Statistical mechanics of elastic sheets
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Outline

Model

Crumpling transition and global phase diagram
Anomalous elasticity of flat phase

In-plane (dis-)order: anisotropy and heterogeneity

Open questions and conclusions



Motivation

& 100 nm

* physical realizations:

< biological membranes

<~ graphene

< 2d polymers and gels

< MoS,, ZrP sheefts

* fascinating interplay of statistical mechanics, field theory
and geometry



Ingredients

vanishing surface tension

bending rigidity

in-plane elasfticity

g Ankyrin ? Phosphatidytserine
13 Band 1l

4 Phospnatidylethancl amre

in-plane order: anisotropy, hexatic,...

heterogeneity
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Kantor, Kardar, Nelson '86
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* want Landau description

* O(D) x O(d) order parameter:
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to = OaT Mean-field theory (3" oy s *

\/ fe Ta(Fa)Z ‘|‘9(Fa)4 w

ignore K;T, minimize:

* Crumpled phase (T, > O, T,> 0): <t;> = <Z?y> =n{) —

- Tubule phase (T, > 0, T, < 0): (£,) =0,

* Flat phase (T,< 0, T, < 0): (t;) > 0, <ty

ksT, self-avoidance, heterogeneity, nonlinearities: ???



Crumpling transition “* ™" *7 %
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Crumpled phase
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Crumpled phase
. |7 = T/dDCE(aa’F)2 — v/dD:EdDa:’é(N) (r(x) — 7(x))

* short-range order in normals

n; e~ el il
* disordered by kT RG ~u
* analog of PM state of the normals

» fractal M ~ R.F (Flory)

d: = D/v = D(d+2)/(D+2) = 2.5, v = 0.8

- self-avoiding interaction important: RS ~ VIn L — Rg ~ L*/?



o S0 Mean-field theory (77, 05 0"

|~ TUBULE > (ts) =0, <f,;/> =0
(ta) # 0, {ty) =0 > 'ti.j

(t;) =0,(t,) #0

-

k,T, self-avoidance, heterogeneity, nonlinearities: ??? Fy = (0, 1, y, U



“Flat” phase

long range 2D orientation order: impossible ?
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Nelson, Peliti ‘87 “Flat” phase

Aronovitz, Lubensky '88
David, Guitter '88

- A
x fluia, ] = 5 (0°R) + pudp + Suls

¢ long-range order in the normals, breaks O(3) symmetry

- geometric analog of 2D ferromagnet in the normals
- “circumvents” Mermin-Wagner-Coleman theorem, via order-from-disorder

e characterized by power-law roughness, C = 0.59
LeDoussal, L.R.'92
e “critical phase” with universal anomalous elasticity:

k(L) ~L7, plL) ~L""w, o=-1/3 (pu=4—D —2n)
(agrees well with MC simulations by Bowick, Falcioni et al, '96, '97)



Nelson, Peliti ‘87 “Flat” phase model

—

K —
e free-energy density: f|u, h| = 5(32h)2 i,z + =

. A 1 - 4 1
® nonlinear strain: u.s = 5(8aug +dgitio, + Onh - Oghli= §(ga@ — 0ap)

- - 1 iy, W
e integrate out u,: fer|h| = 2(8%)2 N 1\(% - Ogh) K ap ~s(Oyh - &;h?
|

Gaussian curvature interaction: Rw R




kT + nonlinearities

<5<

® PT in elastic nonlinearities: Judhdh + (OhOh)?
T
0K ~ gLZL_D — —CL 5,LL, O\ ~ /'/:;2 L4 D S ,\,\O\M

. 2
o dlverges for L > fNL = _T ~ 10A for graphene > electronic physics
I

e need a fully nonlinear treatment; physical interpretation?



Nelson, Peliti 87— Anomalous elasticity LeDERRRgL L-R- 72
e SCSA theory: L +

e length-scale dependent moduli: k(k) ~ k=", u(k), AM(k) ~ k"™
g p (

1
e Ward identity O(3) symmetry (Ou + §8hc‘9h) 2> n,=2-2n
k(L) = M(L)hrmS(L)2

® RG with € = 4-D, 1/d expansions (Aronovitz-Lubensky, David-Guitter; '88)

critical ‘flat’phase crumpled phase
Lk .
4 = “ A
. > > > . < < <z * > > > :. T
0 T, TC .

® SCSA exact: O(e,d), O(1/d,D), at d=D: n=0.82, ( =0.59, 0 = —1/3



Order-from-disorder

(~10"° graphene >
crumpling is irrelevant)

e unstable harmonically for L > ae*™/3ksT = crump.
kgT @' ¢
(92>z—B— i . InL/a — o

K (2m)2 ¢* A7k

e stabilized anharmonically by KgT:  Orms ~ L™"2 hype ~ L2712

2 2
<(92> ~ ]-CBT/ S E 4

M 0
(27)2 K(q)q* R




— r for; dar, Nel ‘86
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(tz) # 0, <ty> =0 > 'ti.j

[

(t;) =0,(t,) #0

* Flat phase (T,< 0, T, < O): @ > 00, a0 /{{,f__}—‘;_77

kT, self-avoidance, heterogeneity, nonlinearities: ??? F: — (%, £y, 0)



Tubule phase L.R., Toner ‘97, ‘99

3 s . 1
o = S(ORY + LOLRY + L@k + L (@u+ 5 (0,))” + foa
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e long-range orientational order in 1d, breaks O(3) symmetry:

(0?) ~ L™" < 1 — stable to kgT > 0

e nontrivial anomalous fixed point (with SA):

. O 7 - R ~ [ (1) 7%



Tubule anomalous elasticity “*- ™" %" %

Rrms = ng(Ly/L;)
Rg =L, f(Ly/L7)
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e |Length-scale dependent bending rigidity:
k(L) ~ p(L)Rg (L)

> 2v = 2(nx + 77,u)



) Y - C 2
phantom  Monte-Carlo simulations " =Zi9Lv/Lz)

Bowick, Falcioni, Thorleifsson ‘97

it Cjl= *

o—25 }

! 1+k
Excellent agreement with R.T.:
Ro ~ LY ihime ~ L (2=1/2)

zero (ribbon) mode

M. Bounck, M. Falcioni and G. Thorleifsson
PRL 79 (1997) 885 (cond-mat/9705059)



Tunable spontaneous anisotropy * "9 ‘-R- 04

® spontaneous in-plane nematic order (e.g., nematic elastomer

membrane) = reentrant flat phase:




Local heterogeneity L.R., Nelson ‘91, ‘92

Bensimon, et al '91
L.R., LeDoussal ‘91, ‘92
Morse, Lubensky ‘92

proteins, nano-pores, holes, network defects, ...

- random distribution of interstitials, dislocation,
disclinations, grain-boundaries, ...



L.R., LeDoussal ‘91, ‘92 Lacal heterogenei

e random stresses, preferred curvature:

K A
f — 5(82h — C(X))2 + /Luchﬁ — §u(2m - uagaag(x)

n = 0.45
e "“flat glass” ground state, anomalous elasticity: ¢ = 0.775

A )
crumpled glass

e ‘“crumpled glass” ground state Q#0. £=0

crumpled

ﬂat Q:O ) C=O
o l/ Q#0,C+0
i T




Open questions and implications

e systematic quantitative measurements e.g., graphene

e realization of the crumpling fransition

® sheets with tunable anisotropy

e nature of glassy phases

e statistical mechanics of membranes with nontrivial background

strain and topology (see e.g., vesicles: Nelson, et al.)

® redoing deformation analysis (Euler, Lame, crumpling,...) for free energy



Buckling of “flat” phase
-H[h,ul/T

e want: e-F/T = Trh,ue

® “poor mans” scaling theory = nonlinear elasticity = no linear response

Ene =(k*/pT)!
. - >
/ kr(V?h)? + pgh® — a(Vh)? + .. ]

1/4 1/(4=n)
() =3
pg pg

B == PL) = (pgr)!/* — (pgr)®~7/47
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DO | —




“Soft” elastic systems: critical phases

guiding principle: partial breaking of spatial symmetry
 Smectic phase (Grinstein + Pelcovzts) '

H = K(V?u)* + B(8,u + = (Vu) 2)2

"

nonlinear

harmonic | rotational invariance
H=B,(Viu—9n)?+ B,(0,u)* + K,(V -n)* + Ktb(V X n)

Higgs mechanism —> twist of 0T expelled ' ‘/ / / \
but not splay I .................................... S = =

* Columnar phase (L R + Toner)

(spontaneous vortex lattice in FM superconductor)

* Tensionless polymerlzed membrane (Nelson-i-Pelltl Aronovitz +Lubensky
Le Doussal + L.R.)

A
H 271.\2 2 2

Us; = l(aﬂl‘? + Bju,- + Bzhajh)




Fluctuations, nonlinearities and phase transitions

Upshot of 40 years of research on fluctuations and critical phenomena:

%ua_llyj

Fluctuations and nonlinearities'are only important near
isolated critical points (continuous phase transition)

i 7
A VIR
- Y
. TC T
O ® - < < < ———— > > > > :.Oo
ordered qmllitaz‘iveY effects of disordered
(e.g. ferromagnet) fluctuations and nonlinearities (e.g. paramagnet)
H = (VS)? H = (V8)® + 5%+ 5* H =5
0

well-known exception: FQHE



[ ] [ ] X. —|— L.R.,
Critical phases pﬁg(zoo.v,)

...there are others



Properties of critical phases

critical ordered phase (interesting) disordered (boring)
- e N - AN .
[ > > —)—= < T — @ » > > > g
0 g x gc

H = (V?u)? + (0,u + (Vu)?)?

» spontaneously broken continuous symmetry

* nontrivial fixed point of strongly interacting
Goldstone modes (c.f. nonlinear O(N) sigma-model)

» universal power-law correlation functions and
amplitude ratios (throughout the phase)

* no fine-tuning to a critical point required

» quantum analogs? road to 3d “Luttinger liquids ~?



Summary
e statistical mechanics of elastic sheets

e rich thermal fluctuations-driven phenomenology:

CRUMPLED

< crumpling transition  L-Tueue
<ta:> # 07 <ty> = 0 -

b t_;c> = 0,(f,) =0
1 0% gsv.b;:

<> anomalous elasticity (critical phases)

: v
critical ‘flat’phase
./ — N Y-TUBULE 1"
> > ——= < s> > > —>@ R
(tz) =0, (ty) #0
0 T Ic 2
< tubule phas
hrms

< flat and crumpled glasses







