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ARTICLE INFO ABSTRACT

Keywords: We present a strong-form meshfree collocation method for frictional contact of two deformable bodies within
Strong form the context of frictional crack problems. The method inherently achieves desirable features of meshfree
Meshfree

methods by completely avoiding the construction of meshes or grids, such that the only required numerical
approximation units are nodes (used as collocation points). For the recognition of a contact or crack surface,
a line segment is used without any connection with the node structure. A contact constraint due to two
body frictional contact is implemented in the strong-form meshfree discretization. Since the contact boundary
is a Neumann boundary, it contributes to the system of equations as a traction boundary condition, but
it does not yield extra unknowns. Although the material is linear elastic, the presence of the constraint
formulation leads to an iterative nonlinear solution procedure. The assembled discrete system generates a
consistent and stable solution despite the presence of contact constraints and the crack discontinuity, because
the constraint formulation and crack modeling are well combined with the strong-form meshfree collocation
method. Numerical experiments demonstrate the robustness and consistency of the method through comparison

Point collocation
Multi-body contact
Frictional crack

with analytical and finite element solutions.

1. Introduction

Meshfree methods have an advantage in modeling various types of
discontinuity problems because they apparently do not require a mesh.
However, weakly formulated meshfree methods such as the element-
free Galerkin method (EFGM) [1] and the reproducing kernel particle
method (RKPM) [2] cannot avoid a so called integration cell. Although
the integration cell does not need the connectivity, it still demands
some sort of cell structures which may prove cumbersome process in
discontinuity modeling. Discontinuity modeling schemes such as the
visibility criterion [3,4] and intrinsic or extrinsic near-tip field en-
richments [4] might circumvent further sub-division of the integration
cell from the weak formulation for crack problems, but they do not
completely remove inconvenience arising from the requirement of a cell
structure.

To fully take advantage of the merit of meshless methods with-
out the need for integration cells, strong-form based meshfree meth-
ods [5,6] have been proposed, with their own approaches to deal
with the collocation scheme and derivative approximation techniques.
Among them, Aluru [6] proposed a meshfree collocation method based
on reproducing kernel approximations for solid mechanics problems,
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obtaining the second-order derivative approximation by directly dif-
ferentiating the zeroth-order approximation. The strong-form based
meshfree collocation method adopted in this study [7-9] has been
used for crack analysis [10], weak discontinuity analysis [11], phase
field simulation of microstructure solidification problems [12,13], and
thermo-mechanical contact problems [14]. Motivated by such success-
ful applications, we propose here a further extension of the strong-form
based collocation method to model arbitrary stationary cracks with
frictional contact on the crack surfaces.

For crack modeling, the strong-form meshfree collocation method
has its own distinct advantages. The main advantage of the method
is an easy adaptive nodal refinement near the tip region and contact
area. More specifically, when there is no intrinsic or extrinsic function
enrichments for the near tip field, the node refinement is essential for
the accurate stress analysis. This may apply to the contact problems in
the same way. Furthermore, the introduction of contact constraint does
not increase the size of the final system, not because extra unknowns
are created, but because Neumann boundary conditions are added by
contact surfaces (note that contact constraint is naturally treated as a
traction boundary). Another advantage is an easy and fast construc-
tion of the high-order derivative approximation based on the Tayler
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expansion using the moving least squares approximation. Because crack
problems usually require the second-order derivative of a variable func-
tion, an efficient high-order derivative approximation is inevitable for
discretizing the governing equations and is easily introduced through
the approach we propose. Moreover, the visibility criterion for crack
analysis can be easily combined with the fast derivative approximation.

Upon making use of such advantages, Lee et al. [15] success-
fully applied the strong-form meshfree collocation method to dynamic
crack propagations. The hybrid time integrators, based on the central
difference and Newmark schemes, were used to effectively eliminate os-
cillation occurred during the time marching fracture simulation. Yoon
et al. [16] analyzed dynamic fracture of a concrete beam. The Rayleigh
damping effect was incorporated into the strong-form meshfree collo-
cation method via the proportional damping algorithm to model the
dissipation of the driving force for dynamic fracture. More recently,
concrete tensile failure subjected to strain-rate effects was successfully
simulated by Kim et al. [17]. The proportional damping algorithm,
damage model and visibility criterion were combined together for the
simulation of the extremely high loading rate fracture in the framework
of the strong-form meshfree collocation method. In particular, an order
reduced strong formulation was developed to employ material models
including a damage model for local concrete failure. Rabczuk et al. [18]
summarized approaches of modeling cracks in other meshfree meth-
ods. Furthermore, they introduced a robust and efficient approach
for modeling discrete cracks using a set of cracked segments and the
visibility method motivated by the cracking particle method [19] where
the crack can be modeled by a discontinuous enrichment that can be
arbitrarily aligned in the body at each node.

Several collocation based numerical methods have been dealt with
contact problems. Examples include the isogeometric analysis colloca-
tion method and non-conventional numerical schemes using the kernel
function [20,21]. The isogeometric analysis collocation method, which
is not the strong-form based meshfree method, studied frictionless and
frictional contact problems for an elastic body [22,23] and a rod-to-
rod contact [24]. Recently, Almasi et al. [25] successfully applied the
strong-form meshfree collocation method to one-body frictional contact
problems. Motivated by this, this study focuses on further extension of
the strong-form meshfree collocation method to the contact between
two deformable bodies including a frictional crack. The crack is treated
as a strong discontinuity with a stress singularity before any contact
occurs at the crack surface, but it is handled as a contact interface
after contact. A constitutive equation for the contact surface is given
by contact kinematics and a penalty algorithm is implemented in
an explicit manner. Notice that the contact surface differs from the
material interface which does not allow any sliding. This study shows
how the contact constraint is effectively implemented in the strong-
form meshfree collocation formulation by using the penalty method
without yielding any extra unknowns along the interface. Although
the developed method generates the additional residual equations, it
preserves the nodal displacements as one and only category of unknown
variable to be determined from solving the global system of equations.
The stiffness matrix of the global system will be shown to be effective in
the nonlinear iterative solution process through numerical experiments.

The outline of the paper is organized as follows. In Section 2, we ex-
plain the fast particle derivative approximation which is optimized for
the strong-form meshfree collocation method. In Section 3, the strong-
form based contact formulation is presented for deformable multi-body
contact problems. In Section 4, numerical verification for the proposed
collocation method is performed for two-body frictional contact and
frictional crack problems. In Section 5, a summary is provided with
concluding remarks.

2. Particle derivative approximation

For the strong-form based discretization, the high-order derivative
approximation is crucial because the governing equation is mostly
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given in the partial differential equation with high order. For instance,
the momentum equation for the solid mechanics problems involves the
second order derivative functions while the natural boundary condi-
tion is the first order derivative function. The strong-form meshfree
collocation method allows a non-exact form of the derivative approxi-
mation in a mathematical sense. In the weak formulation, the derivative
approximation is implemented in the integral calculation with an av-
erage sense due to numerical integration process but it is required
to be mathematically exact. However, in the strong formulation, it
needs to satisfy the reproducing property or consistency condition in
a sense of Taylor theorem, but it does not have to be mathematically
exact. It was already proved that the particle derivative approximation
achieves sufficient accuracy and efficiency for the strong form based
meshfree methods [7,8]. The weak formulation obtains the derivative
approximation by directly differentiating the approximation function.
However, the particle derivative approximation is derived from the
Taylor series expanded by the moving least squares method without
any differentiation process. As a result, no extra effort is taken to get
the derivative approximation. The strong-form meshfree collocation
method employs the particle derivative approximation instead of the
exact derivative of the moving least squares approximation. It implies
that the Taylor polynomial is able to approximate the given function
or the solution of the governing equation. Note that differentiation of
the moving least squares approximation is quite complicated and the
approximate derivative like the particle derivative approximation can
be used in the strong formulation as long as it achieves the reproducing
property or consistency condition [7-9].

The details of the moving least squares approximation and their
derivatives can be found in [7-9]. Here, we provide the brief deriva-
tion of the derivative approximation. The Taylor polynomial expanded
with the moving least squares approximation can approximate the
derivatives of the field variable up to the order of consistency. For
convenience, we start by defining some useful mathematical notations.
Let x = (xy,...,x,) be an n-dimensional real vector and a = (¢, ..., a,)
be an n-tuple of non-negative integers for power and derivative of a
vector. The ath power of x is defined by x* = x{'x7? --- x,". We define

2
the ath derivative of a smooth function f(x) with respect to x as

lal
DYf(x) =~ I

(2.1)
x(;' 6x;2 cee X

where |a| is the sum of all components of a, i.e., || = Z?:l @;.

Upon neglecting higher-order terms in a Taylor series, the mth-order
polynomial for approximating a continuous function u(x) at the local
center X can be expressed as

Rt S
ux;%) = Y ——— DEu(X) = p,(x; Va(x) 2.2)
la|<m o
where a! is the factorial of a, ie., ! = a;!--q,!. Note that the

Taylor polynomial can be decomposed into the polynomial basis vec-
tor p (x;X) and the corresponding derivative coefficient vector a(X)
computed at x the local center. From the definition of the Taylor
polynomial, the polynomial basis vector takes the form
(x—x)*% (x —X)%L

1 yeees

(2.3)
a! a;!

p,,(x;%) =

where L = (n + m)!/n!m! is the number of the components of the
polynomial basis vector p], and (x — X)% is the a;th-power of x — X
defined by (x —X)% = (x| — X|)*1(x, — %)% -+ (x,, — X,,)*L. The derivative
coefficient vector can be written as

a'(%) = [Dg'u(®), ..., Dy L u(®)| 2.4

which includes all of the derivatives for u(x) at X up to the «; th-order.

Based on the idea of moving least-square approximation, minimiz-
ing with respect to a(x) the discrete form of the weighted discrete
L?-norm given by

N _
J=Yw (X’pf x) [p"(x;;®)a(X) — ;2 (2.5)
I=1 X
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yields
a® =M~ (©BEu (2.6)
where u; = u(x;) and u" = [u},u,,...,uy|. The matrices M and B are
defined by
il X; —X
M()_() = Z w < lpi ) pm(xl;i)pL(Xl;i), (27)
=1 %

B®) = [ (2 ) p,y(xi:%),

Px

-, w(ﬂ)pm(x,\,;i)] (2.8)

Px

where w ( 2=

. ) indicates the weight function with support size pg. In
Eq. (2.6), suf)stituting x for x gives the particle derivative approxima-
tion at an arbitrary position x; the constitution of a(x) can be noted
from Eq. (2.2). The derivative approximation is combined with the
generalized nodal shape function and nodal solution as follows

N

DZu(x) = ) OF(X)u; (2.9)
1=1

where « is a 2-tuple of non-negative integers for 2D case. Eq. (2.9) can

be rewritten in matrix form as following

D{lu(x)| [@]'®) q>Zl (x) oV )| [ u
Dux) | _|@2(x) @) DV (x) || uy (2.10)
D,?L‘u(x) <z>§';« x) @) L (x) <z>’;’v;« (x) u;v

where a, = (1,0), a3 = (0,1), ..., «; = (0,m) when the mth order
polynomial vector p,,, ; = (0,0) is applied for the 2D case. Here, the
generalized nodal shape function <I>',1(x) denotes the ath derivative of
the shape function at node I defined as

q’?(x) = a!e;M_l(x)p(x,;x)w <x,p— X) (2.11)

X

where e = [0, ...,1,...,0] has only one nonzero term of 1 at the ath slot
in lexicographic order. The first low of the generalized shape function
matrix of Eq. (2.10) gives the zeroth-order shape function while the ath
low yields the ath-order derivative shape function. Notice that the ath-
order derivative shape function is an approximation of the derivative
function of the zeroth-order shape function in a sense of the Taylor
theorem; it has the consistency which guarantees the reproducing prop-
erty for any function or its derivatives within the order of consistency
of Taylor polynomial. This enables the strong-form collocation method
to properly discretize the governing equations given in a differential
form. In the conventional weak form based meshfree methods and
other strong-form based meshfree methods [6,26], only the first low of
the coefficient matrix of Eq. (2.10) is taken for discretization and the
derivative function is calculated by directly differentiating these zeroth-
order shape functions. Although direct differentiation may increase the
mathematical preciseness of derivative approximation, it may demand
excessive computational cost which turns out to cause more trouble-
some computation in dealing with the second-order derivative function.
Therefore, the particle derivative approximation given in Eq. (2.10)
is very attractive discretization tool for the strong-form based particle
methods, which is equipped with sufficient mathematical preciseness
as well as excellent computational efficiency [7,8].

3. Multi-body contact
3.1. Problem description

We consider frictional contact between two deformable bodies as
shown in Fig. 1. The domain Q©, i = 1,2, is bounded by I'?, i.e., Q¥ =
QO y r®, Assume that I'V is partitioned into I, I'”, and 1",
which are Dirichlet and Neumann boundary conditions and contact
constraints, respectively, i.e., I = I’ u T I(i) u I with 1 n FI(’) =
rPnr? =r”nr® = ¢. Displacements & will be prescribed on I,
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Fig. 1. Notation for two-body contact.

while tractions 7 are to be given on I'". Finally, & = Q1 u Q@ is
used to denote the entire domain of interest.

The governing equations to find the displacement field u” in Q®
are given by

dive® +b® =0 in QO (3.1)

where ¢ is the Cauchy stress tensor and b® is a body force. For the
constitutive assumption, we consider the linear elastic material, i.e.,

o) = 2”6(1') + Atr(e(i))l (3.2)

where 4 and u are Lamé constants, 1 is the second-order identity tensor,
and € is the strain tensor defined by €® = (Vu® + (Vu®)")/2. The
Dirichlet and Neumann boundary conditions and contact constraints
are given by
u” =a® on ¥,

on® =§® on l"t(i), 3.3)

D) — ¢ (i)
¢'n” =t" onr

where n is the unit outward normal vector to 2, @ is the prescribed
displacement on I”, £ is the prescribed traction on I'”, and t” is
the unknown contact traction on I'".

3.2. Contact kinematics

To describe contact kinematics for two-body contact between two
domains 20 and 2@, we consider a point x € I'\" and assume for each
such point x, a corresponding point y(x) € sz) which is closest to x in
the Euclidean sense, i.e., y(x) = arg min||x —y||. Notice that two surface
normals n(x) and v(x) are associated with I, C(l) and FE(Z), respectively,
i.e., v(x) ~ —n(x), as
nx)=nx) onxer®,

n?x) = vFx) onxerl?, (3.4)
1V x) = —-n?Fx)

with the small displacement kinematic assumption, i.e., displacements
are sufficiently small so that variations in contact points and normal

can be neglected.

Given a displacement field u® : I’ - R2, we define a gap function

g: T - R as follows. For all x € T'",

g(x) = gox) — [uP(x) — u@ (FX)] - v(x), (3.5)
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where g5(x) = (x — §(x))v(x) denotes the initial gap between two
bodies or gap at zero displacement. To define the normal contact con-
ditions, the contact traction is decomposed into normal and tangential
components via

tO =ty —tp =tyv—ty1 (3.6)

where v is the unit outward normal to I, and r is the unit tangential
vector defined as

v=eXT1T 3.7)

where e; is the unit basis vector pointing out of the paper.
The gap function g and contact pressure ¢, are then related through
the Kuhn-Tucker complementary conditions:

1ygx)=0. (3.8)

Eq. (3.8), refers to the fact that if there is contact then the pres-
sure is compressive. Eq. (3.8); is the requirement that the pressure is
nonzero only when contact occurs (i.e., g = 0). Further, when g < 0,
this condition requires that 7y be zero, consistent with an out-of-contact
condition.

g(x) <0, INGx) 20,

3.3. Penalty regularization

The contact constraints, i.e., both normal and frictional contact
constraints, are regularized using the penalty method. A penalty reg-
ularization for the normal contact constraint is given by

Iy =€y <g> (3.9)

where ey > 0 is the normal penalty parameter and < « > is the
Macaulay bracket. The impenetrability condition is exactly satisfied as
ey — oo. The penalty regularization for the frictional contact constraint
is given by

D = |ty - pry <0,

v o1
LR T (3.10)
>0,
(P =0

where ¢ > 0 is the tangential penalty parameter, y is the coefficient of
friction, and ¢ is a consistency parameter that expresses the collinear-
ity of the slip displacement u, and frictional stress t; in rate form.
Applying the backward Euler integrator to Eq. (3.10) yields

D=ty - pty <0,
tr >
tr=ep (up —AC— |,
g T( T Itz (3.11)
AL 20,
AP =0.

A trial state/return mapping algorithm is employed to determine
the Coulomb frictional traction. For implementation, the computational
algorithm for Coulomb frictional traction is then given by:

1. The trial state is first computed by assuming no slip during the

increment:

G = erur. 3.12
trial trial (3.12)

R e R

where u; = [1 — v® vluD(x) — u<2>(y(x))) of point on x €
F(l) relative to the opposing surface F( Note that the normal
contact pressure ¢y is previously given by ty = ey < g > in
Eq. (3.9).
2. Check the status of stick or slip condition based on the pre-
. . trial
computed trial function ®":

giial if @ <0 (stick),

tr = tmal . . (313)
T N Ht‘“alll otherwise (slip).
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3.4. Discretization for two-body frictional contact

We present the discretization of the governing equations for the
strong-form based meshfree collocation method. By substituting
Eq. (3.2) into Eq. (3.1), the governing equations in Cartesian compo-
nents can be written as

pj; + A+ pu; i+ b, =0 in QY (3.14

where i,j = 1,2 in two dimensions and the repeated subscript follows
the summation convention. To solve the nonlinear systems of equations
using a full Newton-Raphson iteration scheme, the residual R can be
defined as

R@) = L) - F(u) = (3.15)

which is a nonlinear function of the solution vector u and F is nonlinear
due to the presence of contact tractions. Applying the Newton-Raphson
scheme to Eq. (3.15) in iteration j yields

R(uj) + % jﬁu =0 (3.16)
followed by the update

u; | =u; +ou, (3.17)
in which ‘;—1‘: is the tangent stiffness matrix K, i.e, K = ‘;—l:. For

convenience, we define ¥ = Y, UY, UY, UY, where Y}, Y, Y,,
and Y, are sets of interior nodes, Dirichlet boundary nodes, Neumann
boundary nodes, and nodes on contact surface I,, respectively. The
tangent stiffness matrix K is composed of the matrices Kit, KP, KN,
and K¢ as shown in Eq. (4.20) in [25]. In the following, we provide
the components of K.

For simplicity, we denote ®7, = ®(x,). Substituting Eq. (2.9) into

Eq. (3.14) yields the discrete form of equations which are given by

N
YAlG+20P +

J=1

(I)(OZ)]”U + (/1+/4)‘I’” uyr} +by(xp) =
(3.18)
Z 1G4+ 0@ uy, + 1B + A+ 2By, ) + by (x) = 0

for the interior nodes x; € Y;. The components of the matrix K"t are

" 2.0) 0,2) t (LD

K =G+ 2@ + 0@ 01 K =G n® (3.19)
on 2.0 ©2) .

Ky =G+ w®p7 K, =w®y + G+ 2@ 7.

The discrete form of the Dirichlet boundary condition can be ob-
tained by substituting Eq. (2.9) into Eq. (3.3), as

N
0,0 _
Z @Yy iy (%) = ) D uy — 1y (x,) =0 (3.20)
J=1 J=1
for x; € Y,;. The components of the matrix K” are
0,0) (0 0)
Kho =% Ky =P, (G.21)

Similarly, for the discretization of the Neumann boundary condit-
ion, i.e., Eq. (3.3),, substituting Eq. (3.2) into Eq. (3.3), yields

gy +uj n; + A8 n () =17, on I,” (3.22)

where §;; is the Kronecker delta. For the discretization of Eq. (3.22),
substituting Eq. (2.9) into Eq. (3.22) results in

N
Y1+ 20 @8, + u @ nyluy,

J=1

.1 (1.0)
+ AR, 0y + u P luyy } —1(x) =0
g M THE or) 1xp) (3.23)

(0.1) (1,0)
{[;4<I>” n +A’~I>” nyluy g

M=

J=1

+ [(4+ 2@

(1,0)
ny + P nluyrt —1,(x) =0
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for x; € Y,. The components of the matrix KV are

(1,0 ©,1) (01) (1,0)
““ =(1 +(02ﬁ)<1) n1(1+0/4<I> 7 Ny, ]2“ = /1‘I> ny +/4(I) JO ny,
) N ( (1,0)
KN, = u®0 0 4 2@y, KN, = 4420 @0y + 4@ ny.
(3.24)

To model normal and tangential constraints on the contact surface,
we replace t, with t, = ty—t,. Then, Eq. (3.3); in Cartesian components
can be written as

WG+ on; + A8 m () — ty v+, =0 on I (3.25)
Applying Eq. (3.9) to 7y and Eq. (3.12) and (3.13) to 4 yields
Wy +uy g+ A8 n G ) — ey < g(x,) > g+ 1597, = 0, (3.26)

For the stick case,
wu; j+u;dn+ A8 (u ) —en < g(xy) > v, +H(g(xj))ttTrialq =0. (3.27)

For the discretization of Eq. (3.27), substituting Eq. (2.9) into Eq. (3.27)
results in

N
Y 16+ 2P

J=1

.1 ©.1) (1.0)
n1+;4‘I’” ny16uy, +[A‘1>” n +;4‘P” n,y|6uy; }

+ ey H(g(x)))(Sux,) - v)v, + e, H(g(x,))(6u - )7, =0,
N
Z {[Mq)(loj'”nl+i¢’(lll'0)n2]5u“ +[(A+ 2y)4’(,0)1)n2 + y‘I’(IIJ'O)nl]éuZI}
=l
+ ey H(g(x,))(6u(xy) - vIv, + e H(g(x;))(6u - 7)1, =0
(3.28)

for x; € Y, in the case of stick region. Here, su = su)(x) — 6u®(§¥(x))
which means that x € FE(I) and y(x) € Fc(z). The components of the
matrix K¢ for the stick case are

c N stick c N stick
K =K, +K K =K, +K

1J1 ns 12J1 12J1° (3.29)
c N stick c N stick :
Ko =K+ K Ky =K + K
N .
where KIlJl’ Kpo K1112’ and K 5, can be obtained from Eq. (3.24).

The components of the matrix K”"k in Eq. (3.29) are defined as

Ksnck - (¢(0 ,0)

©.0)
ek - @, H X)) + [eyviv + ertiTy ],

(0,0) 0,0)
Kjick = (@0 ~ @OV H(g(x)) + [envavy +ermy7 . 550
(0.0) (0,0) .
K;YII;I; (QI.I (I’[/J YH(g(xy)) + [exyvivy + e 73],
0,0) 0,0)
Klﬂzl;’; (@, - P, H X)) + [eyvavy + €77575].

where (13(101'0) is the interpolation operator for x € I, c(l), while @3(33)

the interpolation of corresponding contact node for y(x) € T, 52). The
components of f¢_ vector are

11(xy) = ey <gXxy) > vy — e H(g(X ) U 7i)7y,

15(x;) = ex < g(xy) > vy — ep H(g(X ) 7173

for the slip case,

uugj+u; Ing+A6;n;(u ) —ey < g(Xy) > v,-+,utNSigr1(t¥ial)ri =0. (3.31)

For the discretization of Eq. (3.31), substituting Eq. (2.9) into Eq. (3.31)
results in

Z {[(/HZIA)‘I)(1 O)”l + M‘I)(J nylouy + H‘I)(O 1)’11 + M‘I’(IIJO)”2]5MZI}
J=1

+ ey H(g(xy))(ou(xy) - v)v
— peny H(g(xp))(6u(xy) - v)sign(u - 7)r; = 0.

N

0,1 1,0 0,1 1,0
3 1@y + 4@ n 6wy, + 1A+ 20y + u @V 0160y}
J=1

+ H(g(x,))en (6ulxy) - vIvy

— pey H(g(x))(6u(xy) - v)sign(u - 7)r, =0
(3.32)
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L

Fig. 2. Problem description of two-body frictional contact on an inclined surface.

for x; € Y, in the case of slip region. The components of the matrix K¢
for the slip case are

c slip c slip
KIlJl KIIJ]+K11J1’ KIZJ] K12J1+K12.11’ (3.33)
¢ slip c slip .
KIlJZ KI]J2+K11J2’ K12J2 K1212+K1212'

The components of the matrix K*? in Eq. (3.33) are defined as

li (0 0) (0,0) .
K7 =@, = @ HEX)) + leyvivy — peysignu vz,
(0 0) 0,0 .
;12151 =(®,; ‘I’(,/,))H(g(XJ)) + [enVov) — e N SIgN(U, TV, T,
00 0,0 .
;11‘52 = (‘1’( ) ‘19(,,1))H(g(xj)) + [en Vi vy — pENSIgN(U, TV T2 ],
li (0,0) 0,0) .
Kb = (@) - BV H(g(x)) + [envavy — peysign(u, r)vy ).
(3.34)

The components of the vector fsf”p are

— pey < g(xy) > sign(u, 7y )7y,

— pey < g(xy) > sign(u ).

1xy) =ey <gxy)>v

15(xy) = ey <g(xXy) > v,
4. Numerical study

The proposed strong-form collocation algorithm is verified for two-
body frictional contact and crack problems. Accuracy of the method is
validated through the comparison with the results from Abaqus [27] us-
ing the plane stress element (CPS4R). Notice that a setting (i.e., material
properties, frictional coefficient, boundary and loading conditions, etc.)
in Abaqus is identical to that considered in the proposed collocation
method.

4.1. Two-body frictional contact on an inclined surface

We examine the ability of the proposed collocation method to distin-
guish between stick and slip conditions for two-body contact problems.
The method is applied to two-body frictional contact on an inclined
surface used by Kim et al. [28] as a patch test for the verification of
the mortar contact finite-element method (FEM).

A square domain of height H and width L is subjected to uniaxial
compression as shown in Fig. 2. The interface is inclined as the contact
surface I, with the slope m = 0.2. The uniform compression u, = —0.01
is applied at the top surface. The material properties are taken to be
E = 1.0 and v = 0.3, and the height and width of the block are both
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Fig. 3. The displacement u, for y =0.19: (a) collocation and (b) FEM.
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Fig. 4. The displacement u, for y = 0.21: (a) collocation and (b) FEM.
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Fig. 5. The displacement u, for x4 =0.19: (a) collocation and (b) FEM.

taken to be H/L = 1.0. The normal and tangential penalty parameters
are chosen to be ey = e = 10°E. We use 2100 uniformly distributed
collocation points for the test of this problem.

The displacement in the x-direction is displayed for y = 0.19 in
Fig. 3 and for y = 0.21 in Fig. 4 along with the FEM solutions obtained
from Abaqus. The results clearly show that the entire contact surface
is under slip when ¢ = 0.19 < m = 0.2 and under stick when
u = 021 > m = 0.2, indicating that the meshfree collocation method
can appropriately distinguish between stick and slip conditions. Our
study reveals that the threshold friction coefficient for stick or slip
is u = m— (4.0 x 10714, Fig. 5 shows the displacements in the y-
direction from both collocation and FEM for y = 0.19. Both results

are almost consistent, indicating the accuracy of the proposed method.
For further verification of the meshfree collocation method, the normal
and tangential tractions on the contact surface are compared with FEM
solutions for y = 0.19 in Fig. 6 and for 4 = 0.21 in Fig. 7. Both results
are almost indistinguishable.

4.2. Frictional crack modeling

The performance of the proposed strong-form based contact formu-
lation is verified for modeling frictional crack problems. We first begin
by describing the modeling of a stationary crack with the strong-form
based meshfree collocation method. This approach is incorporated into
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Fig. 7. Comparison of (a) normal traction 7y and (b) tangential traction ¢, from the collocation (COL) method with FEM solutions from Abaqus for u = 0.21.

the modeling of the frictional crack, i.e., frictional contact on crack
surfaces, in Section 4.2.3.

4.2.1. Crack modeling

We consider a domain £ including a crack in the framework of the
point collocation method based on the strong formulation. The govern-
ing equations in the domain £ and Dirichlet and Neumann boundary
conditions on the boundary I" are given by Eq. (3.1) and Egs. (3.3),
and (3.3),, respectively. We discretize the governing equation with the
strong-form based collocation method for the interior, Dirichlet bound-
ary, and Neumann boundary nodes based on the Egs. (3.18), (3.20),
and (3.23), respectively.

We consider a cracked body on a square domain as shown in Fig. 8.
A crack surface I,.(= I,+ U I,.-) is treated as a natural boundary
condition. The traction-free condition is imposed on the crack surface
T,

s 1€,
on=t=0 on[,,

on" =%, =0 on [, (4.1

on =t,-=0 on [,

where nt and n~ are the outward surface normal vectors on I+ and
I,,-, respectively, and t,,+ and - are the tractions on I',,+ and I,-,
respectively. The accuracy of the zero traction boundary conditions
was examined in authors’ previous studies [25]. It is obvious that the
smooth solution fields near the zero traction boundary proved that the
zero traction boundary conditions are captured accurately.

Imposing the traction-free condition in Eq. (4.1) on the crack sur-
faces generates the additional residual equations. However, it preserves
the nodal displacements as one and only category of unknown variable
to be determined from solving the global system of equations. The
visibility criterion [3,4,29-31] is used to deal with the displacement
discontinuity due to a crack. The idea of the criterion is to cut the

domain of influence of the interested point and then ignore the nodes
placed at the opposite side of the crack as shown in Fig. 8. The domain
of influence of @, is divided into ©F and Q7 by the crack line. The
visibility criterion causes a discontinuity in the approximation around
the crack tip. For this problem, analytical solutions for the displacement
and stress fields [32] are given for mode I as

K
u, =—L 2Lcos(§)[1 —2v+sin2(g)],
u ¥4
(4.2)
K[ r .0 2 0
=1 ./ VN2 =2y — z
u, 7\ 2 sm(z)[ v —cos (2)],
K % .0, . 30
Opy = ! COS(E)[I - sm(z) SID(T)L
2xr
K; 0 .0, . 30
o, = cos(=)[1 + sin(=) sin(=)], (4.3)
” 2zr 2 2 2
Oy = cos(g) sin(g)cos(S—e)
2zr 2 2 2
and for mode I17 as
K
= =L )T sin(2 -2 + cos? (21,
u 2z 2 2
(4.4)
Kip [ r 0 .20
u, = 7 ZCOS(E)[_I +2v + sin (5)],
-Kir .0 0 30
P— sin(5)I2 + cos(5) cos(F)l,
2xr
Ky .8 [ 360
o, = sin(=) cos(=) cos(=), (4.5)
” 2zr 2 2 2
K [ .6, . 30
Oyy = o cos(z)[l - sm(z) sm(;)]

2zr
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Fig. 8. Problem description of a near-tip field crack (left) and modification of the domain of influence near the crack tip via the visibility criterion (right). The crack is expressed
by a straight-line segment (the solid red line) and crack surfaces are modeled by crack surface nodes on both sides of the line. The outward normal vector for each surface can
then be uniquely defined, which is required to impose the traction-free condition. (For interpretation of the references to color in this figure legend, the reader is referred to the

web version of this article.)

Fig. 9. Non-uniformly distributed 1293 collocation points refined near the crack tip.
The coordinate of crack tip is (0, 0) which is located at the center of square patch.

where r is the distance from the crack-tip, 6 is the angle measured from
a line ahead of the crack, and y is the shear modules. In addition, K
and K;; are the stress intensity factors according to mode I and mode
11 loadings, respectively.

In this study, the domain form of the interaction integral is con-
verted into a contour form of the interaction integral while it holds the
same concept. To this end, equidistant collocation points are placed
along the circular contour integration path to simplify the evaluation
of integration weights in the contour integration. The analysis requires
evaluations of the new conservation integral along a selected contour
in the far field. In terms of mixed-mode [33] stress intensity factor
solutions are obtained in terms of known auxiliary solutions and field
variables along a selected contour. For a mixed-mode crack prob-
lem [33,34], we present the contour form of the interaction integral
to determine K; and K;;.

The relation between J-integral and stress intensity factors in
mixed-mode crack problems is given by

J =a(K? +K?) (4.6)

where « = (1 — v)/E for plane strain and « = 1/E for plane stress.
Upon considering the stress and displacement states consisting of the

superposed state (1) and state (2) as
c=0 460, u=u® +u?,

J-integral for the stress can be computed by
7 =a|&" + KPP+ (K) + K
1 2 2 2 2
=[R2 + KG? | + o [P+ (K?] + 20K (PK + KK
— g4 JO 4 a2
“4.7)

where 112 is the interaction integral for state (1) and state (2) given
by

(12) _ D) £(2) (1) 1(2)
10 =24k VK + KVK?). 4.8)

To further express 1 in terms of state (1) and state (2), by consider-
ing J-integral as

1 Ju
J= (— S ed —t—dF)
/ 20 e Tlos

= / [%(0-(1) + 0-(2)) . (e(l) + 6(2))dy _ (t(l) + t(2))

Lo, .o a ou? Il o..o @ ou?
= = : dy -t/ ——dI’ - : dy -t ——drI’
/(26 e ox * 2° ey ox
L. @, 0.0 mou? ) oul
+ = (€@ 6@ W) gy - (W L@ ) 4
/[2(6 € ° e)dy 0x 0x

=JO 4 JO 4 [0,

(1) 2)
o'’ +u )dl"
ox

4.9
the interaction integral (4.8) can be rewritten as
1 u® uh
12— [ Lm. @4 6@ . cy gy (O 1 t® dr
A ox ox

@ ouD
_ @ . (1, ou @,9u
= o2 L€ —(o"’'n—— +o"““'n— dr
/[( )nx < ox 0x )]

ou'? au'V
_ 2 () 7 2) 7T
-/ ("kk W e T oy )T

where dy =n,dT.

(4.10)
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Fig. 10. Surface plots of the displacement fields for a square patch with near-tip field for mode I: (a) u, (COL), (b) u, (analytical), (c) u, (COL), and (d) u, (analytical).
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Fig. 11. Surface plots of the displacement fields for a square patch with near-tip field for mode I17: (a) u, (COL), (b) u, (analytical), (c) u, (COL), and (d) u, (analytical).
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Fig. 12. Stress fields of a square patch with near-tip field for mode I: (a) o,, (COL), (b) o,, (analytical), (c) ,, (COL), (d) o, (analytical), (e) o,, (COL), and (f) o,, (analytical).

Using Egs. (4.8) and (4.10), we compute K, and K,;. If u® and ¢®
are computed from pure mode I, K}z) =1and Kﬁ) = 0. From Eq. (4.8),
we have

a2
k=2

4.11
y P (4.11)

Similarly, if u® and ¢® are computed from pure mode I1, K}z) =0

and K;zl) = 1. From Eq. (4.8), we have
_ 71.2)
KII = 7 (4.12)

Eventually, the interaction integral can be computed as

(1.2) _ ) (1D
1 _/("11 €1

+ 20'(2)6(1) + 0'(2)6'(1)) ny

12712 22722
ou® ou?®
1) 1 1 1 1 2
- [(011 ny+o,, n2) %, + <621 ny+0,, n2> %,

10

(1)
du
) 2) 1
= |{o,n +o n2) _—
[( 11 12 (3x1

N
= Y i4dr.

(2) (2)
+ (0'21 ny+o,, n2>

(e8]
du
2 ] dr
ox;

(4.13)

4.2.2. A square patch with near-tip field

To verify the performance of the strong-form meshfree collocation
formulation for crack problems, we consider the problem of a square
patch with boundary conditions from the closed form solutions for
mode I and mode I 1 which was used in [31,35].

As illustrated in Fig. 8, the square patch has height H and width L
including a crack of length L/2. The crack tip is located at the center
of the patch (0,0). The material properties are taken to be E = 10*
and v = 0.3, and the height and width of the block are taken to be
H/L = 1.0. Along the boundaries of the patch, the known near-tip
displacement fields, i.e., Eq. (4.2) for mode I and Eq. (4.4) for mode 11,
are prescribed as shown in Fig. 8. The stress intensity factor for mixed
mode fracture is recalculated by the interaction integral (Egs. (4.11)
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Fig. 13. Stress fields of a square patch with near-tip field for mode I7: (a) o,, (COL), (b) o,, (analytical), (c) ¢,, (COL), (d) 5, (analytical), (e) o, (COL), and (f) o,, (analytical).

and (4.12)) which is developed from the domain form of the interaction
integral [36]. Table 1 presents the calculated stress intensity factors
and L*-norm errors of the displacement fields for mode I and mode I
using the prescribed values of K; = 1.0 and K;; = 0.0 for mode I and
K; = 0.0 and K;; = 1.0 for mode II. The calculated stress intensity
factors agree well with the prescribed ones, i.e., the absolute error of
K| is less than 1%.

In Fig. 9, we display a model of non-uniformly distributed 1293
collocation points adaptively refined in the vicinity of the crack tip. The
contour plots of the displacement fields by the proposed collocation
method and their corresponding analytical solutions are shown in
Figs. 10 and 11 for mode I and II, respectively. The displacement
fields from the proposed method are almost indistinguishable with
their analytical solutions. The contour plots of the stress fields are
shown in Figs. 12 and 13 for mode I and II, respectively. All the
results in these figures are qualitatively indistinguishable with their
analytical solutions. Here, we calculated analytical solution for non-
uniform distribution (see Fig. 9) and compared it with the proposed
method. Fig. 14 shows that the crack-tip opening displacement u,

11

Table 1

Stress intensity factors for mode I and I/ for a square patch with near-tip field.
Mode type K; K 'e,(' |e,(”| lewll»
Mode I 1.0095 0.0079 0.0095 0.0079 0.0066
Mode 11 0.0044 1.013 0.0044 0.013 0.045

of the proposed collocation method agrees well with the closed-form
solution. These results indicate that the proposed strong-form meshfree
collocation method can model a crack with high accuracy. The relative
errors in stress intensity factors for a mode I crack were studied for
various polynomial bases and three uniform discretizations in Table 1
of Lee and Yoon [31]. For all the polynomial bases considered, the
relative errors were less than 1% indicating acceptable accuracy of the
proposed collocation method.

4.2.3. Frictional contact on a crack surface
In this section, the performance of the strong-form based contact
formulation is verified for frictional contact on a crack surface. To do
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Fig. 14. The crack-tip opening displacement u, for a square patch with near-tip field.

so, contact constrains in Eq. (3.3); are imposed as a traction boundary
condition on the crack surfaces. As a benchmark test, we examine
frictional sliding across an internal crack surface as shown in Fig. 15.
This problem was initially investigated by Dolbow et al. [36] and then
used by other researchers including Liu and Borja [37], Annavarapu
et al. [38], and Fei and Choo [39]. Here, we consider the problem
of a square domain of height H and width L with a crack extending
from the coordinates (0.3,0.3) and (0.7, 0.7). The material properties are
taken to be E = 10* and v = 0.3, and the height and width of the block
are both taken to be H/L = 1.0. The normal and tangential penalty
parameters are chosen to be ey = e; = 107, and the friction coefficient
of the crack as y = 0.1. The uniform vertical displacement u, = 0.1 is
applied at the top surface as shown in the figure. The bottom surface
is fixed.

In Fig. 16, we display non-uniformly distributed 1488 collocation
points with refinement near crack tips used for this study. The compar-
ison of horizontal and vertical displacement contours obtained using
the collocation method and FEM using Abaqus are plotted in Figs. 17
and 18, respectively. The contour plots are in excellent agreement
with those obtained by FEM, and confirm that the proposed method
gives consistent solutions for the fictional crack problem. In the au-
thors’ previous work, the behaviors of the L, and L, norm errors
in the displacement and contact normal traction for uniformly [25]
and randomly [40] distributed collocation points were investigated
for Hertzian contact problem. The optimal convergence rates were
observed with increasing the number of collocation points.

For further verification of the collocation method, the displacement
fields of the proposed collocation method are compared with those
of FEM at two different cross sections of the computational domain,
subsequently referred to as Sections 1 and 2 in Fig. 15. Fig. 19(a)
shows the comparison of the displacement fields along a horizontal
line passing through crack surface, i.e., Section 1. Similarly, Fig. 19(b)
compares the displacement fields for the collocation method and FEM
along a vertical line passing through crack surface, i.e., Section 2.
Despite minor discrepancies, both results agree well and are practi-
cally close. Moreover, the computational efficiency of the method
was tested by measuring CPU wall-clock time for uniformly [25] and
non-uniformly [40] distributed collocation points. The measured CPU
wall-clock times for collocation points considered were comparable
with the conventional finite element methods.

5. Conclusion

In this study, we introduced a two-body contact formulation for a
strong-form meshfree collocation method to model frictional contact
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Fig. 15. Problem description of frictional crack.

Fig. 16. Non-uniformly distributed 1488 collocation points for the inclined crack
problem.

and frictional crack problems. It achieves truly meshfree features by
only using nodes for discretization of the strong form. A line segment
used for the recognition of the contact surface or crack is not as-
sociated with the node structure. Nonlinear contact constraints were
directly imposed to the strong form as part of the traction bound-
ary conditions. The strong form of the governing equation was then
discretized with the strong-form based meshfree collocation method
recently introduced. The performance of the strong-form based contact
formulation was verified for frictional contact and crack problems via
several numerical examples.

For two-body frictional contact, our simulation results showed that
the method could capture well the stick—slip response on a block with
an inclined contact surface. Unlike the previous study about frictional
contact with a rigid obstacle [25], the frictional contact between two
deformable bodies was considered. The displacement and traction were
accurately computed even near boundary region; the tangential type
jump in the x-directional displacement was successfully calculated and
very stable traction responses were obtained in the vicinity of traction
boundary without any surge in their values. In particular, the normal
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Fig. 18. Displacement u, for frictional crack: (a) collocation method and (b) FEM.
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Fig. 19. Comparison of the collocation (COL) with FEM for frictional crack: (a) u, along Section 1 and (b) u, along Section 2.

and tangential tractions computed from the collocation method showed
better profiles along the contact surface than those obtained from the
FEM.

For a frictional crack, the penalty method for frictional contact and
the visibility criterion for strong discontinuity modeling were success-
fully combined into the strong-form meshfree collocation method. The
method examined frictional sliding across an internal crack surface.
The computed y-directional displacements along the horizontal and
vertical cross sections agree well with those from the FEM analysis
and they sharply capture jump across the contact surface even with
smaller smearing than the FEM. Also, the stress intensity factor was
accurately reproduced with respect to the prescribed mode I and 717
near-tip fields.

These results show that the proposed strong-form based meshfree
collocation method can be applied to model two-body frictional contact
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and crack problems. Future work will be focus on further verifica-
tion of our algorithm to various contact problems and non-stationary
cracks for elastic and inelastic materials in two or three dimensions.
Such extension and application of the proposed algorithm to three-
dimensions will not be significant challenges based on authors’ previous
work [12,41,42]. Moreover, we will develop a robust mathematical
adaptive algorithm that can automatically refine collocation points in
frictional contact or crack regions.
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