Lecture 13 Simple 1d solutions of Schrodinger’s equation

Announcements:

* lectures 12 and 13 are posted
* homework 8 solutions are posted
* homework 9 is due March 30

* reading for this weeK is:
o Ch7 InTZD



Last Time

recall lecture |2:

Schrodingers equation for Y(r,1) il

« the equation and interpretation:

P(r,t) = [W(r,1)I2 - probability density

. free particle: 1 = elpr—Et)/h

0
. observables: p = —1hYV = —1h—
ox

. measurements: (V|0O|y) = /dBW*Ow



Today

Simple Schrodingers equation problems in 1d

- mathematical generalities
. free particle

« particle in an infinite square-well

e particle in a finite square-well
« harmonic oscillator

« potential barrier and tunneling



Mathematical background

. simple solutions for constantV : -Y” + VU = EY

o Solutions are e%x:

o Yp(x) = Ae’™™ + Be™ "™ for E >V

1\-:/ \v/\v/\\//\v/\v/\v/\ k= VE_V

o Yp(x) = Ae™ + Be " for E<V




General rules

. legitimate solution must:
W 9*pp

2m O0x?

o satisfy Schrodingers equation: — +V(x)g = E¢p

o satisfy boundary conditions: e.g., cannot diverge

V not/allowed

o be continuous and have continuous derivatives:

WO-)=YO+*), Y(O-)=y(0*)




Free particle: V=10

h? 82¢E o h2 82¢E
5 g2 TV (@VE=EYp —y o B = Evp
: 21.2
plane-wave: Vr(z) = A e with B, = Z:L

continuum spectrum: E = p2/2m

Ey

K
normalization in a box: A = ? only determined up to a phase €%

<€ L >

400 +L/2
1 = / W:/ AR == A=1/VL

L2




-V =0,

e Vi ()

Particle in an infinite square-well

for O < X < L, and oo outside the well

[ 2
Esinkna:, for 0 < x < L

0, otherwise

o with kn = an/L , n=1 2 3.. (hnumber nodes)

o discrete spectrum: F/,, =

hém? 2
2mL?

e no degeneracy in 1d, one state at each E

° Pn(x)

U ()],

2 . o TN
— sin” ——,

L L

for 0 <x < L

o "crude” path to solution: p = n h/L

and minimize E(x) over x

==F 1

-5

[INFINITE SQUARE WELL |

A E = 25E0

= 16Eo

N _—

= 4Eo




General solutions reminder

. simple solutions for constantV : -Y” + VU = EY

o Solutions are:

o Yp(x) = Ae’™™ + Be™ "™ for E >V

1\-:/ \v/\v/\\//\v/\v/\v/\ k= VE_V

o Yp(x) = Ae™ + Be " for E<V




Particle in a finite square-well

eV =0, for —a< X <a, and VO outside the well

E,

Vo Asink,x Vo
e T 2
-a4 even 4 0 -4 odd a 0

A, B k=+\2mE/h2, k=/2m(V, — E)/h?

are determined by normalization, continuity and finiteness:

even.

odd:

winside(a) = woutside(a)

Acos ka

A sin ka

— Be "¢
_ ktan ka = k 4—’

= Be "
_ kcotka = —k 4—'

solve together with k? + k2= 2mV,/h > E,

there is also a continuum part of spectrum for E >V,

L/J’inside(a) = w’outside(a)
—Aksinka = —Bre "¢

Ak coska = —Bre "¢



Harmonic oscillator

h* 0* 1
« S.Egn:  — o | §mw8:€2¢E = Eyg

2m Ox?

. spectrum: L, = hwo(n+1/2), n=0,1,2,...

: 2 70)2 h
. eigenstates: 1, (x) = H,(z/l)e”* /267 p =
1 mwo
Yolx) = e /2 By = 571&107
~2 3
wl(x) = ze " /27 by = §7iw07
L2y —#2 /2 5 El:
77b2(x) — (1 — 2 )6 , E2 = —hwo =
2 % Classic_gl

. Classical limit: provaity L] Df?]babmty

-y ﬂ

N\ ) IRIRIRIRIRIA

. “crude” path to solution: p = n h/x and minimize E(x) over x

& N Classical limit




General solutions reminder

. simple solutions for constantV : -y"“ +VY =E

o Solutions are:

o Yp(x) = Ae’™™ + Be™ "™ for E >V

1\-:/ \v/\v/\\//\v/\v/\v/\ k= VE_V

o Yp(x) = Ae™ + Be " for E<V




Step potential

sin(kxz + 6) Vo —
\V/\V/\Vr|\ i

o k=+/2mE/R2 k= /2m(Vy — E)/h2
e O, B are determined by continuity across interface:
W (0) = .(0) Y’ (0) = @’,(0)
sin(6) = B k cos(6) = -k B

) tan(s) = —k/k
NANANALN N\ N\
vV V V V N\ \/ E

ezklx + Te_Zklx VO
— —_—)

nonclassical reflection even for E > V,

teZkQZB |



Potential barrier: tunneling

ethT | 7“6_=ikaC < : RVA
Ael‘iw _I_ Be—lﬁl.fU .
« E <V, ALI'\\//\\//\V/\ \ fothid E
AVAVAVET.™
X X2

e reflection (r), transmission (t): |r|2 + [1]2=1

e exponentially weak tunneling: t = Ay /A = e*¥2/e ™ ~ ek

P = |t2

« controlled by thickness (d), height (V,): ~d = dv/2m(Vy — E)/h?

« many applications: a-decay, scanning tunneling microscope (STM)

flash memory, microelectronics,...



Large, unstable
nucleus

Tunneling applications:

Scanning Tunneling
Microscope (STM)

mad Smaller, more stable + Alpha particle
nucleus




