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Abstract—This study addresses the challenges posed by the
skin effect in modeling heterogeneous materials. Focusing on
radially symmetric circular composites, we employ numerical
simulations to explore the relationship between material proper-
ties, geometry, and frequency to model electrical current density
distribution. We introduce a novel variable, J, to represent the
depth that contains 90% of total current density, and present
a frequency-independent model for this revised skin depth
definition.

I. INTRODUCTION

Heterogenous materials, such as fiber composites, are not
only used due to their stiffness-to-weight ratio, but also for
the possibility of tailoring their electromagnetic properties,
with applications ranging from antennas to shielding [1] - [3].
Several homogenization techniques exist to model them (e.g.,
Maxwell-Garnett [4]), often based on the assumption that the
size of the macroscale is much larger than the characteristic
length of the microscale (e.g., the diameter of the fibers in a
composite). However, a third length-scale emerges in problems
with time-varying fields. The skin effect, an implication of
Faraday’s law of magnetic induction, implies that a current
density gradient occurs in conductors subjected to alternating
electric potentials. As frequency increases, the electric current
density moves closer to the surface. The skin depth is defined
as the distance at which current density falls to é (or =~ 37%)
of its maximum value on the surface of the conductor, in
which e is Euler’s number [5]. This third length-scale adds
complexity to homogenization models, particularly in cases
when the skin depth is of the same order as the typical length-
scale at the microscale.

This work aims to numerically explore this phenomena
and find scalings explaining the relationship between material
properties, geometry, and the distribution of electrical current
density within heterogeneous solids. We focus for now on the
skin effect in radially symmetric circular composites in which
two distinct materials are arranged concentrically.

II. ANALYTICAL MODELS AND NUMERICAL DATA

Analytical models for current density distribution in con-
ducting mediums exist with varying degrees of accuracy based
on material properties and frequency regimes. A common
closed-form analytical expression for skin depth is derived in
Cartesian coordinates using time-dependent Maxwell’s equa-
tions; this model solves for the attenuation of an electromag-
netic wave impinging on a conductive medium, as follows:

5:,/3—2\/\/1+(pwe)2+pwe (1)

in which w is frequency, p is permeability, € is permittivity,
and p is resistivity [6].
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Fig. 1. Normalized skin depth vs. normalized frequency for the three
modelling methods discussed. The three methods show good agreement in
the range considered in the present study.

The current density distribution in the cross-section of a
homogeneous conducting cylinder can be modeled as:

Tk Jo(pk)
V) =5 J10 (RE)

in which p is the radial coordinate, R is the cylinder radius, [
is total current in the cross-section, k is the wavenumber, Jj
is the Bessel function of zeroth order and first kind, and .J; is
the Bessel function of first order and first kind [7].

We utilize these models to produce values for the expected
skin depth in a circular cross section subjected to an alternating
electric potential, and compare against numerical results in
Finite Element Analysis (FEA) solver COMSOL Multiphysics.
The FEA simulations are configured such that 1A of total
electric current distributes across the 2D cross-section and
determines the radial current density profile. To achieve gener-
alized results, we normalize the response, as shown in Fig. 1,
where we compare results from (1) and (2). To focus on the
case in which the skin depth is a function of frequency, we
restrict our analysis to parameters in the pwe < 0.1 range.

)

III. SKIN EFFECT IN MULTIPHASE MATERIALS

In multiphase materials, the maximum current density is
not necessarily at the surface of the composite. We take a
different approach to the traditional definition of skin depth
by introducing a new variable, 5, which we define as the
depth at which 90% of the total current density is contained.
We consider a radially symmetric circular composite in which
two distinct materials are arranged concentrically, and excited
at a single frequency. The material properties of the inner
cylinder (R;) are considered fixed, and the outer material
varies. The outer (total) radius (R,) is set to a hundred
times the skin depth predicted by (1) using the inner material

APS 2024

Authorized licensed use limited to: UNIVERSITY OF COLORADO. Downloaded on August 25,2025 at 22:51:49 UTC from IEEE Xplore. Restrictions apply.



conductivity and the frequency selected for the simulations.
The outer cylinder’s conductivity varies proportionally to the
inner cylinder, spanning from 10~° less conductive until it
is equivalent to the inner material conductivity, effectively
producing a homogeneous material. To produce a variety of
current density distributions, we vary the radius of the inner
cylinder, spanning from 10% to 99% of the outer radius.

For low values of o,/0;, the electric current density is
mainly concentrated in the internal material, close to the
surface. It then transitions to the surface of the outer material
as its conductivity increases, as shown in Fig. 2 for a value of
R;/R, = 0.5. In Fig. 3, the normalized values of 5 for this
scenario are presented for all radii ratios; since we define the
radius using the excitation frequency, our normalization for )
shows no dependence on frequency. In all cases, the current
density transitions from the inner to the outer material as the
ratio of conductivities increases.

We then consider the alternate case, such that the outer
material properties remain constant and instead the inner
material’s electric conductivity varies. In this scenario, the
inner cylinder’s conductivity spans from 10~° less conductive
up to and now exceeding the outer material’s conductivity, such
that it is 102° times larger than the outer material conductivity
at maximum. In this case, the outer radius is set to a hundred
times the skin depth predicted by (1) using the inner material’s
maximum conductivity and the selected frequency. Again, a
sweep is performed to set the inner cylinder radius to vary
as a fraction of the outer radius, and it is determined that the
same normalization negates frequency-dependence in Fig. 4.

In this case, we find three regimes. First, for 0;/09 < 1,
the profile is equivalent to that described by Figure 3; the
current density concentrates in the outer material. Progressing
to 0;/o9 > 1, the inner material is more conductive, and
the current is distributed uniformly through its radius. As o;
further increases, the inner material develops its own skin
depth, and the current density concentrates to a thin layer
underneath the inner radius R;.

We aim to expand our analysis to complex multi-phase
solids with more than one inclusion, to gain insight that can
be applied in the modeling of fiber composites.

REFERENCES

[1] Munalli, D., Dimitrakis, G., Chronopoulos, D., Greedy, S., Long, A.
(2019). Electromagnetic shielding effectiveness of carbon fibre reinforced
composites. Composites Part B: Engineering, 173, 106906.

[2] Nicholson, K. J., Callus, P. J. (n.d.). Antenna Patterns from Single Slots
in Carbon Fibre Reinforced Plastic Waveguides. Australian Government
DOD Defense Science and Technology Organisation.

[3] Francis, S. (2019, May 9). Carbon fiber satellite communication an-
tennas offer higher performance. CompositesWorld. Retrieved April
24, 2023, from https://www.compositesworld.com/news/carbon-fiber-
satellite-communication-antennas-offer-higher-performance

[4] Levy, Ohad, and David Stroud. Maxwell Garnett Theory for Mixtures of
Anisotropic Inclusions: Application to Conducting Polymers. 1967.

[S] H. A. Wheeler, "Formulas for the Skin Effect,” in Proceedings of the
IRE, vol. 30, no. 9, pp. 412-424, Sept. 1942

[6] Griffiths, David J. “Chapter 9. Electromagnetic Waves.” Introduction to
Electrodynamics, Cambridge University Press, United Kingdom, p. 394.

[7] Weeks, Walter L. Transmission and Distribution of Electrical Energy.
HARPER AND ROW, 1981.

I

% 100 it T T T T T T T —

g 1”!—’;1(1[;_:) E e
E =] ==

: B L 53

I :

T L7 |

£ — L3

20 0 i

I, I - 2

e N

£ |

E 20 L L L L L L L L

“ o 01 02 03 04 05 06 07 08 09 1

Normalized Distance from Center
40 30 -
E BE
g |25 AT
o @
30 e Ol g
i 20
|
20 [ 15
|
10 [ 1o

042 0.44 0.46 048 0.5 0.9 0.95 1

Fig. 2. Electric current density is plotted radially from the center of the
concentric cylinders to the outer edge, normalized by the constant distribution
corresponding to the OHz, DC case. As the outer material’s conductivity
increases, the current density transitions from entirely within the inner cylinder
to majority in the outer, until both materials have the same conductivity and
the classical skin effect is observed.
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Fig. 3. Normalized 5 as a function of the ratio of conductivities, for five
different radii ratios. At lower conductivity ratios, the current density is
entirely contained within the internal cylinder, and as the ratio increases so
does the amount of current density in the outer cylinder until the conductivities
are equal and the skin effect for a homogeneous material is observed.
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Fig. 4. Normalized 5 as a function of the ratio of conductivities, for five
different radii ratios. In low conductivity ratios, the majority of current is
contained in the outer material, and at higher ratios t[le current density
transitions to the inner material. As this ratio increases, 0 decreases due to
the electric current density condensing at the internal surface of the inner
material.
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