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A B S T R A C T   

Numerical simulations are used to study the variations in microscopic fields between different random re-
alizations of representative volume elements (RVE) with the same macroscopic properties. We focus on the strain 
energy of the matrix in unidirectional fiber composites with Neo-Hookean components, considering linear and 
non-linear applied loading. The simulations show significant variations in the strain energy between different 
realizations of the RVEs, particularly for the regions of high strain and stress concentrations that often govern 
damage and failure initiation. Results show a strong dependence on the volume fraction, minimum fiber distance 
and RVE size, as well as poor correlation between the local and the global response, which is characterized using 
the homogenized stiffness. In the case of non-linear loading, the rearrangement of the microstructure results in 
even lower correlation with the macroscopic response, as well as very strong variations according to the loading 
direction. We also show very poor correlation between the response in the linear and non-linear regimes for the 
same RVE.   

1. Introduction 

Fiber-reinforced composites are used as structural elements in an 
increasingly wide range of industrial applications, due to their excellent 
mechanical properties and relatively low density [1]. In recent years, 
increasing attention has been paid to new soft and flexible composites 
that exploit the effects of deformation in the geometrically nonlinear 
regime. Examples of this trend include fiber-reinforced elastomer com-
posites for strain sensing [2] and deployable structures [3], soft com-
posites made with polymeric fibers [4], and fiber reinforced hydrogel for 
biomedical applications [5]. While traditional composites can be 
analyzed assuming small deformations and linear material response on 
each of their components, the mechanics of this new set of composites is 
characterized by large deformations, material nonlinearities, and sig-
nificant rearrangement of the microstructure due to loading. As such, 
their accurate modeling requires the development of new tools able to 
address their specific micromechanics. 

An example of such tools are homogenization techniques for fiber 
composites in the nonlinear regime [6]. Following the pioneering work 
of Ponte Casta~neda [7], several studies have provided different esti-
mates for the nonlinear behavior of fiber-composites [8–12]. Despite 
significant progress in the field, the homogenization schemes proposed 
are fairly complex, and often require being solved numerically; closed 

form solutions only exist for a limited set of constituents and micro-
structure geometries. The process becomes even more complicated 
when trying to capture typical mechanisms leading to failure in com-
posites (plasticity, fracture, fiber-matrix debonding) which depend on 
the local strain and stress fields within the material. Although some 
homogenization studies for fiber composites considering such effects 
exist [13], the most common approach is to use numerical 
homogenization. 

Numerical-based homogenization [14] has been widely used in the 
study of both linear and nonlinear composites [15–18]. The basis of this 
approach is the existence of a representative volume element (RVE) with 
the same macroscopic response as the real material. This separation of 
scales between the microscopic and macroscopic scales is only strictly 
true in the case in which the size of the RVE is mathematically infinite, 
that is, extremely large compared to the characteristic lengthscale of the 
microstructure (e.g., the fiber diameter). In order to reduce computa-
tional costs, a key step in numerical homogenization is establishing the 
minimum model size that provides sufficiently accurate preditions of the 
response of the ideal composite, as well as providing bounds for the 
associated error [19]. Although estimates exist in the case of composites 
with linearly elastic properties [20–23], in the case of nonlinear com-
posites the critical size of the RVE depends not only on the source of 
nonlinearity, but also on the criteria used to establish if the model is 
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truly representative of the behavior of the infinite composite. While 
several studies have focused on the convergence of the homogenized 
mechanical response (e.g., the macroscopic average stiffness), as the 
model size increases [24–30], comparatively little attention has been 
paid to the effect of RVE size on the local fields. 

One of the main advantages of numerical-based homogenization is 
the possibility to readily access local stress and strain fields. This allows, 
for example, direct comparison of finite element predictions and 
experimental results obtained with digital image correlation at the 
microscopic scale [31,32]. Furthermore, it makes it possible to model 
failure processes using criteria based on local fields, such as fracture and 
cracking [33,34], plasticity [35], softening [36] and fiber-matrix 
debonding [37,38]. These analysis are extremely sensitive to the exis-
tence of stress concentrations due to clustering of the inclusions, which 
often have a much smaller effect on the homogenized response, as 
previously studied in several heterogeneous sytems [39–41]. As such, 
guidelines for the size of RVE obtained using macroscopic properties are 
usually not valid, and most studies perform independent convergence 
studies considering their specific failure mechanism, which is numeri-
cally costly. In an attempt to provide insight that is independent of the 
specific source of damage or failure, some studies have directly focused 
on the relationship between microstructure and local fields, showing 
how the parameters of the RVE, such as size and fiber volume fraction, 
determine the variations in maximum stress, or its distribution within 
the matrix, for different random realizations of the same RVE [42–44]. 

Here, we follow the same philosophy, using multiple sets of 200 
nominally identical RVEs each, to investigate the influence of different 
parameters on the response at the microscopic scale, including RVE size, 
volume fraction, minimum distance between fibers and loading direc-
tion. As an important difference with results found in literature, we 
consider both linear and non-linear loading, where the large de-
formations results in severe re-arrangement of the microstructure, 
leading to more pronounced variations of the microscopic response. In 
addition, instead of focusing on the maximum stress, which might not 
only be extremely local, but also depend on mesh size, the results will 
show the local strain energy corresponding to different percentiles of its 
distribution within the model. Finally, we also study the correlation 
between the macroscopic and microscopic response for each of the RVEs 
analyzed. 

The numerical model used in this study will be detailed in Section 2, 
including some background on the homogenization theory used to 
normalize the results. The results will be then presented in Section 3, 
starting with a general overview of the method used to process the 
simulations, followed by parametric studies considering RVE size, 
minimum separation between fibers and loading orientation. The 
manuscript concludes with a summary of the main findings and a dis-
cussion of their significance in Section 4. 

2. Computational model 

The composite material is idealized as an isotropic matrix reinforced 
with perfectly parallel cylindrical fibers, modeled using the commercial 
finite element package Abaqus. The RVEs are loaded applying a 
macroscopic deformation gradient F through a combination of dummy 
nodes and periodic boundary conditions, which is equal to the average 
of the local deformation gradient [45]: 

F ¼ 1
V

Z

V
FðXÞdX ; (1)  

where V is the volume of the RVE and F ¼ ∂x=∂X is the local deformation 
gradient. Throughout the manuscript the same convention will be used 
to distinguish between local, A, and homogenized (i.e. global), A, ver-
sions of any given field, A. As such, A will depend on the position within 
the RVE, while A has been obtained through numerical homogenization 
and is unique for the whole model. In addition, ~A will refer to predictions 

of macroscopic properties obtained with homogenization theory, see 
Section 2.3. 

2.1. Geometry and fiber arrangement 

The composite is idealized as a matrix reinforced by cylindrical fibers 
of radius r, extending perfectly parallel in the X1 direction and with a 
random distribution within the X2� X3 plane. The composite is therefore 
transversely isotropic, i.e. isotropic in the plane perpendicular to the 
fiber direction. The fiber volume fraction is Vf . In the simulations pre-
sented here we assume plane strain to reduce the geometry to a square 
two-dimensional RVE of side length L2 ¼ L3 ¼ L ¼ δr, with Nf ¼ Vf δ2=π 
fibers. Assuming generalized plane strain yields identical results, since 
the stiffness of the fibers with respect to the matrix prevents any 
stretching in the X1 direction. A schematic of the model, as well as an 
example of a loaded RVE, is shown in Fig. 1. 

For a given model size, δ, and fiber concentration, Vf , the micro-
structure is fully described by the position of the center of the fibers 
within the RVE. These are obtained through a random sequential 
adsorption algorithm [46]. This is a hard-core process, i.e. a Poisson 
process in which a limitation on the minimum distance between the 
centers is introduced: the positions of the fibers are obtained randomly, 
and rejected if the distance to any of the already existing fibers is less 
than a prescribed limit. In this work, and unless noted otherwise, the 
minimum distance adopted is 1.1 times the diameter. Additionally, a 
fiber is also rejected if the distance between its center to the edge of the 
RVE is in the ½0:9r; 1:1r� interval. The goal of both conditions is creating 
a geometry that can be easily meshed. An average element size of 0:1r 
has been chosen after a parametric mesh size study. A possible outcome 
of the method is a jammed configuration [47], in which no new fibers 
can be added without violating the non-overlap restriction. For this 
reason, if after 1000 attempts a new fiber has not been accepted, the 
microstructure is discarded and the algorithm starts from zero. In the 
case of the present study, and taking into account the extra distance 

Fig. 1. Representative volume element (RVE) in the underformed (a) and 
deformed configurations (b). The example has Vf ¼ 0:4 and δ ¼ 20, and it has 
been stretched by λ ¼ 1:5 in the x2 direction. The color represents the strain 
energy density. (For interpretation of the references to color in this figure 
legend, the reader is referred to the Web version of this article.) 
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between fibers to facilitate meshing, it is not possible to systematically 
create RVEs with volume fraction of 0.5 or higher. Although there are 
alternative methods that allow for fiber overlap, which are then cor-
rected through modifications of the microstructure [38,43], they result 
in a fiber arrangement that is not completely equivalent to that produced 
by a pure Poisson process. In order to ensure consistency through vol-
ume fractions, we limit ourselves to the range Vf ¼ f0:2; 0:3; 0:4g. 
Although lower than traditional values used for traditional epoxy based 
composites, this corresponds to the range of fiber reinforced soft com-
posites that have been studied experimentally in the literature [38,48]. 

Several studies have focused on the characterization of the micro-
structure of real composites [49–51] as well as in the development of 
techniques able to create random microstructures that are statistically 
equivalent to those observed in micrographs [52–55]. Although there 
are studies comparing different approaches [56,57], the conclusions are 
dependent on the specific experimental system, as well as the mechan-
ical phenomena of interest (e.g., the specific source of failure or 
non-linearity). In order to provide more general results, we will limit the 
present study to purely random fiber arrangements. Furthermore, it has 
been shown that Poisson and hard-core processes (with small re-
strictions on the minimum fiber distance) result on microstructures with 
similar radial distribution function that those observed experimentally 
[57]. 

2.2. Boundary conditions and applied loading 

Periodic boundary conditions are applied in all faces of the RVE 
using the command EQUATION in Abaqus, which requires that the pairs 
of opposite faces are meshed identically. The conditions can be sum-
marized as: 

uðL2;X3Þ � uð0;X3Þ ¼ u2

uðX2; L3Þ � uðX2; 0Þ ¼ u3
(2)  

where u
i

j corresponds to the difference in displacement in the j� th di-
rection between pairs of nodes in the face perpendicular to the i� th axis. 

In practice, the displacements ui are those of dummy nodes (one per pair 

of faces) used to control their relative displacements. As an example, u2 

controls the relative displacements of nodes in the faces perpendicular to 

the X2 axis: u
2

2 > 0 would result in an increase in distance between the 
nodes with coordinates X2 ¼ L2 and X2 ¼ 0, i.e. expansion in the X2 

direction. The displacement u
2

3 controls shearing. In a large deformation 

setting, these displacements are given by u
i

j ¼ FijLj, where, Lj is the 
length of the RVE in the j-th direction, and F is the desired average 
deformation gradient. This way all the displacements of the dummy 
nodes, and therefore the relationship leading to periodicity in the 
boundary, are determined by F. 

The only deformations considered in the present study will be pure 
stretching in the X2 and X3 directions, and so the deformation gradient 
can be expressed as a function of a single stretch λ as: 

F ¼

2

6
6
6
6
6
6
6
6
6
6
6
6
4

1 0 0

0 λ 0

0 0
1
λ

3

7
7
7
7
7
7
7
7
7
7
7
7
5

; (3)  

which verifies both the conditions for plain strain, λ1 ¼ 1, and incom-
pressibility, λ1λ2λ3 ¼ 1. The principal stretches in the plane are then λ, 
in the X2 direction, and 1 =λ, in the X3 direction. It should be noted that, 

due to incompressibility, all deformations are equivalent to pure shear. 

As explained before, the components of ui can be obtained directly 
from the desired macroscopic deformation, and imposed to the model 
through the auxiliary dummy nodes. However, imposing the four dis-
placements can lead to numerical errors: even small rounding errors on 
the applied relative displacement of the boundary nodes might result in 
a net change in RVE area, which no matter how small represents a 
violation of the incompressibility condition. In practice, this is resolved 

by allowing free expansion in the X3 direction, meaning that u
3

3 is not 
imposed. The displacement of the dummy node is then tracked during 

the simulations, to confirm that u
3

3 ¼ F33L3 as expected. 

2.3. Material properties 

Fibers and matrix are modeled as incompressible hyperelastic Neo- 
Hookean materials, with strain energy density defined as 

Wi ¼ μi=2ðI1 � 3Þ ; (4)  

where μi is the linear shear stiffness of the i � th component (f for fiber, m 
for matrix), and I1 is the first invariant of the Cauchy-Green deformation 
tensor C ¼ F⊺F, which can be defined as a function of the principal 
stretches λi as I1 ¼

P3
i¼1λ2

i [58]. The bonding between both components 
is assumed to be perfect. The ratio of stiffness between fibers and matrix 
is μf =μm ¼ 10000, which has been shown to be equivalent to assuming 
the fibers to be rigid [59]. Both components are modeled with linear 
quadrilateral elements CPE4H, with hybrid formulation to account for 
incompressibility. 

The response of an unidirectional fiber composite with Neo-Hookean 
components can be approximated by the homogenized response: 

~W ¼
~μIH

2
ðI1 � 3Þ þ

~μn � ~μIH

2

�
2
ffiffiffiffi
I4

p � 3
�

þ
~μn � ~μHS

2
I4 �

~μIH � ~μHS

2
I5

I4
(5)  

where 

~μIH ¼
�
1 � Vf

�2
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2

(6)  

~μHS ¼

�
1 � Vf

�
μm þ

�
1þ Vf

�
μf�

1þ Vf
�
μm þ

�
1 � Vf

�
μf

μm (7) 

In this case Ii are the invariants of the homogenized Cauchy-Green 
deformation, obtained from the average deformation tensor, C ¼ F⊺F. 
The fourth and fifth invariants are defined as: 

I4 ¼ N⊺CN (8)  

I5 ¼ N⊺C CN ; (9)  

where N ¼ ½1 0 0�T is the unit vector in the fiber direction. The fourth 
invariant I4 represents stretch in the fiber direction. The fifth invariant I5 

does not have a direct physical interpretation, but I5 ¼ 1 for deformation 
in the plane perpendicular to the fiber direction, and so it helps differ-
entiate between in-plane and out-of-plane deformations. 

Equation (5) combines homogenization predictions obtained using 
two different schemes: ~μIH is a result of second order iterative homog-
enization [60], while ~μHS is based on solutions for coated laminates [8,9, 
12] and coincides with the Hashin-Shtrikman lower bound. Although 
the derivation assumes a polydisperse fibers, it has been hypothesized 
that the prediction serves as a lower bound for monodisperse composites 
such as those considered here [11]. Equation (5) has been shown to 
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agree with results from numerical homogenization in RVEs of unidi-
rectional hyperelastic monodisperse composites under general loading 
[59]. In the case of plane strain in the X2 � X3 plane there is no defor-
mation corresponding to the fourth and fifth invariants, I4 ¼ I5 ¼ 1, and 
Equation (5) reduces to: 

~WðI4¼ I5¼ 1Þ ¼
~μIH

2
ðI1 � 3Þ ; (10)  

which is the prediction obtained though iterative homogenization, and 
which will be used to normalize the results in this study. 

3. Results 

In order to present the results in a non-dimensional form, we will use 
the homogenization prediction in Equation (10). Although it is an esti-
mate for the strain energy density of the complete composite, the 
contribution of the fibers is found to be several orders of magnitude 
lower than that of the matrix, regardless of the fiber volume fraction. 
The total strain energy is then basically equal to the strain energy in the 
matrix, and so the strain energy density of the matrix can then be 
approximated by that of the composite, corrected to account for only the 
volume of the matrix: 

~Wm �
~W

1 � Vf
(11) 

For the rest of the study, we will refer to the non-dimensional strain 
energy as cW: 

bW ¼
W
~Wm

; (12)  

where it is implicitly assumed that ~Wm is defined using the appropriate 
fiber concentration, Vf . Following our naming convention, ~Wm is a 
prediction obtained through homogenization theory, and W is the strain 
energy local field, which depends on the position within the RVE; 
therefore, cW is also a local field, cW ¼ cWðXÞ (in practice, there is a value 
of W and cW associated to each matrix element of the RVE). 

We will also use the homogenized shear stiffness, μ, to characterize 
the global response of the RVE. Assuming that the response of the RVE 
can be approximated as a Neo-Hookean material [38], it can be calcu-
lated from the homogenized strain energy density W as: 

μ ¼ 2W
I1 � 3

; (13)  

which will be normalized by the value predicted by the homogenization 
theory, ~μIH in Equation (6). 

The homogenized strain energy density W is calculated as: 

W ¼
R

AWdA
A

¼

R

Af
Wf dAf þ

R

Am
WmdAm

Af þ Am
; (14)  

where the integral has been evaluated separately in the two phases: Wi 
and Ai are the strain energy density and area of either fiber, f, or matrix, 
m. The integral can be calculated numerically from the simulations, by 
simply adding the energy of all matrix and fiber elements. As mentioned 
before, the contribution of the matrix (Wm) is several orders of magni-
tude higher than that of the fibers (Wf ). 

It should be noted that the values of L used in the study are not 
exactly equal to δr. Instead, the simulations use the closest value giving 
an integer number of fibers, so that the fiber volume fraction is strictly 
enforced. Table 1 summarizes the number of fibers on each of the ge-
ometries considered; 200 different realizations of the RVE have been 
created for each combination of Vf and δ. 

3.1. Example of results 

The present study focuses on the strain energy density of the matrix, 
which has been calculated as the total strain energy of each element 
divided by its area. In order to limit the influence of the mesh size, we 
will avoid focusing on the maximum strain energy at a given element. 
Instead, we will use the procedure detailed in the following example. It 
corresponds to the case of Vf ¼ 0:3 and δ ¼ 20, and it has been applied 
to all the other cases considered in this study. 

For each simulation, we can calculate the fraction of matrix area in 
which the strain energy is higher than a given threshold cW

�
: 

bAbW ð
bW
�
Þ ¼

P

bW i>bW
�

Ai

Am
; (15)  

where Ai and cWi are the area and non-dimensional strain energy density 
of the i-th element of the matrix, and Am is the total area of the matrix, 
Am ¼

P

i
Ai. In pratice, this is done by adding the area of all matrix el-

ements with strain energy higher than cWi, and dividing it by the total 
matrix area. 

Fig. 2 (a) shows the evolution of bAbW
� for the 200 different re-

alizations of the RVE with Vf ¼ 0:3, δ ¼ 20 and an applied stretch λ ¼

1:01, with one specific realization highlighted. As expected, bAbW ð
cW
�
¼

0Þ ¼ 1, since the whole matrix has at least zero strain energy, and it 
decreases as cW

�
increases. All curves are smooth at first, but take 

discrete steps for very low values of bAbW . The reason is that for very high 

values of cW
�

only a few elements contribute to the sum in Equation (15). 
In this study we will only consider bAbW � 10� 3, so that we can still as-
sume that the simulations behave like a continuum. 

We then consider the three horizontal lines in Fig. 2(a), corre-
sponding to bAbW ¼ f0:1;0:01;0:001g, that is, the 10%, 1% and 0.1% of 
elements with highest strain energy. These thresholds in matrix area 
allow us to define a given strain energy level for each RVE, cW

�

p, defined 
as the strain energy for which: 

bAbW

�
bW
�

p

�
¼ p (16) 

As such, the p-fraction of the matrix with highest strain energy has at 
least an energy equal to cW

�

p. Smaller values of p correspond to increas-
ingly small fractions of the matrix area, and therefore increasingly larger 
values of the local strain energy of the matrix (cW

�

p <
cW
�

q for all p > q). 

During the text, we will use either cW
�

p or bAbW ¼ p to identify the results. 
It is clear from Fig. 2(a) that different realizations of the same RVE 

have very different values of cW
�

p, particularly for small values of p, since 

Table 1 
Number of fibers and final RVE size for the values of δ and Vf considered in the 
study.    

Vf   

0.1 0.2 0.3 0.4 

δ 10 Nf ¼ 3  Nf ¼ 6  Nf ¼ 10  Nf ¼ 13  
L ¼ 9:71 r  L ¼ 9:71 r  L ¼ 10:23 r  L ¼ 10:10 r  

20 Nf ¼ 13  Nf ¼ 25  Nf ¼ 38  Nf ¼ 51  
L ¼ 20:20 r  L ¼ 19:82 r  L ¼ 19:95 r  L ¼ 20:01 r  

30 Nf ¼ 29  Nf ¼ 51  Nf ¼ 86  Nf ¼ 115  
L ¼ 30:18 r  L ¼ 29:92 r  L ¼ 30:01 r  L ¼ 30:05 r  

40 Nf ¼ 51  Nf ¼ 102  Nf ¼ 153  Nf ¼ 204  
L ¼ 40:03 r  L ¼ 40:03 r  L ¼ 40:03 r  L ¼ 40:03 r   
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those correspond to regions with high strain and stress concentrations 
within the fibers, where the dependence on the microstructure is more 
pronounced. Fig. 2(b) shows the histograms of all the three values of cW

�

p 

considered (p ¼ f0:1;0:01;0:001g), for the 200 realizations of the RVE. 
In other words, the red line in Fig. 2(b) shows the distribution of the 
lowest strain energy out of all the matrix elements that belong to the 10% 
of the matrix with the highest strain energy. The results show that for p ¼
0:1 there is little variation between different RVEs, while the high values 
associated with p ¼ 0:01 and p ¼ 0:001 have increasingly larger spread. 
The mean (M) and standard deviations (SD) of the distributions are 
provided in the legend. 

In order to further illustrate the meaning of the parameters chosen to 
present the results, Fig. 3 shows the strain energy of the RVE highlighted 
in Fig. 2(a), with the scale in the color representing different values of p, 
including the main values used in the study, p ¼ f0:1;0:01;0:001g. In 
Fig. 3(b–e) the scale is binary, with the green color corresponding to 
energies below cW

�

p, with p ¼ f0:75; 0:5; 0:25; 0:1g, and red for higher 
energies. The sequence shows how, as p decreases, the area with high 
strain energy is mostly relegated to regions between closely packed fi-
bers, as expected. The present study has focused on strain energy for 
conciseness, but plotting other quantities, such as a maximum principal 
strain, reveals very similar contour plots, indicating that both quantities 
are highly correlated, as expected. 

3.2. Effect of model size and fiber volume fraction 

We first explore the effect of the RVE size, δ, and the fiber volume 

fraction, Vf . Previous studies have shown that for δ � 30 there is very 
small variation in the macroscopic response within different realizations 
of a given RVE [61]. Our goal is to explore if the same can be said about 
the local variations in strain energy, since these will be important to 
model nonlinear effects such as damage and debonding. Fig. 4 shows the 
probability density functions of cW

�

p for an applied stretch in the linear 
regime, λ ¼ 1:01, as well as a value well into the nonlinear regime, λ ¼
1:5, and different values of the RVE size and fiber volume fraction. The 
same results are presented as mean and standard deviation (M� SD) in 
the Figure insets. 

For p ¼ 0:1, the results are very similar in all cases: the average 
values are very similar regardless of the fiber concentration, roughly 2 to 
2.5 times higher than the values predicted by homogenization theory, 
and the standard deviations are very small regardless of the values of δ 
and Vf . As the value of p increases, two effects can be observed. First, a 

Fig. 2. Example of the analysis procedure: (a) Fraction of area with strain 
energy higher than the threshold bAbW , for 200 different RVEs, with one of them 
highlighted as a bold black line. All RVEs have δ ¼ 20 and Vf ¼ 0:3, and the 

applied deformation is λ ¼ 1:01. (b) Histogram of the threshold strain cW
�

p for 
all 200 different RVEs and p ¼ f0:1; 0:01; 0:001g. The legend lists the mean 
(M) and standard deviation (SD) of each distribution. 

Fig. 3. Colour contours of the strain energy in the matrix of the RVE high-
lighted in Fig. 2(a), for different values of cW

�

p (a), as well as the same RVE with 
difference binary scales for the color bar, showing the reduction in area as p 
decreases (b–e), with the regions of high local strain energy located between 
closely packed fibers. The model has Vf ¼ 0:3 and δ ¼ 20, and the applied 
loading is λ ¼ 1:01. (For interpretation of the references to color in this figure 
legend, the reader is referred to the Web version of this article.) 
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pronounced dependence on the volume fraction: the values of cW
�

0:001 are 
roughly twice for the most dense RVEs considered (Vf ¼ 0:4) than for 
the most dilute (Vf ¼ 0:2). Second, the convergence with the RVE size 
(δ) changes, and it also shows a relationship with the volume fraction. 
For dense systems, Vf ¼ 0:4, convergence for the case of p ¼ 0:001 is 
only achieved for δ � 30. 

In all cases of the small RVEs, δ ¼ 10, the distributions also show 
large values of the standard deviation, specially in the case of dense 
systems: in models with a small number of fibers it is more likely that a 
significant portion of them are very closely packed, while as the size of 
the model increases, the fiber distribution within a given realization of 
the RVE tends to be more homogeneous (i.e., a small cluster of fibers will 
have a relatively smaller effect). 

Remarkably, the results are very similar for loading in the linear 
regime, λ ¼ 1:01, and the non-linear regime, λ ¼ 1:5, both in terms of 
the values of cW

�

p, as well as their dependence with respect to the RVE 
parameters, δ and Vf . 

3.3. Effect of fiber distance 

As detailed in Section 2.1, a key parameter in the creation of the 
RVEs is the imposed minimum distance between fibers, d. In practice, 
the value of d is often chosen to ensure a proper meshing of the model, 
but it does affect the physics of the problem. Small values of d allow the 
appearance of clusters of tightly packed fibers, while relatively large 
values of d result in RVEs with a more homogeneous distribution of the 
fibers, and therefore less likely to have high stress and strain concen-
trations. In order to quantify this effect, Fig. 5 show results with simu-
lations with Vf ¼ 0:3 and minimum fiber distances d =ð2rÞ ¼ f1:05;1:1;
1:15g, again for both the linear and non-linear regime. 

The results show that the minimum fiber distance has very little ef-
fect on the strain energies at the cW

�

0:1 level, at least for the range of 
d considered. The effect is much more pronounced for higher values of 
the strain energy, particularly for p ¼ 0:001, even for the largest value 
of δ considered. As before, the results are very similar for the linear (λ ¼

Fig. 4. Probability density function of the distribution of cW
�

p for p ¼ 0:1;0:01; 0:001 and different values of the RVE size, δ, and fiber volume fraction, Vf . The applied 
stretch is λ ¼ 1:01 (a–c) and λ ¼ 1:5 (d–f). The insets show the same results expressed as mean and standard deviation (M � SD), as a function of the RVE size, δ. 

Fig. 5. Mean and standard deviation of the distribution of cW
�

p for p ¼ f0:1; 0:01;0:001g and different values of the RVE size, δ and minimum fiber distance, d. The 
fiber volume fraction is Vf ¼ 0:3, and the applied stretch is λ ¼ 1:01 (a–d) and λ ¼ 1:5 (e–h). 
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1:01) and non-linear regimes (λ ¼ 1:5). 

3.4. Correlation between linear and non-linear regimes 

The previous results have shown similar global trends when the RVEs 
are loaded in the linear and non-linear regimes. We now investigate the 
possibility of a direct correlation between the two, that is, if a RVE with 
particularly high strain and stress concentrations in the linear regime 
will also have high values of the strain energy when the applied stretch is 
increased to the non-linear regime. Such a relationship could be used to 
reduce computational cost, by identifying RVEs of interest with simu-
lations in the linear regime, before performing a geometrically non- 
linear analysis. 

Fig. 6(a and b) plots the energy levels for cW
�

p for the same RVEs in the 
linear versus the non-linear regime, plus the best linear fit. The R2 values 
are given on each figure, as a way to indicate the quality of the fit. The 
values of p and Vf correspond to the two most extreme cases: the highest 
R2 value (p ¼ 0:1 and Vf ¼ 0:2), in which the correlation is already 
weak (R2 ¼ 0:6), as well as the lowest (p ¼ 0:001 and Vf ¼ 0:3), in 
which there is basically no correlation (R2 ¼ 0:23). Fig. 6(c) shows the 
trend more clearly, by plotting the R2 of the fit between parameters in 
the linear and non-linear regime: macroscopic stiffness, obtained 
through numerical homogenization, and normalized by analytical pre-
dictions, μ =~μIH, and the energy levels cW

�

p, as a function of the volume 
fraction Vf . It should be mentioned that the values of R2 used in the plot 
have been obtained with a fit using all values of δ. In order to identify 
possible effects of the RVE size, the error bars have been calculated using 
the standard deviation between the R2 values of five different options to 
calculate the fit: using all RVE sizes, as well as each of the four values of δ 
independently. The relatively small value of the error bars indicates that 
the results are not an artifact of the size of the RVE. 

As indicated before, the correlation values range from poor to very 
low. They are highest (R2 in the 0.5 to 0.7 range) for the homogenized 
stiffness, and lower for cW

�

0:1 and cW
�

0:01 (R2 in the 0.65 to 0.35 range, 
indicating no meaningful correlation). The values of R2 are even lower 
for the highest energy level considered, p ¼ 0:001. There is also a strong 
dependence on the fiber volume fraction, with all values of R2 

decreasing as Vf increases, indicating that the fiber arrangements asso-
ciated with dense packing of fibers are more likely to be drastically 
rearranged due to large applied stretches, resulting in a radically 
different behavior between the linear and non-linear regimes. Overall, 
Fig. 6(c) shows that there is a very weak correlation between the two 
regimes, and so the results from a linear analysis do not provide infor-
mation about the expected response under non-linear deformation, 
particularly for dense systems. 

3.5. Correlation with macroscopic stiffness 

Another interesting correlation to explore is that of local strain en-
ergy levels within the matrix, and the macroscopic response, defined by 
the homogeneous stiffness μ =~μIH. Since almost all the strain energy in 
the system is contributed by the matrix, and the stiffness is directly 
determined by the energy of the system, there is an obvious relationship 
between the stiffness and the total strain energy of the matrix. However, 
it is not clear if the same relationship takes place when higher levels of 
the strain energy (i.e., only regions with high strain and stress concen-
trations) are considered. 

Fig. 7 shows the quality of a linear fit between homogenized sitffness, 
μ =~μIH, and all three energy levels considered, cW

�

p for p ¼ f0:1; 0:01;
0:001g, as a function of the fiber volume fraction and the applied stretch. 
The procedure to determine values and error bars is the same as in Fig. 6 
(c). The results show that there is a significant relationship between the 
macroscopic response and the local strain energy for energy levels with 

Fig. 6. Correlation of local strain energy density levels, cW
�

p, for linear (λ ¼
1:01) and non-linear (λ ¼ 1:5) applied loads, for (a) p ¼ 0:1 and Vf ¼ 0:2, and 
(b) p ¼ 0:001 and Vf ¼ 0:4; the same legend applies to both. Each data point is 
an individual RVE, and the lines correspond to a linear fit obtained using all 
values of δ; the values of R2 are displayed for each fit. (c) R2 value for the 
correlation between homogenized stiffness, μ, and energy levels cW

�

P, at the two 
different levels for applied stretch, for different values of p and Vf . The values 
correspond to a linear fit obtained using all values of δ. The error bars are the 
standard deviation between the fit considering all values of the RVE size, as 
well as fits using the individual values of δ. 
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p � 0:01 (R2 in the 0.75 to 0.9 range), but a significantly weaker rela-
tionship for p ¼ 0:001 (R2 � 0:6), which corresponds to very high strain 
and stress concentrations. In all cases, the values of R2 are lower in the 
nonlinear regime than for the case of small deformations. 

Interestingly, the dependence on the volume fraction changes with 
the values of p. For cW

�

0:1, the correlation increases with the fiber con-
centration, while it decreases for the case of cW

�

0:001, particularly in the 
nonlinear regime. The hypothesized reason is the fact that, as the vol-
ume fraction increases, the fiber distribution is at the same time more 
homogeneous in general (meaning less likely to show large regions of 
pure matrix), resulting in a more homogeneous distribution of the 
moderate values of the strain energy, that correlates better with the total 
strain energy, and therefore with the stiffness of the RVE. In dense 
systems, on the other hand, it is much more likely to find RVEs with 
highly localized regions of very closely packed fibers, in which high 
strain and stress concentration do not translate into an equally high 
overall stiffness, explaining the poor correlation between μ and cW

�

0:001. 

3.6. Effect of loading direction 

We finally explore the effect of varying the loading direction for the 
same model. A study exploring the isotropy of different RVEs of unidi-
rectional composites [61] showed that, in the linear regime, the 

response is approximately sinusoidal with respect to the loading direc-
tion, θ, with a half-period of π =2 radians (meaning identical response 
under loading in perpendicular directions). In the non-linear regime, 
however, there is no clear dependence with respect to θ, due to the 
different relative displacement of the fibers. This means that the 
macroscopic response of a model depends not only on the particular 
realization of the fiber arrangement, but also on the loading direction. 

To study the effect of the loading direction on the local strain energy 
distribution, the RVEs with Vf ¼ 0:3 have been loaded in both the X2 and 
X3 direction. Fig. 8 shows the correlation between energy levels for both 
loading directions, as well as the correlation between macroscopic 
stiffness. As expected, the results in the linear regime show almost 
perfect correlation (R2 > 0:99) for all values of cW

�

p, as well as the 
macroscopic stiffness. For λ ¼ 1:5, on the other hand, there is a com-
plete lack of correlation, with R2 < 0:2 for all values of p, as well as for 
the macroscopic response. In both cases, the main effect of increasing 
the value of δ is decreasing the magnitude of the relative variations 
between different RVEs. 

An important distinction to be made between the macroscopic (μ) 
and microscopic (cW

�

p) responses in the non-linear regime is the differ-
ences that can be observed under different loading directions. In the case 
of the macroscopic stiffness, the relative variations are small, less than 
10% for most RVEs with δ � 20. In the case of the distribution of strain 
energy densities, the range of values is much larger, and so the differ-
ences for a given RVE and different loading directions can be very sig-
nificant. For example, for p ¼ 0:001 differences of over 50% are 
frequently observed even for the largest RVEs considered in this study, 
δ ¼ 40. 

The main conclusion that can be drawn from Fig. 8 is the fact that 
variations in mechanical properties when a given RVE is loaded in two 
different directions are as significant as the variations between different 
realizations of the RVE. The results agree with a previous study that 
focused on the anistropy of the macroscopic response at both the linear 
and non-linear regimes [61]. This implies that even if RVE number 1 is 
stiffer than RVE number 2 when the loading is applied in the X2 direc-
tion, the opposite could be true when the load is applied in the X3 di-
rection; the same applies to the stress and strain concentrations in the 
matrix. As such, studies trying to characterize each RVE with a single 
parameter (e.g. stiffness) describing its mechanical behavior, in order to 
rationalize the variations between different realizations (e.g., by relating 
them to descriptions of the microstructure) need to take into account 
this anisotropy, for example by choosing a sufficiently large RVE size or 
averaging over different loading directions [62–64]. 

4. Discussion 

Numerical simulations with sets of 200 nominally identical RVEs 
were used to investigate the relationship between different parameters 
used to generate the models, and their response at the microscopic scale. 
The strain energy of the matrix is defined by considering cW

�

p, the values 
corresponding to the p-fraction of the matrix with highest strain energy, 
so that lower values of p correspond to increasingly small regions with 
very high stress and strain concentrations. All RVEs generated have been 
loaded with both linear and nonlinear applied stretches, to investigate 
the effect of the microstructure rearrangement associated with large 
applied deformations. 

The results show that the energy levels for p ¼ 0:1 are very similar 
regardless of RVE size and volume fraction, with little variation between 
different realizations of the same RVE. As p decreases, that is, for higher 
local values of the strain energy, the variation between RVEs increases 
with increasing volume fraction, decreasing model size and decreasing 
minimum imposed distance between fibers. For Vf ¼ 0:4 and p � 0:01, 
convergence is only observed with δ > 30, and nevertheless with sig-
nificant variations between different RVEs. 

Fig. 7. value for the best linear fit between homogenized stiffness, μ and energy 
levels cW

�

P, for different values of p and Vf , for (a) λ ¼ 1:01 and (b) λ ¼ 1:5. The 
values correspond to a linear fit obtained using all values of δ. The error bars are 
the standard deviation between the fit considering all values of the RVE size, as 
well as fits using the individual values of δ. The legend applies to both plots. 
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We have also studied the correlation between strain energy in the 
matrix and the macroscopic response of the composite, characterized by 
the homogenized shear stiffness, for each of the RVEs analyzied. Obvi-
ously, there is a one-to-one relationship between stiffness and the total 
strain energy in the matrix, but this correlation decreases as increasingly 
smaller values of p are considered, implying that the presence of high 
strain and stress concentrations cannot be predicted by the macroscopic 
stiffness of a given RVE. 

Remarkably, the distribution of strain energies and their correlation 
with the macroscopic response, are very similar in the case of linear and 
nonlinear applied stretches. Even so, the large strain response has shown 
two important effects fundamentally different from the response in the 
linear regime, and that should be taken into account. 

First, despite showing similar overall statistical distributions of the 
strain energy, there is very little correlation between the response in the 
linear and nonlinear regimes for a given RVE, meaning that a given RVE 
could present low strain concentrations for small loading compared with 
nominal similar models, and high for large strains. In practice, this 
means that information of a given RVE in the linear regime cannot be 
used to predict its behavior in the non-linear regime. 

Second, the response in the large deformation regime is strongly 
dependent on the loading direction, to the point that there is basically no 
correlation between the responses of the same RVE when the same 
stretch is applied in perpendicular directions, both as strain energy 
concentrations or macroscopic stiffness. If the RVE is not sufficiently 
large, the variations in the mechanical response between RVEs under the 
same loading direction are comparable to those of the same RVE under 
different loading directions. Studies performing statistical analysis on a 
large number of RVEs need to ensure that perceived differences between 
simulations are not an artifact of this anisotropy. 

We hope the results presented in this study will contribute to the 
current efforts to develop a set of guidelines for RVE size and overall 
properties that is applicable to problems combining large deformations 
and failure mechanisms triggered by microscopic fields. In particular, 
the variations observed in the strain energy distributions in our results 

help rationalize the fact that RVEs sufficiently large to ensure conver-
gence in the macroscopic response still show variations in damage 
initiation and progression [38,65,66]. It is expected that phenomena 
with strong dependence on very high values of the strain energy (cor-
responding to high values of p in the present study) will need to use large 
model sizes, as well as a large number of realizations of the RVE, in order 
to ensure that the results are statistically representative of the behavior 
of the real composite. 
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