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Motivated by the need to establish a multiscale understanding of the mechanical and thermal properties
of polymers used for nano-, meso- and macro-composites, we are presenting an investigation of the
cross-linking process (associated with curing) of an epoxy phenol novolac and bisphenol-A melt system
via coarse-grained molecular dynamics simulations. In particular, we are focusing on the associated
structural and physical behaviors of the melts of different cross-linking degree under Couette and
Poiseuille ﬂow conditions. At the nanoscale, we also investigated the stress, heat ﬂux and temperature
ﬁelds that are computable from the quantities of the coarse-grained model of the epoxy resin melt with
the extended Hardy’s theory to multibody potentials. We have established that the epoxy resin chains
tend to reorient along the direction of the imposed Couette ﬂow, and the degree of alignment increases
with the cross-linking degree and shear rate. The pronounced reorientation of cross-linked epoxy resin
melts can be ascribed to the inter-bonded chains. This conformational change explains the shear thinning
behaviors of cross-linked melts that initiate at low shear rates. The cross-linked melts under Poiseuille
ﬂow possess less pronounced velocity proﬁles, accompanied with the smaller temperature rise from
the applied gravity force. Due to the size of the nanoscale channel height, the epoxy resin melts under
Poiseuille ﬂow can only be approximately predicted via the continuum theory. We have shown that
the discrepancies between atomistic simulations and continuum predictions increase as the wall/epoxy
interaction strength reduces. This study reveals the variations of important rheological properties during
the cross-linking process and elucidates the roles played by the topological changes in the shear ﬂow,
thus can contribute to the design and manufacturing of the epoxy-resin based nanocomposites.
Ó 2015 Elsevier B.V. All rights reserved.
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1. Introduction
Nanocomposites made out of polymers populated by
micro/nano-particles and ﬁbers have drawn a lot attention from
scientists and manufacturers for the past few decades, due to their
enhanced mechanical and thermal properties [1]. In the macro
scale, thermoset polymers, such as certain epoxy resins, are widely
used as matrix polymers especially for carbon-ﬁber-reinforced
composites. The epoxy resins are formed by the cross-linking of
the epoxy monomers bearing multiple epoxy groups and the curing agents with active hydrogens such as hydroxyls and amines.
The cross-linking reaction is commonly referred to as curing. Due
to the strong covalent bonding between individual chains, thermoset epoxy resins often exhibit excellent mechanical properties
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and have found increasing usage for applications that beneﬁt from
weight reduction such as their employment in the manufacturing
of structural macrocomposites.
With the aim to design and manufacture high performance
epoxy resins, a fundamental understanding of the changing behaviors from the monomer state, i.e. from the uncured to the cured
state, is vital. A ﬁrst-principles-based computational approach, as
a powerful supplement to experimental and analytical approaches,
has been utilized to characterize the curing process especially at
the atomistic length scale [2–9]. Xu et al. conducted full atomistic
molecular dynamics (MD) simulations of the curing process of the
epoxy resin based on diglycidyl ether bisphenol-A (DGEBA) and
isophorone diamine (IPD); this study employed the COMPASS force
ﬁeld – and achieved a cross-linking ratio up to 93.7% [3]. In their
study, the degree of cross-linking has been shown to have an
important effect on the glass transition temperature (Tg) [5].
Using the representative cross-linked unit and sequential scale
bridging methods, Cho et al. constructed Al2O3/epoxy
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nanocomposites and investigated the size effect of Al2O3 particles
on their mechanical properties [8]. Among the limited
coarse-grained molecular dynamics (CGMD) simulations of
cross-linked epoxy resins [6,10–13], Komarov et al. adopted a mapping/reverse mapping approach to bridge the full atomistic and
CGMD models, and cross-linked the epoxy monomers through
Monte Carlo (MC) simulations [10]. The degree of cross-linking
has been found to increase the glass transition temperature (Tg).
Recently, Qu et al. has demonstrated a CGMD model for the epoxy
phenol novolac (EPN) – bisphenol-A (BPA) epoxy system composed
of EPN as the epoxy monomer and BPA as the curing agent [6].
They parameterized the inter-bead potentials of the CGMD model
by ﬁtting to certain key thermomechanical properties from experiments and full atomistic simulations. Thus the developed CGMD
model is capable of predicting a number of thermomechanical
properties of epoxy resin systems. In these studies, chemical reactions are considered possible between the epoxy monomer and
curing agent when the reactive sites approach a ﬁxed distance.
The rheological behavior of epoxy resin is another important
aspect to investigate in order to optimize the material design in
the curing process. Shear thinning is a commonly observed behavior for polymer melts under shear ﬂow; i.e. the viscosity decreases
with increasing shear rates [14–16]. This behavioral deviation from
Newtonian ﬂuids of the polymer melts is believed to be related with
the topological constraints such as entanglements in the polymer
matrix, which prevents the ﬂow-induced conformational changes
of polymer chains [17,18]. Chen et al. investigated the nature of
shear thinning of both untangled and entangled linear polymer
melts using nonequilibrium molecular dynamics (NEMD) simulations [14]. Three distinct regimes characterized by the different
dependence of shear viscosity g on the shear rate c_ have been
found. In the study of polymer nanocomposites (PNCs), a network
formed between the ﬁller and polymers has been revealed to have
a signiﬁcant inﬂuence on the dynamics of the PNCs under shear
[16]. Adding nano-ﬁllers may enhance the shear thinning effects
by inducing high degrees of orientation of polymer chains. The
reports on the shear properties of epoxy resins are relatively limited. In an experimental study on the rheology of double-walled
carbon nanotubes (CNTs)/RTM6-Epoxy suspension using differential scanning calorimeter (DSC), the effect of shear thinning has
been found more pronounced at high temperatures [19]. These
shear ﬂow experiments, however, were carried out at low temperatures to avoid the curing reaction. The effects of the strain rate and
temperature on the shear yield strength and shear strength are
studied for epoxy resins with various molecular weights between
cross-linkings. Both the shear yield strength and shear strength
have been found to increase exponentially with the strain rate [19].
In the present study, we perform NEMD simulations to investigate the rheological behaviors of the EPN–BPA epoxy resins under
Couette ﬂow and Poiseuille ﬂow [20,21], with different
cross-linking degrees during the curing process. A CGMD model
of the epoxy resin is employed. We also adopt an atomistic–continuum bridging method, which has been applied to polyethylene
polymers in our previous work [22,23], to compute stress and heat
ﬂux of the non-cross-linked and cross-linked epoxy resin melts.
Through this method, a comprehensive approach for understanding the manufacturing process of epoxy resin-based composites
is provided.

2. Numerical modeling and setup
2.1. Coarse grained molecular model of the epoxy resin
The epoxy system investigated in our study is composed of EPN
as the epoxy monomer and BPA as the cross-linking agent, i.e.

hardener. The CGMD model (Fig. 1) and parameters for the EPN–
BPA epoxy system is modiﬁed from that initially developed by
Qu et al. [6]. This set of parameters enables the prediction of the
density, the glass transition temperature (Tg), and Young’s modulus
(E) in good agreement with the reference [6], as observed from our
simulations. The epoxy chains are composed of 3 backbone beads
(yellow), each linked to a reactive branching bead (purple)
(Fig. 1a). The hardeners are represented by two reactive beads
(blue) attached to one center bead (white) (Fig. 1b). All the beads
are identical, having the mass of 1 m, and assumed to interact
through Lennard–Jones (LJ) potentials. The system consists of
2000 EPN chains and 3000 BPA chains, totally 21,000 beads. The
curing process of the epoxy system includes three major steps:
(i) the epoxy ring on an EPN monomer opens, (ii) the hydrogen
atom transfers from the BPAs’ hydroxyl groups to the oxygen atom
on the broken ring of the EPN, and then (iii) the free carbon atom
on the broken ring of the EPN is bonded with an oxygen atom in
the BPA, thus linking the EPN and BPA. In this NEMD simulation,
the cross-linking process is considered by a bond creation procedure between the reactive beads of EPNs and BPAs (Fig. 1c). If
the distance between the EPN reactive bead and the BPA reactive
bead is within 1.3r, the chance that a bond formed between the
two beads is set to be 1%. The curing (cross-linking) degree is thus
deﬁned by the ratio of number of formed bonds to the maximum
number of bonds that can be created in the system. In our study,
the curing degree of 20%, 40%, and 60% are considered for subsequent rheological tests, and the bond creation is deactivated after
the respective curing degree is reached. The epoxy systems with
representative curing degree (0%, 20%, 40%, and 60%) are chosen
in order to investigate the variation of rheological behaviors during
the curing process. The nonbonded beads separated by at least
three bonds interact through the LJ potential,

 12  6 
r
r
U LJ ðrÞ ¼ 4e

r
r

ð2:1Þ

where r is the interbead distance. The interaction is truncated at
1
and
r ¼ r LJ
c ¼ 2:5r. r and e are calibrated to be 1.519 kcal mol
4.383 Å [6]. The bond stretching between adjacent beads are
described by the potential function (Eq. (2.2)),

U strech ðrÞ ¼ U 0 þ k4 ðr  r c Þ2 ðr  b1  r c Þðr  b2  r c ÞHðr c  rÞ
 12  6

r
r
1

þ
þ 4e
4
r
r

ð2:2Þ

where HðxÞ is the Heaviside step function, k4 = 1434.3 e/r4,
b1 = 0.7598 r, b2 = 0, and U0 = 67.2234 e, and rc = 1.343 r. The
bending deformation is described by the harmonic function:
ðiÞ

U bend ðhÞ ¼ kh



ðiÞ

h  h0

2

ð2:3Þ

All the bending angles formed by beads within each EPN is of
ð1Þ

ð1Þ

type 1, for which h0 = 180° and kh = 1.612 e/rad2. The angle
formed by the three beads in a BPA monomer is of type 2, for which
ð2Þ

ð2Þ

h0 = 100° and kh = 6.308 e/rad2. The bending angle involving both
ð3Þ

the EPN bead and BPA bead is of type 3, with h0 = 180° and
ð3Þ
kh

2

= 1.908 e/rad . The epoxy liquid mixture, with the ratio
between epoxy and curing agent chains 2:3, is at ﬁrst equilibrated
at 0.8 e/kB under NPT ensemble for 2E5 steps at zero pressure with
a time step size of 0.005 s (=e/mr2)1/2 (6.48 fs) ﬁrst before the
curing process is launched, where kB is the Boltzmann constant.
Note that standard reduced LJ unit is adopted throughout the paper
unless otherwise stated, which means all physical quantities are
expressed in terms of m, r, e, and kB. The LAMMPS Molecular
Dynamics Simulator developed by Sandia National Lab was used
for all the MD simulations.
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Fig. 1. The molecular structure and coarse-grained model of (a) EPN (the 3 backbone beads in yellow are linked to the reactive branching beads in purple), (b) BPA (the 2
reactive beads in blue are attached to the center bead in white), and (c) the cross-linking process. (For interpretation of the references to color in this ﬁgure legend, the reader
is referred to the web version of this article.)

Fig. 2. Homogeneous shear (Couette ﬂow model) of the epoxy resin system.

2.2. Couette ﬂow simulation
The important rheological quantity of the epoxy ﬂuid, such as
shear viscosity g, is studied through homogenous shear NEMD simulation using the SLLOD algorithm [24]. A nonorthogonal system
with deforming cube representation of the Lees–Edward boundary
condition is employed, which is equivalent to the sliding-brick representation [25]. Nose–Hoover thermostat [26,27] is then applied
to remove the viscous dissipation heat generated in the ﬂuid, in
order to keep the temperature at 0.8 e/kB (612.2 K). The homogenous shear methods have the advantage over the
boundary-driven shear methods in that the surface effects between
the ﬂuid and walls can be excluded. The SLLOD algorithm uses ﬁctitious mechanical forces to sustain the shear motion. If the shear

ﬂow moves with a linearly varying x-velocity proportional to the
y-coordinate, the equations of motion of a particle i are given by
[24]

dri pi
^ c_ yi
¼
þx
dt mi

ð2:4aÞ

dpi
i
^c_ piy  fpi
¼f x
dt

ð2:4bÞ

where ri and pi are, respectively, the position and momentum of the
^ is the unit vector in the x direction, c_ is the homogeparticle i, x
neous shear rate of the system, and f is the friction parameter of
the Nosé-Hoover thermostat evolving with time according to
[26,27]:
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Fig. 3. The Poiseuille ﬂow model of the epoxy resin system with a channel height of (a) 28 r and (b) 56 r.

2.3. Poiseuille ﬂow simulation

Fig. 4. Velocity proﬁles of the 0–60% cross-linked epoxy resins under Couette ﬂow
at a shear rate (a) 0.005 s1 and (b) 0.05 s1.

The Poiseuille ﬂow in the presence of solid walls is simulated to
account for the possible inﬂuence of carbon ﬁbers in the epoxy curing process. Solid walls made of identical beads as those of the
epoxy resin are placed on top and bottom of the epoxy resin system in the y direction (Fig. 3). Boundary conditions are set to be
shrink-wrapped in the y direction and periodic in the remaining
directions. The gravity force is applied to drive the epoxy resin ﬂow
in the x direction. The beads forming the walls are initially placed
on the FCC lattice sites with a lattice constant of 0.9 r, and are
anchored to the equilibrium positions by a linear spring with a
stiffness of 5000 er2. This creates a solid density of 5.49 m/r3 so
that the epoxy resin melts will not penetrate the wall even at
strong wall/ﬂuid interaction strength. The beads of the solid walls
interact with the beads of the epoxy resin through the LJ potential
with the characteristic parameters rwf = 0.8r and ewf = 1.2e or 2.0e.
The entire wall/ﬂuid system is equilibrated at 0.8 e/kB for 5E4 steps
using the Langevin thermostat. Then only the wall temperature is
controlled by the thermostat and the gravity force along the x
direction is imposed on the melts. The velocities and positions
from the CGMD simulations start to be collected every 100 time
steps after the ﬂow reaches steady state.
3. Results and discussion

!
 2
df
1 X pi
¼
1
dt s20
f T mi kB T 
i

3.1. Couette ﬂow

ð2:5Þ

where s0 is the relaxation time of the thermostat, fT is the number of
degrees of freedom in the thermostatted regions, kB the Boltzmann
constant and T⁄ the target temperature.
The epoxy ﬂuid system of size 28 r  28 r  28 r (122.7 Å) is
exposed to the homogeneous shear rates ranging from c_ = 0.001–
0.1 s1 at 0.8 e/kB with periodic boundary condition applied to all
directions (Fig. 2). To initiate the shear ﬂow at the beginning, a linear velocity proﬁle is superimposed on the velocity of particle i (v i0 )
after thermo-equilibration at 0.8 e/kB, i.e. v i ðt ¼ 0Þ ¼ v i0
^c_ yi ðt ¼ 0Þ. Velocity proﬁles and the system stress tensor are colþx
lected after 2E6 time steps when the system reaches steady shear
ﬂow, i.e., the velocity proﬁles no longer have signiﬁcant changes. A
time step size of 0.001 s is used. Time averaging of the stress tensor
is performed over 500 time instances with a time interval of 1 s.

The shear rates imposed on the epoxy resin melts range from
0.001 to 0.1 s1, having their corresponding Reynolds numbers
(Re) within laminar conditions because of the small system size.
The largest shear rate in this study corresponds to Re  10.
Previous stability analysis and numerical simulations by Nagata
and Lundbladh et al. showed that the linear velocity proﬁle for
the simple shear ﬂow is stable upon arbitrary inﬁnitesimal perturbations when Re < 100 [28,29]. The velocity proﬁles along the
channel height, i.e. y direction, are shown in Fig. 4 for different
cross-linked epoxy resins. The two representative shear rates
0.005 and 0.05 s1 are chosen at the non-Newtonian and
Newtonian regimes, respectively, of the non-cross-linked melts.
The velocity proﬁles vx show a linear variation in the y direction
at small cross-linking levels. However, the 60% cross-linked melt
has a slight deviation of vx from the linear proﬁle at the shear rate
of 0.005 s1, which may be caused by the increasingly bonded
structure that prevent the beads from strictly moving with the
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Fig. 5. (a) Variation of shear viscosity g with different shear rate c_ of the 0–60%
cross-linked epoxy resins, (b) magniﬁed demonstration of the delineated part of (a).

Fig. 7. The variation of conformational properties with cross-linking degree at
different shear rates c_ ¼ 0:005s1 and 0:05s1 .

where hi represents ensemble averaging. In this process, another
two properties p and p0 , which reﬂect the rotation of the distorted
microstructure (p ) and nonlinear bulk deformation (p0 ), can also be
evaluated respectively as [30]:

1
ðP xx  Pyy Þ
2


1
1
p0 ¼
Pzz  Pxx þ Pyy
2
2
p ¼

Fig. 6. Variation of p and p0 with shear rate c_ of the 0–60% cross-linked epoxy
resins under Couette ﬂow.

deformed simulation box. The velocity difference at the two x–z
boundary surfaces still complies with the preset shear rate.
Meanwhile, the velocities in the y–z plane, i.e. vy and vz, exhibit
only a small random oscillation, indicating no signiﬁcant secondary ﬂow and for this reason are not shown here.
In the case of steady state simple shear ﬂows, shear viscosity
parameter g can be computed as the ratio of the steady state shear
stress hrxy(t)i to the shear rate c_ [30]

gðc_ Þ ¼ t!1
lim

hrxy ðtÞi
hP xy ðtÞi
¼ lim
t!1
c_
c_

ð3:1Þ

ð3:2aÞ

ð3:2bÞ

The nonzero values of p and p0 indicate non-Newtonian ﬂuids.
The pressure tensor P, involved in Eqs. (3.1) and (3.2) is calculated
by the virial expressions [31–33].
The shear viscosity, g, at various shear rates from 0.001 to 0.1 s1
is shown in Fig. 5. At low shear rates (c_  0:005s1 ), the quality of the
data obtained is relatively poor. This is mainly due to the large thermal noises that can create a high noise-to-signal ratio, and prevents
us to further reduce the shear rates. Despite of this, the
non-cross-linked epoxy ﬂow exhibits Newtonian behavior when
the shear rate c_ is less than 0.01 s1, followed by shear thinning at
higher rates. The plateau of the shear viscosity in the Newtonian
regime indicates a linear increase of the shear stress with shear rate.
Chen et al. have shown that the variation of the shear viscosity as a
function of the shear rate can be separated into three regions by two
characteristic shear rates; i.e. the non-Newtonian transition shear
rate c_ nt and the critical shear rate c_ cr [14]. The non-Newtonian transition shear rate c_ nt indicates the onset of the shear thinning
(non-Newtonian) region from the constant (Newtonian) region.
The critical shear rate c_ cr deﬁnes the transition from the shear thinning region to a third region, where the relation between the shear
viscosity and shear rate relation can be described by a universal
law. However, the third region is not well captured in our study,
since we cannot consider very high shear rates due to bond breaking.
It can be seen that cross-linking increases the viscosity but also
enhances shear thinning. Compared with the non-cross-linked
melts, the non-Newtonian transition shear rate c_ nt is shifted to lower
values for cross-linked ones. This effect becomes more apparent as
the cross-linking degree increases. The Newtonian region almost
disappears for the 60% cross-linked melts or does not exist within
the studied range of shear rates.
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Fig. 8. (a) Stress, (b) heat ﬂux, and (c) temperature ﬁelds of the middle plane of the non-cross-linked epoxy resin under a shear rate of 0.005 s1 (left column) and the 60%
cross-linked epoxy resin under a shear rate of 0.05 s1 (right column).

The two normal pressure differences, i.e. p and p0 ; are shown in
Fig. 6. At lower shear rates where the viscosity is constant, p and
p0 ﬂuctuate around zero pressure, indicating that the epoxy ﬂuid is
in the Newtonian region. In the shear thinning region, p of the
non-cross-linked epoxy melts increases monotonically and p0
decreases. This occurs at the shear rate when the reduced viscosity
begins to appear, conﬁrming the onset of non-Newtonian behaviors. Compared with the non-cross-linked melts, the normal pressure differences of the cross-linked epoxy resin melts deviate
from zero at lower shear rates. Moreover, the normal pressure differences no longer vary monotonically; p reduces before increase
while p0 shows the opposite trend. This tendency becomes more
pronounced with increasing cross-linking degree.
To investigate the conformational properties of the melts, the



end-to-end tensor R ¼ rN  r1 rN  r1 is computed at a randomly chosen time instance after the steady shear ﬂow is estabP
lished. The end-to-end distance is deﬁned as hR2ee i ¼ 3i¼1 hRii i.
The normalized root-mean-square end-to-end distance hRee =Li
x
y
=Li, hRee
=Li, and
and its projection onto the x, y, and z axis hRee
P
12
3
z
hRee
=Li are shown in Fig. 7. Note that Ree ¼
and L = Nl0
i¼1 Rii
is the full contour chain length; the chains are not redeﬁned due
to cross-linking but as in the uncross-linked system.
Interestingly, hRee =Li does not show an obvious increase with shear
rate for either the non-cross-linked or cross-linked melts (Fig. 7a).

This implies no presence of deformation caused by the shear ﬂow
even at high shear rates. However, the epoxy chains show a clear
tendency to align along the direction of shear ﬂow with increasing
x
=Li and
shear rate, as reﬂected by the increased values of hRee
y
z
reduced values of hRee =Li and hRee =Li (Fig. 7b–d). Even though the
epoxy melts continuously reorient in conformity to the imposed
shear ﬂow, the non-cross-linked melts remain Newtonian until a
x
=Li  0:41. Afterward, the melts
shear rate c_ = 0.01 s1 when hRee
exhibit non-Newtonian behaviors. In the shear rate range under
current study, the epoxy resin systems are capable to compensate
for the inﬂuence of the applied ﬂow by aligning the chains along
the shear direction, as little chain elongation is observed.
The cross-linked epoxy resin shows a higher level of alignment
at the same shear rate, which becomes more obvious as the
cross-linking degree increases (Fig. 7). This can be ascribed to the
more bonded structure of the melts, so that the movement of the
chains along the shear ﬂow direction may cause the alignment of
their neighboring chains. It is worth mentioning that the shear
thinning behaviors commonly observed in polymeric systems cannot be simply ascribed to conformational changes. This is because
simple ﬂuids modeled by the LJ potential also exhibit shear thinning at high shear rates; the nature of the interatomic potentials
should be responsible for such behaviors. However, the conformational change of cross-linked epoxy resins could result in the shear
thinning initiated much earlier than the non-cross-linked melts.
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2
Tðx; tÞ ¼
fkB

P 1

 i 2  i
v~ wðr  xÞ
P
i
i wðr  xÞ

i
i 2m

ð3:3cÞ

where mi , v i , ri , and /i are the mass, velocity, position, and potential
ij

energy of atom i, rij ¼ ri  r j , f is the central force on the atom i
ij
fN

ij

from atom j,
is the N-body contribution to f , and f denotes the
number of degrees of freedom per atom. The continuum velocity
~ i ðx; tÞ are given by
ﬁeld v ðx; tÞ and thermal velocity ﬁeld v

vðx; tÞ :¼

X
i

mi v i wðri  xÞ

v~ i ðx; tÞ :¼ vi ðtÞ  vðx; tÞ

.X
i

mi wðri  xÞ

ð3:4aÞ
ð3:4bÞ

The localization function wðxÞ has the dimension of inverse
R
volume and satisﬁes
wðxÞdx ¼ 1, and bond function
R3
R
1
Bðx; ri ; r j Þ :¼ 0 wðkrij þ r j  rÞdk.
The non-cross-linked and 60% cross-linked epoxy resin melts
have generally uniform stress and heat ﬂux ﬁelds with certain ﬂuctuations. The 60% cross-linked epoxy melts have higher shear
stress, larger magnitude of heat ﬂux and more temperature rise
compared with the non-cross-linked melts (Fig. 8). However, the
temperature ﬁelds are similar for the melts under the same shear
rates regardless of the cross-linking degree (ﬁgures not shown
here). This indicates little effect on the kinetic energy from
cross-linking as temperature represents the kinetic energy of a system. The inﬂuence of topological constraints from cross-linking is
more noticeable in the stress and heat ﬂux ﬁelds which are

Fig. 9. Velocity proﬁles of the 0–60% cross-linked epoxy resins under Poiseuille
ﬂow with (a) smaller channel height and non-slip BC, (b) smaller channel height
and slip BC, and (c) larger channel height and non-slip BC. The analytical solutions
of the Navier–Stokes equation are presented in solid lines.

Because a well aligned structure usually has less inter-layer interaction (shear force), the shear viscosity could be reduced correspondingly (Eq. (3.1)). This explains why the shear viscosities of
highly cross-linked epoxy resins reduce rapidly until the shear rate
c_  0:04s1 (Fig. 5), when they are approximately the same as that
of their non-cross-linked counterparts.
The stress, heat ﬂux and temperature ﬁelds of the epoxy resin melts
under Couette ﬂow are shown in Fig. 8. The same methodology we have
employed in our previous studies [22,23] is adopted to retrieve the continuum thermomechanical ﬁelds for this epoxy resin system. The
stress, S(x, t), heat ﬂux, q(x, t), and temperature, T(x, t), expressions at
the position, x, and time, t, are given as below (Eq. (3.3)); interested
readers are referred to our previous work [22,23] for details.

S¼

q¼

X
1 XX ij
~i  v
~ i wðri  xÞ
f  rij Bðx; ri ; r j Þ 
mi v
2 i j–i
i

X1
i

2

ð3:3aÞ

 i 2
~ þ /i v
~ i wðri  xÞ
mi v

!
 N  1X

XX 1 ij 1 X ij
X  ij
ik
ik
f2 þ
f3 þ f3 þ
...
f N þ ðN  2Þf N
2
3 k–i;j
N! k–i;j q–i;j;k;...p
i j–i
 i j
i
ij
~ r B x; r ; r
v
þ

ð3:3bÞ

Fig. 10. Density proﬁles of the 0–60% cross-linked epoxy resins under Poiseuille
ﬂow with (a) smaller channel height and non-slip BC, (b) smaller channel height
and slip BC, and (c) larger channel height and non-slip BC.
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Fig. 11. (a) Stress, (b) heat ﬂux, and (c) temperature ﬁelds of the middle plane of the non-cross-linked epoxy resin under Poiseuille ﬂow with non-slip BC (left column) and
the 60% cross-linked epoxy resin with non-slip BC (right column).

dominated by the potential energy contribution. We can also
observe more hot spots in cross-linked systems having
higher-than-average values in the stress and heat ﬂux ﬁelds.
3.2. Poiseuille ﬂow
To reproduce the Poiseuille ﬂow of the epoxy resin melts, two
solids walls are placed parallel to the x–z coordinate plane
(Fig. 3). The LJ interaction between the wall beads and epoxy beads
are adjusted to create both slip boundary at ewf ¼ 1:2e (Fig. 9b) and
non-slip boundary conditions at ewf ¼ 2:0e (Fig. 9a and c). The ﬂow
regions can have three types of behaviors depending on the gravity
force: (i) the free molecule oscillation region where the gravity
force is negligible and the ﬂow behaves like free molecular oscillation, (ii) the coupling region where both intermolecular and gravity
forces play roles, and (iii) the gravity force dominating region
where the velocity in the ﬂow direction has a uniform distribution
across the channel and a linear increase with time [34].
We focus on the applied gravity force per atom at which the
ﬂow is in the coupling region. The gravity force can drive the ﬂow
to accelerate up to the point, at which the intermolecular force balances the gravity force. Therefore, the steady state can be reached.
The total gravity force on the epoxy resin beads should be equal to
the wall friction force from the top and bottom walls, i.e.
2sW Lx Lz ¼ Nmg, where sW is the shear force at the wall,
La ða ¼ x; y; zÞ is the system size in the a dimension, N is total

number of beads of the epoxy resin, and g is the acceleration by
the gravity force. Fig. 9 shows the velocity proﬁles of the epoxy
resin having different cross-linking degrees. Under the non-slip
boundary condition (BC), the analytical solutions of the Navier–
Stokes equations [35] for a typical Poiseuille ﬂow are given in Eq.
(3.5); note that the analytical solution is also presented in solid
lines in Fig. 9.

uðyÞ ¼

4yV m 
y
1
H
H

ð3:5Þ

where Vm is the maximum velocity at the symmetric boundary, and
H is the channel height. Vm can be estimated by the applied gravity
force mg, the viscosity g and density q of the ﬂuid as:

V m ¼ qg

H2
8g

ð3:6Þ

The viscosity of different cross-linked epoxy resin melts are
approximated by extrapolating the data to zero shear rate from
the Couette ﬂow studies (Fig. 5). The 0%, 20%, 40% and 60%
cross-linked melts has the viscosity of 15.9, 30.1, 69.6, and 122.8
(esr3), i.e., 2.58E3, 4.88E3, 1.13E2, and 1.99E2 (Pa s),
respectively, at zero shear rate. The applied gravity force, mg,
equals to 0.03 (er1) for the system of smaller channel height
and 0.075 (er1) for that of larger channel height.
When the channel height is around 28r (Fig. 3a), it is easy to
ﬁnd that certain discrepancies exist around the solid walls
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between the atomistic simulation results and continuum predictions (Fig. 9). A better ﬁtting can be found around the symmetric
axis for non-slip BC. Inconsistencies at the symmetric axis may
be caused by the inaccurate estimate of the viscosity at the zero
shear rate. By reducing the interaction strength between the wall
and ﬂuid beads, ewf, slip BC can be introduced. In comparison, the
continuum prediction does not agree with the velocity proﬁles at
slip BC even after matching the maximum velocities. This is mainly
due to the fact that in solving the continuum equations the
assumption of non-slip BC is invoked, which is not necessarily satisﬁed in the ﬁne scale simulations. As the channel height is
increased by a factor of two (Fig. 3b), the agreement between the
continuum analytical solution and CG simulation can be improved,
especially near the walls. This is consistent with the studies on the
inﬂuence of channel height by Sun et al. [21] and can be ascribed to
the reduced inﬂuence of the wall-neighboring areas. It is also
apparent that cross-linking increases the viscosity of epoxy ﬂuids,
as the same gravity force produces less pronounced velocity proﬁles (Fig. 9). The density proﬁles are shown in Fig. 10, with a constant density across the channel except for a few layers in the
immediate vicinity of the wall. The layered structure adjacent to
the walls is indicated by the few sharp peaks. When the interaction
strength between the wall beads and epoxy beads is lower, the
density near the walls is also smaller (Fig. 10b). However, the density proﬁles are less sensitive to the degree of cross-linking in all
cases.
Fig. 11 shows the thermomechanical ﬁelds computed from the
epoxy ﬂuid with non-slip BCs. The shear stress adjacent to the
walls has higher than average values at some hot spots for both
the non-cross-linked and cross-linked epoxy systems. This is
mainly due to the higher interaction strength (ewf) between the
wall beads and epoxy beads. Heat ﬂux ﬁelds do not reveal
large-scale heat transfer during the Poiseuille ﬂow (Fig. 11b).
Since only the solid walls are thermostated, the ﬂuid subjected to
the constant driving force can be heated up. In comparison with
the non-cross-linked melts, the 60% cross-linked epoxy has smaller
temperature increase during the Poiseuille ﬂow (Fig. 11c). The
more obvious heat-up for the non-cross-linked epoxy resin might
be due to the less bonded structure that enables an easier transformation from the kinetic energy to thermal energy.
4. Conclusions
In this work, the rheological behaviors of the epoxy resins during the cross-linking process are simulated by coarse-grained
molecular dynamics models. The epoxy resins of different
cross-linking degrees under the Couette and Poiseuille ﬂows are
investigated to account for the ﬂow behaviors away from or adjacent to the surface of nano/micro ﬁbers and particles. The continuum thermomechanical ﬁelds, i.e. shear stress, heat ﬂux,
temperature, are retrieved using the extended Hardy’s theorem
for multibody potential systems [22,23].
The epoxy resin melts under Couette ﬂow demonstrate a transition from Newtonian to non-Newtonian behavior with increasing
shear rate. The Shear viscosity of cross-linked melts increases signiﬁcantly with cross-linking level but reduces rapidly with shear
rate. Conformational analysis demonstrates an increased alignment of epoxy resin chains along the shear ﬂow direction with
the cross-linking level and shear rate; this conformational change
leads to enhanced shear thinning behaviors of the cross-linked
epoxy resins.

The epoxy resin under Poiseuille ﬂow can exhibit both slip and
non-slip boundary conditions, depending on the interaction
strength between the wall and epoxy ﬂuid. The velocity proﬁles
at steady states resemble the predictions from continuum theory.
Major discrepancies can be found at the vicinity of the solid walls,
especially where slip boundary conditions are expected. Increasing
the cross-linking degree leads to less pronounced velocity proﬁles
at the same driving gravity force, thus indicating increased viscosity. The temperature gain during the Poiseuille ﬂow also decreases
with increasing cross-linking level.
In the future we plan to continue the work on the rheological
and mechanical behaviors of the epoxy resin systems with the
presence of carbon ﬁbers. In order to simulate the systems at the
length scale of micrometer and even larger, coupled atomistic–
continuum computational techniques will be developed based on
the extended Hardy’s thermomechanical theory. We will also conduct large-scale coarse-grained molecular dynamics simulations
and compare the results with the predictions from coupled atomistic–continuum methods. In this way, we expect to develop an
accurate and efﬁcient approach to predict the rheological and
mechanical behaviors of polymer nanocomposites and facilitate
their design with prescribed physical and mechanical properties.
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