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We  present  a  computational  analysis  of the multi-grain  solidification  behavior  of  a crystal-melt  nickel
(Ni)  system  at a moderate  undercooling  degree  via  both  a molecular  dynamics  (MD)  and  a  phase  field
model  (PFM).  The  required  simulation  parameters  for the  PFM  analysis  are  extracted  from  the  MD  analy-
sis employing  embedded  atom  (EAM)  potentials  thus  leveraging  the  dual  approach.  The good  agreement
of  the  solidification  dynamics  as predicted  by  both  the PFM  and  MD  approaches  at  the  nano-  temporal
and  spatial  length  scales,  indicates  the  feasibility  of bridging  the  MD  and  PFM  simulations  in the  statistical
olecular dynamics
hase field model
article difference method
olidification
ano-crystals

mean  sense.  This  is achieved  by  parameterizing  the  PFM  by materials  properties  obtained  from  MD and  by
characterizing  the  contribution  of  individual  physical  quantities  through  the PFM approach.  Throughout
this  approach,  we  can more  closely  relate  MD  and PFM analysis,  which  can  potentially  enable  better  pre-
dictions  of  the themodynamic  and  kinetic  processes  of solidification,  melting,  and  phase  transformation
processes  with  the PFM  approach  when  is based  on  MD  simulations.

©  2016  Elsevier  B.V.  All  rights  reserved.
. Introduction

The present work is motivated by the need for developing
omputational methods that can predict the evolution of material
icrostructure as a consequence of non-equilibrium solidification

ynamics and diffusive interface models. The history of diffusive
nterface models dates back to more than a century ago with the

ork of van der Waals [37] followed by the development of the
hase field model (PFM) by Langer [38] and Cahn and Hilliard [39].
he PFM approaches are widely used in science and engineering to
odel a variety of moving interface phenomena. For example, the

eminal work of on dendritic alloy solidification was  proposed by
arma et al. [1] and the PFM has emerged as a method for predicting

 wide range of moving boundary phenomena including solidifica-
ion and microstructure evolution in materials processing [2–7,40],
racture problems [41,42] and multiscale up-scaling for nonlinear
aterials [43].
The advantage of the PFM lies on the fact that the method was

esigned to address the numerical problem of tracking a sharp

∗ Corresponding author.
E-mail address: JH.Song@colorado.edu (J.-H. Song).

ttp://dx.doi.org/10.1016/j.jocs.2016.10.014
877-7503/© 2016 Elsevier B.V. All rights reserved.
solid-liquid interface. Its principal characteristic is the diffuse inter-
face between two  phases, described by a steep but continuous
transition of the phase field variable between two states. The PFM
models are also benefited by the fact that they are derived in a ther-
modynamically consistent manner which enables the correlation
of the model parameters with proper thermodynamic variables.
Subsequently, the multi-phase field (MPF) model was  developed
by Steinbach et al. [8–10] in order to address an arbitrary number
of different phases or grains of different orientation. In the MPF
model, a grain � can be distinguishable from other grains either by
its orientation or phase (or both) and is endowed with an individual
phase field variable ��.

Despite the significant advances in PFM numerical technologies,
a major difficulty in its wide applicability to real alloy systems is the
lack of knowledge of several required materials-specific parame-
ters, such as bulk free energies, diffusion coefficient, interfacial free
energy, kinetic coefficient and so forth. Besides experimental mea-
surements, computational techniques have become essential tools
to extract the relevant materials parameters for PFM, especially

those not easily accessible by experiments [11–15]. For example,
the small anisotropy of the solid-liquid kinetic coefficient that is
vital to determining the shape and velocity of dendritic growth can-
not be measured accurately by existing experimental techniques.

dx.doi.org/10.1016/j.jocs.2016.10.014
http://www.sciencedirect.com/science/journal/18777503
http://www.elsevier.com/locate/jocs
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jocs.2016.10.014&domain=pdf
mailto:JH.Song@colorado.edu
dx.doi.org/10.1016/j.jocs.2016.10.014
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nstead, molecular dynamics (MD) simulations have been shown
o be capable of computing the necessary phase field parameters
nd their associated small anisotropies. Hoyt et al. employed the
emi-empirical embedded atom (EAM) potentials method to com-
ute the kinetic and diffusion coefficient of a variety of pure metals

ncluding Cu, Ni, Au and Ag [12,14]. Hoyt, Asta, and Karma employed
n analysis of the equilibrium fluctuation spectrum of the solid-
iquid boundary to extract the interfacial free energy and its small
nisotropy in Ni, Cu, Fe, and Al metals [12,13,16,17].

An important question that arises naturally is whether the
FM −in which the relaxation dynamics are driven by thermody-
amic forces- can capture well the physical phenomena at the time
nd length scale achievable by atomistic models. In other words,
hether the PFM and atomistic simulation such as MD  can be

quivalent in describing nano-scale phenomena. Danilov et al. com-
ared the results from PFM and MD  simulations of the propagation
f the planar solidification front of a two-phase NixZr1-x crystal-
iquid sample subjected to an abrupt temperature drop [18,19].
hey have also shown that the MD  and PFM approaches can yield
quivalent results in a manner that enables key physical parame-
ers to be transferrable from the former method to the latter one. In
articular, the free energy density participating in the formulation
f the PFM guided by the free energy in the atomistic calculations
as found to be the enabling factor in bridging the gap between

he two approaches [19].
In the present study, the solidification of pure metals involv-

ng multi-grain assemblies will be investigated using both MD and
FM approaches, with most of the parameters of PFM extracted
rom the previously executed MD  studies by employing the same
nteratomic potential energy. Nickel (Ni) is one of the most well-
nvestigated metallic systems using PFM, where many critical
hermodynamic and kinetic parameters have been calibrated using

D.  The solidification process of Ni at moderate undercooling
egree (∼200 K) is chosen as an example to test the equivalence
f MD and PFM methods at the nanometer length and time scales.
n Section 2, a brief description of simulation techniques is given
or the MD  and MPF  method considered for the model comparison
f the Ni solidification. In Section 3, the key materials parame-
ers necessary for implementing the PFM model are described and
he procedures to obtain these parameters either from previous
tudies or our MD  simulation are stated. Section 4 presents the
omputational implementation details. In Section 5, the solidifica-
ion dynamics of Ni simulated with both methods are compared.
inally, Section 6 presents the conclusions of the present study.

. Theoretical background of relevant numerical
imulations

.1. Molecular dynamics (MD) simulations

We  apply MD  in a successive fashion relating to increas-
ng dimensional complexity from one-dimensional (1-D) to two
imensional (2-D) and finally to 3-dimensional (3-D) contexts.

The one-dimensional (1-D) solidification MD simulations start
ith a simulation cell consisting of both solid and liquid regions

eparated by a flat solid-liquid boundary. The EAM potential for
i developed by Foiles, Baskes, and Daw (FBD) [20] is employed

hroughout these simulations. The estimated zero-pressure melt-
ng temperature (TM) for this potential is 1710 ± 10 K [21]. The Ni
rystal has the dimension of 100 × 10 × 10 lattice constant, and an
rientation of x-axis (100), y-axis (010), and z-axis (001). Periodic

oundary conditions are applied to all directions. The solid region is
ept fixed at the original lattice structure, with the lattice constant
orresponding to the equilibrium lattice parameter at TM under
ero pressure. The liquid part is melted by increasing the tem-
l Science 20 (2017) 187–197

perature to 1000 K above TM under the NPT (constant number of
atoms, pressure, and temperature ensemble) condition employing
a Nosé-Hoover thermostat and barostat [22,23]. Due to the periodic
boundary condition, two crystal-melt interfaces are created. The
system is equilibrated for 50 ps first and the liquid is subsequently
equilibrated at the TM for another 500 ps with pressure kept zero
only in the x direction while the lateral dimension is maintained
fixed, before the solidification process starts.

Free solidification [14,21] method is performed at an undercool-
ing of 200 K to the system with an (100) solid-liquid interface. The
temperature of the entire system is kept constant and pressure in
all directions is zero controlled by the Nosé-Hoover thermostat and
barostat. During the solidification process, the atoms initially fixed
in position are allowed to move and the solid slab moves into the
liquid from both sides due to the periodic boundary conditions.
The moderate undercooling degree (∼200 K) is chosen because of
the relatively short time needed for the solidification to be accom-
plished and the linear relationship between the growth velocity
and the undercooling degree at this temperature.

The two-dimensional (2-D) and three-dimensional (3-D) equili-
bration and solidification processes adopt similar procedure as the
1-D case, with a few modifications stated below. In the 2-D process,
the system has the size of 30 × 30 × 4 lattice constant and the ini-
tial solid parts are chosen as cylinders of radius 3 times the lattice
constant. One solid seed has the orientation of x-axis [100], y-axis
[010], and z-axis [001] while the other has the orientation x-axis
[111], y-axis

[
11̄0
]
, and z-axis

[
112̄
]
. The pressure in the x and y

directions are kept zero during the equilibrium process while the
dimension in the z direction is fixed.

In the 3-D process, the simulation cell has the dimension of
50 × 50 × 50 lattice constant and the initial solid parts are chosen
as spheres of radius 7 times the lattice constant. The three crys-
tal seeds have different random orientations. The pressure in all
directions is controlled at zero level by the Nose-Hoover barostat.

2.2. Brief review of the multi-phase field model

The multigrain growth model adopted here is based on the con-
ventional MPF  developed by Steinbach et al. [8–10]. The general
free energy F incorporates multiple physical phenomena including
contributions from interfacial fint and chemical fchem energy density
as expressed:

F =
∫

˝

f int + f chem (2.1)

where the interfacial energy density is defined by

f int =
∑

˛,ˇ=1,..,N,  ̨ /=  ˇ

4�˛ˇ

�˛ˇ

{
−

�2
˛ˇ

�2
∇�˛ · ∇�ˇ + �˛�ˇ

}
(2.2)

and the chemical energy density f chem is defined for a pure
system containing only one element according to (2.2)

f chem =
∑

˛=1,..,N

h(�˛)f˛ (2.3)

In Eqs. (2.1)–(2.3), �� (�=1,. . .,  N) is the phase field variable (i.e.
order parameter) which represents a grain � with a different ori-
entation; N represents the total number of grains in the system, and
�� = 1 indicates that the grain � is present (i.e. the solid phase) while
�� = 0 indicates its absence (i.e. the liquid phase). �˛ˇ the interfa-
width that is assumed to be constant � for all interfaces, f� is the
bulk free energy of an individual phase (grain) �, and h(��) rep-

resents a contour function. The condition
∑

˛=1,......,N

�˛(x) = 1 has to
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N∑
I=1

L˝
I (x)�n+1

˛I = F˝
� (x) (2.12)

where the subscript I denotes the nodal index of the distributed
node for the spatial discretization. In Eq. (2.12), the discrete oper-
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e satisfied at all time instances at any spatial position x within the
omain.

The evolution of grain  ̨ can be considered as �̇˛ =∑
ˇ=1,..,N

�2

8m� �˛ˇ

(
ıF

ı�˛
− ıF

ı�ˇ

)
, and therefore through Eqs.

2.1)–(2.3) we can obtain

˙ ˛ =
∑

ˇ=1,..,N

�˛ˇ

m

{ ∑
�=1,..,N

(
�ˇ� − �˛�

)
I� + �2

8�
h′�g˛ˇ

}
(2.4)

� = ∇2�� + �2

�2
�� (2.5)

here �˛ˇ stands for the interfacial mobility at the boundary of
rains � and ˇ; m represents the total number of locally existing
rains at the spatial point and 	g˛ˇ is the free energy difference
etween grains � and ˇ.

However, due to the difficulty of identifying a suitable con-
our function for the case of multiple junctions, a so-called
ntisymmetric approximation is further introduced [9]. Applying
ntisymmetric approximation to Eqs. (2.4) and (2.5) yields the final
orm of grain evolution law, which is adopted in the current study:

�̇˛ =
∑

ˇ=1,..,N

�˛ˇ

{
�˛ˇ

(
�ˇ∇2�˛ − �˛∇2�ˇ + �2

2�2

(
�˛ − �ˇ

))
+ �

�

√
�˛�ˇ�g˛ˇ

}
.

(2.6)

.3. Space and time discretization of the multi-phase field model

It should be noted that the particle difference method (PDM)
31–33] is used for numerical implemention of the PFM analysis.
he PDM has been proved to exhibit great flexibility in discretizing
arious types of partial differential equations (PDEs) and also to
each identical results as the finite difference method (FDM) which
as been frequently used to solve phase field model by the material
cience community.

The PDM possesses the following desirable features required
or the numerical method: 1) it can easily handle the high-order
erivatives of the functional; 2) it relies on the neighboring nodes
ithin a dilation parameter suitable for local refinement and
ynamic adaptivity. The PDM has advantages similar to other
esh-free methods, i.e., the grid can be easily adapted to resolve the

harp features of the solution fields. Additionally, it does not require
umerical integration as it does not involve a weak formulation
nd gives higher rates of convergence than other weak form based
ethods. Furthermore, the computational speed for computing the

erivatives of mesh-free approximation can be accelerated by the
erivative-approximating technique. The PDM has been shown to
e highly robust, accurate and very easy to implement compared
o other mesh-free methods.

The PDM is a point collocation method that obtains shape func-
ions and the approximated differential coefficient vector at the
odes based on the moving least-square approximations. There-
ore, the partial differential equations can be directly written into
iscrete forms in terms of the approximated differential coeffi-
ient vector in the PDM, without the weak form formulation. While
he details of this method can be found in our previous work
31–33], the differential coefficient vector up to the 1st order,
a
xu(x), of a continuous function u(x), in 3-D is briefly given here as

ollows:
l Science 20 (2017) 187–197 189

Dx
�u(x) =

[
u(x1, x2, x3)

∂u(x1, x2, x3)

∂x1

∂u(x1, x2, x3)

∂x2

∂u(x1, x2, x3)

∂x3

]
. (2.7)

It can be obtained by D�
x u(x) = M−1(x)B(x)u =

N∑
I

˚�
I uI with

M(x) =
N∑

I=1

ω
(

xI − x
�x

)
⎡
⎢⎢⎢⎢⎣

1 dI1 dI2 dI3

d2
I1 dI1dI2 dI1dI3

d2
I2 dI2dI3

sym. d2
I3

⎤
⎥⎥⎥⎥⎦ (2.8)

B(x) =

⎡
⎢⎢⎢⎢⎢⎣ω

(
x1 − x

�x

)
⎡
⎢⎢⎢⎢⎢⎣

1

dI1

dI2

dI3

⎤
⎥⎥⎥⎥⎥⎦ . . . ω

(
xN − x

�x

)
⎡
⎢⎢⎢⎢⎢⎣

1

dN1

dN2

dN3

⎤
⎥⎥⎥⎥⎥⎦

⎤
⎥⎥⎥⎥⎥⎦ (2.9)

uT =
[

u1, u2, · · ·,  uN

]
(2.10)

where uI is the nodal solution at discrete nodes with at position xI
(I = 1, . . .,  N), and dIi = xIi − xi. �x is the dilation function indicating
the radius of the weight function ω

(
(xI − x) /�x

)
and determines

the size of the neighborhood of x.
In this study, for the space discretization of the governing

equation, i.e. the MPF  model in Eq. (2.6), we  consider a compu-
tational domain that is spatially discretized by distributing nodes
in the interior domain and on the boundaries. The PDM can be
directly applied to compute the differential forms of governing
equations at these distributed nodes. In addition to the spatial
discretization, applying the explicit time integration scheme to
Eq. (2.6) yields

�n+1
˛ − �n

˛

�t
=
∑

ˇ=1,..,N

�˛ˇ

{
�˛ˇ

(
�ˇ∇2�˛ − �˛∇2�ˇ + �2

2�2

(
�˛ − �ˇ

))
+ �

�

√
�˛�ˇ�g˛ˇ

}
(2.11)

where �tis the time step and the superscript on the phase field
�represents the index for the time step. By discretizing Eq. (2.11)
with the PDM, the discretized governing equation can be written
as
ator L˝
I (x) is given by

L˝
I (x) = ˚(0,0,0)

I (x), (2.13)

On the other hand, the generalized force F˝
� (x) on the right-

hand side of Eq. (2.13) can be written as
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(0,2,0)
I (x) + ˚(0,0,2)

I (x)
)

�n
˛I

�n
ˇI

�g˛ˇ

⎫⎬

(2.14)
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F˝
� (x) =

N∑
I=1

˚(0,0,0)
I (x)�n

˛I

+�t
∑

ˇ=1,...,N

�˛ˇ

{
�˛ˇ

((
N∑

I=1

˚(0,0,0)
I (x)�n

ˇI

)
N∑

I=1

(
˚(2,0,0)

I (x) + ˚

−
(

N∑
I=1

˚(0,0,0)
I (x)�n

˛I

)
N∑

I=1

(
˚(2,0,0)

I (x)+˚(0,2,0)
I (x) + ˚(0,0,2)

I (x)
)

+ �2

2�2

N∑
I=1

˚(0,0,0)
I (x)

(
�n

˛I − �n
ˇI

))
+ �

�

√√√√ N∑
I=1

˚(0,0,0)
I (x)

(
�n

˛I�
n
ˇI

)

in terms of the computed differential operators by the PDM.
omprehensive discussion about the PDM can be found in litera-
ure [31–33]; an application of the PDM to coupled MPF  and energy
alance equations for multi-grain solidification analysis is in prepa-
ation by the authors.

. Materials parameters in the multi phase field (MPF)
odel

The materials parameters needed for the MPF  model include
he interfacial mobility �, the interfacial energy �, the free energy
ifference between phases 	g, and the interface width � between
olid and liquid phases. Because the solidification problem is mainly
nvestigated before the complete liquid-to-solid transformation
ere, the interfacial mobility, interfacial energy, and the interface
idth among grains in solid phase with different random orien-

ations are not calibrated and are assumed to be the same as the
espective quantities for the case of the solid-liquid interface. Since
he Ni system has been relatively well investigated, most of the

aterials parameters are readily available. Especially the kinetic
oefficient �* (i.e., the constant of proportionality between the
elocity of crystallization and the degree of undercooling) [21] and
he solid-liquid interfacial free energy (�) have been investigated
horoughly by MD  techniques because of the difficulty in obtaining
heir small anisotropy through experimental techniques [13,17].

The interfacial free energy ���

(
n̂
)

of a weakly anisotropic crys-
al (n̂ is the interfacial normal of the grain �) can be expanded
n terms of “Kubic harmonics”, which is a linear combination of
pherical harmonics that obey a cubic symmetry [17]:(

n̂
)

�0
= 1 − 3 + 4

(
n4

x + n4
y + n4

z

)
+ ı
(

n6
x + n6

y + n6
z + 30n2

x n2
yn2

z

)
(2.15)

The anisotropic coefficients �0, , and ı have been determined
hrough MD  simulation (by employing the EAM interatomic poten-
ial) to be �0 = 325.88E–3 J/m2,  = 0.02269, and ı = −0.01168.

The kinetic coefficient �* can also be written in a format accord-
ng to the cubic symmetry [25,26]:

� ∗ (n̂)/�0∗ = 1 − 3ε + 4ε
(

n4
x + n4

y + n4
z

)
+�
(

n6
x + n6

y + n6
z + 30n2

x n2
yn2

z

)
(2.16)

he �* obtained for Ni employing EAM potentials in MD  simula-
ions are �*100 = 35.8 ± 2.2, �*110 = 25.5 ± 1.6, and �*111 = 24.1 ± 4.0
n the units of cm/(s K) [21]. Using these results to fit the

bove equation, we can obtain �*0 = 31.2 cm/(s K), � = 0.1488, and

 = 0.069. The solution of the MPF  method to the 1-D solidification
roblem predicts a diffusive interface boundary that varies from
he solid to the liquid phases as a smooth sine function proceeding
⎭
to the liquid phase at the velocity �	g. Thus � can be related to �*
by

� = � ∗ TM

L
(2.17)

The free energy difference between the solid and liquid phases
can be estimated as in [2] according to

�g  = L(TM − T)
TM

= L�T

TM
(2.18)

where L is the latent heat, TM the melting temperature. For Ni,
L = 2.311E9 J/m3 [27] and TM = 1710 K [21].

Another physical parameter required to be determined is the
interfacial width between the solid and liquid phases. The crystal-
melt interface can extend over several lattice constants. To track
the growth process and obtain the interface width, a first step is
to distinguish the crystals from the undercooled liquids. We  have
employed the averaged local bond order parameters proposed by
Dellago et al. [28], because this approach represents an improved
form of the bond orientational order method by Steinhardt et al.
[29], and they are defined as

ql(i) =

√√√√ 4�

2l + 1

l∑
m=−l

|qlm(i)|2 (2.19)

where the complex vector qlm(i) of particle i is expressed by

qlm(i) = 1
Nb(i)

Nb(i)∑
j=1

Ylm(rij),
(2.20)

Here, Nb(i) is the number of nearest neighbors of particle i, l is a
free integer parameter, and m is an integer that runs from m = −l to
m = +l, the functions Ylm(rij) are the spherical harmonics and rij is the
vector originating from particle i and ending to particle j. Depending
on the choice of l, these parameters are sensitive to different crystal
symmetries. q6 is used here as it is good at distinguishing among
liquid and different types of crystalline structures.

A further improvement of the above-mentioned method is also
introduced by Dellago et al. [28] where the following averaged form
of the local bond order parameters are introduced:

q̄l(i) =

√√√√ 4�

2l + 1

l∑
m=−l

|q̄lm(i)|2 (2.21)

where

1
Ñb(i)∑
q̄lm(i) =
Ñb(i)

k=0

qlm(k) (2.22)

Here the sum from k = 0 to Ñb(i) runs over all neighbors of particle
i plus the particle i itself, i.e., the local orientational order vectors
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ig. 1. The q̄6 value obtained from 1-D MD results at 1500 K (represented by open
quares) at: (a) at the left and (b) right crystal-melt interface along with the fitted
urves (red solid lines) to the steady solution.

lm(i) is averaged over particle i and its surroundings. Because this
veraged local bond order approach has been shown to provide
mproved accuracy with which different crystal structures can be
dentified, it was adopted in our study.

The MD  results after initial equilibration are processed using
he averaged local bond order method to obtain the q̄6 for each
tom, which is subsequently averaged over equal-sized bins and
caled to the range of (0 ∼ 1) in order to provide initial phase field
onditions to the PFM model. To reduce the possible uncertainties
ntroduced by the temperature, ten (10) parallel simulations are
onducted for each example and averaged to provide for the initial
FM condition and to generate the evolution snapshots during the
olidification process. The typical values of q̄6 are 0.40 and 0.15
n the crystal and liquid phases, respectively, around the melting
emperature TM. This averaged and scaled value over equal-sized
ins around the interface shows a transition from higher value in
he solid phase to lower value in the liquid phase (Fig. 1). According
o the equilibrium state solution to the MPF  model of two phase
nterface �eq(x) = 1

2

(
1 − sin �

� x
)

[30], a fitting of the MD results

o the equilibrium solution yields � = 12–16 Å as shown by the red
olid lines in Fig. 1. Thus � was set to 14 Å throughout the PFM
imulation.

. Computational framework implementation

In this section we present a brief description of the compu-
ational implementations of the followed approaches. The MD
imulations were conducted with the well-known LAMMPS [34]
ramework, but the MPF  analysis was conducted with a cus-
om parallelized PDM code that will be described herein. The
omputational parameters are chosen as follows: the grid size
x = 	y  = 	z  = 2 Å to ensure a satisfactory resolution of the inter-

ace width. For the time integration of the PFM with the PDM
pproach, we adopted forward Euler scheme which is conditionally
table. According to our numerical experiments, the PDM retains
ts numerical stability with the full CFL condition (	t >1 fs), but to

ake an easy comparison with MD  results, we used 	t  = 1 fs as the

ize of stable time integration in our computations. The number
f grid points in the 1-D to 3-D cases depends on the equilibrated
imension of the simulation cells in the MD  simulation. For the
PF  analysis, to reduce the required computational memory, only
l Science 20 (2017) 187–197 191

the nonzero MPF  variables are stored in terms of the sparse matrix
representation [24].

Both LAMMPS and the parallelized PDM code were deployed on
a JANUS supercomputer. The JANUS supercomputer is comprised of
1368 compute nodes for a total 16,416 available cores; each node
contains 2 hex-core 2.8Ghz Intel Westmere processors for 12 cores
per node. JANUS can achieve 184 TFLOPS (Trillion Floating Point
Operations), and the memory space is comprised of 2GB of RAM per
core, 24GB RAM per node for 32TB total system RAM with approxi-
mately 800TB of high performance storage which is accessible via a
Lustre filesystem. The nodes are interconnected via a non-blocking
QDR Infiniband high performance network theoretically capable
of 40Gbps. The management network is 10Gbps and the cluster
connects to the CU Research Network via multiple 10Gbps links.

The parallelization of the PDM is realized in terms of the MPI  par-
allelization technique at both off-line (i.e. computing coefficients of
the differential operators at spatially discretized nodes) and on-line
stages (i.e. assembling and solving discretized system of equations)
with MPI-based Portable, Extensible Toolkit for Scientific Computa-
tion (PETSc) library [35,36]. Note that in contrast to other meshless
methods, the PDM computes only once the shape function matrix
˚�

I (x) including the derivatives of the shape functions at the off-
line stage. Then, Eqs. (2.12)–(2.14) are assembled and solved at
the on-line stage using the shape functions and their derivatives
computed from the off-line stage as shown in Fig. 2.

We  adopt a domain decomposition approach where the nodes
are distributed among the processors according to the nodal posi-
tions in the x-direction. Thus, a critical issue is to access the nodal
information processed and stored in each different processor. Par-
ticularly, for the computation reported in this work, each processor
needs to identify the positions of the neighboring nodes of its locally
owned nodes at the off-line stage. Furthermore, the MPF  variables
in the neighboring nodes of the local nodes, which may  be located in
a different processor, need to be passed at every evolution time step
at the on-line stage. In contrast to the conventional FDM approach,
where the neighboring node numbers and locations are rather
fixed for each node, the PDM is implemented on randomly dis-
tributed nodes and realizes varying numbers of neighboring nodes
and locations. With the aid of PETSc [35,36], we created all vec-
tors for which sharing information is required (node positions and
field variables in our implementation) with ‘VecCreateGhost’ and its
related commands. This enables an efficient and convenient way  to
pass information among processors, provided that the nodal index
in the ‘ghost’ regime is properly prescribed for each processor.

The most intensive part of the parallel implementation is the
computation of the shape function matrix ˚�

I (x) at the off-line
stage. This is achieved by employing both serial and parallel lin-
ear approaches for matrix and vector operations provided in the
PETSc library. The matrices M(x) and B(x) in Eqs. (2.13)–(2.14) to
be constructed for each node and of quite small size: the size of
matrix M(x) depends only on the dimension of the problem and
the order of interested derivatives; in addition, the size of matrix
B(x) is decided by the number of neighboring nodes in the support
besides the aforementioned factors for M(x). Moreover, the oper-
ations related to these two matrices are implemented at the local
processor. Thus, they are treated with the serial matrix approach
for inversion and multiplication.

At the on-line stage, Eq. (2.12) needs to be solved in a global
manner. Thus the matrix L˝(x) and the vector F˝

� (x) are to be cre-
ated as a parallel matrix and a vector respectively so that Eq. (2.12)
can be solved in a global manner via the PETSc’s parallel linear
solver ‘KSPSolve’ with block Jacobi preconditioning of L�

I matrix.

The comprehensive capability provided by the PETSc library leads
to a feasible and efficient parallelization of our current algorithm.



192 Y. Fu et al. / Journal of Computational Science 20 (2017) 187–197

Fig. 2. Flow chart for the computational procedure of the parallelized particle difference method with PETSc [34,35] library.
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Fig. 3. Snapshots of the solidification of 1-D Ni bar at time: (a) 0ps, (b) 50ps, (c)
100ps, and (d) 150ps (solid region is colored in blue and liquid region in red). (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)
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Fig. 5. Snapshots of MD simulation of the solidification of 2-D Ni plate at time: (a)
ig. 4. Comparison of the PFM and MD simulations at different time instants; the
D  results are analyzed by the averaged local bond order method and scaled to the

ange of (0,1).

. Results and discussion

In this section, the simulation results of various solidification
roblems employing the MD  and MPF  approaches are compared.
he equivalence of MD  and MPF  approaches is evaluated in terms
f solidification front dynamics for the case of pure material (Ni).
he term solidification front dynamics refers to the time evolu-
ion of the solidification front. As aforementioned, the MD results
re analyzed through the averaged local bond order approach and
veraged results are taken over 10 independent samples. The atoms
aving q̄6 above 0.25 ∼ 0.3 are treated as in the solid phase and
ifferentiated from liquid phase by color in the figures.

.1. 1-D solidification

The MD  results of the solidification of Ni along the [100]
irection at different time instances are shown in Fig. 3. At the
ndercooling of ∼200 K, the solid phase probes into the melts

ith time. The averaged bond order parameters are subsequently

veraged over equal-sized bins and scaled to the range of (0 ∼ 1)
o compare with the PFM model (Fig. 4), which shows consider-
bly similar results in describing the solidification dynamics with
0  ps, (b) 50 ps, (c) 100 ps, and (d) 200 ps (Solid region is colored in blue and liquid
region in red). (For interpretation of the references to colour in this figure legend,
the  reader is referred to the web version of this article.)

only slight discrepancies. For the validation of our calibrated PFM
parameters, we also compared MD  and PFM results with orienta-
tions other than what we used to calibrate PFM model to ensure
the results are in reasonable agreements.

5.2. 2-D solidification

The MD results of 2-D solidification are presented in Fig. 5
and show the influence of mobility and interfacial free energy
anisotropy in different crystal orientations. The solid seed at the
left has the orientation of x-axis [100], y-axis [010], and z-axis
[001]; the one at the right has x-axis [111], y-axis

[
11̄0
]
, and

z-axis
[
112̄
]
. The fastest and slowest growth rate in the MD sim-

ulations of various face-centered cubic (FCC) metals including
Ni, Ag, Au, and Cu have been found for 〈100〉 and 〈111〉 orien-
tations, respectively [14,21,44,45]; i.e. the growth rate is in the
order of 〈100〉 > 〈110〉 > 〈111〉. The kinetic anisotropies span the
range �*100/�*110 ≈ 1.4–1.8 and �*100/�*111 ≈ 2.0–3.6. According
to Turnbull and Bagley [46], the velocity of crystal growth is related
to a few factors including the Gibbs free energy difference between
the solid and liquid at a given undercooling, the rate at which the
atoms can jump from the liquid to the solid and the fraction of sites
on the interface where growth can occur. The latter quantity in turn
depends on the interfacial free energy difference, which should be
largely responsible for the disparity in the growth rate of different
crystal direction. However, the growth speed of 〈110〉 crystal ori-
entation revealed by the MD results is higher than predicted with
the reported kinetic coefficient (�*110 = 25.5 ± 1.6) using the EAM
potential for Ni. This discrepancy may  arise from the fact that the
condition in 2-D solidification is not completely the same as 1-D
where the velocity of crystal growth is extracted. Yet whether this
is due to the simulation setup or truly reflect the physical nature
requires further study to be elucidated. Therefore, to ensure consis-

tency between the MD and MPF  results, �*100 needs to be increased
(�*100/�*110 = 1.2); note that without calibrating this parameter a
shifting of grain boundary by around 5 Å is observed. Note that the
discrepancy between the MD  and PFM results can also be attributed
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Fig. 7. Snapshots of the solid phase evolution from the MD simulation of 3-D Ni
solidification at the time (a) 0 ps, (b) 100 ps, (c) 200 ps, and (d) 300 ps (solid region
is  colored in blue and liquid region in pink). (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 8. Snapshots of the phase field evolution from the MPF  simulation of 3-D Ni
ig. 6. Snapshots of MPF  simulation of solidification of 2-D Ni plate at time: (a) 0 ps,
b) 50 ps, (c) 100 ps, and (d) 200 ps. (Solid phase is red, � = 1, and liquid phase is
lue, � = 0, in the color scheme).

o the adopted isothermal PFM in this study. Though the PFM
nalysis used in this study assumed a uniform distribution of tem-
erature, for the accurate prediction, the most parameters should
e considered as a function of temperature which is computed from
oupled energy balance equation during the PFM analysis.

After this adjustment, the MPF  results (Fig. 6) can be more con-
istent with the MD  results (Fig. 5). Note that the thin liquid line
n the top and the right boundaries in MD  simulation (Fig. 5(d)) is
ue to the numerical noise in the used coloring algorithm near the
eriodic boundary. It is noticeable that MD  results show stronger
nisotropy at different crystal orientation compared with the MPF
esults. However, the reason for the stronger anisotropy in the MD
imulation compared with the PFM remains unclear at the present
tage, which may  be attributed to the insufficient spatial resolution
n the PDM approach and requires further work to be clarified.

.3. 3-D solidification

The MD  simulations results of the 3-D solidification can be seen
n Fig. 7. The three (3) spherical solid seeds originally have the same
rystal orientation but are rotated around a randomly chosen axis
y an arbitrary angle, thus they are characterized by distinct crys-
al orientations. The influence of anisotropy, however, cannot be
learly observed as the grains meet the simulation domain bound-
ry or each other after they grow to bigger size. In contrast to the
-D and 2-D examples, the solid phases are found to contain more
efects as indicated by the local bond order analysis (more atoms
eviate from the expected value ∼0.4 in the solid phase). This can
e probably attributed to the increased degrees of freedom for the
rains in the 3-D case as compared to those in the 1-D and 2-D
ases. Thus the atoms can move more freely at the high temper-
ture. Complete solidification can be observed to occur at around
00 ps.

The MPF  simulation demonstrates comparable solidification
ynamics as the MD  results (Figs. 7 and 8); the grain size and
orphology are similar between the two methods. However, the

veraged local bond order is quite similar between the grain

oundaries and the inner grains, thus the grain boundary is not

dentifiable from the full atomistic MD simulations. The outcome
f the MPF  results are demonstrated by plotting the surfaces of
hase field variable of the liquid phase having the value of 0.5. To
solidification at the time: (a) 0 ps, (b) 100 ps, (c) 200 ps, and (d) 300 ps.

further identify the difference between the two  approaches, the
volume fraction of crystals in the crystal-melt system at differ-
ent time instants is shown in Fig. 9. A discrepancy within 10% can
be observed between the MD and MPF  approaches. Moreover, the
growth rate of grains is initially higher from MD  simulation than
the MPF  method but lower at the later stage of solidification. The
volume of crystals in the MPF  simulation is computed by the sum
of nonzero phase field variables over all the grid points, while the
volume of crystals in the MD simulation is calculated by the sum of
all the atoms with the q̄6 value over 0.25. Since certain errors can

be introduced by the different methods of computing the volume
fraction from the MD  and PFM results and the uncertainty in phys-
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up the growth rate of both grains, whereas increased interfacial

F
2

ig. 9. Evolution of volume fraction (Vc) of crystals with time from MD and MPF
esults.

cal properties, the discrepancy of 10% indicates good consistency
etween the two approaches.

.4. Influence of materials parameters

The MPF  model enables a convenient investigation on the effects
f individual materials parameters on the predicted microstruc-
ural evolution. The variation in materials parameters can either be
ttributed to the measurement error of these quantities in exper-
ments or simulations, or to implementation considerations such
s the interfacial width that is often increased to reduce the com-
utational cost in simulating systems of large scale. Note that if
he interface width directly taken from the MD  simulations are
sed in the PFM analysis, the physically consistent interfacial free
nergy can also be directly used in the PFM analysis. However,
uch an approach would entail prohibitively high computational

ost for practical engineering computations. Thus, the PFM such as
he Kim-Kim-Suzuki (KKS) model [47] is often used in engineer-
ng computations [48] to choose the interfacial free energy of the
ystem independent of the interfacial width.

ig. 10. Snapshots of MPF  simulation of solidification of 2-D Ni plate at time 150 ps: (a) fr
5%  respectively, (d) and (e) with interfacial energy reduced and increased by 25% respecti
l Science 20 (2017) 187–197 195

We will briefly discuss here the influence of slightly vary-
ing interfacial width, interfacial energy, and interfacial mobility,
mainly because these quantities are measured through computa-
tional means in (quasi) 1-D. It is possible that the actual values in
2-D or higher dimension may  be slightly different from the tested
values in 1-D. Another objective is to demonstrate the convenience
in utilizing phase field model to alter dynamic microstructural evo-
lution by changing materials properties, which could lead to a much
faster materials design process compared to that of full atomistic
simulations.

The 2-D case is used to demonstrate the influence of the above
mentioned materials quantities as it is easier to visualize compared
to the 3-D case. The interfacial width, energy, and mobility are
increased and reduced by 25% to observe the resultant morphology
change as shown in Fig. 10. The influence of reduced interfa-
cial width is apparent in the sharper interface as observed from
Fig. 10(a)–(c). Moreover, the smaller grain grows bigger, which
could be attributed to the increased contribution from the chemical
energy term with reduced interfacial width, Eq. (2.6). The deriva-
tion of Eq. (2.6) from Eq. (2.1) guarantees the decrease of total free
energy of the entire system. The grain growth at an undercooling
degree is driven by the reduced chemical energy as indicated by Eq.
(2.3) and the second term in Eq. (2.6), but can be impeded by the
increased interfacial energy as indicated by Eq. (2.2) and the first
term of Eq. (2.6), where the interface curvature plays an essen-
tial role through the first and second order derivatives. Smaller
grain has higher curvature and therefore introduces a larger inter-
facial energy increase in the grain growth compared with that of
the larger grain, which slows down their growth rate. Increasing
the chemical energy term through reduced interfacial width leads
to more chemical free energy reduction and therefore can speed
up the growth rate of small grains. Even though this width varia-
tion also affects the larger grain growth, it is more pronounced for
the smaller grain. Similarly, the competition between the chemical
energy reduction and interfacial energy increase can be observed
from Fig. 10(d) and (e), where reduced interfacial energy speeds
energy leads to retarded growth of larger grain and melting of the
smaller grain. Finally, the growth rate of both grains is reduced and
increased with the corresponding change in the interfacial mobility

om the original test, (b) and (c) with the interfacial width reduced and increased by
vely, (f) and (g) with interfacial mobility reduced and increased by 25% respectively.
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s shown in Fig. 10(f)–(g) in order to demonstrate the sensitivity of
he method.

. Conclusions

The present work considers the solidification process of a multi-
rain two-phase crystal-melt structure of Ni with initially created
rystal nucleus under non-equilibrium conditions at the undercool-
ng degree of 200 K. The results from the MD  simulations and PFM
re compared to each other in order to test the equivalence of the
wo methods in the sense of statistical mean at the nano- time and
ength scales.

Some critical materials parameters essential for parameteriz-
ng the PFM model, such as interfacial free energy and interfacial

obility, are obtained from previous studies using the same EAM
otential as employed in the current study. The interfacial width
an be extracted from the current MD  simulations of a 1-D finite-
emperature crystal–liquid system with the aid of averaged local
ond order analysis. The free energy difference between the solid
nd liquid phases is obtained from the literature [21,27].

The solidification problem is considered for 1-D, 2-D and 3-D
ases. In 2-D and 3-D, multiple grains with different orientations are
aken into account and the solidification dynamics predicted by the

D and PFM were found to be consistent for all of these examples.
his study demonstrates that the thermodynamically consistent
FM is able to describe the same aspects of physics as the MD with
t least 1 order of magnitude smaller computational cost, if the key
hysical parameters are imported mostly from the MD simulation
t the nanoscale.

Although it would be speculative to generalize our conclusions
o many other physical processes or alloy systems with multiple
lements, this study indicates a promising future for bridging the
FM and MD  techniques towards a better understanding of the
hermodynamic and kinetic processes of solidification, melting,
nd phase transformation processes. The MD  method can pro-
ide the necessary key parameters that serve as input for the PFM
odel, while the PFM itself is capable of enabling the investiga-

ion of the influence of each materials parameter on the physical
rocess aspects of interest. In addition, the MD  approach can pro-
ide the information on the microscopic morphology and interface
ynamics in detail, which can then help to construct and modify
he phenomenological PFM method to reflect the proper physical
henomena.
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