠
l

32 3

(13)

where w is the weight, l determines the interaction decay proﬁle,
and r is the distance to the tip. Using Eq. (13), the average strain,
εavg, can be computed by
π 2 r

ε avg =

c
4
w (r ) ε dr dθ
∫
∫
π −π 2 0

(14)

where r and θ are the distance from the tip and the angle formed
between the position vector from the tip and the tangent to the crack
path at the tip, respectively, and w(r) is the weight function deﬁned
by Eq. (13). Using a cubic spline approximation, we have
2
⎧ ⎛r
⎞⎛ r ⎞
⎪4 ⎜⎝ − 1⎟⎠ ⎜⎝ ⎟⎠ + 2 3 0 < r < 0.5rc
rc
⎪⎪ rc
3
w (r ) = ⎨
r⎞
4⎛
−
1
0.5rc < r < rc
⎪
⎜
⎟
3 ⎝ rc ⎠
⎪
⎪⎩
0
otherwise

(15)

For an XSHELL mesh with a relatively small element size, an empirical value for rc (≈3 htip) can be used, where htip is the size of the

∑ α w (rα ) e α
∑ α w (rα )

(16)

4.3. Insertion of near tip cohesive zone model
If the crack opening displacement is not governed by a cohesive model, the stress component normal to the crack surface
suddenly drops to zero after cracking without any fracture energy
dissipation. As a result, excessive elastic energy accumulates in the
system and this will erroneously accelerate crack propagation. In
order to correctly account for the energy dissipation from the crack
opening and its subsequent growth, a cohesive injection has to be
implemented once a crack initiation along a given direction has been
detected. The use of the cohesive injection can also alleviate the spurious mesh-dependent pathological behavior by providing a bounded
solution at the crack tip.
Right at the instant of the crack initiation, a normal traction across
a potential crack surface can be determined. With a user-deﬁned
fracture toughness Gf, a cohesive law can be activated to compute
the degradation of the traction force based on the crack opening
displacement. Using a linear cohesive mode as an illustration, a representation of energy dissipation during the crack opening and
growth is described in Fig. 12.
As shown in Fig. 12, the dissipated energy due to the crack propagation is equivalent to the fracture energy:

1
G f = τ maxδ max
2

(17)

where Gf is the fracture energy, τmax and δmax are the maximum cohesive traction and the maximum crack opening displacement,
respectively. Since τmax can be computed at failure and Gf is a given
material property for a material, the value of δmax can be determined from Eq. (17). The normal crack opening displacement (δn)
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Fig. 12. Representation of a tip process zone via a cohesive model.

Table 1
Piecewise linear hardening parameters.
Plastic strain
Stress

0
100

0.02
200

0.04
300

0.08
400

0.14
500

0.24
600

0.4
700

0.8
800

and the resulting cohesive force in phantom pair elements are given
by

δ n = nˆ ⋅ (uˆ e 2 (ξ, t ) − uˆ e1 (ξ, t ))ξ∈Γ c

(18)

where n̂ is the normal to the crack surface. The discretized form
of the cohesive force vector is computed by

fecoh = R Te1 ∫ − N T τ c (δ n ) nˆ dΓ + R eT2 ∫ N T τ c (δ n ) nˆ dΓ
Γc

Γc

release rate is 190. An initial edge crack with the length of 0.25 is
embedded at the right edge of the plate, along the symmetric axis
in the horizontal direction. The crack extends when the prescribed displacement reaches a critical value. Due to the symmetric
nature of the problem, the crack propagates under Mode I until the
entire plate is cut through. Fig. 13 plots the pulling force versus time
for cases with and without the use of the cohesive model, respectively. It is evident that in the absence of the cohesive model, the
load response shows considerable ﬂuctuations. With the embedded cohesive zone model, however, the load response becomes much
smoother. This demonstrates that the use of the cohesive model is
very effective in alleviating dynamic oscillation in explicit crack extension simulations. What is also shown in Fig. 13 is the
accumulation of cohesive energy over time.

(19)
5. Numerical examples

To illustrate the effect cohesive injection on the crack growth prediction, a plate with the thickness and density of 1 is subject to a
uniaxial stretching is analyzed. Five integration points are used
through the plate thickness. All the properties are deﬁned in a dimensionless space. The material is assumed to be elastic–plastic with
piecewise plastic hardening. The Young’s modulus is 1000 and the
Poisson’s ratio is 0.3. Plastic strain and ﬂow stress are tabulated in
Table 1. The critical plastic strain is set to be 0.05. The critical energy

5.1. Indentation tests without and with stiffeners
This problem was selected based on the indentation tests conducted by [28] for an unstiffened and a stiffened steel panel. The
size of the steel panels is selected based on the 1:3 scale of the dimensions found in medium sized tankers. The plate length and width
is 1200 mm and 720 mm, respectively and the plate thickness is

Fig. 13. Numerical example of cohesive model.
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Fig. 14. Illustration of an indentation test of a stiffened panel with observed failure pattern and load–displacement response [28].

5 mm. For a ﬂat bar stiffened panel, the two ﬂat bar stiffeners are
equally spaced with the spacing of 240 mm. As shown in Fig. 14,
the steel panel is welded to a strong frame made by four massive
steel box beams. The box beam has the height of 200 mm, width
of 300 mm, and thickness of 12.5 mm. For the stiffened panel, the
stiffeners are welded to the plate and their ends are ﬁxed to the
frame.
The indenter has a cone shape with a spherical nose. The frame
section is made of high strength steel (S355NH EN10210), while the
ﬂat bar stiffeners and the plate are made of mild steel (S235JR
EN10025). The motion of the indenter is controlled at a constant
rate of 10 mm/min which represents a quasi-static loading condition. A crack initiates when the indenter displacement reaches a
critical value (δcr) and extends until the entire structure fails. The
presence of material nonlinearity, contact, large deformation, stiffness degradation caused by crack extension, and crack opening
dependent cohesive interaction are strongly coupled together in these
two simulations.

To simulate the observed fracture pattern and the measured load–
displacement curve shown in Fig. 14, XSHELL models are developed
as shown in Fig. 15 for both the unstiffened and stiffened plate. The
number of nodes and elements for the unstiffened model is 12,174
and 12,384, respectively. For the model with stiffeners, the number
nodes and elements in the FEA model is 16,598 and 16,800, respectively. Given the unknown location for the crack initiation and
its subsequent crack path, the entire model is characterized using
XSHELL elements for both the unstiffened and stiffened panel. The
J 2 plasticity (Section 4.1) is used with its Young’s modulus of
2.06e5 MPa and Poisson’s ratio of 0.3. The initial yield stress for this
material is 285 MPa and a failure strain for the crack initiation is
set as 0.396.
Fig. 16 shows the computational model associated with the coarse
mesh along with its fringe plot for the vertical displacement. A comparison of the predicted deformation is shown in Fig. 16 at two
instants, before the crack initiation and after the ﬁnal fracture pattern
is formed; the three graphs in each case show respectively: 1) the

Fig. 15. FEA mesh of the indentation tests (a) with stiffener and (b) without stiffener.
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Fig. 16. Comparison of GEM’s XSHELL prediction of unstiffened and stiffened panels along with its comparison with the corresponding experimental data and NWU simulation results.

Fig. 17. Five-stringer panel containing crack that divides the central stringer [19]; all dimensions are in mm.

experimental data reported by [28], 2) the simulation results using
DYNA3D developed by Northwestern University (NWU), and 3) the
simulation results using GEM’s XSHELL toolkit. As shown in Fig. 16,
the predicted fracture pattern and load deﬂection curve agree well
with both the test data and NWU’s simulation results.
5.2. Crack branching in a ﬁve-stringer panel containing a crack
In order to demonstrate the ability and accuracy of the XSHELL
toolkit for simulation of crack branching, a ﬁve-stringer panel with
a single crack under tension loading [19] is considered here. The
geometry of this panel, the crack location and size are shown in

Fig. 17. To enhance the computation eﬃciency, half of the structure is modeled with symmetric boundary conditions. The boundary
conditions and FEA mesh are shown in Fig. 18. As we can see in
Fig. 18(a), this FEA model is composed with Abaqus S4R elements
and XSHELL elements. The XSHELL elements are highlighted in the
red color zone, where the rest elements are Abaqus shell elements. The total number of Abaqus S4R elements is 2646 and the
total number of XSHELL elements is 3871.
The material used for this panel is Al2024-T351 and its yield
strength in the transverse direction, ultimate tensile strength, and
its elongation is 342 MPa, 485 MPa, and 18.3%, respectively. Its elastic
properties are: elastic modulus E = 67,992 MPa, Poisson’s ratio
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Fig. 18. XSHELL Model: (a) FEA model and problem statements; (b) FEA mesh and the location of initial crack.

Fig. 19. Effective plastic strain contour on cracked panel at different loading time (a) t = 0.86 s and (b) t = 0.98 s.

v = 0.30, density ρ = 2.7e−5 kg/m3. A J2 plasticity with a constant
accumulative plastic strain of 0.022 is used for the simulation of
crack initiation while the same cohesive properties used by Ref. [19]
is used here. The fracture toughness is 11 kJ/m2 and the maximum
cohesive traction is 770 MPa.
Fig. 19 shows the cracked panel with effective plastic strain
contour after the crack has propagated at different loading time;
note that the crack has completely cut through the stiffened pane
at ﬁnal loading stage. Crack branching phenomena occurs when the
crack tip reaches the stiffener, and our FEA has successfully simulate the crack turning into the vertical stiffener. The applied stress
vs. crack opening displacement (COD) curve is compared with the
experimental testing results in Fig. 20. Our numerical prediction
agrees well with the experimental data.
5.3. Simulation of an explosively loaded square plate
Fig. 20. Remote stress vs. COD plot of the stiffened pane.

A sequential coupling has been applied for the dynamic response prediction of a metallic component subjected to an explosive

Fig. 21. Illustration of XSHELL mesh: a) base mesh; 2) mesh with an initial 16 cracks emanating from the hole; and 3) mesh without initial crack.
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loading. An Abaqus analysis is ﬁrst performed using its CONWEP
loading module and the time history pressure proﬁles are created
for all loaded elements. A load mapping module has been developed to convert the pressure time history to XSHELL pressure
loadings. An XSHELL analysis can then be performed using the
created loading scenario. A Python script has been developed to
convert the force output from an Abaqus simulation into the proper
format for XSHELL’s pressure loading input. To catch the time history
of element forces, multiple data ﬁles have ﬁrst been generated based
on an Abaqus simulation under blast wave loading. Each of these

ﬁles contains the element-based forces outputted at a speciﬁc
moment. Thus the number of these data ﬁles has matched that of
data points in load curves to be used by XSHELL.
To illustrate the effectiveness of the proposed approach to simulate blast loading with XSHELL, a benchmark example from Abaqus
Example Problems Guide was selected. This example simulates a
610 mm by 610 mm steel plate with a thickness of 12.7 mm with
a 1 kg TNT blast load positioned at 105 mm in front of the center
of the plate. The four boundary edges are totally clapped. The criterion of accumulated plastic strain is used to propagate the cracks.

Fig. 22. Simulation example with blast wave loading.
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Fig. 25. Distribution of the piecewise constant impulsive pressure; the impulsive
pressure is only applied to the one side of each cylinder surface.

(b)

Fig. 23. The initial setup of the two cylinders under implosive and impulsive pressures: (a) the cylinder with two rigid ﬂat ends, and (b) the cylinder with two
hemisphere ends.

A small hole of size 10 mm at the center is introduced in order to
simulate multiple crack initiation and propagation along the radial
direction as shown in Fig. 21. In order to explore the initial crack
conﬁguration on the ﬁnal rupture pattern, sixteen (16) small cracks
of size of 0.93 mm are introduced and uniformly distributed along
the hole edge along its radial direction. For comparison, a local mesh
without an initial crack is also displayed in Fig. 21.
Simulation snapshots are illustrated on Fig. 22, which has shown
four different moments from the very beginning when an explosive loading is applied to a later stage when the cracks have rapidly
propagated. Simulation results with sixteen initial cracks are given
in Fig. 22(a) and crack initiation is modeled for the case on Fig. 22(b)
where no initial crack is deﬁned. It can be found that both the two
cases have shown some similar fracture pattern where the damage
at late stage has been dominated by a limited number of fast growing
cracks.
5.4. Hydrostatic and external impulsive pressure induced failure of
cylinder
We considered submerged shell structures under impulsive external pressure. For the computations, we considered two types of

cylinder structures as shown in Fig. 23; one of the cylinders has two
rigid ﬂat ends, and the other has two deformable hemispherical ends.
Both cylinders have wall length L = 8.30 m, wall thickness t = 0.05 m,
and diameter D = 5.20 m. For the cylinder which has the hemispherical ends, the thickness of the top and the bottom hemispheres
are the same as the wall thickness.
For the pressure loading, we superposed implosive hydrostatic
pressure along with impulsive external pressure. The time histories of the applied hydrostatic and impulsive pressures are shown
in Fig. 24(a) and (b), respectively. The impulsive external pressure
is applied to one-side of each cylinder and distributed as a piecewise constant pressure along the circumferential direction as shown
in Fig. 25.
The material is AH36 steel and its material properties are: elastic
modulus E = 210 MPa, Poisson’s ratio v = 0.30, density ρ = 7850 kg/
m3, and yield stress σy = 355 MPa. The shell structures which have
the rigid ﬂat ends and the deformable hemispherical ends are
modeled with 12,848 and 20,388 4-node quadrilateral shell elements, respectively. Initial notch, l = 0.1 m, is considered at the center
of each cylinder, and 0.15 effective plastic strain is used for the fracture strain.
As shown in Fig. 26, the rigid end cap has a signiﬁcant effect on
the crack path. The crack initially forms at the initial notch and then
propagates toward the end caps parallel to the axis of the cylinder. However, as the crack tips approach the rigid end caps, the crack

Pressure
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Fig. 24. Time histories of the applied: (a) implosive hydrostatic, and (b) impulsive external pressures.
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Fig. 26. The simulation results of the shell with two rigid ﬂat ends: (a) the initial mesh which consisted of 12,848 shell elements, (b) representation of the ﬁnal crack path
in the initial conﬁguration, (c) the distribution of effective stress, and (d) zoom around the rotated crack path.

tip stresses develop a strong shear component which causes a sudden
rotation of the crack trajectory.
However, for the shell structures with the deformable hemispherical ends, we observed a straight crack growth without any
disturbance due to boundary effects. The ﬁnal crack path and the

zoom around the end cap are shown in Fig. 27(c) and (d), respectively. During the simulations, due to the applied hydrostatic
and impulsive pressures, the cylinder wall deformed toward
the inside of the cylinder, and caused the crack surface
overlapping.

Fig. 27. The simulation results of the shell with two deformable hemispherical ends: (a) the initial mesh which consisted of 20,388 shell elements, (b) representation of
the ﬁnal crack path in the initial domain, (c) the distribution of effective stress, and (d) zoom around the end of crack.
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6. Summary and conclusion
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