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Abstract

A conventional justification for government hierarchy in the fiscal
federalism literature is based upon asymmetry in policy tools or in
information access that is available to different levels of government.
This paper demonstrates that even if these asymmetries are elimi-
nated, addition of local (regional) governments to a one-tier central
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1 Introduction

Hierarchical governments, either federations or confederations, are widely
spread across the world and are persistent across time. This may suggest
that they are outperforming the unitary ones. However, according to a text-
book economic argument, a central government can internalize the external-
ities, hence it has an advantage over a set of local ones, where politicians,
representing their constituents, are motivated solely by local interests. So in
a world, in which both levels of government have access to the same informa-
tion, the role for local governments is unclear. Nevertheless, even in such a
world maintaining a multi-leveled government may be worthwhile as opposed
to a potentially cheaper unitary one. This paper provides an explanation.
Let me briefly describe the set up. Regional representatives, or legislators,

striped off their “personal position” (say, identified by the district they will
represent),1 have to write a constitution for their country. “Constitution” in
this model is just a set of rules governing acceptance of public projects. As
in Harsanyi (1992), the legislators are rational and it is common knowledge
that each one of them may occupy any position (represent any locality with
equal chance) after the “veil of ignorance” is lifted. Assume their beliefs are
consistent, so that there is a common prior, F, with respect to the appearance
of public projects, and this prior is shared behind the veil of ignorance. The
benefits and costs of a project are expressed in the same (monetary) terms.
Thus, by Harsanyi (1992), the social objective is to maximize the expected
(net) value of a public project, or simply, the welfare. All the ex-ante identical
individuals should agree on this objective, and so they can be thought of as
a single (fictitious) individual, named ‘constitutional designer.’
The designer will decide to add local governments only if by doing so

he can increase the expected welfare. The role of local governments here
is reduced to accepting public projects that can be fully financed by one of
the regions. In the absence of negative externalities, which is true in this
model, the addition of local governments cannot decrease welfare. Then the
hierarchy is justified only if generates a strictly positive social benefit that can
cover costs of running another tier of government (either explicit or implicit),
which are omitted here for simplicity. That is why decentralization is called
beneficial in this model only if it is strictly welfare improving.
Clearly, the decision of whether or not to decentralize depends on the rules

1or behind Rawlsian/Harsanyi’s “veil of ignorance.”
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according to which the central legislature operates and its performance. If
the designer is unconstrained, he can condition the constitution on the ben-
efits and costs that become known to the legislators once a project appears
on the agenda, and attain the ex-post optimum as in Laffont and Maskin
(1982). Then there would be no need for local governments. This result,
however, rests on the assumption that the realization of the payoffs is truly
exogenous, in other words, it is not subject to strategic manipulations. Un-
fortunately, in many practical cases the assumption is violated, as estimating
benefits and costs of a public project requires specific knowledge, or exper-
tise, that politicians lack. For example, in the U. S. the evaluation of water
projects is performed by the U. S. Army Corps of Engineers. Clearly, once
it is done, predicted benefits and costs become common knowledge among
the legislators.2 In this case, conditioning the cost sharing arrangements on
benefits would be equivalent to delegating the formulation of the rules to the
“experts,” who conduct the evaluation study. As their objectives may not
coincide with those of the elected representatives, and, especially, those of
the general electorate,3 this can result in additional informational rents ex-
tracted by the experts, which, clearly down-plays the attractiveness of such a
constitution. A way to avoid the “garbling of the information structure” (as
in Tirole (1999)) resulting from formulating the constitution solely in terms
of benefits and costs, is to write it as a “complete contract,” fully specify-
ing future contingencies and the corresponding rules of acceptance of public
projects. It is commonly known, however, that actual higher order laws are
far from being that detailed. Reasons for that are abundant. Apart from
computational complexity associated with writing and implementation (see
Anderlini and Felli (1999) ) or even examining contractual completeness (see

2Similar procedures are applied in the other areas of public policy.
3Large scale water projects in the U.S. have been evaluated and constructed (if ap-

proved by the Congress) by the U. S. Army Corps of Engineers for over a century. From
Washington Post, May 14, 2002; Page A2, “150 Water Projects Halted For Army Corps
Review” by Michael Grunwald:

“.. In 2000, the Post series detailed how the Corps has justified many
projects with skewed assumptions and overly optimistic predictions of barge
and ship traffic. E-mails from high-ranking Corps officials revealed that they
had manipulated an economic study in order to justify a billion-dollar lock
expansion project on the Mississippi River. An internal Pentagon investi-
gation concluded that Corps studies were tainted by an institutional bias
toward large-scale construction.”
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Gilboa, Postlewaite, and Schmeidler (2002)), the enforcement of such a con-
stitution can be problematic, both because some contingencies are impossible
to verify and also due to the intricacies of creating a proper motivation for the
judges (see Tirole (1999) for the overview). Abstracting from the problem of
formulating an “optimally incomplete” contract, which takes into account all
the above mentioned considerations, I will follow Aghion and Bolton (2003)
in assuming a particular form of incompleteness, so prevalent in practice. A
public good has to be provided if at least m out of R legislators vote in its
favor. In contrast to Aghion and Bolton (2003), taxes in this model can be
specified ex-ante and can be conditioned on the voting behavior.
The core primitive of the model is the distribution, F, over future public

projects as perceived by the constitutional designer. It reflects the likeli-
hood of different profiles of gross benefits that will accrue from the projects.
Regional variation in the willingness to pay for a project can result from a
disparity in tastes, or from technological constraints. For example, the ap-
peal of a publicly broadcasted ballet can vary across regions according to
tastes, whereas the benefits of an environmental regulation can vary due to
its exact (technological) specifications. The need for a public project can
arise from a vast variety of events that are impossible to predict at the time
the constitution is created. However, I assume that the designer has a reliable
estimate of distribution F over possible realizations of benefits.
In this model the superiority of a hierarchical government is driven by

the necessity to use one voting rule and a single tax system for selection of
different types of projects, i.e., those that generate either equal or unequal
distribution of benefits across regions. This creates inefficiency that can be
(partially) eliminated by allowing those projects that would be rejected by
the central legislature to be accepted on the local level. Indeed, the fact that
some of the projects will be approved by the lower tier of government al-
lows a benevolent constitutional designer to set better, or more “specialized”
voting rules and taxes for the central legislature. This improves the overall
performance of a hierarchical government over its one-tier counterpart. The
result is true, even if local governments cannot internalize the externalities
at all.
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1.1 Related Literature

It would be almost impossible to trace the first discussion of the subject.
Already by mid-19th century Guizot (1861),4 emphasized the tensions be-
tween a centrally exercised power, that is “...generally more disinterested,
and more capable of taking justice and reason for its sole guide,” and local
institutions, the preponderance of which was attributed to the “infancy of so-
cieties,” but which, are, nevertheless needed as the guards against usurpation
of power by the center. Under a “truly representative” government described
in this model every citizen enjoys sufficient protection from being discrimi-
nated against, at least on average, as the expected value of projects accepted
by the central government is positive.
Later contributions focused on optimal allocation of responsibilities across

levels of government based on the scope of public projects (Oates (1972),
Lockwood (2002), Besley and Coate (2000) among others), access to infor-
mation with respect to benefits and costs of the projects by level of gov-
ernment (Gilbert and Picard (1996), Zantman (2002), see Crémer, Estache,
and Seabright (1996) for an overview), or the access to the tax instruments
available to the governments (Boadway, Marchand, and Vigneault (1998),
Hochman, Pines, and Thisse (1995); see Wellisch (2000) for an overview).
The first two branches of the literature are most closely related to this

model, and will be discussed in some more detail. Oates (1972) suggested that
central governments make better decisions with respect to “global” public
goods, which concern everybody in a country, whereas lower tier is better at
providing the “local” public goods, the effect of which is mainly regional. By
that argument, which rests on the presumption that central government has
to provide the same amount of public good to every region and that the taxes
have to be uniform, a country with heterogeneous population needs both
levels of government. This is consistent with empirical findings by Panizza
(1999), who shows that the degree of centralization is negatively correlated
with the differentiation of tastes, where the ethnic fractionalization is used
as a proxy for heterogeneity of tastes with respect to public goods.
More recent work by Lockwood (2002) and by Besley and Coate (2000)

relax the uniformity of public spending across regions, but still preserve uni-
form cost sharing for public projects. In these models central government
is comprised of regional representatives, who have to allocate tax revenues
to public projects. The authors show that even in that environment the

4p. 34.
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trade-off between centralization and decentralization still remains. A com-
mon source of inefficiency on the central level in these models is a budgetary
externality created by equal cost sharing. Lockwood (2002), demonstrates
that under majority rule with uniform taxation the legislature rejects some
desirable projects and accepts some undesirable ones. The author concludes
that in the absence of externalities generated by public goods, decentraliza-
tion is preferable for the country, in which residents are identical within a
region. Besley and Coate (2000) reach a similar conclusion by allowing for
heterogeneity of tastes within a region. In the presence of equal cost sharing,
voters in any region have a motivation to elect to the central legislature a
‘biased’ representative, who is ready to accept more public projects than a
median voter.
Another argument justifying government hierarchy rests on the common

wisdom that local governments have superior information about citizens’
preferences or technologies to be used in provision of public goods (this asym-
metry is assumed away in the current paper). Restriction on information
acquisition by central governments is questionable both in reality and on
theoretical grounds, see Crémer, Estache, and Seabright (1996), although a
central government may have fewer incentives to acquire the relevant infor-
mation than the local governments.
The approach used in this paper also borrows from the mechanism design

literature. Most recently, Palfrey and Ledyard (2002) rationalized referenda
for big populations with independent valuations by comparing them to the
optimal procedure that solves the corresponding designer’s problem.
In this paper optimal solution is identified for some environments, which

allows to rank performance of a hierarchical government versus the unitary
one. In other environments, dominance argument is used to make the case
for or against decentralization. Note also that this framework is explicitly
constructed for a small number of decision makers (legislators) and the de-
pendence in the valuations plays an important role in the analysis.
The rest of the paper is organized as follows. The next section outlines

the model and the outcomes of the voting game in the central legislature.
These results are used in the following section to formulate the problem
of the constitutional designer. It is then demonstrated that an addition of
local governments is not beneficial if the central legislature has to consider
public projects of the same type, with known shape of inter-regional spread of
benefits. Environments with very different profiles of benefits accruing from
public projects are presented in subsection 3.2 and that is where adding local
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governments appears worthwhile.

2 The model

There are R ≥ 3 regions, R is odd. The residents of each region have iden-
tical attitudes towards public goods, but the attitudes across regions differ.
Each region has one representative in the federal (central) legislature. The
legislature has to decide whether to provide a the public project that appears
on the agenda.
A project is associated with a profile of benefits, b = (b1, .., bR) ∈ RR

+,
across the regions. Regional benefit, br, can be thought of as a sum of (iden-
tical) benefits to the residents of the region in case the project is provided.5

The per-region cost of a project is normalized to unity for simplicity.6 There-
fore, br can be thought of as regional willingness to pay per average cost of
the project.
As argued in the introduction, the core primitive of the model is prob-

ability distribution F (b) over projects. It reflects the frequency with which
projects will appear on the legislative agenda. For the rest of the exposition
assume F is continuously differentiable and has full support on [0, B]R with
1 < R < B <∞, unless specifically mentioned otherwise.
Next, let us turn to the timing. The two-tier government in this model

operates in the following fashion:
Stage 0. Given probability distribution over projects, the benevolent

designer chooses optimal voting and tax rules for the central legislature.
Stage 1. A new project, b, appears on the agenda of the central legislature

and is voted upon according to the rules set by the designer. If the project is
accepted, it is implemented and stage 1 repeats. If not, stage 2 takes place.
Stage 2. The rejected project is considered by the local (regional) legis-

latures. If accepted (by one of the regions), it is implemented. If not, it is
never considered again. Stage 1 proceeds.

5Assume that regional taxes are uniform. This is optimal from the regional perspective,
given identical attitudes towards public goods within each region.

6This implies that the projects generating the same ratio of net benefits to the cost
receive equal “weight” in the social welfare function. This is unimportant for the following
argument, which is based on how spread the benefits are across the regions, and how well
different acceptance rules can be adapted to various forms of dependence of benefits across
the regions.
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The description of a one-tier government is the same, apart from the
fact that the last stage 2 is omitted.
Throughout the rest of the paper the addition of the local governments to

a one-tier government means the addition of stage 2 to the legislative process.
Note that local governments can accept the projects rejected by the cen-

tral government, whereas they are unable to prevent the projects accepted
by it from being implemented. This feature of the model reflects the fact
that some federal countries (USA, Germany, Russia) have a clause stating
the superiority of the federal law in their constitutions. Thus, once a bill (a
project) is accepted by the central legislature, it becomes a federal law and
local governments have very limited ability to repeal it (see Finer, Bogdanor,
and Rudden (1995)). On the other hand, if a bill was rejected by the central
government, with no additional restrictions imposed, local governments are
free to accept it.7 Let us impose the following assumption.

Assumption LOCAL A public good is accepted on the local level, iff there
is at least one region ready to pay for it.

One could argue that this assumption is somewhat restrictive and unre-
alistic. In fact, a large portion of public goods provided by the US local and
state governments is being partially financed by the federal government (see
Inman (1988)). Even so, by invoking this assumption, one “stacks the deck”
against justification for local governments. Indeed, if local governments have
to bear full financial responsibility for public projects they accept, then fewer
projects will be accepted locally. This, in turn, diminishes the importance
of the lower tier of government. Implicit here is also an assumption that in
case several localities are ready to pay for a project on the local level, the
identity of the provider is commonly known (in other words, once the project
descents onto the lower level, the local governments play Nash equilibrium
of the public good provision game).
Next subsection derives the relationship between voting and tax rules

chosen by the designer on one hand and the set of projects accepted by the
central legislature in a one-tier government on the other.8

7In other words, public projects considered in this model are those falling into the area
of “concurrent legislation”.

8See Rubinchik-Pessach (2002) for more details.
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2.1 Voting in the Central Legislature

Assume that the constitutional designer is creating the rules of acceptance of
projects subject to a set of constraints. So, consider a project b that appears
on the agenda.

Assumption VO Project is accepted if and only if at least m legislators
vote for it;

Assumption TAX Taxes are imposed only if the project is accepted;

Assumption AN Taxes are anonymous, i.e., a tax can not depend on the
name of the region;

Assumption BB The sum of the tax payments should equal to the cost of
the project;

Assumption SPM The Supporters of the project Pay (weakly)More than
those who oppose the project.

All the assumptions LOCAL, TAX, AN, BB, SPM will be adopted
for the rest of the analysis, and will be discussed in the conclusions.

Specification of the cost sharing rule By anonymity, taxes may differ
only on the basis of a legislator’s voting decision. So if k ≥ m legislators vote
in favor of the project, the designer has to set two levels of taxes: tk (Y ) and
tk (N) . Let the tax of the supporter be

tk (Y ) = αk, (1)

if k ≥ m legislators vote for the project. When the taxes are uniform,
αk = 1, so that every region pays the average cost of the project, unity. By
assumption SPM, αk ≥ 1. In other words, αk measures the amount by which
a supporter pays more than the average cost. By BB, anyone, who opposes
the project is required to pay

tk (N) =
R− αkk

R− k
. (2)

Thus the sharing rule is fully specified by the vector α = (αm, αm+1, .., αR) .
The next subsection demonstrates that we can restrict attention only to the
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first element, αm, of this vector in order to determine the set of outcomes of
the voting game.
Faced with the cost sharing arrangement, (αm, αm+1, .., αR) and given a

realization of a project, (b1, ..., bR) , the legislators play a simultaneous voting
game. In this game a legislator i has two actions (votes): Ai = {Y,N} ; and
a linear utility :

Ui (bi, ai, a−i) =
½

bi − tk (ai) , ai ∈ Ai, if |{j : aj = Y }| ≥ m;
0 otherwise.

¾
, (3)

where |X| denotes cardinality of set X.
Assume the legislators have full information about the benefits that a

potential project generates. Consider trembling hand perfect Nash equilib-
ria of this game (Selten (1975)). Denote by M the set of projects that will
be accepted, if this equilibrium is being played. The following proposition
demonstrates that this set can be fully described by the cost sharing param-
eter, αm. The description of this set is simple: the projects that generate m

th

highest benefit above the threshold αm will be accepted by the legislature
(whereas all the rest of the projects will be rejected).

Proposition 2.1 The set of projects accepted under a trembling hand perfect
Nash equilibrium can be described as follows:©

(b1, ..., bR) : b[m] > αm

ª
=M (αm, m) . (4)

Proof is relegated to the appendix.
The claim is based on the following result: whenever the project is pro-

vided, exactly m people vote for it provided the taxes are non-uniform, i.e.,
if the supporters pay strictly more than those who oppose the project. The
same is true if the taxes are uniform for robust equilibria.9

3 Optimal Constitutions Under the Two Regimes

Recall that the benefit profile is normalized so that the per-region cost of
a project is unity, thus, the utilitarian welfare from project b is w (b) ≡PR

i=1 bi−R. A project, generating positive welfare will be referred to as “ef-
ficient”. Slightly abusing notation, αm, the crucial component of the cost

9See details in the appendix.
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sharing vector will be denoted simply by α ∈ R. Therefore, the optimal con-
stitution should specify the parameters (α,m) that maximize the expected
utilitarian welfare calculated over the set of accepted projects. Under the
“unitary” state this set isM (α,m) , those projects that generate high enough
benefit for the pivotal voter (m) to cover his tax bill, α. Under a two-tier
government this set also includes the projects generating maximal benefit
enough to cover its the costs, M (R, 1) . Hence adding another tier adds the
set M̂ (α,m) ≡M (R, 1) \M (α,m) to the set of accepted projects.
Therefore, for a one-tier government, the problem faced by the designer

is

max
m,α≥1

WI (α,m) , (5)

WI (α,m) ≡ Pr (M (α,m))E (w (b) | b ∈M (α,m))

whereas for the two-tier government this problem is modified as follows:

max
m,α≥1

WI (α,m) + Z (α,m) , (6)

Z (α,m) ≡ Pr
³
M̂ (α,m)

´
E
³
w (b) | b ∈ M̂ (α,m)

´
.

Clearly, adding local governments can not reduce welfare in this model,
b[1] > R implies w (b) > 0, so that Z (α,m) ≥ 0.10 It strictly increases
welfare only if some of the projects rejected in the absence of the lower tier,
would be accepted in its presence. In other words, it has to be the case
that the set M̂ (α,m) = M (R, 1) \M (α,m) is non-empty for (α,m) that
solve problem (6) . For example, if the optimal constitution in the presence
of local governments calls for m = 1 and some α ≥ 1, no projects rejected
by the central legislature will be accepted on the local level: M̂ (α,m) =
M (R, 1) \M (α, 1) = ∅, provided α ≤ R.11 In this case decentralization, or
an addition of another tier of government can not be beneficial.

10One could add administrative costs of running a local layer of governments, thus the
addition of that layer should generate strict benefits to cover the costs.
11The last inequality is always true, as for any realization of benefits profile, b, it is

optimal to accept the project if w (b) ≥ 0, or, alternatively, if the average benefit, b̄, is
bigger than unity, which is equivalent to

b[m] ≥
b[m]

b̄
, (7)

i.e., the optimal threshold, α, for a given realization has to be b[m]/b̄. The last expression
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This leads us to two important conclusions. First, the presence of local
projects with few externalities is not sufficient to justify the existence of
local governments. Indeed, would these projects be prevalent on the agenda,
the rules (constitutions) of the form (α, 1) could have provided an adequate
criterion for the central legislature to decide on provision of public projects.
Moreover, central provision would dominate local provision, as it can account
for externalities, i.e., set α < R. The next subsection provides illustration of
this idea.
Second, in order to justify the presence of local governments, it is essential

to have an environment, in which optimal constitution will not require the
minimum winning coalition, m, to be unity, thus leaving a niche for the local
governments. As will be shown below this is true if both local and global
issues can appear on the agenda of the central legislature.

3.1 Decentralization May Not Be Beneficial

In this section I provide two environments in which adding local governments
will not improve welfare.
Let us start with a simple example, in which the (ordered) benefits are

perfectly correlated, in other words, the ratios of benefits is constant.12 It
implies that any public project that the legislature considers gives rise to the
same spread of benefits across the regions. Later this spread will be loosely
referred to as “spillovers.” Whatever this shape is, as long as it is known à
priori adding local governments is not beneficial, as they will remain idle,
according to the following lemma. Note that it includes both the case of
“global” projects with regional benefits being equal (or close) to each other,
as well as “local” projects with concentrated benefits.

is bounded from above for any realization of the benefits profile:

b[m]

b̄
≤ b[1]

b̄
≤ b[1]

1
Rb[1]

= R, provided b[m] > 0. (8)

In the event when all the benefits are zero, i.e., b[1] = 0, any choice of α ≥ 1 is optimal.
Thus, without loss of generality we can require α ∈ [1, R] . In the view of this remark,
continuity of F and acknowledging that m ∈ {1, 2, ..R} , both problems (5) and (6) have
solutions.
12Clearly, the full support (of F ) assumption is dropped for this example.
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Lemma 3.1 Let b[1] be distributed with some continuous (non-degenerate)
probability density function S on [0, B], B > R. Let

βk ≡
b[k]
b[1]

, k ∈ {2, 3, ..R} (9)

be constant for any realization b of benefits.13 Let β̄ = 1
R

RX
k=1

βk. Then

(α (1) , 1) with α (1) = β1
β̄
solves problem (6) , so that Z (α (1) , 1) = 0.

Proof Start with problem (5) , which in this case simplifies to

max
α≥1,m∈{1,2,..,R}

BZ
α/βm

¡
β̄b1 − 1

¢
dSb1, (10)

admitting (multiple) solutions of the form,14

(α (m) ,m) , α (m) =
βm
β̄
=

b[m]

b̄
≥ 1. (11)

Note that the last constraint is satisfied for at least one of the solutions, as
α (1) = β1

β̄
≥ 1. Clearly, also, α (1) ≤ R. Interestingly, none of these solutions

can be improved upon, as they are also optimal conditional on any realization
of benefits. Obviously, then (α (1) , 1) also solves problem (6) .
It is true that the possibility of attaining ex-post efficiency is an artifact

of this example. Its aim, though, is to illustrate that inefficiency of provision
of “local” public goods by the central government can be eliminated with-
out adding local governments. This conclusion is valid in the environments,
in which public goods generate “similar” spillovers, or, which give rise to
constant benefits’ ratios, in terms of the example.
Let me stress that the majority rule (m = (R+ 1) /2) with uniform tax-

ation (α = 1) may not always lead to the efficient provision of public goods

13If b[1] = 0, let βk = 0.
14This solution bears a close relationship to the Lindahl taxes. Assume that a beneficiary

r ∈ {1, .., R} has to pay a (Lindahl) tax α (r) = br/b̄, if the project is provided. Allow
α (r) to admit any values (fall below unity). Require unanimity. Then all the efficient
projects will be accepted, while all the inefficient projects will be rejected. See Myles
(1995), p.272-273 for an additional interpretation of the tax.
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by the central legislature (and it will not, if α ((R+ 1) /2) 6= 1 in this case).
It does not follow, however, that decentralization is necessarily needed to re-
store efficiency. An optimal voting rule and cost sharing arrangements for the
upper level legislature can achieve the goal without an addition of another
layer of government.
The last assertion will also be true for another environment, without the

“knife-edge” assumptions, as in the previous example. To stress the com-
parison with the accepted view, assume that legislature has to deal with
(primarily) local projects, thus, the benefits are concentrated. In particular,
assume that the second highest benefit is most likely to be below the av-
erage cost. In addition, assume that a public project often generates some
spillovers. The following lemma demonstrates that no matter how small are
the spillovers, decentralization is not beneficial, if the benefits are sufficiently
concentrated.
The idea behind the proof is quite simple. First, observe that the problem

for the two-tier government (6) can be reduced to the first problem by re-
stricting the benefits to the subset of the support, [0, R]R ⊂ [0, B]R . Indeed,
any project with at least one benefit realization above R will be accepted
in the presence of local government for any pair (α,m) . So, the “constitu-
tion” affects acceptance of only those projects for which b[1] ≤ R. Thus, to
prove the statement, one needs to show that the solution to the first problem
with restricted support does not call for m > 1. In this case it is done by
making the switch from (α,m0) to (αε, 1) , m

0 > 1 worthwhile: the expected
value of good accepted projects under (α,m0) , can be made arbitrarily small,
while the expected value of good rejected projects, generating relatively high
maximal benefit and some spillovers, is bounded away from zero.

Lemma 3.2 Restrict the support of F to [0, R]R . Let Pr
¡
ε < b[2] < 1

¢
=

1 − δ, αε = R − ε. Assume Pr (M (αε, 1)) = p is bounded away from zero.
Then for any ε > 0 there is δ > 0 such that the rule (αε, 1) dominates (α,m)
for any m > 1 for the two-tier government (problem (6)), therefore a solution
to problem (6) is of the form (α, 1) .15

15As an example consider independently distributed benefits: let b1be distributed
with some continuous density function H non-degenerate on [0, R] , and for k > 1
let bk ∼ Sθ,n on [0, R] , where Sθ,n is a two sided power distribution: Sθ,n (b) =(

θ
¡

b
θR

¢n
0 ≤ b ≤ θR

1− (1− θ)
³
1−(b/R)
1−θ

´n
θR < b ≤ R

. By van Dorp and Kotz (2002) for big enough

n the hypothesis of the lemma will be satisfied.
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Proof First, note that for anym0 > 1 expected value of the projects,WI , un-
der any rule (α,m0) is bounded by δR (R− 1) .Next, let E (w (b) |M (αε, 1)) =
K. As αε = R−ε, K can be made strictly positive by choosing δ small enough,
reducing the chance that b[2] will fall below ε. Pick δ such that

δ <
pK

R (R− 1) , (12)

and K > 0. Therefore WI (αε, 1) = pK > WI (α,m
0) , which proves the

assertion.
Clearly, in this case decentralization is useless.
The same is true for another class of examples, which will be mentioned

here briefly, mainly, to provide an adequate reference to the literature men-
tioned in the introduction.
If the valuations (bi) are identically and independently distributed, say,H,

and the population is sufficiently large, then one of the following “degenerate”
voting rules can be approximately efficient: accept any project (m = 0) in
case the average benefit is above the average cost (unity) and reject any
project (m =∞) otherwise. Indeed, if the distribution H is known ex-ante,
so is its expected value, which will be close enough to the realized average
of benefits by the law large numbers, and so, the degenerate rule should be
close enough to an efficient one.
Similarly, uniform taxation and the simple majority (m = (R+ 1) /2)

are approximately efficient (given R is sufficiently big), if the benefits (bi)
can be decomposed into a common (national) and idiosyncratic (regional)
component, so that bi = v+εi, where v is distributed G and εi are i.i.d. with
zero mean, so that E (bi|v) = v.16

3.2 Decentralization Can Be Beneficial

The factor that contributes to the superiority of a hierarchical government
in this model is the existence of different types of public goods. This will be
illustrated with the help of two environments dissimilar in formalizing this
idea.
First consider an example demonstrating the necessity of local govern-

ments in the environment with two types of projects, one of which is “global”¡
bH
¢
, with the second highest benefit being always above the average. The

16See proposition 4.1. in Rubinchik-Pessach (2002) for more details.
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other project is local
¡
bL
¢
with benefits accruing to just one region.17 More

precisely,

Proposition 3.3 Assume the vectors of benefits, bL and bH generate con-
stant benefit ratios

βir = bir/b
i
1, i = H,L; r = 1, .., R (13)

and let bH1 , b
L
1 be identically and independently distributed distributed S on

[0, B] , with bounded density s. Assume βL = (1, 0, .., 0) and βH2 > β̄
H
. Let

the projects L and H, appear with frequencies p, 1− p accordingly. Then for
p ∈ (0, 1) , i.e., when both local (type L) and global (type H) projects appear
on the agenda with positive probability the two-tier government is strictly
welfare improving over the one-tier government.18

Proof First, let us show that it is possible to attain ex-post efficiency with
the two tier-government. Next, we have to verify that this is impossible with
a one-tier government, which will conclude the proof.
Indeed, denote by V ∗ (p) the highest attainable welfare. If it were possible

to condition the constitution on realization of benefits, the designer would
have required (α,m) = (R, 1) for local projects (that generate benefits to one
region only) and (α (m) ,m) with α (m) = βm

β̄
for the rest (following lemma

3.1). This rule would have generated the following expected welfare

V ∗ (p) = p

Z B

R

µ
1

R
b1 − 1

¶
dS (b1) + (1− p)

Z B

1/β̄
H

³
β̄
H
b1 − 1

´
dS (b1) . (14)

But this value can also be attained ex-ante by the two tier government under
constitution, say, (α (2) , 2) , α (2) = β2

β̄
≥ 1 by assumption.

Next, let us show that the expected value with a one-tier government falls
short of V ∗ (p) .
Assume the designer chooses m = 1. Then then the projects accepted

are those with the highest benefit above α, b[1] > α. This condition is the

17For this proposition, again, the full support assumption is dropped, as the existence
of the solution is verified by construction.
18Clearly by the maximum theorem, the result is still true if, the purely local project

L, is substituted by a project L0 : βL0 is in the small enough neighborhood of (1, 0, .., 0) .
In this sense, the result is “robust.”
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same for both types of projects: H and L. Therefore, the highest attainable
welfare in this case is

max
α∈[1,R]

(1− p)

BZ
α

³
β̄
H
b1 − 1

´
dS (b1) + p

BZ
α

µ
1

R
b1 − 1

¶
dS (b1) (15)

where β̄
H ≡ b̄H/bH1 is constant for any realization of b

H . Note that the average
benefit of a local project is 1/R. The solution to this problem is

α∗ =
1

(1− p) β̄
H
+ pβ̄

L0
(16)

Note that this solution lies between 1/β̄
H
(the optimal cost sharing arrange-

ment if only H type projects appear on the agenda) and 1/β̄
L
= R, (the

total cost of the project, an optimal “share” to impose on the single region
with the positive benefit, provided only L projects appear on the agenda).
Whenever both issues appear on the agenda (0 < p < 1) , goods of type H

are under-provided: α∗ > 1/β̄
H
, whereas type L goods are over-provided:

α∗ < R. Therefore, the expected welfare attained under (α∗, 1) — the highest
one for m = 1 — is strictly below V ∗ (p) .
In the complementary case, in which designer chooses m > 1, all local

projects will be rejected for any α, thus, the attained welfare should be
smaller than V ∗ (p) by at least p

R B
R

¡
1
R
b1 − 1

¢
dS (b1) > 0. In the view of the

initial remark, this completes the proof.
The reason decentralization is beneficial here is transparent: under the

hierarchy each tier filters correctly the corresponding type of public project
as the design of acceptance rules for the central government is independent of
the presence of good local projects. This not true for the unitary government
that is urged to choose a rule that is optimal “on average” for both local and
global projects.
The same general idea stands behind the next proposition, demonstrating

benefits to decentralization for a wider class of distributions. There, the
ability to condition the acceptance rule on the second highest benefit, b[2], as
opposed to the first one is very valuable to the designer. For example, b[2]
being sufficiently high may indicate that the rest of the benefits are relatively
high as well, i.e., it is more likely that a global project is on the agenda. Two-
tier governments can require the size of the minimum winning coalition to
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be at least two without the fear of loosing good “local” projects, that can be
picked up by the lower tier. This option is, clearly, infeasible for the unitary
governments.
The proof of the next proposition is conceptually dissimilar to the previ-

ous one though. Without being able to ensure (as in the previous example)
that the “constitution” maximizes ex-post welfare for m > 1, and, thus, can
not be improved upon, one has to verify that the choice m = 1 is dominated.
This is done by making the ability to condition on b[2] sufficiently attractive.
I have introduced a parameter, θ, which could be interpreted as “news,” or
“general state of affairs” that the rules may depend upon. As θ decreases
(meaning “bad news”), the ex-ante value of a project reduces (becomes more
negative), whereas the ex-ante value of a project conditional on the second
benefit being above the average cost, b[2] > 1, stays positive. Another in-
terpretation for θ is the degree of concentration of the local projects. Thus,
when the news are bad enough, in other words, if it really pays to discrimi-
nate across projects (based on b[2]), decentralization is beneficial, according
to the proposition that follows.19

Before stating the next result, let us define affiliation as in Milgrom and
Weber (1982), who also provide examples of distributions satisfying this prop-
erty.

Definition 3.4 The random variables {b1, .., bR} are affiliated if the joint
density f(b) is such that for any b, b0

f(b ∧ b0)f(b ∨ b0) ≥ f(b)f(b0),
where b ∨ b0 is component-wise maximum,

b ∨ b0 =
³
max

n
b1, b

0
1

o
, ..,max

n
bR, b

0
R

o´
and b ∧ b0 is component-wise minimum,

b ∧ b0 =
³
min

n
b1, b

0
1

o
, ..,min

n
bR, b

0
R

o´
.

Affiliation implies that if one of the components of the vector is high
(low), it is more likely that the others are high (low) as well. Assuming

19No doubt it is possible to construct similar scenarios under which conditioning on b[m],
m > 1 is very valuable, especially if good local projects are being (almost) adequately
accepted on the lower level.
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that regional benefits are affiliated is consistent with the idea that a public
project has an ‘objective’ (common) value perceived differently by regions.
Note that it is still possible to have projects with very different regional
valuations. Affiliation just requires these occurrences to be less frequent.
Moreover, it does not rule out independently distributed regional valuations.

Proposition 3.5 Assume

1. F is symmetric in all its arguments with the corresponding marginal
distribution f, f is continuous on [0, B]R .

2. Assume random variables bk, k = 1, .., R are affiliated;

3. Let ϕ : R× R → R; ϕ (θ, x) = E
¡
w (b) |b[1] = x; θ

¢
, assume ϕ (θ, x) <

∞ is strictly increasing in θ ∈ [0, 1] for all x ∈ [0, R] ;
4. Let z (θ) = E (w (b) |θ) , t (θ) = E

¡
w (b) |1 ≤ b[2]; θ

¢
, assume −∞ <

z (θ) < 0 < t (θ) <∞ for all θ.

Then there exist a threshold −∞ <θ, such that for any θ < θ, welfare
attained under decentralization (in problem (6)) is strictly higher than that
under unitary government (in problem (5)).

Proof is relegated to the appendix.

4 Conclusions

This model provides an economic rationale for the existence of a hierarchical
government, which may outperform the unitary one even in the absence of
the vertical asymmetric information within the hierarchy and even though
the absolute advantage of the (upper) central government in making decisions
with respect to public goods is evident. Somewhat contrary to the accepted
view, if the issues to be tackled by the government are predominantly of lo-
cal importance, albeit generating some spillovers, central government alone
is sufficient, i.e., there is no need to decentralize. On the other hand, it is
the prevalence of valuable global issues along with the projects of local im-
portance that generates the need for the local governments. The hierarchy
induces specialization of each tier on the corresponding issues, thus, enhanc-
ing the overall welfare, which can justify possible costs associated with the
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additional level of government. Thus, the main argument does not stem from
an assumed deficiency of a central government, but rather, rests on the idea
of specialization.
Let me briefly discuss the assumptions that underlie the conclusion. First,

the restriction to the yes-no voting is crucial. Clearly, departing from voting
(extending the set of the possible messages) can restore efficiency, see Laffont
and Maskin (1982) for the revelation mechanisms that can achieve this ob-
jective. Nevertheless, extreme popularity of voting as a decision mechanism
in practice boosts the value of identifying benefits of decentralization under
this assumption. Next, recall SPM stating that the supporters have to
pay more than the ‘no’ voters in the central legislature. If this restriction is
relaxed, multiple outcomes can occur. There are equilibria under which all
projects are accepted, independent of the benefits they generate. Other equi-
libria are those under which the projects generating the mth highest benefit
above the tax of the supporter, α, are accepted unanimously. Note that even
if we allow the designer to set α < 1 and ignore the first type of equilibria,
it is still impossible to eliminate the inefficiency generated under a one-tier
government that has to consider both global and local projects. Therefore,
SPM is just a simplifying assumption.
Recall that the rules governing acceptance of public projects are fixed,

whether because it is too costly to describe all the relevant contingencies, or
to verify those. Thus, addition of local governments partially resolves the
welfare loss associated with the incompleteness of the contract between the
constitutional designer and the future legislators. This implies, in particular,
that in the areas in which it is easy to condition the rules of acceptance on
the type of public project (either implicitly or explicitly) the role of local
governments will be diminished. Observe, however, that more detailed con-
stitutions (laws) do not necessarily undermine the “executive” function of
the local governments, that can still be responsible for implementing public
projects, rather, it may decrease the “legislative” role of the lower tier.
Finally, in this model the appearance of public projects was driven by

a probability distribution F , where all the draws were independent. If the
probability, with which the next project appears on the agenda, is not inde-
pendent from the previous decisions of the legislature, decentralization may
introduce a new intergovernmental free rider problem.

Example 4.1 Let R = 3. Assume that if the project bH = (4, 2, 1) is rejected,
then the project bL = (4, 2, 0) will be put to voting. The central legislature op-
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erates under the majority rule with uniform taxation (m = 2, α = 1) . Clearly,
the second project, L, will be accepted by the first region (on the local level),
as bL1 = 4 > 3. Given this fact, the pivotal voter from region 2, prefers to free
ride on region 1 : bH2 −α = 2−1 < 2 = bL2 . Therefore the first project, H, will
be rejected and, instead, an inferior project L is accepted by a hierarchical
government.

This free rider problem can be viewed as another cost associated with
a hierarchical government. Modelling the exact relationship between the
passage of the bills by the central legislature and the subsequent decisions
made on the local level is an insightful investigation left for future research.
It can shed further light on the trade-offs associated with decentralization,
for which current model can be used as a reliable workhorse.
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A Appendix

Proof of proposition 2.1. Assume first a stronger version of (SPM), so that
αk > 1 for all k ≥ m.

Remark A.1 There is no Nash equilibrium in which strictly more that m
members vote for the project. Indeed, suppose R > k ≥ m individuals vote for
the proposal. By assumption αk > 1, so that αk+1 (R− k) > R−k > R−αkk,
thus tk+1 (Y ) > tk (N) . It follows that it is strictly dominant strategy for any
player to vote against the project (to save on his tax bill).

Case 1. Consider projects b such that b[m] < αm. Then not more than m−
1 people are voting for the project while the rest oppose it in an equilibrium.
Clearly in no Nash equilibrium m or more individuals vote for the project.
Therefore in this case the project is rejected under any equilibrium .
Case 2. Consider projects b such that b[m] > αm. Exactly m individuals

voting in favour of the project is an equilibrium. Indeed, it is a strict Nash
equilibrium. We are left to show that there is no equilibria under which the
project is rejected. It is obvious that any strategy profile supporting m − 1
individuals voting in favour of the project is not a Nash equilibrium. A

23



standard trembling hand perfection argument rules out equilibria supporting
m− k votes in favor of the project with k > 1.
Thus we can conclude that

M (αm) =
©
y ∈ Y : b[m] > αm

ª
.

Now we can relax the assumption made at the beginning of the proof
by allowing weak inequality αk ≥ 1. Note that the only time we used the
assumption about the strictness of inequality was to assure that tk+1 (Y ) >
tk (N) . The only way to get equality tk+1 (Y ) = tk (N) is to have a vector
of sharing rules, α∗ = (αm, αm+1, .., αk∗ , αk+1∗ , .., αR−1) , such that αk∗+1 =
αk∗ = 1 for some k∗ ≥ m. Then, there will be equilibria in which k∗ + 1
legislators vote for the project given there are at least k∗ + 1 of them have
valuations above the average cost. In addition, the equilibria of the second
type, in which exactlym people vote for the project if b[m] > αm, still remain.
Note that if we take a sequence of vectors α that converge to α∗ from above,
then, only the latter equilibria will be present, while former will not, as along
the sequence αk and αk+1 are above 1 with at least one of them strictly above
1. So, the equilibria of the first type are not robust to the “trembling hand
of the designer”. Thus we are left with the equilibria supporting M (αm) as
the set of accepted projects.

Lemma A.2 Assume F is symmetric in all its arguments with the corre-
sponding marginal distribution f. Assume random variables bk, k = 1, .., R
are affiliated. Then the first derivative of the objective function with respect
to α for fixed R,m can be represented as

−m
µ

R
m

¶
A (α,m) , (17)

where

A (α,m) ≡
Z B̄

α

..

Z B̄

α| {z }
m−1 times

Z α

B

...

Z α

B| {z }
R−m times

w (b−m, α) dF (α, b−m) (18)

w (b−m, α) =
X
i6=m

bi + α− R, (19)

b−m = (b1, b2, .., bm−1, bm+1, .., bR) . (20)
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Proof By symmetry of F, objective functionWI (α,m) for a given R, m ≥ 1,
can be represented as Φ (α,m),

Φ (α,m) ≡
RX

k=m

µ
R
k

¶Z B̄

α

..

Z B̄

α| {z }
k times

Z α

B

...

Z α

B| {z }
R−k times

Ã
RX
i=1

bi − R

!
dF (b) (21)

Clearly, function Φ (α,m) is differentiable with respect to the first ar-
gument. Taking first derivative of Φ (α,m) with respect to α and using
symmetry of the distribution F,

Φα (α,m) =
R−1X
k=m

µ
R
k

¶
{−k ∗ A (α, k) + (R − k) ∗ A (α, k + 1)} .

Note thatµ
R
k

¶
(R− k) =

R!

k! (R − k − 1)! =
µ

R
k + 1

¶
(k + 1) .

Therefore, after the cancellation, and observing that A (α,R) = 0, we get

Φα (α,m) = −m
µ

R
m

¶
A (α,m) .

Lemma A.3 Let the benefits be affiliated (definition 3.4). Then the first
derivative of the objective function Φ (α,m) can be represented as

Φα (α,m) = −m
µ

R
m

¶
P (α,m) V (α,m) , (22)

where P (α,m) > 0 and V (α,m) is strictly increasing in its first argument
and is non-decreasing in the second argument, hence Φ (α,m) is strictly (dif-
ferentiably) quasiconcave in its first argument on (0, R).
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Proof Let

V (α,m) ≡ 1

P (α,m)

Z B

α

..

Z B

α| {z }
m−1

Z α

0

...

Z α

0| {z }
R−m

[w (b−m, α)] dF (α, b−m) ,(23)

w (b−m, α) =
X
i6=m

bi + α−R, (24)

P (α,m) ≡
Z B

α

..

Z B

α| {z }
m−1

Z α

0

...

Z α

0| {z }
R−m

dF (α, b−m) , (25)

b−m = (b1, b2, .., bm−1, bm+1, .., bR) . (26)

Clearly, then
P (α,m) V (α,m) = A (α,m) ,

where A (α,m) is as defined in 18, which justifies 22. It is obvious that
P (α,m) > 0 for α ∈ [1, R).
Therefore, it is left to show that V (α,m) is strictly increasing in the first

argument. Indeed, in the view of definition 23,

V (α,m) = E
¡
w (b−m, α) |b[R] ≤ ... ≤ b[m+1] ≤ α = b[m] ≤ .. ≤ b[1]

¢
.

Then, in the view of assumed affiliation of bk, by Milgrom and Weber (1982),
theorem 5, V (α,m) is strictly increasing in α. Therefore,

V (α,m) ≤ E
¡
w (b−m, α) |b[R] ≤ ... ≤ b[m+1] = α = b[m] ≤ .. ≤ b[1]

¢ ≤ V (α,m+ 1) ,
(27)

so the statement follows.

Proof of proposition 3.5. To start, let us show that setting m0 > 1
along with some α0 for a unitary government is always strictly dominated
by the same rules chosen under a two-tier government, in other words,
Z (α0,m0) > 0 for m0 > 1. Indeed, let K ≡ E

¡
w (b) |M (R, 1) ∩ b[2] < 1

¢
,

clearly, K > 0. Moreover, by the full support assumption and as B > R,
Pr
¡
M (R, 1) ∩ b[2] < 1

¢
= q > 0. Then, if the designer chooses m0 > 1 for a

one tier government, Z (α0,m0) ≥ qK > 0, so that he looses compared to the
two tier one at least qK > 0 in expected terms for any choice of α0.
It is then left to show that the choice of m = 1 for a unitary government

is dominated as well. Let us demonstrate that there is αII ∈ [1, R] such that
WI (αII , 2) + Z (αII , 2)−WI (α

0, 1) > 0 (28)
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for any feasible α0. Provided Z (α, 2) > 0 for any α, it is sufficient to show
that

WI (αII , 2)−WI (α
0, 1) ≥ 0. (29)

conditional on b[1] ≤ R,20 in other words, (α0, 1) can not be a solution to
problem (5) for any α0.
First by lemmata (A.2 and A.3) the problem admits a unique solution for

any fixed m.21 Let αII be a solution to the problem for m = 2 and let αI be
a solution to the problem for m = 1. Then, it is sufficient to show that

∆ ≡WI (αII , 2)−WI (αI , 1) ≥ 0. (30)

By lemma (A.3), αII ≤ αI . Let

T (αII , αI) =
n
b ∈ [0, R]R |αII ≤ b[2] ≤ b[1] ≤ αI

o
, (31)

S (αII , αI) =
n
b ∈ [0, R]R |b[2] ≤ αII ≤ αI ≤ b[1]

o
. (32)

Note that the difference,∆, is equal to the difference between the expected
value of accepted projects under (αII , 2) that were rejected under (αI , 1) and
that of rejected projects under (αII , 2) that were accepted under (αI , 1) ,

∆ = E (w (b) |T (αII , αI) ; θ) Pr (T (αII , αI))−E (w (b) |S (αII , αI) ; θ) Pr (S (αII , αI)) .
(33)

For any θ, if αII = αI , then, clearly, Pr (T (αII , αI)) = 0. Moreover,
E (w (b) |S (αII , αII)) ≤ 0, as

E (w (b) |S (αII , αII)) =

Z αII

1

ν (α, 2) dF (b−1, α) , (34)

ν (α, 2) = E
¡
w (b−m, α) |b[2] = α ≤ αII ≤ b[1]

¢
, (35)

ν (α, 2) ≤ V (αII , 2) = E
¡
w (b−m, α) |b[2] = αII ≤ b[1]

¢
= 0

where the last inequality holds for α ≤ αII in the view of lemma (A.3)
and V (αII , 2) = 0 by the first order conditions (lemma A.2).
Now assume αII < αI . Note that function

τ (x, y; θ) = E (w (b) |T (x, y) ; θ) (36)

20For the rest of the proof, the condition b[1] ≤ R will be omitted for simplicity.
21Strictly speaking, the lemmata cover the interior solution cases, the treatment of

corner solutions is trivial and, thus, is omitted.
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is increasing in the first two arguments by Milgrom and Weber (1982), theo-
rem 5. Let us focus on the non-degenerate case of τ being strictly increasing
in x and y.22 Note that τ is also continuous in x and y due to continuity of
f.
Let τ ∗ (θ) = τ (αII , αI ; θ) . Need to show that τ

∗ (θ) ≥ t (θ) > 0 for low
enough θ. Clearly, τ (αII , R; θ) > t (θ) by definition of t (θ) . Next, it easy to
verify that τ (αII , αII ; θ) < 0, therefore, τ (αII , αII ; θ) < t (θ) , as t (θ) > 0
for all θ by assumption. Fix θ = θ̂. Then there exists αII < yt < R, such
that

τ
³
αII , yt; θ̂

´
= t

³
θ̂
´
. (37)

If yt ≤ αI , then, clearly, τ (αII , αI) = τ ∗
³
θ̂
´
≥ t

³
θ̂
´
> 0. If yt > αI , fix

α̂ = αII , and t̂ = t
³
θ̂
´
then decrease θ to θ0. As a result αI should increase.

Indeed, αI solves

V (αI , 1; θ) = 0; (38)

V (α, 1; θ) = ϕ (θ, x) = E
¡
w (b−1, α) |α = b[1]; θ

¢
, (39)

and ϕ (θ, x) is assumed to be strictly increasing in θ. It follows that αI is
decreasing in θ. Therefore, for fixed t = t̂ and αII = α̂ inequality yt ≤ αI is
easier to satisfy as θ decreases. In addition, given τ is strictly increasing in
the first two arguments, and in the view of equation 37, yt should increase
with t and decrease with αII . Observe that by affiliation of b, and given
ϕ (θ, x) is increasing in θ, V (α, 2; θ) ≡ E

¡
w (b−1, α) |α = b[2]; θ

¢
is increasing

in θ, and so is t (θ) . Therefore a decrease in θ should lead to a increase in αII

that solves V (αII , 2; θ) = 0, and a decrease in t (θ) . Both lower the resulting
yt that solves (37) . Therefore, for θ low enough the inequality yt(θ) ≤ αI (θ)
should be satisfied. This implies then, τ ∗ (θ) ≥ t (θ) > 0 for θ low enough,
clearly, finite.23

It is left to assure the negativity of the second term, E (w (b) |S (αII , αI) ; θ),
in the difference ∆. Let σ : R× [αI , R]→ [0, αI ] be defined as a solution to

22Cumbersome, but similar proof for the weakly increasing function is omitted.
23Note that the requirement t(θ) > 0 still has to be satisfied, which implies, that

conditional on the second highest benefit being above unity, decrease in θ is not
“as bad news” as the same decrease conditional on the complementary event, i.e.,
E
¡
w (b) |1 ≤ b[2] ≤ b[1] = x; θ

¢
decreases in θ slower than E

¡
w (b) |1 ≥ b[2]; b[1] = x; θ

¢
for

any x.
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the following equation,24

E
¡
w (b) |b[2] ≤ σ, b[1] = y; θ

¢
= 0. (40)

Thus, σ (θ, y) is a function, moreover, it is easy to see that it strictly
decreases with y for any given θ and strictly decreases with θ for a fixed y.
By the previous argument, without of loss of generality αI > R/2 (otherwise
one could pick θ low enough to assure that). Next, as V (R/2, 2; θ) > 0,
αII < R/2. Observe that for any θ ∈ R, σ (θ, αI) = αI (> R/2) by definition
of αI (or the first order conditions), and also σ (θ,R) = 0 (< R/2) . Therefore,
for any θ there exists a threshold yθ such that for y ∈ [αI , yθ) σ (θ, y) > R/2
and for any y ∈ [yθ, R] , σ (θ, y) ≤ R/2. As a decrease in θ will lead to an
increase in σ (θ, y) for any y, the threshold, yθ, should increase. This will
assure that for θ low enough, the desired term, E (w (b) |S (αII , αI) ; θ) is
negative. Indeed,

E (w (b) |S (αII , αI) ; θ) ≤ (E (w (b) |S (R/2, αI) ; θ)) = (41)

= Pθ

¡
E
¡
w (b) |S (R/2, αI) ,

©
b[1] < yθ

ª
; θ
¢¢
+ (42)

+ (1− Pθ)
¡
E
¡
w (b) |S (R/2, αI) ,

©
b[1] ≥ yθ

ª
; θ
¢¢

, (43)

Pθ ≡ Pr
¡©
b[1] < yθ

ª |S (R/2, αI)
¢
. (44)

Clearly, Pθ is increasing with yθ. Moreover,

Nθ ≡ E
¡
w (b) |S (R/2, αI) ,

©
b[1] < yθ

ª
; θ
¢

(45)

= E
¡
w (b) |b[2] ≤ R/2 ≤ αI ≤ b[1] < yθ; θ

¢
< 0 (46)

by construction of yθ; E
¡
w (b) |S (R/2, αI) ,

©
b[1] ≥ yθ

ª
; θ
¢
is bounded by

(R− 1) R
2
. It follows that if θ is low enough to assure

Pθ >
(R− 1)R

(R− 1)R − 2Nθ
, (47)

then E (w (b) |S (αII , αI) ; θ) will be negative.
Clearly, θ is finite.

24Here, again, consider a non-degenerate case so that the function
E
¡
w (b) |b[2] ≤ σ, b[1] = y; θ

¢
strictly increases in both σ and y, moreover, it also

strictly increases in θ by assumption; therefore, σ that solves equation (40) is unique for
every pair of values θ, y.
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