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Outline 

!

•  New type of quantum liquids: fractons!

•  Higher rank gauge theories!

•  Elasticity!

•  Duality!

•  Further directions!

M. Pretko and L. R., arXiv 2017!
!



States of quantum matter 
!

•  “conventional” ordered states, e.g., AFM, SF, …!

–  Local order parameter !

–  Classified by broken symmetry!

–  Short-range entangled!

–  Landau theory description!



States of quantum matter 
!

•  “conventional” quantum‘liquid’ states, e.g., FQHE, spin ice, 
toric code, …!

–  Non-local, fractionalized bulk excitations as ends of strings: 
anyons – free to move but with statistical “interaction”  !

–  Topological order with O(1) ground state degeneracy!

–  Long-range entangled!

–  Gauge theory (Z2, U(1), …) description!

P. W. Anderson!
X. G. Wen!
R. Laughlin!
A. Kitaev!
S. Sachdev!
Fisher, Balents, Hermele !
…!



States of quantum matter 
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•  “conventional” quantum‘liquid’ states, e.g., FQHE, spin ice, 
toric code, …!
–  Gauge theory (Z2, U(1), …) description!

P. W. Anderson!
X. G. Wen!
R. Laughlin!
A. Kitaev!
S. Sachdev!
…!
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States of quantum matter 
!

•  new class of quantum‘liquids’: Z2 fractons, e.g., Haah’s code, 
X-cube, lattice rotors,… !

–  Non-local, fractionalized excitation!
•  -> at corners of extended objects: fractons – immobile in isolation!

•  -> at ends of undeformable string: dipoles - subdimensional      !

C. Chamon, 2005!
A. Rasmuss, et al., 2016!
J. Haah, 2011, ’13!
S. Bravyi, et al., 2011!
B. Yoshida, 2013!
S. Vijay, L. Fu, 2015, ’16!



States of quantum matter 
!

•  new class of quantum liquids: Z2 fractons, e.g., Haah’s code, 
X-cube, lattice rotors,… !

–  Non-local, fractionalized excitations                                       
-> at corners of extended objects: fractons – immobile               
-> at ends of undeformable string: dipoles - subdimensional                        !

–  Topological order with O(L) 3d ground state degeneracy!

–  Long-range entangled!

–  No (?) field theory description!

C. Chamon, 2005!
A. Rasmussen, et al., 2016!
J. Haah, 2011, ’13!
S. Bravyi, et al., 2011!
B. Yoshida, 2013!
S. Vijay, L. Fu, 2015, ’16!
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!

!

•  Disclination:!

•  Dislocation climb:!

•  Dislocation glide:!

Topological crystal defects  L. R., 2016!
 classical duality!

immobile !
!

constrained by !
v/i diffusion!
!

subdimension (d-1) !
motion!
!

Hel =
1
2
B(uij)2
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1
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S. Vijay, J. Haah, L. Fu, 2016!

Ma, Lake, Chen, Hermele, 2017!

!

•  “gauging” global Z2 subdimensional symmetry spin model!

•  Coupled-layers construction !

•  Coupled-chains construction !

•  Parton construction!

•  Higher rank tensor gauge theory!

Fracton developments S. Vijay, et al., 2015, ’16!
M. Pretko, 2016, ’17 !
T. Hsieh, et al., 2017!
K. Slagle, Y. B. Kim, 2017!
H. Ma, et al., 2017!

Halasz, Hsieh, et al., 2017!

�i�jEij = �f
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M. Pretko, 2016!



-> moving charge changes dipole moment -> forbidden by dipole conservation!

!
!
!
!
!
!
-> dipole motion constrained!
!

Tensor gauge theory Rasmussen, You, !
C. Xu, 2016!
Pretko, 2016!
! !
•  U(1) symmetric tensor gauge lattice rotor models !

!

•   Conservation of charges and of dipoles ---> fracton phenomenology!!

Rasmussen, You, C. Xu, 2016!
!

M. Pretko, 2016!
!



Tensor gauge theory 
!

Rasmussen, You, !
C. Xu, 2016!
Pretko, 2016!
! !
•  U(1) symmetric tensor gauge and electric fields:!

   ->!

•  Gauss’s law:!

•  Gauge freedom:!

•  Two gapless gauge modes, with:!

•  Other generalizations (e.g., vector charges,… see M. Pretko)  !

!

�i�jE
ij = �
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[Eij , Aij ] = i�(2)(x)
<latexit sha1_base64="WT/sALe662v2VNTNo2MXxe+4lmg=">AAACEHicbVDLSsNAFL3xWeur6tLNYBUiSEncqAuhKoLLCtYKaVom04mOTh7MTMQS8gtu/BURXPjaunTnh7h30nah1QOXezjnXmbu8WLOpLKsT2NkdGx8YrIwVZyemZ2bLy0snsooEYTWScQjceZhSTkLaV0xxelZLCgOPE4b3tVB7jeuqZAsCk9UN6ZugM9D5jOClZbaJdM5bKXsMtvYa+fNRbuINTuUK9xKzc31zEybno9usvV2qWxVrB7QX2IPSLm6+vXwCgC1dumj2YlIEtBQEY6ldGwrVm6KhWKE06zYTCSNMbnC59TRNMQBlW7auyhDa1rpID8SukKFeurPjRQHUnYDT08GWF3IYS8X//OcRPnbbsrCOFE0JP2H/IQjFaE8HtRhghLFu5pgIpj+KyIXWGCidIhFHYI9fPJfUt+s7FTsYx3GPvRRgGVYARNs2IIqHEEN6kDgFu7hCZ6NO+PReDHe+qMjxmBnCX7BeP8Gn+2ewQ==</latexit><latexit sha1_base64="g0mMMeFOOBpxt4QsGRrgJPRKapc="></latexit><latexit sha1_base64="g0mMMeFOOBpxt4QsGRrgJPRKapc="></latexit><latexit sha1_base64="YVOqhcwJU8M+Pr+Rsi3kZfGQ084=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0VoQUrSjboQqiK4rGBsoUnLZDppx04ezEzEEvILbvwVNy5U3Lp05984abPQ1gOXezjnXmbucSNGhTSMb62wsLi0vFJcLa2tb2xu6ds7tyKMOSYWDlnI2y4ShNGAWJJKRtoRJ8h3GWm5o4vMb90TLmgY3MhxRBwfDQLqUYykknp6pXPZTehdenjWy5oDTyG1+4RJ1E0q9WpaSWzXgw9ptaeXjZoxAZwnZk7KIEezp3/Z/RDHPgkkZkiIjmlE0kkQlxQzkpbsWJAI4REakI6iAfKJcJLJRSk8UEofeiFXFUg4UX9vJMgXYuy7atJHcihmvUz8z+vE0jt2EhpEsSQBnj7kxQzKEGbxwD7lBEs2VgRhTtVfIR4ijrBUIZZUCObsyfPEqtdOaua1UW6c52kUwR7YBxVggiPQAFegCSyAwSN4Bq/gTXvSXrR37WM6WtDynV3wB9rnD9hMm/I=</latexit>

Aij � Aij + �i�j�
<latexit sha1_base64="UDms035ze8MMxNnEBbTPKGIOwYs=">AAACG3icbZC7SgNBFIbPeo3xFrW0GbyAIIRdLdQuamMZwRghG5azk0kyOnthZlYJSx7Exsew1cJCxUqw8EHsnc0G8fbDwMd/zpmZ8/ux4Erb9rs1Mjo2PjFZmCpOz8zOzZcWFk9VlEjKajQSkTzzUTHBQ1bTXAt2FkuGgS9Y3b84zOr1SyYVj8IT3YtZM8BOyNucojaWV9re91J+3ncl73Q1ShldkdzZdGOUmqPw+BeduyjiLnqlVbtsD0T+gjOE1crax+09AFS90qvbimgSsFBTgUo1HDvWzTS7lQrWL7qJYjHSC+ywhsEQA6aa6WC5Plk3Tou0I2lOqMnA/T6RYqBUL/BNZ4C6q37XMvO/WiPR7d1mysM40Syk+UPtRBAdkSwp0uKSUS16BpBKbv5KaBclUm3yLJoQnN8r/4XaVnmv7BybMA4gVwGWYQU2wIEdqMARVKEGFK7hDh7hybqxHqxn6yVvHbGGM0vwQ9bbJ8kGpZM=</latexit><latexit sha1_base64="8zms9PrS+WUzQafnVHZjJMBVeD8=">AAACG3icbZDLSgMxFIYz9VZbL6Mu3QSrIAhlRhfqrurGZQVrC50ynEnTNm3mQpKplKEP4sbHcOtCFyquBBc+iK5NL4i2/hD4+M85Sc7vRZxJZVkfRmpmdm5+Ib2YyS4tr6yaa+tXMowFoSUS8lBUPJCUs4CWFFOcViJBwfc4LXuds0G93KVCsjC4VL2I1nxoBqzBCChtuebBiZuwdt8RrNlSIER4jUfOnhOBUAy4y36o7QCPWuCaOStvDYWnwR5DrrD9effQzX4VXfPNqYck9mmgCAcpq7YVqVoyuJVw2s84saQRkA40aVVjAD6VtWS4XB/vaKeOG6HQJ1B46P6eSMCXsud7utMH1ZKTtYH5X60aq8ZRLWFBFCsakNFDjZhjFeJBUrjOBCWK9zQAEUz/FZMWCCBK55nRIdiTK09DaT9/nLcvdBinaKQ02kRbaBfZ6BAV0DkqohIi6Abdoyf0bNwaj8aL8TpqTRnjmQ30R8b7N8Aspw0=</latexit><latexit sha1_base64="8zms9PrS+WUzQafnVHZjJMBVeD8=">AAACG3icbZDLSgMxFIYz9VZbL6Mu3QSrIAhlRhfqrurGZQVrC50ynEnTNm3mQpKplKEP4sbHcOtCFyquBBc+iK5NL4i2/hD4+M85Sc7vRZxJZVkfRmpmdm5+Ib2YyS4tr6yaa+tXMowFoSUS8lBUPJCUs4CWFFOcViJBwfc4LXuds0G93KVCsjC4VL2I1nxoBqzBCChtuebBiZuwdt8RrNlSIER4jUfOnhOBUAy4y36o7QCPWuCaOStvDYWnwR5DrrD9effQzX4VXfPNqYck9mmgCAcpq7YVqVoyuJVw2s84saQRkA40aVVjAD6VtWS4XB/vaKeOG6HQJ1B46P6eSMCXsud7utMH1ZKTtYH5X60aq8ZRLWFBFCsakNFDjZhjFeJBUrjOBCWK9zQAEUz/FZMWCCBK55nRIdiTK09DaT9/nLcvdBinaKQ02kRbaBfZ6BAV0DkqohIi6Abdoyf0bNwaj8aL8TpqTRnjmQ30R8b7N8Aspw0=</latexit><latexit sha1_base64="/bGVe+PbklQ9ULnHIaebQSJOo+c=">AAACG3icbZDLSsNAFIYnXmu9RV26GSyCIJREF+qu6sZlBWMLTQgn02k77eTCzEQpoQ/ixldx40LFleDCt3HSBtHWHwY+/nPOzJw/SDiTyrK+jLn5hcWl5dJKeXVtfWPT3Nq+lXEqCHVIzGPRDEBSziLqKKY4bSaCQhhw2ggGl3m9cUeFZHF0o4YJ9ULoRqzDCCht+ebxuZ+x/sgVrNtTIER8jyfOoZuAUAy4z36o7wJPeuCbFatqjYVnwS6gggrVffPDbcckDWmkCAcpW7aVKC/LbyWcjspuKmkCZABd2tIYQUill42XG+F97bRxJxb6RAqP3d8TGYRSDsNAd4agenK6lpv/1Vqp6px6GYuSVNGITB7qpByrGOdJ4TYTlCg+1ABEMP1XTHoggCidZ1mHYE+vPAvOUfWsal9bldpFkUYJ7aI9dIBsdIJq6ArVkYMIekBP6AW9Go/Gs/FmvE9a54xiZgf9kfH5DQF0osQ=</latexit>

H =
1
2
EijEij +

1
2
BiBi + �� + J ijAij

<latexit sha1_base64="p0t+yIYyvXQlNipN39muUJxHoe0="></latexit><latexit sha1_base64="k/bwSL/ulCu2T4hGVOYCORAn9YU="></latexit><latexit sha1_base64="k/bwSL/ulCu2T4hGVOYCORAn9YU="></latexit><latexit sha1_base64="IjpA8nrl+ln0e2oGXvm5UVH7e60="></latexit>

Bi = �jk�jAki
<latexit sha1_base64="f+IRkum8n/1Ume0PKmaP8477668=">AAACDXicbVC7TgJBFL2LL8TXqqXNRCSxIrs2amGC2FhiIkLCApkdZmFg9pGZWROy4Qts/BUbCjXGzt7OD7F3FigUPMlNTs65d+be40acSWVZX0ZmaXlldS27ntvY3NreMXf37mQYC0KrJOShqLtYUs4CWlVMcVqPBMW+y2nNHVylfu2eCsnC4FYNI9r0cTdgHiNYaaltFlC5xdAFcmgkGddK0h+MnAgLxTBv9dFlKxmwUdvMW0VrArRI7BnJl46+x+8AUGmbn04nJLFPA0U4lrJhW5FqJumzhNNRzokljTAZ4C5taBpgn8pmMjlnhApa6SAvFLoChSbq74kE+1IOfVd3+lj15LyXiv95jVh5Z82EBVGsaECmH3kxRypEaTaowwQlig81wUQwvSsiPSwwUTrBnA7Bnj95kVRPiudF+0aHUYYpsnAAh3AMNpxCCa6hAlUg8ABP8AwvxqMxNl6Nt2lrxpjN7MMfGB8/zwCegA==</latexit><latexit sha1_base64="fJqnCtZYIbrl6qiHRQ8sbrsYFCU=">AAACDXicbVC7TsMwFHV4lpZHgJHFolRiqhIWYEAqZWEsEqGVmrRyXKd14zxkO5WqKF/Awq+wdADEwsDOxofAjPsYoOVIVzo651773uPGjAppGJ/a0vLK6tp6biNf2Nza3tF39+5ElHBMLByxiDdcJAijIbEklYw0Yk5Q4DJSd/2rsV8fEC5oFN7KYUycAHVD6lGMpJLaeglWWxReQJvEgjKlpH0/s2PEJUWs1YeXrdSnWVsvGmVjArhIzBkpVo6+Rm+DwnetrX/YnQgnAQklZkiIpmnE0knHz2JGsrydCBIj7KMuaSoaooAIJ52ck8GSUjrQi7iqUMKJ+nsiRYEQw8BVnQGSPTHvjcX/vGYivTMnpWGcSBLi6UdewqCM4Dgb2KGcYMmGiiDMqdoV4h7iCEuVYF6FYM6fvEisk/J52bxRYVTBFDlwAA7BMTDBKaiAa1ADFsDgHjyCJ/CsPWgj7UV7nbYuabOZffAH2vsPxiaf+g==</latexit><latexit sha1_base64="fJqnCtZYIbrl6qiHRQ8sbrsYFCU=">AAACDXicbVC7TsMwFHV4lpZHgJHFolRiqhIWYEAqZWEsEqGVmrRyXKd14zxkO5WqKF/Awq+wdADEwsDOxofAjPsYoOVIVzo651773uPGjAppGJ/a0vLK6tp6biNf2Nza3tF39+5ElHBMLByxiDdcJAijIbEklYw0Yk5Q4DJSd/2rsV8fEC5oFN7KYUycAHVD6lGMpJLaeglWWxReQJvEgjKlpH0/s2PEJUWs1YeXrdSnWVsvGmVjArhIzBkpVo6+Rm+DwnetrX/YnQgnAQklZkiIpmnE0knHz2JGsrydCBIj7KMuaSoaooAIJ52ck8GSUjrQi7iqUMKJ+nsiRYEQw8BVnQGSPTHvjcX/vGYivTMnpWGcSBLi6UdewqCM4Dgb2KGcYMmGiiDMqdoV4h7iCEuVYF6FYM6fvEisk/J52bxRYVTBFDlwAA7BMTDBKaiAa1ADFsDgHjyCJ/CsPWgj7UV7nbYuabOZffAH2vsPxiaf+g==</latexit><latexit sha1_base64="a1IbmrJmBTr3Hn4Lh6+TAx7LgQ4=">AAACDXicbVC7TsMwFHXKq5RXgJHFoqrEVCUswIBUysJYJEIrtWnluE7rxnEi20GqonwBC7/CwgCIlZ2Nv8FpM0DLka50dM699r3HixmVyrK+jdLK6tr6RnmzsrW9s7tn7h/cyygRmDg4YpHoeEgSRjlxFFWMdGJBUOgx0vaC69xvPxAhacTv1DQmbohGnPoUI6WlgVmDzT6Fl7BHYkmZVtJJkPViJBRFrD+BV/00oNnArFp1awa4TOyCVEGB1sD86g0jnISEK8yQlF3bipWb5s9iRrJKL5EkRjhAI9LVlKOQSDednZPBmlaG0I+ELq7gTP09kaJQymno6c4QqbFc9HLxP6+bKP/cTSmPE0U4nn/kJwyqCObZwCEVBCs21QRhQfWuEI+RQFjpBCs6BHvx5GXinNYv6vatVW00izTK4AgcgxNggzPQADegBRyAwSN4Bq/gzXgyXox342PeWjKKmUPwB8bnDwdum7E=</latexit>

2D!

� � k
<latexit sha1_base64="jIVecmv2Qsigy04Vfe56kTEryh4=">AAAB8nicbVA9SwNBEJ2LX/H8ilraLAbBKtzZqIUYtLGM4JlA7gh7m71kye7esbsnhCPgr7CxULH1f9jb+W/cfBSa+GDg8d4MM/PijDNtPO/bKS0tr6yuldfdjc2t7Z3K7t69TnNFaEBSnqpWjDXlTNLAMMNpK1MUi5jTZjy4HvvNB6o0S+WdGWY0ErgnWcIINlYKw1TQHg41E2jQqVS9mjcBWiT+jFQvP92LRwBodCpfYTcluaDSEI61bvteZqICK8MIpyM3zDXNMBngHm1bKrGgOiomN4/QkVW6KEmVLWnQRP09UWCh9VDEtlNg09fz3lj8z2vnJjmLCiaz3FBJpouSnCOTonEAqMsUJYYPLcFEMXsrIn2sMDE2JteG4M+/vEiCk9p5zb/1qvUrmKIMB3AIx+DDKdThBhoQAIEMnuAFXp3ceXbenPdpa8mZzezDHzgfP6lzkyQ=</latexit><latexit sha1_base64="4DS2CXt2wBaKoLDTMPh2AYSqLHw=">AAAB8nicbVC7SgNBFJ31GddX1NJmMAhWYddGLcSgjWUE1wSyS5idzCZD5sXMrBCW/IaNhUpa/8PeRvwbJ49CEw9cOJxzL/fekypGjQ2Cb29peWV1bb204W9ube/slvf2H4zMNSYRlkzqZooMYVSQyFLLSFNpgnjKSCPt34z9xiPRhkpxbweKJBx1Bc0oRtZJcSw56aLYUA777XIlqAYTwEUSzkjl6sO/VKMvv94uf8YdiXNOhMUMGdMKA2WTAmlLMSNDP84NUQj3UZe0HBWIE5MUk5uH8NgpHZhJ7UpYOFF/TxSIGzPgqevkyPbMvDcW//Nauc3Ok4IKlVsi8HRRljNoJRwHADtUE2zZwBGENXW3QtxDGmHrYvJdCOH8y4skOq1eVMO7oFK7BlOUwCE4AicgBGegBm5BHUQAAwWewAt49XLv2XvzRtPWJW82cwD+wHv/AZmOlJg=</latexit><latexit sha1_base64="4DS2CXt2wBaKoLDTMPh2AYSqLHw=">AAAB8nicbVC7SgNBFJ31GddX1NJmMAhWYddGLcSgjWUE1wSyS5idzCZD5sXMrBCW/IaNhUpa/8PeRvwbJ49CEw9cOJxzL/fekypGjQ2Cb29peWV1bb204W9ube/slvf2H4zMNSYRlkzqZooMYVSQyFLLSFNpgnjKSCPt34z9xiPRhkpxbweKJBx1Bc0oRtZJcSw56aLYUA777XIlqAYTwEUSzkjl6sO/VKMvv94uf8YdiXNOhMUMGdMKA2WTAmlLMSNDP84NUQj3UZe0HBWIE5MUk5uH8NgpHZhJ7UpYOFF/TxSIGzPgqevkyPbMvDcW//Nauc3Ok4IKlVsi8HRRljNoJRwHADtUE2zZwBGENXW3QtxDGmHrYvJdCOH8y4skOq1eVMO7oFK7BlOUwCE4AicgBGegBm5BHUQAAwWewAt49XLv2XvzRtPWJW82cwD+wHv/AZmOlJg=</latexit><latexit sha1_base64="f75/EybIf/E/+LnJQKtNdDTnjQg=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5s1C5oYxnBM4HcEfY2e8mS/Th294Rw5G/YWKjY+mvs/Ddukis08cHA470ZZuYlGWfG+v63V1lb39jcqm7Xdnb39g/qh0ePRuWa0JAornQ3wYZyJmlomeW0m2mKRcJpJxnfzvzOE9WGKflgJxmNBR5KljKCrZOiSAk6xJFhAo379Ybf9OdAqyQoSQNKtPv1r2igSC6otIRjY3qBn9m4wNoywum0FuWGZpiM8ZD2HJVYUBMX85un6MwpA5Qq7UpaNFd/TxRYGDMRiesU2I7MsjcT//N6uU2v4oLJLLdUksWiNOfIKjQLAA2YpsTyiSOYaOZuRWSENSbWxVRzIQTLL6+S8KJ53Qzu/UbrpkyjCidwCucQwCW04A7aEAKBDJ7hFd683Hvx3r2PRWvFK2eO4Q+8zx88CJFX</latexit>



Tensor gauge theory Pretko, 2016!

�i�jE
ij = �

<latexit sha1_base64="X1q9w3haB7pZdnuGXM+7nAz3uIo=">AAACCnicbZDLSgMxFIbPeK31NurSTWgVXJUZN+pCKIrgsoK1hU4dMmmmTZu5kGSEMnTvxldxI3jBjQufwJ0P4t5MW0Rbfwh8/OecJOf3Ys6ksqxPY2Z2bn5hMbeUX15ZXVs3NzavZJQIQqsk4pGoe1hSzkJaVUxxWo8FxYHHac3rnWb12g0VkkXhperHtBngdsh8RrDSlmsWnBgLxTB32Q910dl1yroDdIwc0Ylcs2iVrKHQNNhjKJZ3vh7fAKDimh9OKyJJQENFOJayYVuxaqbZ7YTTQd5JJI0x6eE2bWgMcUBlMx3uMkC72mkhPxL6hAoN3d8TKQ6k7Aee7gyw6sjJWmb+V2skyj9spiyME0VDMnrITzhSEcqCQS0mKFG8rwETwfRfEelggYnS8eV1CPbkytNQ3S8dlewLHcYJjJSDbSjAHthwAGU4hwpUgcAt3MMTPBt3xoPxYryOWmeM8cwW/JHx/g3lZp1x</latexit><latexit sha1_base64="jmWCZY8ylh3LahZJy+OCkhNGReY=">AAACCnicbZDLSgMxFIYz9VZbL6Mu3YRWwVWZcaMuhKIILis4ttAZh0yaadNmLiSZQhm6d+OruBG84FKfwJ0PomszbRFt/SHw8Z9zkpzfixkV0jA+tNzc/MLiUn65UFxZXVvXNzavRJRwTCwcsYg3PCQIoyGxJJWMNGJOUOAxUvd6p1m93idc0Ci8lIOYOAFqh9SnGElluXrJjhGXFDGX/lAXnl2ntDuEx9DmncjVy0bFGAnOgjmBcnXn8+G1X/yqufq73YpwEpBQYoaEaJpGLJ00ux0zMizYiSAxwj3UJk2FIQqIcNLRLkO4q5wW9COuTijhyP09kaJAiEHgqc4AyY6YrmXmf7VmIv1DJ6VhnEgS4vFDfsKgjGAWDGxRTrBkAwUIc6r+CnEHcYSliq+gQjCnV54Fa79yVDEvVBgnYKw82AYlsAdMcACq4BzUgAUwuAF34BE8abfavfasvYxbc9pkZgv8kfb2DdyMnus=</latexit><latexit sha1_base64="jmWCZY8ylh3LahZJy+OCkhNGReY=">AAACCnicbZDLSgMxFIYz9VZbL6Mu3YRWwVWZcaMuhKIILis4ttAZh0yaadNmLiSZQhm6d+OruBG84FKfwJ0PomszbRFt/SHw8Z9zkpzfixkV0jA+tNzc/MLiUn65UFxZXVvXNzavRJRwTCwcsYg3PCQIoyGxJJWMNGJOUOAxUvd6p1m93idc0Ci8lIOYOAFqh9SnGElluXrJjhGXFDGX/lAXnl2ntDuEx9DmncjVy0bFGAnOgjmBcnXn8+G1X/yqufq73YpwEpBQYoaEaJpGLJ00ux0zMizYiSAxwj3UJk2FIQqIcNLRLkO4q5wW9COuTijhyP09kaJAiEHgqc4AyY6YrmXmf7VmIv1DJ6VhnEgS4vFDfsKgjGAWDGxRTrBkAwUIc6r+CnEHcYSliq+gQjCnV54Fa79yVDEvVBgnYKw82AYlsAdMcACq4BzUgAUwuAF34BE8abfavfasvYxbc9pkZgv8kfb2DdyMnus=</latexit><latexit sha1_base64="VuxRzTb0pOh0JBYUt9D/HHKYFjY=">AAACCnicbZBPS8MwGMZT/875r+rRS9gQPI3Wi3oQhiJ4nGDdYK0lzdItW5qUJBVG2d2LX8WLBxWvfgJvfhvTbYhuPhD48bzvm+R9opRRpR3ny1pYXFpeWS2tldc3Nre27Z3dWyUyiYmHBROyFSFFGOXE01Qz0kolQUnESDMaXBT15j2Rigp+o4cpCRLU5TSmGGljhXbFT5HUFLGQ/lAfXt7ltD+CZ9CXPRHaVafmjAXnwZ1CFUzVCO1PvyNwlhCuMUNKtV0n1UFe3I4ZGZX9TJEU4QHqkrZBjhKigny8ywgeGKcDYyHN4RqO3d8TOUqUGiaR6UyQ7qnZWmH+V2tnOj4JcsrTTBOOJw/FGYNawCIY2KGSYM2GBhCW1PwV4h6SCGsTX9mE4M6uPA/eUe205l471fr5NI0S2AcVcAhccAzq4Ao0gAcweABP4AW8Wo/Ws/VmvU9aF6zpzB74I+vjGx3UmqI=</latexit>

A!“hidden”!extra!conserva;on!law:!

Charge!Conserva;on! Dipole!Conserva;on!

Total!charge!only!changes!by!!
par;cles!entering/leaving!the!system!

Total!dipole!moment!only!changes!by!
par;cles!entering/leaving!the!system!

(boundary!term)!(boundary!term)!



!
•  Eulerian phonons:!
•  Strain:!
•  Hamiltonian:!

•  Topological defects!
–  Disclinations: !

–  Dislocations:!

–  Vacancies/interstitials:!

Elasticity theory and defects 

uij =
1
2
(�i

�R · �j
�R� �ij) �

1
2
(�iuj + �jui)

<latexit sha1_base64="x7TWTqtnxg9P47xozZWeSXusPzo="></latexit><latexit sha1_base64="95vgExVO5EdaJhSCCrpKFeWF8Ug="></latexit><latexit sha1_base64="95vgExVO5EdaJhSCCrpKFeWF8Ug="></latexit><latexit sha1_base64="0QfYUihCOTTmr5rsl4ircOF8Tqs="></latexit>

�r = �R + �u(�r)
<latexit sha1_base64="kMv1y7C7ieSZdbedx8g/8AX2oL8=">AAACC3icbZDLSsNAFIZP6q3WW9Wlm6FFqBRK6kZdCEU3LqsYW2hCmUwn7dDJhZlJoYQ8gBufwTdw40LFrS/gzrdxmhbR1gMDH/9/DmfO70acSWWaX0ZuaXlldS2/XtjY3NreKe7u3ckwFoRaJOShaLtYUs4CaimmOG1HgmLf5bTlDi8nfmtEhWRhcKvGEXV83A+YxwhWWuoWy/aIkkSk6DyDmxRVUUZxWplZR7rLrJlZoR+oz0O5UbKrjwDQ7BY/7V5IYp8GinAsZaduRspJsFCMcJoW7FjSCJMh7tOOxgD7VDpJdkyKDrXSQ14o9AsUytTfEwn2pRz7ru70sRrIeW8i/ud1YuWdOgkLoljRgEwXeTFHKkSTZFCPCUoUH2vARDD9V0QGWGCidH4FHcLCyYtgHdfOavVrHcYFTCsPB1CCCtThBBpwBU2wgMA9PMELvBoPxrPxZrxPW3PGbGYf/pTx8Q2tWpxv</latexit><latexit sha1_base64="JLEfSZ3G0mXDY0ydp84Y+Bp5GlM=">AAACC3icbZDNSsNAFIUn/tb6V3XpZmgRKoWSuFEXQtGNyyrGFppQJtNJO3QyCTOTQgh5ADeufA83LlTc+gLu+jZO0yLaemHg45x7uXOPFzEqlWmOjaXlldW19cJGcXNre2e3tLd/L8NYYGLjkIWi7SFJGOXEVlQx0o4EQYHHSMsbXk381ogISUN+p5KIuAHqc+pTjJSWuqWKMyI4FRm8yOE2gzWYU5xVZ9ax7jLrZl7wB6x5qDTKTu1p3Eia3dKX0wtxHBCuMENSdiwzUm6KhKKYkazoxJJECA9Rn3Q0chQQ6ab5MRk80koP+qHQjyuYq78nUhRImQSe7gyQGsh5byL+53Vi5Z+5KeVRrAjH00V+zKAK4SQZ2KOCYMUSDQgLqv8K8QAJhJXOr6hDWDh5EeyT+nndutFhXIJpFcAhKIMqsMApaIBr0AQ2wOABPINX8GY8Gi/Gu/ExbV0yZjMH4E8Zn9+1Pp31</latexit><latexit sha1_base64="JLEfSZ3G0mXDY0ydp84Y+Bp5GlM=">AAACC3icbZDNSsNAFIUn/tb6V3XpZmgRKoWSuFEXQtGNyyrGFppQJtNJO3QyCTOTQgh5ADeufA83LlTc+gLu+jZO0yLaemHg45x7uXOPFzEqlWmOjaXlldW19cJGcXNre2e3tLd/L8NYYGLjkIWi7SFJGOXEVlQx0o4EQYHHSMsbXk381ogISUN+p5KIuAHqc+pTjJSWuqWKMyI4FRm8yOE2gzWYU5xVZ9ax7jLrZl7wB6x5qDTKTu1p3Eia3dKX0wtxHBCuMENSdiwzUm6KhKKYkazoxJJECA9Rn3Q0chQQ6ab5MRk80koP+qHQjyuYq78nUhRImQSe7gyQGsh5byL+53Vi5Z+5KeVRrAjH00V+zKAK4SQZ2KOCYMUSDQgLqv8K8QAJhJXOr6hDWDh5EeyT+nndutFhXIJpFcAhKIMqsMApaIBr0AQ2wOABPINX8GY8Gi/Gu/ExbV0yZjMH4E8Zn9+1Pp31</latexit><latexit sha1_base64="IS2x2OA+0xtrzC1BMou4iJSAXpA=">AAACC3icbZDNSsNAFIUn/tb6V3XpZrAIFaGkbtSFUHTjsoqxhTaUyfSmHTqZhJlJoYQ8gBtfxY0LFbe+gDvfxmkaRFsvDHyccy937vEizpS27S9rYXFpeWW1sFZc39jc2i7t7N6rMJYUHBryULY8ooAzAY5mmkMrkkACj0PTG15N/OYIpGKhuNPjCNyA9AXzGSXaSN1SuTMCmsgUX2Rwm+JjnFGcVnLryHTZVTsr/AO1WSijvBrd0menF9I4AKEpJ0q1a3ak3YRIzSiHtNiJFUSEDkkf2gYFCUC5SXZMig+N0sN+KM0TGmfq74mEBEqNA890BkQP1Kw3Ef/z2rH2z9yEiSjWIOh0kR9zrEM8SQb3mASq+dgAoZKZv2I6IJJQbfIrmhDmTp4H56R6Xq3d2OX6ZZ5GAe2jA1RBNXSK6ugaNZCDKHpAT+gFvVqP1rP1Zr1PWxesfGYP/Snr4xucZJrm</latexit>

���� = s �2(�r) � s(�r)
<latexit sha1_base64="ts8tH/Sp41z5x2g+IJ8KbiINKOc="></latexit><latexit sha1_base64="N7ghMyhzemyqlyixb8yCh4hlkok="></latexit><latexit sha1_base64="N7ghMyhzemyqlyixb8yCh4hlkok="></latexit><latexit sha1_base64="qRM88H4xz1eN2Hh4VegBJooL5O0=">AAACKHicbVDLSgNBEJz1GeMr6tHLYBAUJGy8qAch6MVjBGOEbAy9k44ZnJ1dZ3oDIfg7XvwVLwoqufolTl7iq2Cgpqqb7q4wUdKS7/e9qemZ2bn5zEJ2cWl5ZTW3tn5p49QIrIhYxeYqBItKaqyQJIVXiUGIQoXV8PZ04Fc7aKyM9QV1E6xHcKNlSwogJzVypUBDqCAgGaGd8DYS8GNug72giYrgen8n6KDgZjfAu1R2uJ38s9lGLu8X/CH4Fyn+Jnk2RrmRewmasUgj1CQUWFsr+gnVe2BICoX32SC1mIC4hRusOarBLVbvDS+959tOafJWbNzTxIfq944eRNZ2o9BVRkBt+9sbiP95tZRah/We1ElKqMVoUCtVnGI+iI03pUFBqusICCPdrly0wYAgF+4ghD8n/yWV/cJRoXju50sn4zQybJNtsR1WZAesxM5YmVWYYA/sib2yN+/Re/bevf6odMob92ywH/A+PgHFu6U1</latexit>

(bond angle:               )!� = �ijuij
<latexit sha1_base64="yq/9ig9RgTOYjsdnzXHlJOUvU3g=">AAACB3icbVC7SkNBEJ0b3/EVtbRwMQpW4V4btRBEG8sIxgSSEPZuJsmavQ925wrhktLGX7Gx0GCpv2Dnh9i7eRQaPTDM4ZwZduf4sZKGXPfTyczMzs0vLC5ll1dW19ZzG5s3Jkq0wJKIVKQrPjeoZIglkqSwEmvkga+w7Hcvhn75DrWRUXhNvRjrAW+HsiUFJys1cjs16iBxdspqGBuprJbK2z5LRi2bbeTybsEdgf0l3oTkz/a+Bm8AUGzkPmrNSCQBhiQUN6bquTHVU65JCoX9bC0xGHPR5W2sWhryAE09HR3SZ/tWabJWpG2FxEbqz42UB8b0At9OBpw6Ztobiv951YRax/VUhnFCGIrxQ61EMYrYMBXWlBoFqZ4lXGhp/8pEh2suyGY3DMGbPvkvKR0WTgrelQ3jHMZYhG3YhQPw4AjO4BKKUAIB9/AIz/DiPDhPzsB5HY9mnMnOFvyC8/4N5/+bwg==</latexit><latexit sha1_base64="RiLd3jIroE/b5XwCwczn2DzNsFM=">AAACB3icbVA9TwJBEN3DLwQ/UEsLN6KJFbmzUQsToo0lJiIkQMjeMsDK3kd250jIhdLGv2JjocTW+A/s/CFauxwUCr5kMi/vzWR3nhtKodG2P63UwuLS8kp6NZNdW9/YzG1t3+ogUhzKPJCBqrpMgxQ+lFGghGqogHmuhIrbuxz7lT4oLQL/BgchNDzW8UVbcIZGaub26tgFZPSc1iHUQhotFndDGiUtk2nm8nbBTkDniTMl+eLB1+i9n/0uNXMf9VbAIw985JJpXXPsEBsxUyi4hGGmHmkIGe+xDtQM9ZkHuhEnhwzpoVFatB0oUz7SRP29ETNP64HnmkmPYVfPemPxP68WYfu0EQs/jBB8PnmoHUmKAR2nQltCAUc5MIRxJcxfKe8yxTia7MYhOLMnz5PyceGs4FybMC7IBGmyS/bJEXHICSmSK1IiZcLJPXkkz+TFerCerJH1OhlNWdOdHfIH1tsP3yWdPA==</latexit><latexit sha1_base64="RiLd3jIroE/b5XwCwczn2DzNsFM=">AAACB3icbVA9TwJBEN3DLwQ/UEsLN6KJFbmzUQsToo0lJiIkQMjeMsDK3kd250jIhdLGv2JjocTW+A/s/CFauxwUCr5kMi/vzWR3nhtKodG2P63UwuLS8kp6NZNdW9/YzG1t3+ogUhzKPJCBqrpMgxQ+lFGghGqogHmuhIrbuxz7lT4oLQL/BgchNDzW8UVbcIZGaub26tgFZPSc1iHUQhotFndDGiUtk2nm8nbBTkDniTMl+eLB1+i9n/0uNXMf9VbAIw985JJpXXPsEBsxUyi4hGGmHmkIGe+xDtQM9ZkHuhEnhwzpoVFatB0oUz7SRP29ETNP64HnmkmPYVfPemPxP68WYfu0EQs/jBB8PnmoHUmKAR2nQltCAUc5MIRxJcxfKe8yxTia7MYhOLMnz5PyceGs4FybMC7IBGmyS/bJEXHICSmSK1IiZcLJPXkkz+TFerCerJH1OhlNWdOdHfIH1tsP3yWdPA==</latexit><latexit sha1_base64="VS/bEfGX0MBj771lE71yNZMBQbE=">AAAB43icbVBNS8NAEJ34WeNX9eplsQieSuJFvQlePFYwttCGstls2qWb3bA7EUroH/DgRfHqf/Lmv3H7AWrrg4HHezPMzEsKKSwGwZe3tr6xubVd2/F39/z9g8P60aPVpWE8Ylpq00mo5VIoHqFAyTuF4TRPJG8no9up337ixgqtHnBc8DinAyUywSg6qdWvN4JmMANZJeGCNGCBfv2zl2pW5lwhk9TabhgUGFfUoGCST/xeaXlB2YgOeNdRRXNu42p25oScOSUlmTauFJKZ+nuiorm14zxxnTnFoV32puJ/XrfE7CquhCpK5IrNF2WlJKjJ9GeSCsMZyrEjlBnhbiVsSA1l6JLxXQbh8serJLpoXjfD+58soAYncArnEMIl3MAdtCACBik8w6s39F68N+993rjmLSaO4Q+8j2+HtIrW</latexit><latexit sha1_base64="9PYsPxGTzE03Pl0EO8v3/Iwg0qw=">AAACB3icbVA9SwNBEJ2LXzF+RS0tXAyCVbizUQtBsLGM4JlAEsLeZpKs2ftgd04IR0ob/4qNhYqtf8HOf+PmA9TEB8M83pthd16QKGnIdb+c3MLi0vJKfrWwtr6xuVXc3rk1caoF+iJWsa4F3KCSEfokSWEt0cjDQGE16F+O/Oo9aiPj6IYGCTZD3o1kRwpOVmoV9xvUQ+LsnDUwMVJZLZN3Q5aOW6HQKpbcsjsGmyfelJRgikqr+NloxyINMSKhuDF1z02omXFNUigcFhqpwYSLPu9i3dKIh2ia2fiQITu0Spt1Ym0rIjZWf29kPDRmEAZ2MuTUM7PeSPzPq6fUOW1mMkpSwkhMHuqkilHMRqmwttQoSA0s4UJL+1cmelxzQTa7UQje7MnzxD8un5W9658wIA97cABH4MEJXMAVVMAHAQ/wBC/w6jw6z86b8z4ZzTnTnV34A+fjG/kEmHE=</latexit><latexit sha1_base64="9PYsPxGTzE03Pl0EO8v3/Iwg0qw=">AAACB3icbVA9SwNBEJ2LXzF+RS0tXAyCVbizUQtBsLGM4JlAEsLeZpKs2ftgd04IR0ob/4qNhYqtf8HOf+PmA9TEB8M83pthd16QKGnIdb+c3MLi0vJKfrWwtr6xuVXc3rk1caoF+iJWsa4F3KCSEfokSWEt0cjDQGE16F+O/Oo9aiPj6IYGCTZD3o1kRwpOVmoV9xvUQ+LsnDUwMVJZLZN3Q5aOW6HQKpbcsjsGmyfelJRgikqr+NloxyINMSKhuDF1z02omXFNUigcFhqpwYSLPu9i3dKIh2ia2fiQITu0Spt1Ym0rIjZWf29kPDRmEAZ2MuTUM7PeSPzPq6fUOW1mMkpSwkhMHuqkilHMRqmwttQoSA0s4UJL+1cmelxzQTa7UQje7MnzxD8un5W9658wIA97cABH4MEJXMAVVMAHAQ/wBC/w6jw6z86b8z4ZzTnTnV34A+fjG/kEmHE=</latexit><latexit sha1_base64="mEBQU/RaW0++JLRo8J92iY67x3k=">AAACB3icbVA9SwNBEN3zM8avqKWFi0GwCnc2aiEEbSwjeCaQO8LeZi5Zs/fB7pwQjpQ2/hUbCxVb/4Kd/8ZNcoUmPhjm8d4Mu/OCVAqNtv1tLSwuLa+sltbK6xubW9uVnd07nWSKg8sTmahWwDRIEYOLAiW0UgUsCiQ0g8HV2G8+gNIiiW9xmIIfsV4sQsEZGqlTOfCwD8joBfUg1UIaLRf3I5pNWrncqVTtmj0BnSdOQaqkQKNT+fK6Cc8iiJFLpnXbsVP0c6ZQcAmjspdpSBkfsB60DY1ZBNrPJ4eM6JFRujRMlKkY6UT9vZGzSOthFJjJiGFfz3pj8T+vnWF45uciTjOEmE8fCjNJMaHjVGhXKOAoh4YwroT5K+V9phhHk904BGf25HnintTOa86NXa1fFmmUyD45JMfEIaekTq5Jg7iEk0fyTF7Jm/VkvVjv1sd0dMEqdvbIH1ifPyBtmPM=</latexit><latexit sha1_base64="mEBQU/RaW0++JLRo8J92iY67x3k=">AAACB3icbVA9SwNBEN3zM8avqKWFi0GwCnc2aiEEbSwjeCaQO8LeZi5Zs/fB7pwQjpQ2/hUbCxVb/4Kd/8ZNcoUmPhjm8d4Mu/OCVAqNtv1tLSwuLa+sltbK6xubW9uVnd07nWSKg8sTmahWwDRIEYOLAiW0UgUsCiQ0g8HV2G8+gNIiiW9xmIIfsV4sQsEZGqlTOfCwD8joBfUg1UIaLRf3I5pNWrncqVTtmj0BnSdOQaqkQKNT+fK6Cc8iiJFLpnXbsVP0c6ZQcAmjspdpSBkfsB60DY1ZBNrPJ4eM6JFRujRMlKkY6UT9vZGzSOthFJjJiGFfz3pj8T+vnWF45uciTjOEmE8fCjNJMaHjVGhXKOAoh4YwroT5K+V9phhHk904BGf25HnintTOa86NXa1fFmmUyD45JMfEIaekTq5Jg7iEk0fyTF7Jm/VkvVjv1sd0dMEqdvbIH1ifPyBtmPM=</latexit><latexit sha1_base64="RiLd3jIroE/b5XwCwczn2DzNsFM=">AAACB3icbVA9TwJBEN3DLwQ/UEsLN6KJFbmzUQsToo0lJiIkQMjeMsDK3kd250jIhdLGv2JjocTW+A/s/CFauxwUCr5kMi/vzWR3nhtKodG2P63UwuLS8kp6NZNdW9/YzG1t3+ogUhzKPJCBqrpMgxQ+lFGghGqogHmuhIrbuxz7lT4oLQL/BgchNDzW8UVbcIZGaub26tgFZPSc1iHUQhotFndDGiUtk2nm8nbBTkDniTMl+eLB1+i9n/0uNXMf9VbAIw985JJpXXPsEBsxUyi4hGGmHmkIGe+xDtQM9ZkHuhEnhwzpoVFatB0oUz7SRP29ETNP64HnmkmPYVfPemPxP68WYfu0EQs/jBB8PnmoHUmKAR2nQltCAUc5MIRxJcxfKe8yxTia7MYhOLMnz5PyceGs4FybMC7IBGmyS/bJEXHICSmSK1IiZcLJPXkkz+TFerCerJH1OhlNWdOdHfIH1tsP3yWdPA==</latexit><latexit sha1_base64="RiLd3jIroE/b5XwCwczn2DzNsFM=">AAACB3icbVA9TwJBEN3DLwQ/UEsLN6KJFbmzUQsToo0lJiIkQMjeMsDK3kd250jIhdLGv2JjocTW+A/s/CFauxwUCr5kMi/vzWR3nhtKodG2P63UwuLS8kp6NZNdW9/YzG1t3+ogUhzKPJCBqrpMgxQ+lFGghGqogHmuhIrbuxz7lT4oLQL/BgchNDzW8UVbcIZGaub26tgFZPSc1iHUQhotFndDGiUtk2nm8nbBTkDniTMl+eLB1+i9n/0uNXMf9VbAIw985JJpXXPsEBsxUyi4hGGmHmkIGe+xDtQM9ZkHuhEnhwzpoVFatB0oUz7SRP29ETNP64HnmkmPYVfPemPxP68WYfu0EQs/jBB8PnmoHUmKAR2nQltCAUc5MIRxJcxfKe8yxTia7MYhOLMnz5PyceGs4FybMC7IBGmyS/bJEXHICSmSK1IiZcLJPXkkz+TFerCerJH1OhlNWdOdHfIH1tsP3yWdPA==</latexit><latexit sha1_base64="RiLd3jIroE/b5XwCwczn2DzNsFM=">AAACB3icbVA9TwJBEN3DLwQ/UEsLN6KJFbmzUQsToo0lJiIkQMjeMsDK3kd250jIhdLGv2JjocTW+A/s/CFauxwUCr5kMi/vzWR3nhtKodG2P63UwuLS8kp6NZNdW9/YzG1t3+ogUhzKPJCBqrpMgxQ+lFGghGqogHmuhIrbuxz7lT4oLQL/BgchNDzW8UVbcIZGaub26tgFZPSc1iHUQhotFndDGiUtk2nm8nbBTkDniTMl+eLB1+i9n/0uNXMf9VbAIw985JJpXXPsEBsxUyi4hGGmHmkIGe+xDtQM9ZkHuhEnhwzpoVFatB0oUz7SRP29ETNP64HnmkmPYVfPemPxP68WYfu0EQs/jBB8PnmoHUmKAR2nQltCAUc5MIRxJcxfKe8yxTia7MYhOLMnz5PyceGs4FybMC7IBGmyS/bJEXHICSmSK1IiZcLJPXkkz+TFerCerJH1OhlNWdOdHfIH1tsP3yWdPA==</latexit><latexit sha1_base64="RiLd3jIroE/b5XwCwczn2DzNsFM=">AAACB3icbVA9TwJBEN3DLwQ/UEsLN6KJFbmzUQsToo0lJiIkQMjeMsDK3kd250jIhdLGv2JjocTW+A/s/CFauxwUCr5kMi/vzWR3nhtKodG2P63UwuLS8kp6NZNdW9/YzG1t3+ogUhzKPJCBqrpMgxQ+lFGghGqogHmuhIrbuxz7lT4oLQL/BgchNDzW8UVbcIZGaub26tgFZPSc1iHUQhotFndDGiUtk2nm8nbBTkDniTMl+eLB1+i9n/0uNXMf9VbAIw985JJpXXPsEBsxUyi4hGGmHmkIGe+xDtQM9ZkHuhEnhwzpoVFatB0oUz7SRP29ETNP64HnmkmPYVfPemPxP68WYfu0EQs/jBB8PnmoHUmKAR2nQltCAUc5MIRxJcxfKe8yxTia7MYhOLMnz5PyceGs4FybMC7IBGmyS/bJEXHICSmSK1IiZcLJPXkkz+TFerCerJH1OhlNWdOdHfIH1tsP3yWdPA==</latexit><latexit sha1_base64="mEBQU/RaW0++JLRo8J92iY67x3k=">AAACB3icbVA9SwNBEN3zM8avqKWFi0GwCnc2aiEEbSwjeCaQO8LeZi5Zs/fB7pwQjpQ2/hUbCxVb/4Kd/8ZNcoUmPhjm8d4Mu/OCVAqNtv1tLSwuLa+sltbK6xubW9uVnd07nWSKg8sTmahWwDRIEYOLAiW0UgUsCiQ0g8HV2G8+gNIiiW9xmIIfsV4sQsEZGqlTOfCwD8joBfUg1UIaLRf3I5pNWrncqVTtmj0BnSdOQaqkQKNT+fK6Cc8iiJFLpnXbsVP0c6ZQcAmjspdpSBkfsB60DY1ZBNrPJ4eM6JFRujRMlKkY6UT9vZGzSOthFJjJiGFfz3pj8T+vnWF45uciTjOEmE8fCjNJMaHjVGhXKOAoh4YwroT5K+V9phhHk904BGf25HnintTOa86NXa1fFmmUyD45JMfEIaekTq5Jg7iEk0fyTF7Jm/VkvVjv1sd0dMEqdvbIH1ifPyBtmPM=</latexit>

���ui = bi�
2(�r) � bi(�r).

<latexit sha1_base64="1fqODPm3iqgbvwekYUeOWmGhNdA="></latexit><latexit sha1_base64="lP3obJzbFr/xFJRiD38/QYhvyCk="></latexit><latexit sha1_base64="lP3obJzbFr/xFJRiD38/QYhvyCk="></latexit><latexit sha1_base64="SRw8TvypmiJkjBy6HpRoHNKI3To=">AAACJ3icbZBNSwMxEIazflu/qh69BIugl7L1oh5E0YtHBatCty6z6dSGZrNrMlsoxZ/jxb/iRURFj/4T0w9FWwcCD+87Q2beKFXSku9/eGPjE5NT0zOzubn5hcWl/PLKhU0yI7AsEpWYqwgsKqmxTJIUXqUGIY4UXkbN465/2UJjZaLPqZ1iNYYbLetSADkpzB8EGiIFAckYbZ95Fkq+H4UyqKEiuN7eDFoouNkK8DaTLe6cb6WYC/MFv+j3iv9AaRgKbFCnYf45qCUii1GTUGBtpeSnVO2AISkU3uWCzGIKogk3WHGowe1V7fQOveMbTqnxemLc08R76u+JDsTWtuPIdcZADTvsdcX/vEpG9d1qR+o0I9Si/1E9U5wS3k2N16RBQartAISRblcuGmBAkMu2G8LIyaNQ3i7uFUtnfuHwaJDGDFtj62yTldgOO2Qn7JSVmWD37JG9sFfvwXvy3rz3fuuYN5hZZX/K+/wCRoWlAA==</latexit>

nd = nv � ni
<latexit sha1_base64="LpARgNK3/H1izBfGV33eW5z9ffI=">AAAB93icbVBNS8NAEJ3Ur1o/GhW8eFksghdL6kU9CEUvHlswWmhD3Gw27dLNJuxuCjX0l3jxoOLVv+LNi7/FbSuirQ9meLw3w86+IOVMacf5sAoLi0vLK8XV0tr6xmbZ3tq+UUkmCXVJwhPZCrCinAnqaqY5baWS4jjg9DboX4792wGViiXiWg9T6sW4K1jECNZG8u2y8EN0joQ/QEemM9+uOFVnAvRDarOkUt9tft4BQMO33zthQrKYCk04Vqpdc1Lt5VhqRjgdlTqZoikmfdylbUMFjqny8snhI3RglBBFiTQlNJqovzdyHCs1jAMzGWPdU7PeWPzPa2c6OvVyJtJMU0GmD0UZRzpB4xRQyCQlmg8NwUQycysiPSwx0Sarkglh7svzxD2unlVrTRPGBUxRhD3Yh0OowQnU4Qoa4AKBDB7gCZ6te+vRerFep6MF63tnB/7AevsCtTWTiw==</latexit><latexit sha1_base64="LzTBSGUs3gBlYC6HrgyAjGdw/dg=">AAAB93icbVC7SgNBFL3rM8ZHVgUbm8Eg2Bh2bdRCCLGxTMA1gWRZZiezyZDZ2WVmNhBDvsTGQsXGwn/wC+xs/BYniYgmHriXwzn3MndOmHKmtON8WAuLS8srq7m1/PrG5lbB3t65UUkmCfVIwhPZCLGinAnqaaY5baSS4jjktB72Lsd+vU+lYom41oOU+jHuCBYxgrWRArsggja6QCLoo2PTWWAXnZIzAfoh7iwplvdqn+yl8lYN7PdWOyFZTIUmHCvVdJ1U+0MsNSOcjvKtTNEUkx7u0KahAsdU+cPJ4SN0aJQ2ihJpSmg0UX9vDHGs1CAOzWSMdVfNemPxP6+Z6ejMHzKRZpoKMn0oyjjSCRqngNpMUqL5wBBMJDO3ItLFEhNtssqbEOa+PE+8k9J5ya2ZMCowRQ724QCOwIVTKMMVVMEDAhncwQM8WrfWvfVkPU9HF6zvnV34A+v1CwTJlUc=</latexit><latexit sha1_base64="LzTBSGUs3gBlYC6HrgyAjGdw/dg=">AAAB93icbVC7SgNBFL3rM8ZHVgUbm8Eg2Bh2bdRCCLGxTMA1gWRZZiezyZDZ2WVmNhBDvsTGQsXGwn/wC+xs/BYniYgmHriXwzn3MndOmHKmtON8WAuLS8srq7m1/PrG5lbB3t65UUkmCfVIwhPZCLGinAnqaaY5baSS4jjktB72Lsd+vU+lYom41oOU+jHuCBYxgrWRArsggja6QCLoo2PTWWAXnZIzAfoh7iwplvdqn+yl8lYN7PdWOyFZTIUmHCvVdJ1U+0MsNSOcjvKtTNEUkx7u0KahAsdU+cPJ4SN0aJQ2ihJpSmg0UX9vDHGs1CAOzWSMdVfNemPxP6+Z6ejMHzKRZpoKMn0oyjjSCRqngNpMUqL5wBBMJDO3ItLFEhNtssqbEOa+PE+8k9J5ya2ZMCowRQ724QCOwIVTKMMVVMEDAhncwQM8WrfWvfVkPU9HF6zvnV34A+v1CwTJlUc=</latexit><latexit sha1_base64="b1/SY5hZ8p+o59u36EiAB6bmevk=">AAAB93icbVDLSsNAFL2pr1ofjbp0M1gEN5bEjboQim5cVjC20IYwmUzaoZNJmJkUauiXuHGh4tZfceffOH0g2nrgXg7n3MvcOWHGmdKO82WVVlbX1jfKm5Wt7Z3dqr23/6DSXBLqkZSnsh1iRTkT1NNMc9rOJMVJyGkrHNxM/NaQSsVSca9HGfUT3BMsZgRrIwV2VQQRukIiGKJT01lg15y6MwX6Ie4iqcEczcD+7EYpyRMqNOFYqY7rZNovsNSMcDqudHNFM0wGuEc7hgqcUOUX08PH6NgoEYpTaUpoNFV/bxQ4UWqUhGYywbqvFr2J+J/XyXV84RdMZLmmgsweinOOdIomKaCISUo0HxmCiWTmVkT6WGKiTVYVE8LSl5eJd1a/rLt3Tq1xPU+jDIdwBCfgwjk04Baa4AGBHJ7gBV6tR+vZerPeZ6Mla75zAH9gfXwDKIKRpg==</latexit>

H =
1
2
�2 +

1
2
Cij,kluijukl =

1
2
�2 + µ(uij)2 +

1
2
�(uii)2

<latexit sha1_base64="XNFUGwwDrWx1egWxucD4Y2r4Sz0="></latexit><latexit sha1_base64="3CqNOhQliXEXkTlKTFgRiZWh264="></latexit><latexit sha1_base64="3CqNOhQliXEXkTlKTFgRiZWh264="></latexit><latexit sha1_base64="032RB0AeSFd8PF/lBAOskZPWeGQ="></latexit>



vortices!
topological!
winding! particles!

Gauss’s law:!

Boson-vortex duality Dasgupta, Halperin!
Fisher, Lee!
!

Superfluid! Maxwell Gauge Theory (with matter)!

Goldstone!
mode!

photon!



!
•  Elastic Lagrangian:!

   --->!

•  Disclinations:!

•  Momentum conservation (Newton) constraint:!

•  Electric, magnetic fields:!

-> Faraday law:!

-> Gauge fields:!

-> Gauge freedom:!
 !
 !

Fracton-elasticity duality M. Pretko, L. R.,2017!
!

L =
1
2
(�tu

i)2 � 1
2
Cijk�uijuk�

<latexit sha1_base64="iPLb13GcVGv5zXBq8pu9+2vttJY="></latexit><latexit sha1_base64="Qzj3JriAJbtcbFN/amsXV2iHq9I="></latexit><latexit sha1_base64="Qzj3JriAJbtcbFN/amsXV2iHq9I="></latexit><latexit sha1_base64="JpPkT3gDrKm643O/y/G1rZRZ5N0="></latexit>

�ik�j��i�juk� = s(x)
<latexit sha1_base64="DTXn8SG03ZN5AruMZ7XpmPtJFv8="></latexit><latexit sha1_base64="e6/jW8I3ncEWCTbThJWV9V7p4q0="></latexit><latexit sha1_base64="e6/jW8I3ncEWCTbThJWV9V7p4q0="></latexit><latexit sha1_base64="eApJYLSUNDnTki17liZTulSm050=">AAACL3icbVDLSgMxFM3UV62vqks3wSLopsy4URdC0YUuK1hb6NQhk95p02YyQ5IRyzCf5MZP0Y2Cilv/wvSBj+qBwLnn3MvNPX7MmdK2/WzlZmbn5hfyi4Wl5ZXVteL6xpWKEkmhRiMeyYZPFHAmoKaZ5tCIJZDQ51D3+6dDv34DUrFIXOpBDK2QdAQLGCXaSF7xzIVYMR6J65T1s++i5wLnmRsTqRnhHvtivcRL+yMTH2O1m7p+gG+zPa9Yssv2CPgvcSakhCaoesUHtx3RJAShKSdKNR071q10uIVyyApuoiAmtE860DRUkBBUKx0dnOEdo7RxEEnzhMYj9edESkKlBqFvOkOiu2raG4r/ec1EB4etlIk40SDoeFGQcKwjPEwPt5kEqvnAEEIlM3/FtEskodpkXDAhONMn/yW1/fJR2bmwS5WTSRp5tIW20S5y0AGqoHNURTVE0R16RC/o1bq3nqw3633cmrMmM5voF6yPT78uq1g=</latexit>

L =
1
2
C�1

ijk��
ij�k� � 1

2
�i�i � �ij(�iũj + u(s)

ij ) + �i�t(ũi + u(s)
i )

<latexit sha1_base64="XCtdtB9ZQ2kl9weKXyghUm+xsiM="></latexit><latexit sha1_base64="0v8+DjETx3apK7F75iJ1gqKy53o="></latexit><latexit sha1_base64="0v8+DjETx3apK7F75iJ1gqKy53o="></latexit><latexit sha1_base64="ZEFLhpmIxXYQbpoJjDTygh0tOf8="></latexit>

Bi = �ij�j
<latexit sha1_base64="iQLr8eNEYJjRJzKb8chMBAvJPN4=">AAACAHicbVA9SwNBEJ3zM8avqI1gsxgFq3CxUQshxMYygjGBXHLsbTbJJnt7y+6eEI7Y+FdsLFRsLKz8DXb+EHs3iYgmPhh4vDfDzLxAcqaN6344M7Nz8wuLqaX08srq2npmY/NKR7EitEwiHqlqgDXlTNCyYYbTqlQUhwGnlaB3NvQr11RpFolL05e0HuK2YC1GsLGSn9kuNhg6RR6VmvFINBLWHXiS+V0/k3Vz7gjoh+QnSbaw9/nyBgAlP/PuNSMSh1QYwrHWtbwrTT3ByjDC6SDtxZpKTHq4TWuWChxSXU9GHwzQvlWaqBUpW8Kgkfp7IsGh1v0wsJ0hNh096Q3F/7xabFrH9YQJGRsqyHhRK+bIRGgYB2oyRYnhfUswUczeikgHK0yMDS1tQ5h6eZqUD3MnufyFDaMIY6RgB3bhAPJwBAU4hxKUgcAN3MEDPDq3zr3z5DyPW2ec75kt+APn9QsyHpk+</latexit><latexit sha1_base64="1NAyJgdqrMbgaCQInJ49K3XAPTI=">AAACAHicbVA9SwNBEN2LXzHx49RGsFmMglW42KiFEGJjGcEzgdzl2NvsJZvs7R27e4FwxMa/YmOhYmNh6z+w84do7SYR0cQHA4/3ZpiZ58eMSmVZ70Zmbn5hcSm7nMuvrK6tmxubVzJKBCY2jlgk6j6ShFFObEUVI/VYEBT6jNT83tnIr/WJkDTil2oQEzdEbU4DipHSkmduV5oUnkKHxJKyiDdT2h06MfW6nlmwitYY8IeUpkmhvPfx/NrPf1Y9881pRTgJCVeYISkbJStWboqEopiRYc5JJIkR7qE2aWjKUUikm44/GMJ9rbRgEAldXMGx+nsiRaGUg9DXnSFSHTntjcT/vEaigmM3pTxOFOF4sihIGFQRHMUBW1QQrNhAE4QF1bdC3EECYaVDy+kQZl6eJfZh8aRYutBhVMAEWbADdsEBKIEjUAbnoApsgME1uAX34MG4Me6MR+Np0poxvme2wB8YL18pRJq4</latexit><latexit sha1_base64="1NAyJgdqrMbgaCQInJ49K3XAPTI=">AAACAHicbVA9SwNBEN2LXzHx49RGsFmMglW42KiFEGJjGcEzgdzl2NvsJZvs7R27e4FwxMa/YmOhYmNh6z+w84do7SYR0cQHA4/3ZpiZ58eMSmVZ70Zmbn5hcSm7nMuvrK6tmxubVzJKBCY2jlgk6j6ShFFObEUVI/VYEBT6jNT83tnIr/WJkDTil2oQEzdEbU4DipHSkmduV5oUnkKHxJKyiDdT2h06MfW6nlmwitYY8IeUpkmhvPfx/NrPf1Y9881pRTgJCVeYISkbJStWboqEopiRYc5JJIkR7qE2aWjKUUikm44/GMJ9rbRgEAldXMGx+nsiRaGUg9DXnSFSHTntjcT/vEaigmM3pTxOFOF4sihIGFQRHMUBW1QQrNhAE4QF1bdC3EECYaVDy+kQZl6eJfZh8aRYutBhVMAEWbADdsEBKIEjUAbnoApsgME1uAX34MG4Me6MR+Np0poxvme2wB8YL18pRJq4</latexit><latexit sha1_base64="ArtnsOXr+z4y5+UiX+uAyd78aE0=">AAACAHicbVDLSsNAFJ3UV62vqBvBzWARXJXEjboQSt24rGBsoUnDZDppp51MhpmJUELd+CtuXKi49TPc+TdOH4i2HrhwOOde7r0nEowq7ThfVmFpeWV1rbhe2tjc2t6xd/fuVJpJTDycslQ2I6QIo5x4mmpGmkISlESMNKLB1dhv3BOpaMpv9VCQIEFdTmOKkTZSaB/U2hReQp8IRVnK2zntj3xBw35ol52KMwH8Ie48KYMZ6qH96XdSnCWEa8yQUi3XETrIkdQUMzIq+ZkiAuEB6pKWoRwlRAX55IMRPDZKB8apNMU1nKi/J3KUKDVMItOZIN1T895Y/M9rZTo+D3LKRaYJx9NFccagTuE4DtihkmDNhoYgLKm5FeIekghrE1rJhLDw8iLxTisXFffGKVdrszSK4BAcgRPggjNQBdegDjyAwQN4Ai/g1Xq0nq03633aWrBmM/vgD6yPb2p9lm8=</latexit>

�t�
i � �j�

ij = 0
<latexit sha1_base64="CzTQgWjE9h0kZ2KrjHkYagRY2Nk=">AAACFHicbVC7SgNBFL0bXzG+opY2g1Gw0LBroxZC0MYygmsC2c0yO5kkk8w+mJkVwpKfsPFPxEbwga2FnR9i7+SBaOKBC4dz7p259/gxZ1KZ5qeRmZmdm1/ILuaWlldW1/LrG9cySgShNol4JKo+lpSzkNqKKU6rsaA48Dmt+N3zgV+5oUKyKLxSvZi6AW6FrMkIVlry8vtOjIVimHsKOTGrM3SAfqSOI1krwPWUdfroFJlevmAWzSHQNLHGpFDa+bp/AoCyl/9wGhFJAhoqwrGUNcuMlZsOniec9nNOImmMSRe3aE3TEAdUuunwqj7a1UoDNSOhK1RoqP6eSHEgZS/wdWeAVVtOegPxP6+WqOaxm7IwThQNyeijZsKRitAgItRgghLFe5pgIpjeFZE2FpgoHWROh2BNnjxN7MPiSdG61GGcwQhZ2IJt2AMLjqAEF1AGGwjcwgM8w4txZzwar8bbqDVjjGc24Q+M92+kX6D8</latexit><latexit sha1_base64="B1Gpth7QqrQSPiG3wzYreyDA8u0=">AAACFHicbVC7TsMwFHXKq7Q8AowsFgWJAaqEBRiQKlgYi0RopSaNHNdp3ToP2U6lKupPsPAniIUBKlYGNj4EZpwWIWg50pWOzrnXvvd4MaNCGsa7lpubX1hcyi8Xiiura+v6xuaNiBKOiYUjFvG6hwRhNCSWpJKReswJCjxGal7vIvNrfcIFjcJrOYiJE6B2SH2KkVSSqx/YMeKSIuZKaMe0SeEh/JG6tqDtADVT2h3CM2i4eskoG2PAWWJ+k1Jl9+N+1C9+Vl39zW5FOAlIKDFDQjRMI5ZOmj2PGRkW7ESQGOEeapOGoiEKiHDS8VVDuKeUFvQjriqUcKz+nkhRIMQg8FRngGRHTHuZ+J/XSKR/4qQ0jBNJQjz5yE8YlBHMIoItygmWbKAIwpyqXSHuII6wVEEWVAjm9MmzxDoqn5bNKxXGOZggD7bBDtgHJjgGFXAJqsACGNyCB/AEnrU77VEbaS+T1pz2PbMF/kB7/QKbhaJ2</latexit><latexit sha1_base64="B1Gpth7QqrQSPiG3wzYreyDA8u0=">AAACFHicbVC7TsMwFHXKq7Q8AowsFgWJAaqEBRiQKlgYi0RopSaNHNdp3ToP2U6lKupPsPAniIUBKlYGNj4EZpwWIWg50pWOzrnXvvd4MaNCGsa7lpubX1hcyi8Xiiura+v6xuaNiBKOiYUjFvG6hwRhNCSWpJKReswJCjxGal7vIvNrfcIFjcJrOYiJE6B2SH2KkVSSqx/YMeKSIuZKaMe0SeEh/JG6tqDtADVT2h3CM2i4eskoG2PAWWJ+k1Jl9+N+1C9+Vl39zW5FOAlIKDFDQjRMI5ZOmj2PGRkW7ESQGOEeapOGoiEKiHDS8VVDuKeUFvQjriqUcKz+nkhRIMQg8FRngGRHTHuZ+J/XSKR/4qQ0jBNJQjz5yE8YlBHMIoItygmWbKAIwpyqXSHuII6wVEEWVAjm9MmzxDoqn5bNKxXGOZggD7bBDtgHJjgGFXAJqsACGNyCB/AEnrU77VEbaS+T1pz2PbMF/kB7/QKbhaJ2</latexit><latexit sha1_base64="rv1vAnMd+T/MJIawz92qsv/wv4k=">AAACFHicbVC7TsMwFHXKq5RXgJHFokJigCphAQakChbGIhFaqUkjx3Vat3YS2Q5SFfUnWPgVFgZArAxs/A1OGyFoOdKVjs651773BAmjUlnWl1FaWFxaXimvVtbWNza3zO2dOxmnAhMHxywWrQBJwmhEHEUVI61EEMQDRprB8Cr3m/dESBpHt2qUEI+jXkRDipHSkm8euQkSiiLmK+gmtEPhMfyRBq6kPY46GR2M4QW0fLNq1awJ4DyxC1IFBRq++el2Y5xyEinMkJRt20qUl+XPY0bGFTeVJEF4iHqkrWmEOJFeNrlqDA+00oVhLHRFCk7U3xMZ4lKOeKA7OVJ9Oevl4n9eO1XhmZfRKEkVifD0ozBlUMUwjwh2qSBYsZEmCAuqd4W4jwTCSgdZ0SHYsyfPE+ekdl6zb6xq/bJIowz2wD44BDY4BXVwDRrAARg8gCfwAl6NR+PZeDPep60lo5jZBX9gfHwD3L6eLQ==</latexit>

Eij
� = �ik�j��k�

<latexit sha1_base64="Ey63/DkwESmxlcY8o7Yq2ZhNKkk=">AAACI3icbVBNSwMxEJ31s9avqkcvoSJ4KlsvKiIURfBYwdpCty7ZdFpjs9klyQpl2R/jxb/ixYMWL4KCP8W0Fb8fBN57M8NkXhALro3rPjsTk1PTM7O5ufz8wuLScmFl9VxHiWJYY5GIVCOgGgWXWDPcCGzECmkYCKwHvaNhvX6NSvNInpl+jK2QdiXvcEaNtfzC/rHvad4N6UXKrzJyQDyMNReRtLqXfYkrD4XIxq1+2hspv7DhltwRyCcp/yYbleLWyxsAVP3CwGtHLAlRGiao1s2yG5tWSpXhTGCW9xKNMWU92sWmpZKGqFvp6MiMbFqnTTqRsk8aMnK/T6Q01LofBrYzpOZS/64Nzf9qzcR0dlspl3FiULLxok4iiInIMDHS5gqZEX1LKFPc/pWwS6ooMzbXvA3hz8l/SW27tFcqn9owDmGMHKxDEbagDDtQgROoQg0Y3MAdPMCjc+vcOwPnadw64XzMrMEPOK/v/qKovg==</latexit><latexit sha1_base64="akNpzNmMdgs0uvkGHI8tiVh4em4=">AAACI3icbVDLSgMxFM3Ud31VXboJFaGrMnWjIkJRBJcK1hY645BJ77RpM5khyQhlmC9x5cZfEcGFFjei/otpK74PBM45915u7vFjzpS27WcrNzE5NT0zO5efX1hcWi6srJ6rKJEUajTikWz4RAFnAmqaaQ6NWAIJfQ51v3c4rNcvQSoWiTPdj8ENSVuwgFGijeUV9o48R7F2SC5S1s3wPnYgVoxHwuhe9iW6DnCejVu9tDdSXmHDLtsj4E9S+U02qsXS68v23dWJVxg4rYgmIQhNOVGqWbFj7aZEakY5ZHknURAT2iNtaBoqSAjKTUdHZnjTOC0cRNI8ofHI/T6RklCpfuibzpDojvpdG5r/1ZqJDnbclIk40SDoeFGQcKwjPEwMt5gEqnnfEEIlM3/FtEMkodrkmjch/Dn5L6ltlXfLlVMTxgEaYxatoyIqoQraRlV0jE5QDVF0jW7RA3q0bqx7a2A9jVtz1sfMGvoB6+0dGy+qVA==</latexit><latexit sha1_base64="akNpzNmMdgs0uvkGHI8tiVh4em4=">AAACI3icbVDLSgMxFM3Ud31VXboJFaGrMnWjIkJRBJcK1hY645BJ77RpM5khyQhlmC9x5cZfEcGFFjei/otpK74PBM45915u7vFjzpS27WcrNzE5NT0zO5efX1hcWi6srJ6rKJEUajTikWz4RAFnAmqaaQ6NWAIJfQ51v3c4rNcvQSoWiTPdj8ENSVuwgFGijeUV9o48R7F2SC5S1s3wPnYgVoxHwuhe9iW6DnCejVu9tDdSXmHDLtsj4E9S+U02qsXS68v23dWJVxg4rYgmIQhNOVGqWbFj7aZEakY5ZHknURAT2iNtaBoqSAjKTUdHZnjTOC0cRNI8ofHI/T6RklCpfuibzpDojvpdG5r/1ZqJDnbclIk40SDoeFGQcKwjPEwMt5gEqnnfEEIlM3/FtEMkodrkmjch/Dn5L6ltlXfLlVMTxgEaYxatoyIqoQraRlV0jE5QDVF0jW7RA3q0bqx7a2A9jVtz1sfMGvoB6+0dGy+qVA==</latexit><latexit sha1_base64="d57OqmYeRGtjbKBOY6OKwwnJxPo=">AAACI3icbVDLSgMxFM3UV62vqks3wSK4KlM3KiIURXBZwdpCZxwy6W2bNpMZkoxQhvkYN/6KGxda3LjwX0ynxUfrgcA5597LzT1+xJnStv1h5RYWl5ZX8quFtfWNza3i9s6dCmNJoU5DHsqmTxRwJqCumebQjCSQwOfQ8AeX43rjAaRiobjVwwjcgHQF6zBKtLG84tmV5yjWDch9wvopPscORIrxUBg9SH9E3wHO00mrlwwy5RVLdtnOgL9JZZaU0BQ1rzhy2iGNAxCacqJUq2JH2k2I1IxySAtOrCAidEC60DJUkACUm2RHpvjAOG3cCaV5QuPM/T2RkECpYeCbzoDonpqtjc3/aq1Yd07chIko1iDoZFEn5liHeJwYbjMJVPOhIYRKZv6KaY9IQrXJtWBCmDt5ntSPyqflyo1dql5M08ijPbSPDlEFHaMqukY1VEcUPaJn9IrerCfrxRpZ75PWnDWd2UV/YH1+AfAZpng=</latexit>

Bi = �jk�jAki
<latexit sha1_base64="f+IRkum8n/1Ume0PKmaP8477668=">AAACDXicbVC7TgJBFL2LL8TXqqXNRCSxIrs2amGC2FhiIkLCApkdZmFg9pGZWROy4Qts/BUbCjXGzt7OD7F3FigUPMlNTs65d+be40acSWVZX0ZmaXlldS27ntvY3NreMXf37mQYC0KrJOShqLtYUs4CWlVMcVqPBMW+y2nNHVylfu2eCsnC4FYNI9r0cTdgHiNYaaltFlC5xdAFcmgkGddK0h+MnAgLxTBv9dFlKxmwUdvMW0VrArRI7BnJl46+x+8AUGmbn04nJLFPA0U4lrJhW5FqJumzhNNRzokljTAZ4C5taBpgn8pmMjlnhApa6SAvFLoChSbq74kE+1IOfVd3+lj15LyXiv95jVh5Z82EBVGsaECmH3kxRypEaTaowwQlig81wUQwvSsiPSwwUTrBnA7Bnj95kVRPiudF+0aHUYYpsnAAh3AMNpxCCa6hAlUg8ABP8AwvxqMxNl6Nt2lrxpjN7MMfGB8/zwCegA==</latexit><latexit sha1_base64="fJqnCtZYIbrl6qiHRQ8sbrsYFCU=">AAACDXicbVC7TsMwFHV4lpZHgJHFolRiqhIWYEAqZWEsEqGVmrRyXKd14zxkO5WqKF/Awq+wdADEwsDOxofAjPsYoOVIVzo651773uPGjAppGJ/a0vLK6tp6biNf2Nza3tF39+5ElHBMLByxiDdcJAijIbEklYw0Yk5Q4DJSd/2rsV8fEC5oFN7KYUycAHVD6lGMpJLaeglWWxReQJvEgjKlpH0/s2PEJUWs1YeXrdSnWVsvGmVjArhIzBkpVo6+Rm+DwnetrX/YnQgnAQklZkiIpmnE0knHz2JGsrydCBIj7KMuaSoaooAIJ52ck8GSUjrQi7iqUMKJ+nsiRYEQw8BVnQGSPTHvjcX/vGYivTMnpWGcSBLi6UdewqCM4Dgb2KGcYMmGiiDMqdoV4h7iCEuVYF6FYM6fvEisk/J52bxRYVTBFDlwAA7BMTDBKaiAa1ADFsDgHjyCJ/CsPWgj7UV7nbYuabOZffAH2vsPxiaf+g==</latexit><latexit sha1_base64="fJqnCtZYIbrl6qiHRQ8sbrsYFCU=">AAACDXicbVC7TsMwFHV4lpZHgJHFolRiqhIWYEAqZWEsEqGVmrRyXKd14zxkO5WqKF/Awq+wdADEwsDOxofAjPsYoOVIVzo651773uPGjAppGJ/a0vLK6tp6biNf2Nza3tF39+5ElHBMLByxiDdcJAijIbEklYw0Yk5Q4DJSd/2rsV8fEC5oFN7KYUycAHVD6lGMpJLaeglWWxReQJvEgjKlpH0/s2PEJUWs1YeXrdSnWVsvGmVjArhIzBkpVo6+Rm+DwnetrX/YnQgnAQklZkiIpmnE0knHz2JGsrydCBIj7KMuaSoaooAIJ52ck8GSUjrQi7iqUMKJ+nsiRYEQw8BVnQGSPTHvjcX/vGYivTMnpWGcSBLi6UdewqCM4Dgb2KGcYMmGiiDMqdoV4h7iCEuVYF6FYM6fvEisk/J52bxRYVTBFDlwAA7BMTDBKaiAa1ADFsDgHjyCJ/CsPWgj7UV7nbYuabOZffAH2vsPxiaf+g==</latexit><latexit sha1_base64="a1IbmrJmBTr3Hn4Lh6+TAx7LgQ4=">AAACDXicbVC7TsMwFHXKq5RXgJHFoqrEVCUswIBUysJYJEIrtWnluE7rxnEi20GqonwBC7/CwgCIlZ2Nv8FpM0DLka50dM699r3HixmVyrK+jdLK6tr6RnmzsrW9s7tn7h/cyygRmDg4YpHoeEgSRjlxFFWMdGJBUOgx0vaC69xvPxAhacTv1DQmbohGnPoUI6WlgVmDzT6Fl7BHYkmZVtJJkPViJBRFrD+BV/00oNnArFp1awa4TOyCVEGB1sD86g0jnISEK8yQlF3bipWb5s9iRrJKL5EkRjhAI9LVlKOQSDednZPBmlaG0I+ELq7gTP09kaJQymno6c4QqbFc9HLxP6+bKP/cTSmPE0U4nn/kJwyqCObZwCEVBCs21QRhQfWuEI+RQFjpBCs6BHvx5GXinNYv6vatVW00izTK4AgcgxNggzPQADegBRyAwSN4Bq/gzXgyXox342PeWjKKmUPwB8bnDwdum7E=</latexit>

Eij
� = ��tA

ij � �i�j�
<latexit sha1_base64="FGfeqN5BRNiYpuiyzSavWErdTcE="></latexit><latexit sha1_base64="hKlDLDT2u85vpga3bB2CWmyf7IY="></latexit><latexit sha1_base64="hKlDLDT2u85vpga3bB2CWmyf7IY="></latexit><latexit sha1_base64="MQlUclguQrVUS9k7bOvoU28S4Jw=">AAACJXicbZBPS8MwGMbT+W/Of1WPXoJD8LLRelEPg6kIHidYN1hrSbNsy5amJUmFUfZpvPhVvHiYInjyq5huRXTzgcCP533fJO8TxIxKZVmfRmFpeWV1rbhe2tjc2t4xd/fuZZQITBwcsUi0AiQJo5w4iipGWrEgKAwYaQbDq6zefCRC0ojfqVFMvBD1OO1SjJS2fLN27buS9kL0kNLBGNZgxY2RUBQxX8GLmVmBPx79oYEb96lvlq2qNRVcBDuHMsjV8M2J24lwEhKuMENStm0rVl6a3YkZGZfcRJIY4SHqkbZGjkIivXS65hgeaacDu5HQhys4dX9PpCiUchQGujNEqi/na5n5X62dqO6Zl1IeJ4pwPHuomzCoIphlBjtUEKzYSAPCguq/QtxHAmGlky3pEOz5lRfBOameV+1bq1y/zNMoggNwCI6BDU5BHdyABnAABk/gBUzAm/FsvBrvxsestWDkM/vgj4yvb8HApZQ=</latexit>

�tB
i + �jk�jEki

� = 0
<latexit sha1_base64="Uirl331Z2qqRBofgneqQVnIZGIU="></latexit><latexit sha1_base64="dyea9lVximuunn1T2h0WvkJHtq0="></latexit><latexit sha1_base64="dyea9lVximuunn1T2h0WvkJHtq0="></latexit><latexit sha1_base64="rA2RN6cqBD2q1jAxE3mzGikCesI=">AAACI3icbVDLSsNAFJ3UV62vqEs3g0UQhJK4URGhVASXFYwtNGmYTKftNJMHMxOhhHyMG3/FjQstblz4L07aCNp64MLhnHu59x4vZlRIw/jUSkvLK6tr5fXKxubW9o6+u/cgooRjYuGIRbztIUEYDYklqWSkHXOCAo+Rludf537rkXBBo/BejmPiBGgQ0j7FSCrJ1S/tGHFJEXMlbHQpPIE2iQVlyktHfvbjdkfwxrUFHQSom/o0g1fQqLh61agZU8BFYhakCgo0XX1i9yKcBCSUmCEhOqYRSyfNV2BGsoqdCBIj7KMB6SgaooAIJ50+mcEjpfRgP+KqQgmn6u+JFAVCjANPdQZIDsW8l4v/eZ1E9s+dlIZxIkmIZ4v6CYMygnlisEc5wZKNFUGYU3UrxEPEEZYq1zwEc/7lRWKd1i5q5p1RrTeKNMrgAByCY2CCM1AHt6AJLIDBE3gBb+Bde9ZetYn2MWstacXMPvgD7esbQ5ekHg==</latexit>

Aij � Aij + �i�j�
<latexit sha1_base64="UDms035ze8MMxNnEBbTPKGIOwYs=">AAACG3icbZC7SgNBFIbPeo3xFrW0GbyAIIRdLdQuamMZwRghG5azk0kyOnthZlYJSx7Exsew1cJCxUqw8EHsnc0G8fbDwMd/zpmZ8/ux4Erb9rs1Mjo2PjFZmCpOz8zOzZcWFk9VlEjKajQSkTzzUTHBQ1bTXAt2FkuGgS9Y3b84zOr1SyYVj8IT3YtZM8BOyNucojaWV9re91J+3ncl73Q1ShldkdzZdGOUmqPw+BeduyjiLnqlVbtsD0T+gjOE1crax+09AFS90qvbimgSsFBTgUo1HDvWzTS7lQrWL7qJYjHSC+ywhsEQA6aa6WC5Plk3Tou0I2lOqMnA/T6RYqBUL/BNZ4C6q37XMvO/WiPR7d1mysM40Syk+UPtRBAdkSwp0uKSUS16BpBKbv5KaBclUm3yLJoQnN8r/4XaVnmv7BybMA4gVwGWYQU2wIEdqMARVKEGFK7hDh7hybqxHqxn6yVvHbGGM0vwQ9bbJ8kGpZM=</latexit><latexit sha1_base64="8zms9PrS+WUzQafnVHZjJMBVeD8=">AAACG3icbZDLSgMxFIYz9VZbL6Mu3QSrIAhlRhfqrurGZQVrC50ynEnTNm3mQpKplKEP4sbHcOtCFyquBBc+iK5NL4i2/hD4+M85Sc7vRZxJZVkfRmpmdm5+Ib2YyS4tr6yaa+tXMowFoSUS8lBUPJCUs4CWFFOcViJBwfc4LXuds0G93KVCsjC4VL2I1nxoBqzBCChtuebBiZuwdt8RrNlSIER4jUfOnhOBUAy4y36o7QCPWuCaOStvDYWnwR5DrrD9effQzX4VXfPNqYck9mmgCAcpq7YVqVoyuJVw2s84saQRkA40aVVjAD6VtWS4XB/vaKeOG6HQJ1B46P6eSMCXsud7utMH1ZKTtYH5X60aq8ZRLWFBFCsakNFDjZhjFeJBUrjOBCWK9zQAEUz/FZMWCCBK55nRIdiTK09DaT9/nLcvdBinaKQ02kRbaBfZ6BAV0DkqohIi6Abdoyf0bNwaj8aL8TpqTRnjmQ30R8b7N8Aspw0=</latexit><latexit sha1_base64="8zms9PrS+WUzQafnVHZjJMBVeD8=">AAACG3icbZDLSgMxFIYz9VZbL6Mu3QSrIAhlRhfqrurGZQVrC50ynEnTNm3mQpKplKEP4sbHcOtCFyquBBc+iK5NL4i2/hD4+M85Sc7vRZxJZVkfRmpmdm5+Ib2YyS4tr6yaa+tXMowFoSUS8lBUPJCUs4CWFFOcViJBwfc4LXuds0G93KVCsjC4VL2I1nxoBqzBCChtuebBiZuwdt8RrNlSIER4jUfOnhOBUAy4y36o7QCPWuCaOStvDYWnwR5DrrD9effQzX4VXfPNqYck9mmgCAcpq7YVqVoyuJVw2s84saQRkA40aVVjAD6VtWS4XB/vaKeOG6HQJ1B46P6eSMCXsud7utMH1ZKTtYH5X60aq8ZRLWFBFCsakNFDjZhjFeJBUrjOBCWK9zQAEUz/FZMWCCBK55nRIdiTK09DaT9/nLcvdBinaKQ02kRbaBfZ6BAV0DkqohIi6Abdoyf0bNwaj8aL8TpqTRnjmQ30R8b7N8Aspw0=</latexit><latexit sha1_base64="/bGVe+PbklQ9ULnHIaebQSJOo+c=">AAACG3icbZDLSsNAFIYnXmu9RV26GSyCIJREF+qu6sZlBWMLTQgn02k77eTCzEQpoQ/ixldx40LFleDCt3HSBtHWHwY+/nPOzJw/SDiTyrK+jLn5hcWl5dJKeXVtfWPT3Nq+lXEqCHVIzGPRDEBSziLqKKY4bSaCQhhw2ggGl3m9cUeFZHF0o4YJ9ULoRqzDCCht+ebxuZ+x/sgVrNtTIER8jyfOoZuAUAy4z36o7wJPeuCbFatqjYVnwS6gggrVffPDbcckDWmkCAcpW7aVKC/LbyWcjspuKmkCZABd2tIYQUill42XG+F97bRxJxb6RAqP3d8TGYRSDsNAd4agenK6lpv/1Vqp6px6GYuSVNGITB7qpByrGOdJ4TYTlCg+1ABEMP1XTHoggCidZ1mHYE+vPAvOUfWsal9bldpFkUYJ7aI9dIBsdIJq6ArVkYMIekBP6AW9Go/Gs/FmvE9a54xiZgf9kfH5DQF0osQ=</latexit>

�� � + �t�
<latexit sha1_base64="LOZF1ZNh13QoJ3JsKw8hnbskQg4=">AAACDHicbVDJSgNBEK1xjXGLetTD4AKCEGa8qDfRi8cEjAlkQqjpdDKNPTNNd40Sgj/gxV/xIrjg1Q/w5s1PsSfJwe1Bw+v3qqq7XqikMOR5H87E5NT0zGxhrji/sLi0XFpZvTBpphmvsVSmuhGi4VIkvEaCJG8ozTEOJa+Hl6e5X7/i2og0Oae+4q0Ye4noCoZkpXZpO1CRCLToRYRap9f5dS9QqEmgbFOAUkXYLm15ZW8I9y/xx2TreOOx+gkAlXbpPeikLIt5QkyiMU3fU9Qa5FOZ5DfFIDNcIbvEHm9ammDMTWsw3ObG3bFKx+2m2p6E3KH6vWOAsTH9OLSVMVJkfnu5+J/XzKh72BqIRGXEEzZ6qJtJl1I3j8btCM0Zyb4lyLSwf3VZhBoZ2QCLNgT/98p/SW2/fFT2qzaMExihAOuwCbvgwwEcwxlUoAYMbuEenuDZuXMenBfndVQ64Yx71uAHnLcvLh+esA==</latexit><latexit sha1_base64="CTDhKqCni5zM5ib4HFC6Y+NFsKE=">AAACDHicbVDLSsNAFJ3Ud31VXSoSrIIglMSNuiu6calgbKEp5WY6bYZOkmHmRimhSzdu/BU3gg/c+gHu/AZ/wknrQq0HBs6cc++duSeQgmt0nA+rMDE5NT0zO1ecX1hcWi6trF7qJFWUeTQRiaoHoJngMfOQo2B1qRhEgWC1oHeS+7UrpjRP4gvsS9aMoBvzDqeARmqVtn0Zcl/xboigVHKdX/d8CQo5iBb6IGQIrVLZqThD2OPE/Sbl6sbj+efN5uNZq/TutxOaRixGKkDrhutIbGb5VCrYoOinmkmgPeiyhqExREw3s+E2A3vHKG27kyhzYrSH6s+ODCKt+1FgKiPAUP/1cvE/r5Fi57CZ8VimyGI6eqiTChsTO4/GbnPFKIq+IUAVN3+1aQgKKJoAiyYE9+/K48TbrxxV3HMTxjEZYZasky2yS1xyQKrklJwRj1ByS+7JE3m27qwH68V6HZUWrO+eNfIL1tsXCv6gFg==</latexit><latexit sha1_base64="CTDhKqCni5zM5ib4HFC6Y+NFsKE=">AAACDHicbVDLSsNAFJ3Ud31VXSoSrIIglMSNuiu6calgbKEp5WY6bYZOkmHmRimhSzdu/BU3gg/c+gHu/AZ/wknrQq0HBs6cc++duSeQgmt0nA+rMDE5NT0zO1ecX1hcWi6trF7qJFWUeTQRiaoHoJngMfOQo2B1qRhEgWC1oHeS+7UrpjRP4gvsS9aMoBvzDqeARmqVtn0Zcl/xboigVHKdX/d8CQo5iBb6IGQIrVLZqThD2OPE/Sbl6sbj+efN5uNZq/TutxOaRixGKkDrhutIbGb5VCrYoOinmkmgPeiyhqExREw3s+E2A3vHKG27kyhzYrSH6s+ODCKt+1FgKiPAUP/1cvE/r5Fi57CZ8VimyGI6eqiTChsTO4/GbnPFKIq+IUAVN3+1aQgKKJoAiyYE9+/K48TbrxxV3HMTxjEZYZasky2yS1xyQKrklJwRj1ByS+7JE3m27qwH68V6HZUWrO+eNfIL1tsXCv6gFg==</latexit><latexit sha1_base64="XPmgyNShbgCCrtfTOswqXfxXEDU=">AAACDHicbVC7TsMwFHV4lvIqMLJEFCQkpCphAbYKFsYiEVqpiaIb122sOoll34Cqqj/Awq+wMABi5QPY+BuctgO0HMnS8Tn3XvueSAqu0XG+rYXFpeWV1dJaeX1jc2u7srN7p7NcUebRTGSqFYFmgqfMQ46CtaRikESCNaP+VeE375nSPEtvcSBZkEAv5V1OAY0UVg59GXNf8V6MoFT2UFxPfAkKOYgQfRAyhrBSdWrOGPY8caekSqZohJUvv5PRPGEpUgFat11HYjAsplLBRmU/10wC7UOPtQ1NIWE6GI63GdlHRunY3UyZk6I9Vn93DCHRepBEpjIBjPWsV4j/ee0cu+fBkKcyR5bSyUPdXNiY2UU0docrRlEMDAGquPmrTWNQQNEEWDYhuLMrzxPvtHZRc2+cav1ymkaJ7JMDckxcckbq5Jo0iEcoeSTP5JW8WU/Wi/VufUxKF6xpzx75A+vzByBqnGs=</latexit>



!
•  Elastic Lagrangian:!

•  Disclinations:!

•  Electric, magnetic fields:!

-> Fracton Hamiltonian:!

-> Fracton charges, dipole current currents:!

-> Gauss’s law, continuity:!

-> Ampere’s law:  !
 !

Fracton-elasticity duality M. Pretko, !
L. R.,2017!
!

L =
1
2
(�tu

i)2 � 1
2
Cijk�uijuk�

<latexit sha1_base64="iPLb13GcVGv5zXBq8pu9+2vttJY="></latexit><latexit sha1_base64="Qzj3JriAJbtcbFN/amsXV2iHq9I="></latexit><latexit sha1_base64="Qzj3JriAJbtcbFN/amsXV2iHq9I="></latexit><latexit sha1_base64="JpPkT3gDrKm643O/y/G1rZRZ5N0="></latexit>

�ik�j��i�juk� = s(x)
<latexit sha1_base64="DTXn8SG03ZN5AruMZ7XpmPtJFv8="></latexit><latexit sha1_base64="e6/jW8I3ncEWCTbThJWV9V7p4q0="></latexit><latexit sha1_base64="e6/jW8I3ncEWCTbThJWV9V7p4q0="></latexit><latexit sha1_base64="eApJYLSUNDnTki17liZTulSm050=">AAACL3icbVDLSgMxFM3UV62vqks3wSLopsy4URdC0YUuK1hb6NQhk95p02YyQ5IRyzCf5MZP0Y2Cilv/wvSBj+qBwLnn3MvNPX7MmdK2/WzlZmbn5hfyi4Wl5ZXVteL6xpWKEkmhRiMeyYZPFHAmoKaZ5tCIJZDQ51D3+6dDv34DUrFIXOpBDK2QdAQLGCXaSF7xzIVYMR6J65T1s++i5wLnmRsTqRnhHvtivcRL+yMTH2O1m7p+gG+zPa9Yssv2CPgvcSakhCaoesUHtx3RJAShKSdKNR071q10uIVyyApuoiAmtE860DRUkBBUKx0dnOEdo7RxEEnzhMYj9edESkKlBqFvOkOiu2raG4r/ec1EB4etlIk40SDoeFGQcKwjPEwPt5kEqvnAEEIlM3/FtEskodpkXDAhONMn/yW1/fJR2bmwS5WTSRp5tIW20S5y0AGqoHNURTVE0R16RC/o1bq3nqw3633cmrMmM5voF6yPT78uq1g=</latexit>

Bi = �ij�j
<latexit sha1_base64="iQLr8eNEYJjRJzKb8chMBAvJPN4=">AAACAHicbVA9SwNBEJ3zM8avqI1gsxgFq3CxUQshxMYygjGBXHLsbTbJJnt7y+6eEI7Y+FdsLFRsLKz8DXb+EHs3iYgmPhh4vDfDzLxAcqaN6344M7Nz8wuLqaX08srq2npmY/NKR7EitEwiHqlqgDXlTNCyYYbTqlQUhwGnlaB3NvQr11RpFolL05e0HuK2YC1GsLGSn9kuNhg6RR6VmvFINBLWHXiS+V0/k3Vz7gjoh+QnSbaw9/nyBgAlP/PuNSMSh1QYwrHWtbwrTT3ByjDC6SDtxZpKTHq4TWuWChxSXU9GHwzQvlWaqBUpW8Kgkfp7IsGh1v0wsJ0hNh096Q3F/7xabFrH9YQJGRsqyHhRK+bIRGgYB2oyRYnhfUswUczeikgHK0yMDS1tQ5h6eZqUD3MnufyFDaMIY6RgB3bhAPJwBAU4hxKUgcAN3MEDPDq3zr3z5DyPW2ec75kt+APn9QsyHpk+</latexit><latexit sha1_base64="1NAyJgdqrMbgaCQInJ49K3XAPTI=">AAACAHicbVA9SwNBEN2LXzHx49RGsFmMglW42KiFEGJjGcEzgdzl2NvsJZvs7R27e4FwxMa/YmOhYmNh6z+w84do7SYR0cQHA4/3ZpiZ58eMSmVZ70Zmbn5hcSm7nMuvrK6tmxubVzJKBCY2jlgk6j6ShFFObEUVI/VYEBT6jNT83tnIr/WJkDTil2oQEzdEbU4DipHSkmduV5oUnkKHxJKyiDdT2h06MfW6nlmwitYY8IeUpkmhvPfx/NrPf1Y9881pRTgJCVeYISkbJStWboqEopiRYc5JJIkR7qE2aWjKUUikm44/GMJ9rbRgEAldXMGx+nsiRaGUg9DXnSFSHTntjcT/vEaigmM3pTxOFOF4sihIGFQRHMUBW1QQrNhAE4QF1bdC3EECYaVDy+kQZl6eJfZh8aRYutBhVMAEWbADdsEBKIEjUAbnoApsgME1uAX34MG4Me6MR+Np0poxvme2wB8YL18pRJq4</latexit><latexit sha1_base64="1NAyJgdqrMbgaCQInJ49K3XAPTI=">AAACAHicbVA9SwNBEN2LXzHx49RGsFmMglW42KiFEGJjGcEzgdzl2NvsJZvs7R27e4FwxMa/YmOhYmNh6z+w84do7SYR0cQHA4/3ZpiZ58eMSmVZ70Zmbn5hcSm7nMuvrK6tmxubVzJKBCY2jlgk6j6ShFFObEUVI/VYEBT6jNT83tnIr/WJkDTil2oQEzdEbU4DipHSkmduV5oUnkKHxJKyiDdT2h06MfW6nlmwitYY8IeUpkmhvPfx/NrPf1Y9881pRTgJCVeYISkbJStWboqEopiRYc5JJIkR7qE2aWjKUUikm44/GMJ9rbRgEAldXMGx+nsiRaGUg9DXnSFSHTntjcT/vEaigmM3pTxOFOF4sihIGFQRHMUBW1QQrNhAE4QF1bdC3EECYaVDy+kQZl6eJfZh8aRYutBhVMAEWbADdsEBKIEjUAbnoApsgME1uAX34MG4Me6MR+Np0poxvme2wB8YL18pRJq4</latexit><latexit sha1_base64="ArtnsOXr+z4y5+UiX+uAyd78aE0=">AAACAHicbVDLSsNAFJ3UV62vqBvBzWARXJXEjboQSt24rGBsoUnDZDppp51MhpmJUELd+CtuXKi49TPc+TdOH4i2HrhwOOde7r0nEowq7ThfVmFpeWV1rbhe2tjc2t6xd/fuVJpJTDycslQ2I6QIo5x4mmpGmkISlESMNKLB1dhv3BOpaMpv9VCQIEFdTmOKkTZSaB/U2hReQp8IRVnK2zntj3xBw35ol52KMwH8Ie48KYMZ6qH96XdSnCWEa8yQUi3XETrIkdQUMzIq+ZkiAuEB6pKWoRwlRAX55IMRPDZKB8apNMU1nKi/J3KUKDVMItOZIN1T895Y/M9rZTo+D3LKRaYJx9NFccagTuE4DtihkmDNhoYgLKm5FeIekghrE1rJhLDw8iLxTisXFffGKVdrszSK4BAcgRPggjNQBdegDjyAwQN4Ai/g1Xq0nq03633aWrBmM/vgD6yPb2p9lm8=</latexit>

Eij
� = �ik�j��k�

<latexit sha1_base64="Ey63/DkwESmxlcY8o7Yq2ZhNKkk=">AAACI3icbVBNSwMxEJ31s9avqkcvoSJ4KlsvKiIURfBYwdpCty7ZdFpjs9klyQpl2R/jxb/ixYMWL4KCP8W0Fb8fBN57M8NkXhALro3rPjsTk1PTM7O5ufz8wuLScmFl9VxHiWJYY5GIVCOgGgWXWDPcCGzECmkYCKwHvaNhvX6NSvNInpl+jK2QdiXvcEaNtfzC/rHvad4N6UXKrzJyQDyMNReRtLqXfYkrD4XIxq1+2hspv7DhltwRyCcp/yYbleLWyxsAVP3CwGtHLAlRGiao1s2yG5tWSpXhTGCW9xKNMWU92sWmpZKGqFvp6MiMbFqnTTqRsk8aMnK/T6Q01LofBrYzpOZS/64Nzf9qzcR0dlspl3FiULLxok4iiInIMDHS5gqZEX1LKFPc/pWwS6ooMzbXvA3hz8l/SW27tFcqn9owDmGMHKxDEbagDDtQgROoQg0Y3MAdPMCjc+vcOwPnadw64XzMrMEPOK/v/qKovg==</latexit><latexit sha1_base64="akNpzNmMdgs0uvkGHI8tiVh4em4=">AAACI3icbVDLSgMxFM3Ud31VXboJFaGrMnWjIkJRBJcK1hY645BJ77RpM5khyQhlmC9x5cZfEcGFFjei/otpK74PBM45915u7vFjzpS27WcrNzE5NT0zO5efX1hcWi6srJ6rKJEUajTikWz4RAFnAmqaaQ6NWAIJfQ51v3c4rNcvQSoWiTPdj8ENSVuwgFGijeUV9o48R7F2SC5S1s3wPnYgVoxHwuhe9iW6DnCejVu9tDdSXmHDLtsj4E9S+U02qsXS68v23dWJVxg4rYgmIQhNOVGqWbFj7aZEakY5ZHknURAT2iNtaBoqSAjKTUdHZnjTOC0cRNI8ofHI/T6RklCpfuibzpDojvpdG5r/1ZqJDnbclIk40SDoeFGQcKwjPEwMt5gEqnnfEEIlM3/FtEMkodrkmjch/Dn5L6ltlXfLlVMTxgEaYxatoyIqoQraRlV0jE5QDVF0jW7RA3q0bqx7a2A9jVtz1sfMGvoB6+0dGy+qVA==</latexit><latexit sha1_base64="akNpzNmMdgs0uvkGHI8tiVh4em4=">AAACI3icbVDLSgMxFM3Ud31VXboJFaGrMnWjIkJRBJcK1hY645BJ77RpM5khyQhlmC9x5cZfEcGFFjei/otpK74PBM45915u7vFjzpS27WcrNzE5NT0zO5efX1hcWi6srJ6rKJEUajTikWz4RAFnAmqaaQ6NWAIJfQ51v3c4rNcvQSoWiTPdj8ENSVuwgFGijeUV9o48R7F2SC5S1s3wPnYgVoxHwuhe9iW6DnCejVu9tDdSXmHDLtsj4E9S+U02qsXS68v23dWJVxg4rYgmIQhNOVGqWbFj7aZEakY5ZHknURAT2iNtaBoqSAjKTUdHZnjTOC0cRNI8ofHI/T6RklCpfuibzpDojvpdG5r/1ZqJDnbclIk40SDoeFGQcKwjPEwMt5gEqnnfEEIlM3/FtEMkodrkmjch/Dn5L6ltlXfLlVMTxgEaYxatoyIqoQraRlV0jE5QDVF0jW7RA3q0bqx7a2A9jVtz1sfMGvoB6+0dGy+qVA==</latexit><latexit sha1_base64="d57OqmYeRGtjbKBOY6OKwwnJxPo=">AAACI3icbVDLSgMxFM3UV62vqks3wSK4KlM3KiIURXBZwdpCZxwy6W2bNpMZkoxQhvkYN/6KGxda3LjwX0ynxUfrgcA5597LzT1+xJnStv1h5RYWl5ZX8quFtfWNza3i9s6dCmNJoU5DHsqmTxRwJqCumebQjCSQwOfQ8AeX43rjAaRiobjVwwjcgHQF6zBKtLG84tmV5yjWDch9wvopPscORIrxUBg9SH9E3wHO00mrlwwy5RVLdtnOgL9JZZaU0BQ1rzhy2iGNAxCacqJUq2JH2k2I1IxySAtOrCAidEC60DJUkACUm2RHpvjAOG3cCaV5QuPM/T2RkECpYeCbzoDonpqtjc3/aq1Yd07chIko1iDoZFEn5liHeJwYbjMJVPOhIYRKZv6KaY9IQrXJtWBCmDt5ntSPyqflyo1dql5M08ijPbSPDlEFHaMqukY1VEcUPaJn9IrerCfrxRpZ75PWnDWd2UV/YH1+AfAZpng=</latexit>

Bi = �jk�jAki
<latexit sha1_base64="f+IRkum8n/1Ume0PKmaP8477668=">AAACDXicbVC7TgJBFL2LL8TXqqXNRCSxIrs2amGC2FhiIkLCApkdZmFg9pGZWROy4Qts/BUbCjXGzt7OD7F3FigUPMlNTs65d+be40acSWVZX0ZmaXlldS27ntvY3NreMXf37mQYC0KrJOShqLtYUs4CWlVMcVqPBMW+y2nNHVylfu2eCsnC4FYNI9r0cTdgHiNYaaltFlC5xdAFcmgkGddK0h+MnAgLxTBv9dFlKxmwUdvMW0VrArRI7BnJl46+x+8AUGmbn04nJLFPA0U4lrJhW5FqJumzhNNRzokljTAZ4C5taBpgn8pmMjlnhApa6SAvFLoChSbq74kE+1IOfVd3+lj15LyXiv95jVh5Z82EBVGsaECmH3kxRypEaTaowwQlig81wUQwvSsiPSwwUTrBnA7Bnj95kVRPiudF+0aHUYYpsnAAh3AMNpxCCa6hAlUg8ABP8AwvxqMxNl6Nt2lrxpjN7MMfGB8/zwCegA==</latexit><latexit sha1_base64="fJqnCtZYIbrl6qiHRQ8sbrsYFCU=">AAACDXicbVC7TsMwFHV4lpZHgJHFolRiqhIWYEAqZWEsEqGVmrRyXKd14zxkO5WqKF/Awq+wdADEwsDOxofAjPsYoOVIVzo651773uPGjAppGJ/a0vLK6tp6biNf2Nza3tF39+5ElHBMLByxiDdcJAijIbEklYw0Yk5Q4DJSd/2rsV8fEC5oFN7KYUycAHVD6lGMpJLaeglWWxReQJvEgjKlpH0/s2PEJUWs1YeXrdSnWVsvGmVjArhIzBkpVo6+Rm+DwnetrX/YnQgnAQklZkiIpmnE0knHz2JGsrydCBIj7KMuaSoaooAIJ52ck8GSUjrQi7iqUMKJ+nsiRYEQw8BVnQGSPTHvjcX/vGYivTMnpWGcSBLi6UdewqCM4Dgb2KGcYMmGiiDMqdoV4h7iCEuVYF6FYM6fvEisk/J52bxRYVTBFDlwAA7BMTDBKaiAa1ADFsDgHjyCJ/CsPWgj7UV7nbYuabOZffAH2vsPxiaf+g==</latexit><latexit sha1_base64="fJqnCtZYIbrl6qiHRQ8sbrsYFCU=">AAACDXicbVC7TsMwFHV4lpZHgJHFolRiqhIWYEAqZWEsEqGVmrRyXKd14zxkO5WqKF/Awq+wdADEwsDOxofAjPsYoOVIVzo651773uPGjAppGJ/a0vLK6tp6biNf2Nza3tF39+5ElHBMLByxiDdcJAijIbEklYw0Yk5Q4DJSd/2rsV8fEC5oFN7KYUycAHVD6lGMpJLaeglWWxReQJvEgjKlpH0/s2PEJUWs1YeXrdSnWVsvGmVjArhIzBkpVo6+Rm+DwnetrX/YnQgnAQklZkiIpmnE0knHz2JGsrydCBIj7KMuaSoaooAIJ52ck8GSUjrQi7iqUMKJ+nsiRYEQw8BVnQGSPTHvjcX/vGYivTMnpWGcSBLi6UdewqCM4Dgb2KGcYMmGiiDMqdoV4h7iCEuVYF6FYM6fvEisk/J52bxRYVTBFDlwAA7BMTDBKaiAa1ADFsDgHjyCJ/CsPWgj7UV7nbYuabOZffAH2vsPxiaf+g==</latexit><latexit sha1_base64="a1IbmrJmBTr3Hn4Lh6+TAx7LgQ4=">AAACDXicbVC7TsMwFHXKq5RXgJHFoqrEVCUswIBUysJYJEIrtWnluE7rxnEi20GqonwBC7/CwgCIlZ2Nv8FpM0DLka50dM699r3HixmVyrK+jdLK6tr6RnmzsrW9s7tn7h/cyygRmDg4YpHoeEgSRjlxFFWMdGJBUOgx0vaC69xvPxAhacTv1DQmbohGnPoUI6WlgVmDzT6Fl7BHYkmZVtJJkPViJBRFrD+BV/00oNnArFp1awa4TOyCVEGB1sD86g0jnISEK8yQlF3bipWb5s9iRrJKL5EkRjhAI9LVlKOQSDednZPBmlaG0I+ELq7gTP09kaJQymno6c4QqbFc9HLxP6+bKP/cTSmPE0U4nn/kJwyqCObZwCEVBCs21QRhQfWuEI+RQFjpBCs6BHvx5GXinNYv6vatVW00izTK4AgcgxNggzPQADegBRyAwSN4Bq/gzXgyXox342PeWjKKmUPwB8bnDwdum7E=</latexit>

Eij
� = ��tA

ij � �i�j�
<latexit sha1_base64="FGfeqN5BRNiYpuiyzSavWErdTcE="></latexit><latexit sha1_base64="hKlDLDT2u85vpga3bB2CWmyf7IY="></latexit><latexit sha1_base64="hKlDLDT2u85vpga3bB2CWmyf7IY="></latexit><latexit sha1_base64="MQlUclguQrVUS9k7bOvoU28S4Jw=">AAACJXicbZBPS8MwGMbT+W/Of1WPXoJD8LLRelEPg6kIHidYN1hrSbNsy5amJUmFUfZpvPhVvHiYInjyq5huRXTzgcCP533fJO8TxIxKZVmfRmFpeWV1rbhe2tjc2t4xd/fuZZQITBwcsUi0AiQJo5w4iipGWrEgKAwYaQbDq6zefCRC0ojfqVFMvBD1OO1SjJS2fLN27buS9kL0kNLBGNZgxY2RUBQxX8GLmVmBPx79oYEb96lvlq2qNRVcBDuHMsjV8M2J24lwEhKuMENStm0rVl6a3YkZGZfcRJIY4SHqkbZGjkIivXS65hgeaacDu5HQhys4dX9PpCiUchQGujNEqi/na5n5X62dqO6Zl1IeJ4pwPHuomzCoIphlBjtUEKzYSAPCguq/QtxHAmGlky3pEOz5lRfBOameV+1bq1y/zNMoggNwCI6BDU5BHdyABnAABk/gBUzAm/FsvBrvxsestWDkM/vgj4yvb8HApZQ=</latexit>

� = s
<latexit sha1_base64="i87YkEa/PMlBpiZIFyUJ/kp3agk=">AAAB7nicbVA9SwNBEJ2LXzF+RS21WAyCVbizUQshaGOZgGcCyRH2NnvJkr3dc3dPCEf+hI2Fiq0/wd9hZ+dPcXNJoYkPBh7vzTAzL0w408Z1v5zC0vLK6lpxvbSxubW9U97du9MyVYT6RHKpWiHWlDNBfcMMp61EURyHnDbD4fXEbz5QpZkUt2aU0CDGfcEiRrCxUqujBhJdIt0tV9yqmwMtEm9GKrXDj8Y3ANS75c9OT5I0psIQjrVue25iggwrwwin41In1TTBZIj7tG2pwDHVQZbfO0bHVumhSCpbwqBc/T2R4VjrURzazhibgZ73JuJ/Xjs10XmQMZGkhgoyXRSlHBmJJs+jHlOUGD6yBBPF7K2IDLDCxNiISjYEb/7lReKfVi+qXsOGcQVTFOEAjuAEPDiDGtxAHXwgwOERnuHFuXeenFfnbdpacGYz+/AHzvsPn3SRdA==</latexit><latexit sha1_base64="k1fmcBHcv8am8gzk/OjUlijoExA=">AAAB7nicbVDLSgNBEOz1GeMr6lGRwSB4Crte1IMQ9OIxAdcEkiXMTmaTIbMz68ysEJYc/QEvHlS8+gn5Dm9+gz/h5HHQxIKGoqqb7q4w4Uwb1/1yFhaXlldWc2v59Y3Nre3Czu6dlqki1CeSS1UPsaacCeobZjitJ4riOOS0FvauR37tgSrNpLg1/YQGMe4IFjGCjZXqTdWV6BLpVqHoltwx0DzxpqRYPhhWvx8Ph5VW4bPZliSNqTCEY60bnpuYIMPKMMLpIN9MNU0w6eEObVgqcEx1kI3vHaBjq7RRJJUtYdBY/T2R4Vjrfhzazhibrp71RuJ/XiM10XmQMZGkhgoyWRSlHBmJRs+jNlOUGN63BBPF7K2IdLHCxNiI8jYEb/bleeKfli5KXtWGcQUT5GAfjuAEPDiDMtxABXwgwOEJXuDVuXeenTfnfdK64Exn9uAPnI8ffFOS2g==</latexit><latexit sha1_base64="k1fmcBHcv8am8gzk/OjUlijoExA=">AAAB7nicbVDLSgNBEOz1GeMr6lGRwSB4Crte1IMQ9OIxAdcEkiXMTmaTIbMz68ysEJYc/QEvHlS8+gn5Dm9+gz/h5HHQxIKGoqqb7q4w4Uwb1/1yFhaXlldWc2v59Y3Nre3Czu6dlqki1CeSS1UPsaacCeobZjitJ4riOOS0FvauR37tgSrNpLg1/YQGMe4IFjGCjZXqTdWV6BLpVqHoltwx0DzxpqRYPhhWvx8Ph5VW4bPZliSNqTCEY60bnpuYIMPKMMLpIN9MNU0w6eEObVgqcEx1kI3vHaBjq7RRJJUtYdBY/T2R4Vjrfhzazhibrp71RuJ/XiM10XmQMZGkhgoyWRSlHBmJRs+jNlOUGN63BBPF7K2IdLHCxNiI8jYEb/bleeKfli5KXtWGcQUT5GAfjuAEPDiDMtxABXwgwOEJXuDVuXeenTfnfdK64Exn9uAPnI8ffFOS2g==</latexit><latexit sha1_base64="vfFdV9g8TjsbyZFWAjaMecGbjHE=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5s1EII2lhG8EwgOcLeZi9Zsh/n7p4QjvwJGwsVW3+Pnf/GTXKFJj4YeLw3w8y8OOXMWN//9korq2vrG+XNytb2zu5edf/gwahMExoSxZVux9hQziQNLbOctlNNsYg5bcWjm6nfeqLaMCXv7TilkcADyRJGsHVSu6uHCl0h06vW/Lo/A1omQUFqUKDZq351+4pkgkpLODamE/ipjXKsLSOcTirdzNAUkxEe0I6jEgtqonx27wSdOKWPEqVdSYtm6u+JHAtjxiJ2nQLboVn0puJ/XiezyUWUM5lmlkoyX5RkHFmFps+jPtOUWD52BBPN3K2IDLHGxLqIKi6EYPHlZRKe1S/rwZ1fa1wXaZThCI7hFAI4hwbcQhNCIMDhGV7hzXv0Xrx372PeWvKKmUP4A+/zB5G/jy8=</latexit>

J ij = �ik�j�(�t�k � �k�t)u� = �(i�vj)b�
<latexit sha1_base64="rEzwpKVSF8mxLW8RlbGz7zvs7YE="></latexit><latexit sha1_base64="u5ZYxoQiK0s2gEHgQxVVM0paCwM="></latexit><latexit sha1_base64="u5ZYxoQiK0s2gEHgQxVVM0paCwM="></latexit><latexit sha1_base64="ofved0wFhJm5eqZ6pTFAt92lukU="></latexit>

H =
1
2
C̃ijk�EijEk� +

1
2
BiBi + �� + J ijAij

<latexit sha1_base64="cSBgqV5PCAhty5I9MbzXd/j+8LI="></latexit><latexit sha1_base64="Z10Pt/YD3CjBOPpedaQK8KlnB6Q="></latexit><latexit sha1_base64="Z10Pt/YD3CjBOPpedaQK8KlnB6Q="></latexit><latexit sha1_base64="tTtf2xhRRtpNcfY7CSxAM0lgwGc="></latexit>

�i�jE
ij = �

<latexit sha1_base64="X1q9w3haB7pZdnuGXM+7nAz3uIo=">AAACCnicbZDLSgMxFIbPeK31NurSTWgVXJUZN+pCKIrgsoK1hU4dMmmmTZu5kGSEMnTvxldxI3jBjQufwJ0P4t5MW0Rbfwh8/OecJOf3Ys6ksqxPY2Z2bn5hMbeUX15ZXVs3NzavZJQIQqsk4pGoe1hSzkJaVUxxWo8FxYHHac3rnWb12g0VkkXhperHtBngdsh8RrDSlmsWnBgLxTB32Q910dl1yroDdIwc0Ylcs2iVrKHQNNhjKJZ3vh7fAKDimh9OKyJJQENFOJayYVuxaqbZ7YTTQd5JJI0x6eE2bWgMcUBlMx3uMkC72mkhPxL6hAoN3d8TKQ6k7Aee7gyw6sjJWmb+V2skyj9spiyME0VDMnrITzhSEcqCQS0mKFG8rwETwfRfEelggYnS8eV1CPbkytNQ3S8dlewLHcYJjJSDbSjAHthwAGU4hwpUgcAt3MMTPBt3xoPxYryOWmeM8cwW/JHx/g3lZp1x</latexit><latexit sha1_base64="jmWCZY8ylh3LahZJy+OCkhNGReY=">AAACCnicbZDLSgMxFIYz9VZbL6Mu3YRWwVWZcaMuhKIILis4ttAZh0yaadNmLiSZQhm6d+OruBG84FKfwJ0PomszbRFt/SHw8Z9zkpzfixkV0jA+tNzc/MLiUn65UFxZXVvXNzavRJRwTCwcsYg3PCQIoyGxJJWMNGJOUOAxUvd6p1m93idc0Ci8lIOYOAFqh9SnGElluXrJjhGXFDGX/lAXnl2ntDuEx9DmncjVy0bFGAnOgjmBcnXn8+G1X/yqufq73YpwEpBQYoaEaJpGLJ00ux0zMizYiSAxwj3UJk2FIQqIcNLRLkO4q5wW9COuTijhyP09kaJAiEHgqc4AyY6YrmXmf7VmIv1DJ6VhnEgS4vFDfsKgjGAWDGxRTrBkAwUIc6r+CnEHcYSliq+gQjCnV54Fa79yVDEvVBgnYKw82AYlsAdMcACq4BzUgAUwuAF34BE8abfavfasvYxbc9pkZgv8kfb2DdyMnus=</latexit><latexit sha1_base64="jmWCZY8ylh3LahZJy+OCkhNGReY=">AAACCnicbZDLSgMxFIYz9VZbL6Mu3YRWwVWZcaMuhKIILis4ttAZh0yaadNmLiSZQhm6d+OruBG84FKfwJ0PomszbRFt/SHw8Z9zkpzfixkV0jA+tNzc/MLiUn65UFxZXVvXNzavRJRwTCwcsYg3PCQIoyGxJJWMNGJOUOAxUvd6p1m93idc0Ci8lIOYOAFqh9SnGElluXrJjhGXFDGX/lAXnl2ntDuEx9DmncjVy0bFGAnOgjmBcnXn8+G1X/yqufq73YpwEpBQYoaEaJpGLJ00ux0zMizYiSAxwj3UJk2FIQqIcNLRLkO4q5wW9COuTijhyP09kaJAiEHgqc4AyY6YrmXmf7VmIv1DJ6VhnEgS4vFDfsKgjGAWDGxRTrBkAwUIc6r+CnEHcYSliq+gQjCnV54Fa79yVDEvVBgnYKw82AYlsAdMcACq4BzUgAUwuAF34BE8abfavfasvYxbc9pkZgv8kfb2DdyMnus=</latexit><latexit sha1_base64="VuxRzTb0pOh0JBYUt9D/HHKYFjY=">AAACCnicbZBPS8MwGMZT/875r+rRS9gQPI3Wi3oQhiJ4nGDdYK0lzdItW5qUJBVG2d2LX8WLBxWvfgJvfhvTbYhuPhD48bzvm+R9opRRpR3ny1pYXFpeWS2tldc3Nre27Z3dWyUyiYmHBROyFSFFGOXE01Qz0kolQUnESDMaXBT15j2Rigp+o4cpCRLU5TSmGGljhXbFT5HUFLGQ/lAfXt7ltD+CZ9CXPRHaVafmjAXnwZ1CFUzVCO1PvyNwlhCuMUNKtV0n1UFe3I4ZGZX9TJEU4QHqkrZBjhKigny8ywgeGKcDYyHN4RqO3d8TOUqUGiaR6UyQ7qnZWmH+V2tnOj4JcsrTTBOOJw/FGYNawCIY2KGSYM2GBhCW1PwV4h6SCGsTX9mE4M6uPA/eUe205l471fr5NI0S2AcVcAhccAzq4Ao0gAcweABP4AW8Wo/Ws/VmvU9aF6zpzB74I+vjGx3UmqI=</latexit>

[Eij , Aij ] = i�(2)(x)
<latexit sha1_base64="WT/sALe662v2VNTNo2MXxe+4lmg=">AAACEHicbVDLSsNAFL3xWeur6tLNYBUiSEncqAuhKoLLCtYKaVom04mOTh7MTMQS8gtu/BURXPjaunTnh7h30nah1QOXezjnXmbu8WLOpLKsT2NkdGx8YrIwVZyemZ2bLy0snsooEYTWScQjceZhSTkLaV0xxelZLCgOPE4b3tVB7jeuqZAsCk9UN6ZugM9D5jOClZbaJdM5bKXsMtvYa+fNRbuINTuUK9xKzc31zEybno9usvV2qWxVrB7QX2IPSLm6+vXwCgC1dumj2YlIEtBQEY6ldGwrVm6KhWKE06zYTCSNMbnC59TRNMQBlW7auyhDa1rpID8SukKFeurPjRQHUnYDT08GWF3IYS8X//OcRPnbbsrCOFE0JP2H/IQjFaE8HtRhghLFu5pgIpj+KyIXWGCidIhFHYI9fPJfUt+s7FTsYx3GPvRRgGVYARNs2IIqHEEN6kDgFu7hCZ6NO+PReDHe+qMjxmBnCX7BeP8Gn+2ewQ==</latexit><latexit sha1_base64="g0mMMeFOOBpxt4QsGRrgJPRKapc="></latexit><latexit sha1_base64="g0mMMeFOOBpxt4QsGRrgJPRKapc="></latexit><latexit sha1_base64="YVOqhcwJU8M+Pr+Rsi3kZfGQ084=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0VoQUrSjboQqiK4rGBsoUnLZDppx04ezEzEEvILbvwVNy5U3Lp05984abPQ1gOXezjnXmbucSNGhTSMb62wsLi0vFJcLa2tb2xu6ds7tyKMOSYWDlnI2y4ShNGAWJJKRtoRJ8h3GWm5o4vMb90TLmgY3MhxRBwfDQLqUYykknp6pXPZTehdenjWy5oDTyG1+4RJ1E0q9WpaSWzXgw9ptaeXjZoxAZwnZk7KIEezp3/Z/RDHPgkkZkiIjmlE0kkQlxQzkpbsWJAI4REakI6iAfKJcJLJRSk8UEofeiFXFUg4UX9vJMgXYuy7atJHcihmvUz8z+vE0jt2EhpEsSQBnj7kxQzKEGbxwD7lBEs2VgRhTtVfIR4ijrBUIZZUCObsyfPEqtdOaua1UW6c52kUwR7YBxVggiPQAFegCSyAwSN4Bq/gTXvSXrR37WM6WtDynV3wB9rnD9hMm/I=</latexit>

�t� + �i�jJ
ij = 0

<latexit sha1_base64="/L2aIQEjabMrYbVyEN2MfvLFl38=">AAACFnicbZDLSgMxFIbP1Futt1GXboJVEIRhxo26EIpuxFUFxxbasWTStE2buZBkhDL0Ldz4Ii7cKKi4FXc+iHvTC0Vbfwh8/OecJOf3Y86ksu0vIzMzOze/kF3MLS2vrK6Z6xvXMkoEoS6JeCTKPpaUs5C6iilOy7GgOPA5Lfmds369dEuFZFF4pbox9QLcDFmDEay0VTOtaoyFYpjXVFW0IrSPxgYbUxtd3KSs3Tuxa2betuyB0DQ4I8gXdr4fngGgWDM/q/WIJAENFeFYyopjx8pL+xcTTnu5aiJpjEkHN2lFY4gDKr10sFcP7WqnjhqR0CdUaOD+nkhxIGU38HVngFVLTtb65n+1SqIaR17KwjhRNCTDhxoJRypC/ZBQnQlKFO9qwEQw/VdEWlhgonSUOR2CM7nyNLgH1rHlXOowTmGoLGzBNuyBA4dQgHMoggsE7uARXuDVuDeejDfjfdiaMUYzm/BHxscPHQmiZQ==</latexit><latexit sha1_base64="MFlfkmkoF5jJKW7TxPquWNFhVCM=">AAACFnicbZDLSgMxFIYzXmvrZdSlm2AVBKHMuFEXQtGNuKrg2EJnHDJppk2buZBkCmXoW7jxRVy4cVHFrbjzQXRtpi1FW38IfPznnCTn92JGhTSMT21ufmFxaTm3ki+srq1v6JtbtyJKOCYWjljEax4ShNGQWJJKRmoxJyjwGKl6nYusXu0SLmgU3sheTJwANUPqU4yksly9ZMeIS4qYK23eiuAhnBh0Qm14dZfSdv/McPWiUTKGgrNgjqFY3vt6HHQL3xVX/7AbEU4CEkrMkBB104ilk2YXY0b6eTsRJEa4g5qkrjBEARFOOtyrD/eV04B+xNUJJRy6vydSFAjRCzzVGSDZEtO1zPyvVk+kf+KkNIwTSUI8eshPGJQRzEKCDcoJlqynAGFO1V8hbiGOsFRR5lUI5vTKs2AdlU5L5rUK4xyMlAM7YBccABMcgzK4BBVgAQzuwRMYgBftQXvWXrW3UeucNp7ZBn+kvf8AFC+j3w==</latexit><latexit sha1_base64="MFlfkmkoF5jJKW7TxPquWNFhVCM=">AAACFnicbZDLSgMxFIYzXmvrZdSlm2AVBKHMuFEXQtGNuKrg2EJnHDJppk2buZBkCmXoW7jxRVy4cVHFrbjzQXRtpi1FW38IfPznnCTn92JGhTSMT21ufmFxaTm3ki+srq1v6JtbtyJKOCYWjljEax4ShNGQWJJKRmoxJyjwGKl6nYusXu0SLmgU3sheTJwANUPqU4yksly9ZMeIS4qYK23eiuAhnBh0Qm14dZfSdv/McPWiUTKGgrNgjqFY3vt6HHQL3xVX/7AbEU4CEkrMkBB104ilk2YXY0b6eTsRJEa4g5qkrjBEARFOOtyrD/eV04B+xNUJJRy6vydSFAjRCzzVGSDZEtO1zPyvVk+kf+KkNIwTSUI8eshPGJQRzEKCDcoJlqynAGFO1V8hbiGOsFRR5lUI5vTKs2AdlU5L5rUK4xyMlAM7YBccABMcgzK4BBVgAQzuwRMYgBftQXvWXrW3UeucNp7ZBn+kvf8AFC+j3w==</latexit><latexit sha1_base64="4AIKnNjiv9kAUIT7iUH1LPPNFyI=">AAACFnicbZBPS8MwGMbT+W/Of1WPXoJDEITSelEPwtCLeJpg3WCrJc3SLVualiQVRtm38OJX8eJBxat489uYbmXo5gOBH8/7vkneJ0gYlcq2v43SwuLS8kp5tbK2vrG5ZW7v3Mk4FZi4OGaxaAZIEkY5cRVVjDQTQVAUMNIIBpd5vfFAhKQxv1XDhHgR6nIaUoyUtnzTaidIKIqYr9qiF8MjODXolPrw+j6j/dG57ZtV27LHgvPgFFAFheq++dXuxDiNCFeYISlbjp0oL8svxoyMKu1UkgThAeqSlkaOIiK9bLzXCB5opwPDWOjDFRy7vycyFEk5jALdGSHVk7O13Pyv1kpVeOpllCepIhxPHgpTBlUM85BghwqCFRtqQFhQ/VeIe0ggrHSUFR2CM7vyPLjH1pnl3NjV2kWRRhnsgX1wCBxwAmrgCtSBCzB4BM/gFbwZT8aL8W58TFpLRjGzC/7I+PwBVWiflg==</latexit>

�tE
ij +

1
2
(�ik�kBj + �jk�kBi) = �J ij

<latexit sha1_base64="0gFBCG93/+5RY/b2b20Btm/O9K8="></latexit><latexit sha1_base64="/oa4jPErkz37kkN5Sd4L9Le+uPM="></latexit><latexit sha1_base64="/oa4jPErkz37kkN5Sd4L9Le+uPM="></latexit><latexit sha1_base64="YUeffrMHIeYBH/2LK1y6psAMfOg="></latexit>

�tnd + �iJ
i
d = �J i

i
<latexit sha1_base64="hmP9pmOZcj4nUbACDonBP6mSgNY=">AAACF3icbZDLSsNAFIZP6q3WW9Slm6FFENSauFEXQtGNuKpgbaGpYTKd2qGTSZiZCCX0Mdz4Km5cqLjVneDCR3HSFvH2w8DPd87hzPmDmDOlHefNyk1MTk3P5GcLc/MLi0v28sqFihJJaI1EPJKNACvKmaA1zTSnjVhSHAac1oPecVavX1OpWCTOdT+mrRBfCdZhBGuDfHvHi7HUDHNfI+G30Sb6Auz0khlyiLYzk3pb3hYb+HbJKTtDob/GHZtSpbjx/gEAVd9+9doRSUIqNOFYqabrxLqVZjsIp4OClygaY9LDV7RprMAhVa10eNgArRvSRp1Imic0GtLvEykOleqHgekMse6q37UM/ldrJrqz30qZiBNNBRkt6iQc6QhlKaE2k5Ro3jcGE8nMXxHpYomJNlkWTAju75P/mtpu+aDsnpkwjmCkPKxBETbAhT2owAlUoQYEbuAOHuDRurXurSfredSas8Yzq/BD1ssn8f6g3w==</latexit><latexit sha1_base64="WvRtXWOG0r8EQ28DApzJPwDiNyQ=">AAACF3icbZDNSgMxFIUz9a/Wv1GXbkKLULDWGTfVhVB0I64qWFvo1CGTpm1oJjMkGaEMfQw3+ihuXKjoUneiD2OmLaKtBwKH797LzT1eyKhUlvVhpGZm5+YX0ouZpeWV1TVzfeNSBpHApIoDFoi6hyRhlJOqooqReigI8j1Gal7vJKnXromQNOAXqh+Spo86nLYpRkoj19xzQiQURcxVkLstuAN/AD27opocwd3ExE7BKdCBa+asojUUnDb22OTK2fzXZ+n1ruKa704rwJFPuMIMSdmwrVA142QHZmSQcSJJQoR7qEMa2nLkE9mMh4cN4LYmLdgOhH5cwSH9PREjX8q+7+lOH6munKwl8L9aI1Ltg2ZMeRgpwvFoUTtiUAUwSQm2qCBYsb42CAuq/wpxFwmElc4yo0OwJ0+eNtX94mHRPtdhHIOR0mALZEEe2KAEyuAUVEAVYHAD7sEjeDJujQfj2XgZtaaM8cwm+CPj7RsOi6J1</latexit><latexit sha1_base64="WvRtXWOG0r8EQ28DApzJPwDiNyQ=">AAACF3icbZDNSgMxFIUz9a/Wv1GXbkKLULDWGTfVhVB0I64qWFvo1CGTpm1oJjMkGaEMfQw3+ihuXKjoUneiD2OmLaKtBwKH797LzT1eyKhUlvVhpGZm5+YX0ouZpeWV1TVzfeNSBpHApIoDFoi6hyRhlJOqooqReigI8j1Gal7vJKnXromQNOAXqh+Spo86nLYpRkoj19xzQiQURcxVkLstuAN/AD27opocwd3ExE7BKdCBa+asojUUnDb22OTK2fzXZ+n1ruKa704rwJFPuMIMSdmwrVA142QHZmSQcSJJQoR7qEMa2nLkE9mMh4cN4LYmLdgOhH5cwSH9PREjX8q+7+lOH6munKwl8L9aI1Ltg2ZMeRgpwvFoUTtiUAUwSQm2qCBYsb42CAuq/wpxFwmElc4yo0OwJ0+eNtX94mHRPtdhHIOR0mALZEEe2KAEyuAUVEAVYHAD7sEjeDJujQfj2XgZtaaM8cwm+CPj7RsOi6J1</latexit><latexit sha1_base64="FXPCg6Iovt5iAqRi3LW2tm4qUK4=">AAACF3icbZDNSsNAFIUn9a/Wv6hLN4NFEKw1caMuhKIbcVXB2EITw2QybYdOJmFmIpTQx3Djq7hxoeJWd76NkzaIVg8MHL57L3fuCRJGpbKsT6M0Mzs3v1BerCwtr6yumesbNzJOBSYOjlks2gGShFFOHEUVI+1EEBQFjLSCwXleb90RIWnMr9UwIV6Eepx2KUZKI988cBMkFEXMV5D7IdyD34Be3lJNTuF+bjK35tboyDerVt0aC/41dmGqoFDTNz/cMMZpRLjCDEnZsa1EeVm+AzMyqripJAnCA9QjHW05ioj0svFhI7ijSQi7sdCPKzimPycyFEk5jALdGSHVl9O1HP5X66Sqe+xllCepIhxPFnVTBlUM85RgSAXBig21QVhQ/VeI+0ggrHSWFR2CPX3yX+Mc1k/q9pVVbZwVaZTBFtgGu8AGR6ABLkATOACDe/AInsGL8WA8Ga/G26S1ZBQzm+CXjPcv43WemQ==</latexit>

Marchetti, L.R. 1998!



Faraday <-> Newton!

Fracton-elasticity dictionary M. Pretko, !
L. R., 2017!
!



Crystal! Hexa;c! Liquid!

unbinding!of!
disloca;ons!

unbinding!of!
disclina;ons!

Fracton condensaton transition 
!

M. Pretko, L. R.,2017!
!

2D crystal:!

2D scalar fracton model:!

Kosterlitz, Thouless !
Halperin, Nelson!
Young!
!

H̃ =
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cos (bn · ẑ ���)
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2D!



!

•  Fractons are realized as topological defects in quantum crystals !

•  New fracton phases and transitions, e.g., fracton ‘superconductor’ ?!

•  Supersolid – interplay of vortices and lattice defects ?!

•  Quantum melting ?!

•  Anisotropic crystal melting (Halperin, Ostlund) ?!

•  Relation to Z2 lattice models via Higgs’ing (Ma, Chen, Hermele ’18; Bulmash, Barkeshli ’18) ?!
•  Chiral fracton models ? (Pretko, et al. ’17; Fractional topological elasticity: A. Gromov, arXiv:

1712.06600) !

•  3D generalization ?!

•  Classification of topological crystalline insulators via gauging (Else, Thorngren) ?!

•  … !

Open questions and conclusions M. Pretko, !
L. R.,2017!
!
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