


"White lies“ about phases of matter
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Emergence of richness, simplicity & universality
[

e Richness in nature -> “More is different” (p. wW. Anderson)

 Emergent laws of nature & universality (L. Landay, E. Noether, K. G. Wilson)

(effective field theories)

— MNavier-Stokes hydrodynamics for fluids -> waves, shear flow, viscosity,...

— Elasticity for crysfals -> phonons, fransverse sound,...

— Landau-Lifshitz for ferromagnets -> spin-waves,...

— Generalized elasticity -> superfluids, liguid crysfals, rubber,...

— Ginzburg-Landau for superconductors -> vortices, Meissner (Anderson-Higgs)...
— Thermodynamics, critical phenomena,...

— Einsteins gravity...



Sfatfes of wosonico mattfer: Landau paradigm

« “conventional” ordered states, e.g., AFM, SE liguid crystals...

— local order parameter, S(r)
— classified by patterns of sponfaneously broken symmefry  Lev Landau

— Shorf-range entangled

.\\ No low-energy modes

H = a|S|? + b]§|*

A%
/ N

‘e .
.........

low-energy \ ‘
Goldstone modes

»
L

ordered T, disordered T

(ferromagnet, nematic) (paramagnet. isotropic)




Anderson

H % Sfatfes of quantum matter

Wen :
il (beyond symmetry breaking)

Sachdev
Fisher

“conventional” quantum 7iguid” states, e.g., FQHE, spin ice,
toric code, ... - . e
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— Non-local, fractionalized bulk excitations as ends of strings:
anyons - free fo move but with statistical “interaction” - B Y-

—+—

. . © %)
— Topological order with O(1) gs degeneracy - -
o
Geometric frustration
— Long-range entangled (e.g. “spin-ice rules’)

— Gauge theory (Z,, U(1), ..

/\ | éf/ﬁ\\v\ Emergent

) \%?7\\*\ v <,‘ ~ . electromagnetism!
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Outline

New type of quantum 'liquids”:  fractons” @

Symmetric fensor gauge theories

Elasticity

Duality

Fractons from vecfor gauge theories

Symmetry-enriched fractons from a supersolid

Melting into super-hexafic, super-smectic



C. Chamon, 2005

A. Rasmussen, et al., 2016 Ff'aCfOﬂ quaﬂfum maffer

J. Haah, 2011, ‘13

S. Brawyi, et al., 2011
B. Yoshida, 2013

S. Vijay, L. Fu, 2015, ‘16

* new class of quantum liguids™ Z, fracfons, e.g., Haahs code,
X-cube, lattice rotors,...

xr
A= 1] -
nedc ne
z - po > o
Bﬁx ) = 0;0,0,0%
B(J'll) — e > \?
s | =0;05050;, :
Fractal operator
(yz) _ Z Rz z p
Bv‘ e U_; Un"m”p T

— Non-local, fractionalized excitations with restricted mobility and
exponential topological degeneracy, beyond TQFT description,...

« -> at corners of extended objects: fractons - /immobile in isolation

OAD VeAS

fracton

* -> at ends of undeformable string: dipoles - subdimensional

di . >
b —7 -

¢
planons lineons




S. Vijay, et al., 2015, ‘16

M. Pretko, 2016, 17 F f d / f-
T. Hsieh, et al., 2017 rdc 0,7 eve opmen S
K. Slagle, Y. B. Kim, 2017

H. Ma, et al., 2017

X. Chen, et al., 2017, '18

‘gauging” global Z, subdimensional symmetry spin model
| e -1l

’ " 7 s.Vijay, J. Haah, L. Fu, 2016

X-Cube Model

Coupled-layers construction A4 n

»

adr -

Coupled-chains consfruction
Ma, Lake, Chen, Hermele, 2017

Parton construction

Halasz, Hsieh, et al., 2017

Higher rank fensor gauge theory 0;0;;; = py

M. Pretko, 2016



74
Rasmussen, You,

cxi 206 Fractons via fensor gauge theory

Pretko, 2016

* U(1) symmetric tensor gauge theory (z+)
.+ lBB (B, Ay —i6®@(x) Bi=eudiat
H—§ i ij‘|‘§ By T, 48| —@AX) = Gk

* Gauss’ law: 87;8]-Eij =D

* Conservation of charges and of dijpoles ---> fracfon phenomenology!

-> moving charge changes djpole moment -> forbidden by dipole conservation

- Immobile @
@

-> dlpole motion consfrained : @

- subdimensional







iy TOpological defects in a crystal

 Disclination:
immobile

AVAVAVAN
AN/

QAR
ATHKHKAND
VOOCKN
TAVAWAY
* Dislocation climb: | g §
constrained by ____fciimb
v/i diffusion b

* Dislocation glide:
subdimension (d-1)
motion




iy TOpological defects in a crystal

a) ' 4 b)
e Disclination: A (( \”

immobile 1
| i

+  Dislocation climb: IR S
constrained by ___{ciimb
v/i diffusion b

* Dislocation glide:

subdimension (d-1)
motion




Elasticity theory and defects

Eulerian phonons: i = R + ()

Strain: (I

1 - L
= -2—((97,R ' 8]R . 5@J> > (&Lu] = ayuz)

DO | —

1

.. 1
Hamiltonian: H = ~#* + > Ci i U

Topological defects

— Disclinations: ¥V x V6 = 56°(7)
(bond angle: @ = 72 f/jd,-uj)

— Dislocations: V x Vu; = bi52(

2

— Vacancies/interstitials: O 00
it 00000

0OOOO




Dasgupta, Halperin

Fisher, Lee
Superfluid
ii S S topological
o winding
vortices ¢ g (‘\ 13 '
s X ] = P
s, \, S A
\’\>—>"
J=Vo

Goldstone mode
1
e — 5 /de V| + n?]

[n7¢] =1

Boson-vortex duality

Maxwell Gauge Theory (with matter)

Gauss's law:

V-E=p

particles

AT ;| =l



M. Pretko, L. R.,2017 see also

PRLs 2018 Fracfon-elasfticity duality . 0

other contexts

w2

» Elastic Lagrangian: £ = 2 (9u;)* — 3 i

- DlSCllﬂlCl'l'y 8;8;‘uw — S(X) + 7 -V X b(X)

* Momentum conservation (Newton) constraint: [9;7* — 0,0" = ()

» “Electric”, “magnetic” fields: Bi = ¢n; EY = c*eloy,

-> Faraday law: [0;B' + €30’ EX* = ()

-> Gauge fields: B! = EjkajAki Eéj = —atAij — 828]¢
-> Gauge freedom: A;; — A;; +9;0;a ¢ — ¢+ O

-> Peach-Koehler force: F; = E; p;



M. Pretko,
L. R., 2017
PRLs 2018

Fracton

Magnetic Field B;

OtBi + ijangi = (). S— 8tﬂ'z - 8]'0?"7

Faraday <-

Fracfon-elasticity duality

Strain Tensor

Lattice Momentum 7;

’U,z'j

0

> Newton



R

Hermele Fracfons via vecfor gauge theory

PRL 2020

* Lattice fractonic vecfor gauge theory:

Ea Eb e [Azk, Ejk’] = —i(SZ-j(Skk/(SQ(x = X/),

N~

/by

€p
Eb:p an

[&i, éj] = —i(Sij(SZ (X — X/)

- Gauss’ law:

(k = a, b)
y ¥ o 1 e o 1 2 b ‘s
H:§C’Ek‘ —|-§(VXA]§) —|—§K\e\ +§(V><a—AM) —Akw]k—a-J
gauge invariance demands Oipr + V - Jrp = jp —— J: (0

‘Fractons via higher-form symmetry breaking”
Qi, L. R., Hermele, AOP 2020



il 20 Bosonic crystal

* Coupled elasticity and bosonic vacancies/interstitials:

. AP B
H =57 £ 505 +5(VO)* + S+ Voui + i

I I 1 & _J | . J
i ! i
elasfticity vacancies/interstitials coupling
17 0E 00
L JF""'L__" 00000
| 00000

-> Commensurate (Mott-insulating) crystal

-> Incommensurafe (supersolid) crystal

L

___ fClimb Oing + Ol == J". Marchetti, L.R. 1998

(> Amperes law)




s 20 Symmetry-enriched fracfons e o

* Hybrid U(1) vector-tensor gauge duality

1 1
M= 5 (B5 + B + 5 (& +17) +9(B - e 4+ Eab) +.J" A+ ay
L - J \ — ] | " J _ '
elasticity bosons “axion“coupling charges

-> supersolid -> “fracton superfluid” (mobile djpoles) F

-> normal crystal -> ‘fracton Mott insulator” (confined dipoles) F

@@ B by iAo

* Vortex condensation: £ --> F/
-> fracfon dipole dimensional confinement
-> superfluid fo Mott-insulating fractfon transition



Zhai, L. R., 2018 . o,
> Fracfon condensation fransition 2D
Fracton Dipole Fracton
Insulator | Condensate | Condensate
2D scalar fracton model: \Ij U > T
unbinding of unbinding of
dipoles fractons
~ 1 1, ol 2T ’
H:§B (V=p)= — g5 cos F¢ — b Z cos (b, - 2 x Vo)
- — ] =2, % Y i
charges dipoles

KT, Halperin, Nelson, Young ‘79
b — b COS 5)¢ 2D melting

\/ - 1/B

///////

595(6’05) — Js COS(¢)




L 20 Quantum melting fracfons T
* Fracton dipoles b,, = Vnae®" condense: -> super-hexafic
L = %EZQJ — %BZQ — cos(0:0 — Ag) + gcos(0,0,0 — A;,) ‘ - |
®© © 0 ¢ o 0 © o o T } iL
® o oL BSOS o W | =
° o olo . olo o o bI)bT—bd — | N
e o o * ® ¢ o o T |
1 e o o ©® © o 4 o o 4_ —— J | } T r
XK B |

Commensurate Crystal

Fua)

Vortex

mobility wrel

Hexatic

SCy

Superfluid
SCy

Supersolid

F

Dislocation mobility Cp



Quantum liguid crysfals

Quantum Hall rogler;, et al. '96, Moessner, Chalker ‘96, Fradkin, Kivelson '99,
MacDonald, Fisher ‘99, L.R., Dorsey ‘02,..Eisenstein, et al. ‘99 11/2

13/2
N

e IN=3—N=2—
SDW, CDW, PDW in doped Mott insulators r——r——
Tranquada, et al., '97, Kivelson, Fradkin, Emery 98, | il
Sachdey,... |

i ) +
Imbalanced FFLO Ferml gases SOC Bose gases, L.R. et al. 091,
Zhai 15 ~ 1\ 7

.......

J

4 : A 7 -7A ‘ : . —-NJ 2 = N T 7
Helical, frustrated magnets, e.g., MnSi, FeGe, AB,X,, ..t St o T,
. 7 . L |- N\ & e\
Pfleiderer, et al.” 09 Bergman, et al. 07 \\ ":':’:":‘i ,:,:,_\
‘ ﬁ-\\'t'z-'-.\\’;’z
-,,~t-\\' ,I-’ S
)11 y\\\ d & |om \'F fﬁ—&‘\’
\\\ T 7 = N T _ 7 =N
LR N | =N e -
N[ A= e~
- | &= N e




L.R PRL 2020 . . . Ostlund, Halperin ‘81
3 = 7ha Anisofropic quanfum melfing
AOP 2021
C 1
* Crystal: H,.. = —u,?j + —7°
2 2
» Condense x-dislocations: b, = \/nge'’s -> super-smectic
P EEREEEY RN & 2 p (WL
Uy 000006000060 000- ©e0 ¢ 00 00 00 © ro oo\‘poo e @ oo~\o o
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_________________

»
»

T =0 quantum crystal C quantum nematic Ozz
x-dislocations cOme f :slocatlons condense

* Super-smectic:

T —

quantum smectic elasticity bosonic atoms



L.R PRL 2020

R,z znaCryStal — smectic — gauge duality

AOP 2021

elasticity

quantum crystal: | duality
>

¢

theory

quantum crystal:
vector gauge theory

melting

x-dislocations
condense

vy

elasticity

quantum smectic: | duality

theory

Higgs
transition

vector gauge theory

y-dipoles
condense




Cn SL 2020 Higgs'ing crystal gauge dual -> smectic gauge dual

AOP 2021 90000009 L0-080-0:00-0

LOb OO0 600
I—¢¢¢-¢-¢-¢-¢~j¢- o “o00 ®o _
96006660 “00 000 000

Ug I

crystal 7 smectic

° Cry S'l'al gauge dual . x-dislocations condense y-disl

7—~l:%C}Ek\2+%(vxAk)2+%K\e\2+%(Vxa—A[ij])Q—Ak-JZ—a-jS
ﬂcr = ‘(Zv 2 pkAk)wk‘Q i V(wk) L 7:Z]Waa: [Ak7 Ek]

> Higgs transition - condensation of y-dipoles (x-dislocations)
Ve =0, vy #0 — A, =0 gapped
» Smectic gauge dual: H,,,[A”, a] & H.-[A®, AY =0, a]

~

1 1 1 1
Hsm:§CE2+§(V><A)2+§Ke2+§(vxa—y-A)Z—A-J—a-j



a s’ Restricted disclination mobility
AQOP 2021

gauge Invariance demands Oop+V-Jd=x-j — j T — 0

* Fractonic restricted dynamics via disclination microscopics:

= = =

e i
=

TN

requires a nonlocal process of adding a pair smectic half-layer
per lattice constant of disclination separation



Summary and conclusions

New class of fracfonic quantum liguids
| 1
excitations w/ restricted/fractionalized mobility H=5m +5uy

|=> — Fracton Disclination

Oi(?jEij =p

immobile X 1d mobile /

Fracfons - elasticity duality
realized as defects in quantfum crystal

Dipole
Fracfonic phases and fransitions:
A e ./'
Commensurate Crystal Gauge Modes
FU(I) -,_A-.-._.-.-.-.-A-... .................
Electric Field E;;j| Strain Tensor Ujj
Supe'j‘ Superfluid o R SC | S ——
e Blid Hexatic sC Magnetic Field B; | Lattice Momentum T7;
SCyq f
AN SO B EE a8 =
60000000 L0 e 000
90000009 | 0000000 0
Dislocation mobility P00 00009 T e oo ed e o
90000606060 o0 00000 0
. i 90006660 'O 00 0000:0
Quantum melting criticality? 196066660 v 00-00-00
QH smectic 7 (anisotropic melting, via Higgs transitions, LR ‘PRLZ0) ::%::::: | So=peasm
. . — 3
E/asf/'c“nw?//near/f/e‘s : ‘ ‘ crystal - Ty
Classification, relation fo Z, models, higher form symmetfries, ...? x-disidBtions collinse y-disle

Animation dynamics and editing of fessellated surfaces ?






P il 2> /-R breaking fracfons T
e Wigner crystal in B-field elasticity (also vortex lattice)
. 1 7 JHOMRT / .12 &2 /
b — 50 Uy j ULy Uz (1), uy(r)] =707 (r — 1').

* T-R breaking fracton phase

e i 1 .
s — §B X (9tB — §Czjk€EijEk£



-, Fracfon-elasticity duality
* Elastic Lagrangian: = %(atui)Q = %Cij’“uijukg

e Disclinations: e*eI0;0,ure = 5(x)

* Electric, magnetic fields: BFE 78 EY = ¢F oy,
Bi = EjkajAki Eéj — —87514” - 828]¢

-> Fracton Hamiltonian: [E4, Ay;] = 46 (x)
e - N
=" = §Czjk€EZ‘jEkg N §BZBZ -3 ,0¢ . J@JAZ,J,

-> Fracton charges, dipole currents:
p=3S J = eikeje(at(?k — Ok O¢)up = el p,

-> Gauss’ law, continuity:  9,0,E7 =p  Oyp+ 30,07 =0

= Ampere’s law: o + §(€zkakBj 2 ijak;BZ) —— "/ Ornget O0id ; = —J°

Marchetti, L.R. 1998




Ve Fracton dual ‘superconductor”

PRLs 2018

* trace over fractons and dipoles:

1 1
vi = §EZQJ - 533 — cos(0:0 — Ag) + gcos(0;0,0 — A;;)

* Fractons in “normal” Coulomb phase (crysal)

» Higgs transition out of fracton phase (/iguid)



L. R. 2016

Fracfons via vecfor gauge theory ?

* Flavored xy model -> vector gauge duality (no fractons)

1 A 2 1
H=on+5IVelt — H=5(V x Ap)® + S[Ex[*

Reformulate elasticity into coupled xy models: u;x — O;ux
1 18 1 1

1 1

p 2

* Target space rotational symmetry:

-> u; = x(cosf — 1)+ ysinf

-> uy = —xsinf + y(cosf — 1)



L. R., 2018

Fracfon 'sliding phase”
Incompressible crystal -> ‘fractfon Mott insulafor”
Fuw

Y, r+y 2

. - 1 d
H = Z [ b bl r—|—x fIJI‘eZA = 1y b! by,remmy 18 _Bi2 + §CijEz'2j

s
di ionl l I T %1 e
ispersionless along lines 23 -
* stability to interactions? T ‘ Lt

A/T
* Deiimb ~ € 2/T << Dyjige




