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The TL Timoshenko
Beam Element:
Formulation
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Nonlinear FEM

TL Beam Element Application

reference configuration

motion

current configuration
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Nonlinear FEM

Beam Terminology
6, (X) = 6(X)

current configuration Current
cr oss section

_____________

motion . Uy(X)

r eference configuration %\ Reference

Cross section
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Nonlinear FEM

Reduction To One Dimensional M odel

current configuration finite element idealization
% of current configuration
motion

| |
refer ence configuration

finite element idealization
of reference configuration
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Beam M athematical M odels

C*(BE) model

C? (Timoshenko) model

Yy Uy
T Uy Uy1
—>» X X
Ux1 Uy Ux1 Ux2
1 2 1 2
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Timoshenko Beam Kinematics

normal to reference

‘6/ __y— beam axis X
%) b normal to defor med

|_—beam axis

L

direction of deformed
Cross section

Note: in practice ¥ << 6; typically 0.1% or less. Magnitude of

Nonlinear FEM

IIX (X=X)

y isgrossly exaggerated in the figurefor visualization convenience.
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Nonlinear FEM

Comparing The Two Models
Over Individual Finite Element

2-node C* (cubic) element 2-node CY linear-displacement-and-rotations
for Euler-Bernoulli beam model: element for Timoshenko beam model:
plane sections remain plane and plane sections remain plane but not
normal to deformed longitudinal axis normal to deformed longitudinal axis
\% 4
,’X ‘
,’X y
< 5,
/>< < >
P e -
/',:/x"
y gj’ C1 dement
' ' with same DOFs
(e ) - (e ) -
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Element Kinematics:

Reduction from 2D to 1D

Section rotation is /9>

- 0

Nonlinear FEM

)

I . Z IIX
5 P C%):)
N Yyt ot - v,y _
Y=Y, i X=EXp reduction y! Uy (X) = Uyc
: Xc . to 1D i
X=XP0=XCO/‘% > I>KV’ E X g uX(X) = Uy -
R OXY) Np > N
[ Y =Yoo e I et X X
1T Co(X.0) 2T T KX o—-iLo1 = O -mrmimin 2
< LO >
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Nonlinear FEM

Degrees of Freedom of Beam Element

(they are model independent)

[ Uy ]  fxa T
Uy, fy1
u= % f= for
Uxo fxo
Uy, fyo
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Element For mulation Path

Node Displacements U

Eqgs (10I.5), (10.8)
A 4

Element displacement field w = [u, , u,, 6]"

Eq. (10.9)
\ 4

Displacement gradients w' = [U; , W, , €' I’

[
Eq. (10.15)
\ 4

Generalized strains h=[ e, y, K ]"

T
Eq.&lO.ZQ) Strain energy U

/

Stressresultants z=[ N ,V, M ]"

I
vary U: 6U=f|_0 ZB dxdu= g éu
Eq. (10.34)¢

Internal forces p

vary p: dp = ‘/L; (B"dz + 8B z) dXdu = (K,, +Kg)

Eq. (10.40)l

Tangent stiffness matrix K = Ky, + Kg

Nonlinear FEM
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ThelLongest Trip Begins
With TheFirst Step

Element motion in Lagrangian description
x| | X+uxy—Ysin6
y| uy + Y cos6

Extended displacement vector

Uy (X) Cdw duy/dX
w=|u,(X) |, w= X = duy/dX | =
0(X) do/dX

Nonlinear FEM
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Nonlinear FEM

| soparametric I nterpolation Of
Extended Displacements

Uxi

ux(X) l—¢ 0 0 14£ 0 0 ’“‘9”
W:|:uy(X)i|:;|: 0 1-¢ 0 0 1+¢ o} ' | =Nu,

0(X) 0 0 1—¢( 0 0 1+4¢ Z’Y‘j
| 6, _
—
/ Uyi
'y =1 0 0 10 07[,
w=luy|=—]10 -1 0 010 ul =Nu=Gu
0’ °Lo 0 -1 0 0 1 u’”
Y2
L 6, _
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Nonlinear FEM

Deformation Gradient and
Displacement Gradient Tensors

QO @ [
~< =

| 14+uy —Y«Kkcos® —sinb
B uy — Y ksinf cos

e T uy —Ykcos®  —siné
L =1 I_|:u’Y—Y/<sin9 cos@—l:|

NFEM Ch 11 — Slide 13




Nonlinear FEM

Green-Lagrange Strains

Tensor form:

e= [‘”‘X ‘”‘Y] = 3(F'F—D) = 3(Gr +G}) + ;6467

Tensor component form:

e L 2(u’y =Yk cosO) + (u’y—Y«k cos 0)? + (uy—Yk sinf)? —(1 + u'y)siné + u'y cos 0
= 2 —(1 + u'y) sinf + u', cos O 0

These are geometrically exact, but unwieldy.
Simplifications are necessary - those are detailed in Chapter 10.
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Nonlinear FEM

Simplified Strain Field

Axial strainislinearized with respect to displacementsusing
atechnique called polar decomposition. Theresult is

. |:el:| _[eXX ] _ |:(1—|—u’x)cose—|—u’ysin6—Y0’—1:| _ [e—YK]

e 2exy —(1 + u'y) sinf + u', cos 0 y

We can characterize axial strains, shear strains and bending strains

e=(1+uy)cosd +uysind —1 y=—(1+uy)sind +uycosd « =20

Collected in the generalized strain vector

[
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Geometrically Invariant Form of
Axial and Shear Strains

, Lcosy
14+e=s"cos(@ —y) =
Lo
I sin 7
y = —5'sin(@ — ¢) = ———F
Lo

Nonlinear FEM

Using thisinvariant form we can passto a beam element

in the refer ence configuration
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Nonlinear FEM

Arbitrary Reference Configuration

0,\ " 0 cp=llJ+<I;X
—//
@) 2(X2 11X

nyw €

u
X X 1(x,.y) /¢' Xy
L»’ u Uxz
Y1 11X
Vy 2(X21Y2)
CO
Uyq

CO

Mo
0
v{%"
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Nonlinear FEM

What Remains To Be Done

Theremaining stepsinclude:

PK 2 stresses and stress resultants
Strain ener gy

I nternal force

Tangent stiffness. material + geometric
I mproving element performance

Thereisalot of algebra left, even for thisrelatively
simple element. A computer algebra system (CAS) can really
help, especially to avoid algebraerrors
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Nonlinear FEM

Flowcharted Steps (again)

So far we Node Displacements U
have wor ked E5 (109, (105)
up to here A4

Element displacement field w = [u, , u,, 6]"

Eq. (10.9)
\ 4

Displacement gradients w' = [U , W, , 6’ I’

I
Eq. (10.15)
\ 4

Generalized strains h=[ e, y, K ]"

T
Eqg. (10.29)
\ 4

Strain energy U

— T / ]
Sressresutants 2= [N V. M1 vary U: 6U:f|_0 ZB dXdu= g du
Theremainingis Fa. (1034}
alot of matrix algebra: Internal forces p
1-2 months by hand,
~1 week with a CAS

vary p: op = L (BTéz+ 8B" 2) dXdu = (K, +Kg)

Eq. (10.40)l

Tangent stiffnessmatrix K = Ky, + Kg
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Energy and Internal Forces Noriinesr FEM

Strain energy of beam element
U= [ (N%+1EAje*)dX + ’ (V% +1GAyy»H dX + ) (M°% + 1EIy«*) dX
Lo 0 0
Vary to get internal force
sU =/ (Néde+V 3y +Mék)dX =fL z' $hdX = f z'B dX du.
Lo 0

Lo
p :/ B’z dX.
Ly

Evaluate by one point Gauss quadrature:

1 —Cm  —Sm _%LOVm Cm Sm _%Loym
B, = B|§:O = L_ Sm —Cm %LO(1 + em) Sm —Cm %LO(l + em)
°L o 0 —1 0 0 1
—Cm  —Sm %L()ym Cm Sm %LOVm ! N
P= LOB;Z;Z = Sm —Cm _%LO(1 +em) —Sm Cm _%LO(l + em) 14
0 0 1 0 0 | M
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Nonlinear FEM

Tangent Stiffness. Material Component

Vary internal forceto get tangent stiffness

5p:/ (B" 6z + 6B” z) dX = (Ky + Kg) Su = Kéu.
Ly

Material stiffness matrix

SN EAy 0 0 Se
Ky =/ B’SBdX sz= |8V |=| 0 GAy O 8y | =Ssh
Lo SM 0 0 El]||é

Evaluate by one point Gauss quadrature:

Ky :/ BISB, dX = K%, + K}, + K},
Lo
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Material Stiffness Subcomponents

Material stiffness subcomponentsdue to axial, bending and shear:

EA
Kjy = —
0
El,
Ki=To
0
G Ao
KS, = —~°
Lo

r 2
Cm

CmSm
—CmVmLo/2
_c}i
—CmSm
L _CmeLO/2
[0 0 O

)

I
l'c oo oo
coc oo o

—CmSm

—da Losm/2
2
CmSm

L —a1Losy, /2

in which a=1+4e,.

CmSm G Vi) 2 _Ci
S;i —Vm LOSm /2 —CmSm
_VmLOSm/z )/n%L%/4 CmeLO/z VmLOSm/2
—CmSm Cm )/mLO/2 Crzn
_531 VYm LOSm /2 CmSm
_VmLOSm/Z Vn%Lé/L" Cm)/mLO/2 VmLOSm/2
0 07
0O O
0 -1
0O O
0O O
0 1 |
—CmSm —a1Losy, /2 —s;
c,zn cmaiLo/2 CimSm
cmarLo/2  alL3/4  ajLosy/2
CmSm aiLosy/2 s,i
—c,zn —cmai1Lo/2  —CpuSy

cmaiLo/2 alng/4 ayLosy, /2

—CmSm
2

_sm

CmSm

2

Sm

CmSm
2

_Cm

—cma1L0/2

—CmSm

2

Cn

—cmaiLo/2

Nonlinear FEM

_CmeLO/Z_
_VmLOsm/z
YiLo/4
CcmYmLo/2
YmLoSm /2
YmLo/4

—CllL()Sm/z 7]
Cnaq L0/2
alll/4
alL()Sm/Z
—cpaiLo/2
2LE/4
aiLy/

NFEM Ch 11 — Slide 22




Material Stiffness” Unlocking"

Eliminating " shear locking" by MacNeal's
Residual Bending Flexibility (RBF) device:

Bending and shear components merge into a modified bending stiffness:

inwhich a; = 1+e,,a, =4+ 6e, + 3¢2 and

G Ay

12s2
—12¢,,5m
6611 L()Sm
—12s2
12¢,,5m

| 6a1Losm

—12¢,,8m,
12¢2,
—6cma1L0
12¢,,8m
—12¢2

—6Cma1L()

6a,Lys,,
—6cma1 LO
azL(z)
—6a1 Losm
6¢,,a1 Lo
a3L(2)

—12s2
12¢,,5m
—6611 L()Sm
1252
—12¢,,5m
—6611L0Sm

12¢,, 8
—12¢2
6cma1L0
—12¢,,8m
12¢2

6cma1L0

a3:2—|—6em—|—3e,%1.

Nonlinear FEM

isformally replaced by 12E1,/L% in shear material stiffness

6a;Los,, |
—6cma1 LO
a3L(2)
—6611 L()Sm
6¢,,a1 Lo
azL%
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Geometric Stiffness Nonlinear FEM

The geometric stiffness comes from the variation of strain-displacement matrix B
while stressresultants (axial forces, shear forces and bending moments) are kept fixed:

Ks = / $B"z dX
Lo
After tonsof algebra (see Notes) one arrives at

K= | (WyN+WyV)dX =Kgy + Kgy
Lo

which evaluated by one point Gaussrule givesthe closed form

0 0 Sm 0 0 Iz ]
0 0 —Cm 0 0 —Cm
N Sm  —Cm _lLO(l + em) —Sm  Cm _lLO(l + em)
KG — 2 2
210 0 —Sm 0 0 —Sm
0 0 Cm 0 0 Cm
| Sm —Cm _%LO(1 +em) —Sm Cm _%LO(1 +em)_
0 O Cm 0 0 Cm |
0O O S 0 0 S
4+ K Cm Sm _%LOVm —Cm  —Sm _%LOVm
210 O —Cpy 0 0 —Cp,
0O O —Sm 0 0 —Sm
| Cm Sm _%LOVm —Cm  —Sm _%LOVm _
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