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Abstract

This paper analyzes difference-in-differences setups with a continuous treatment. We show
that treatment effect on the treated-type parameters can be identified under a generalized paral-
lel trends assumption that is similar to the binary treatment setup. However, interpreting differ-
ences in these parameters across different values of the treatment can be particularly challenging
due to treatment effect heterogeneity. We discuss alternative, typically stronger, assumptions
that alleviate these challenges. We also provide a variety of treatment effect decomposition
results, highlighting that parameters associated with popular two-way fixed-effect specifications
can be hard to interpret, even when there are only two time periods. We introduce alterna-
tive estimation strategies that do not suffer from these drawbacks. Our results also cover cases
where (i) there is no available untreated comparison group and (ii) there are multiple periods
and variation in treatment timing, which are both common in empirical work.
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1 Introduction

The canonical difference-in-differences (DiD) research design compares outcomes between a treat-
ment and comparison group (difference one) before and after that treatment begins (difference two).
But many DiD applications study treatments that do not simply turn “on”, they have a “dose” or
operate with varying intensity. Pollution dissipates across space, affecting locations near its source
more severely than locations far away. Localities spend different amounts on public goods and
services, or set different minimum wages. Students choose how long to stay in school.

A continuous treatment may offer practical advantages over a binary treatment. Variation in
treatment intensity makes it possible to evaluate treatments that lack untreated comparison units
because all units are treated to some extent. A clear “dose-response” relationship between outcomes
and treatment intensity can bolster the case for a causal interpretation. In his 1965 presidential
address to the Royal Society of Medicine, Sir Austin Bradford Hill, a pioneer in the study of
smoking and cancer, included among his criteria for inferring causality from observational data, “a
biological gradient, or dose-response curve” and argued that “we should look most carefully for such
evidence” (Hill, 1965). Finally, we may care more about the effect of changes in treatment intensity
(e.g., increased funding, pollution abatement, or expanded eligibility) than about the effect of the
existence of a program that already exists.

Despite how conceptually useful and practically common it is to have continuous treatments,
relatively little theoretical research focuses on identification and interpretation of dose-response
DiD designs. This paper analyzes DiD models in which units move from no treatment to some non-
zero dose, and outlines potential pitfalls of two-way fixed effects (TWFE) regression estimators.
Our first contribution is to provide a clear bridge between the parameters of interest, identifying
assumptions and interpretation of canonical binary DiD and dose-response DiD models, highlighting
when and why additional assumptions are required. Second, we use these results to evaluate TWFE
estimators in the dose-response context.

We build on two types of causal effects that arise in a non-binary DiD setting corresponding
to levels and slopes of the dose-response relationship. The level effect is the treatment effect of
“dose” d, which equals the difference between a unit’s potential outcome under treatment d and its
untreated potential outcome. Following Angrist and Imbens (1995), the slope effect is the causal
response to an incremental change in the “dose” at d. The distinction between treatment effects
and causal responses is crucial because they can have meaningfully different interpretations and
has no analogy in binary DiD (in this case the treatment effect and causal response are the same).
One theme of our paper is that different causal parameters require different assumptions. Thus,
researchers attempting to answer causal questions should pay particular attention to whether the
given estimation strategy is actually suitable for the given application.

We begin with a simple setup with exactly two time periods, where no units receive the treatment
in the pre-period, and where some units become treated with different doses in the post-period. The

average treatment effect of dose d among units that receive dose d, ATT(d|d), is nonparametrically



identified under a parallel trends assumption on untreated potential outcomes only.! This is a simple
extension of binary DiD: one simply compares outcome changes among units that experienced a
particular dose to outcome changes for the untreated units.

Average causal response parameters, however, are not identified under parallel trends involving
untreated outcomes alone because they must come from comparisons between higher- and lower-
dose units. These comparisons mix together (i) the average causal response on the treated of dose
d for units who receive dose d, ACRT(d|d) and (ii) differences in the treatment effects between
the two groups at the lower dose (“selection bias”). Even if lower-dose units have the same evo-
lution of untreated potential outcomes as higher-dose units (parallel trends), they are only a good
counterfactual for higher-dose units if the evolution of outcomes at the lower dose would have been
the same, t0o.? We propose an alternative “strong” parallel trends assumption that imposes these
restrictions. Under strong parallel trends, we show that comparisons of causal effect parameters
across different values of the doses can themselves be interpreted as causal responses. However,
strong parallel trends is likely to be a much stronger assumption than the sort of parallel trends
that is frequently invoked in DiD applications with a binary treatment. Moreover, pre-trend tests
commonly used to detect violations of parallel trends cannot distinguish between “standard” and
“strong” parallel trends.

We use the identification results to evaluate the most common estimator for dose-response
designs, a TWFE regression that includes time fixed effects (6;), unit fixed effects (n;), and the
interaction of a dummy for the post-treatment period (Post;) with a variable that measures unit

1’s dose or treatment intensity, D;:
Yit = 0; + i+ 877 - D; - Post; + vyt (1)

We show that, under a parallel trends assumption on untreated potential outcomes, 5%f¢ can be
decomposed into different weighted sums of different treatment effect parameters, highlighting the
importance of appropriately (a priori) choosing the “building block” of the analysis. Interestingly,
if one adopts the (rescaled) average treatment effect of dosage d as the building block of the
decomposition, B¢ is equal to a weighted sum of the (rescaled) ATT(d|d), though the weights
are non-convex and can be negative; see also de Chaisemartin and D’Haultfeeuille (2020). If one
adopts the average causal response of dosage d as the building block of the decomposition, though,

ptvre is equal to a weighted average of the ACRT(d|d)’s, where all the weights are guaranteed to

Note that we do not refer to “the” ATT of dose d because there are many different treatment groups, each of
which has an average treatment effect at dose d in theory. We use the notation ATT(a|b) to denote the average effect
of administering dose a to the group that actually received dose b. This is similar to Callaway and Sant’Anna (2020)
who study staggered DiD designs and define ATT(g,t) as the average treatment effect for timing group g at time ¢.

2To give an example, suppose that for doses b > a, higher-dose units have a larger average treatment effect
than lower-dose units: ATT(b|b) > ATT(a|a). This does not imply that the effect of experiencing dose b is greater
than the effect of experiencing dose a on average for all units or even for any subpopulation. This is an important
limitation of dose-response DiD designs and occurs because standard parallel trends assumptions are not strong
enough to distinguish between cases where receiving more treatment generally increases outcomes or where differences
in ATT(b|b) and ATT (a|a) are due to other differences between the units that experience treatment amount b relative
to the units that experience treatment amount a — or due to combinations of these two possibilities.



be non-negative, plus another positively-weighted average of “selection bias” terms that come from
heterogeneous treatment effect functions across dose groups. Even under strong parallel trends,
which eliminates “selection bias”, TWFE estimates do not equal an average of AC'R parameters
weighted by the population distribution of the dose (which is arguably the natural target parameter
in this case). Instead, the TWFE weighting scheme typically puts more weight on doses near the
average and less on the tails. If the highest or lowest doses create relatively extreme causal responses
(for example if the effect is zero below a certain dose), then TWFE estimates can be a misleading
summary of the overall average causal response.

We extend these baseline results to a setup with more than two time periods and where treat-
ment varies in intensity as well as timing. In this case, the TWFE estimator is composed of (i)
comparisons of the path of outcomes for units treated at the same time but with different doses,
(ii) comparisons of paths of outcomes in early-treated groups relative to later-treated groups in
periods before the later-treated groups become treated, (iii) comparisons of paths of outcomes of
later-treated groups relative to already-treated groups, and (iv) comparisons of paths of outcomes
between early-treated groups and later-treated groups in their common pre-treatment and post-
treatment periods. Under a version of strong parallel trends, the first two sets of comparisons turn
out to be equal to averages of causal response parameters, but the third and fourth set of compar-
isons contain extra terms that arise in the presence of treatment effect dynamics or heterogeneous
causal responses across groups. These results on TWFE regressions with multiple periods and
variation in treatment timing generalize the results in de Chaisemartin and D’Haultfeeuille (2020)
and Goodman-Bacon (2021) to the case with a continuous treatment.

In this context, we propose an alternative strategy that delivers overall average causal response
parameters under strong parallel trends as well as event-study type parameters that do not require
ruling out treatment effect dynamics or heterogeneous causal effects across groups. This strategy
expands the group-time average treatment effects approach in Callaway and Sant’Anna (2020) to

the case where the treatment can be continuous.

Related literature: Our paper build on different strands of the literature. First, the inter-
pretation issues that we point out regarding comparisons of ATT(d|d) at different values of d are
related to existing points made on comparing “local” treatment effect parameters to each other (e.g.,
(Oreopoulos, 2006; Angrist and Fernandez-Val, 2013; Mogstad, Santos, and Torgovitsky, 2018) in
the context of local average treatment effects or (Frolich, 2004; Fricke, 2017) in the context of
difference-in-differences with multiple treatments). Second, our paper is broadly related to the
literature on continuous treatments in cross-sectional setups, see, e.g., Hirano and Imbens (2004),
Flores (2007), Flores, Flores-Lagunes, Gonzalez, and Neumann (2012), Galvao and Wang (2015),
Kennedy, Ma, McHugh, and Small (2017), Su, Ura, and Zhang (2019), and Callaway and Huang
(2020) in the context of an unconfounded treatment; and Florens, Heckman, Meghir, and Vytlacil
(2008) in the context of an endogenous treatment. Our paper is also related to D’Haultfoeuille,
Hoderlein, and Sasaki (2021), as they considered setups with repeated cross-sectional data. Our

paper complements theirs as our setups greatly differ: we consider identifying assumptions based



on parallel trends while they rely on rank-invariance assumptions on the time trend as in Athey
and Imbens (2006). Besides not being in the same DiD context as our paper, most of these afore-
mentioned papers identify ATE-type parameters rather than ATT-type parameters, which implies
that they do not run into the same interpretation issues that we consider here.

We also contribute to the more recent literature highlighting potential problems with TWFE
specifications when one deviates from the canonical two-groups two-periods DiD setup, such as such
as “fuzzy” designs (de Chaisemartin and D’Haultfceuille, 2018) or staggered designs (Borusyak
and Jaravel, 2017; Goodman-Bacon, 2021; de Chaisemartin and D’Haultfeeuille, 2020; Sun and
Abraham, 2020).% Our results contribute to this literature by showing that, in setups with variation
in treatment intensity, TWFE regressions do not recover easy-to-interpret causal parameters even
in the two-period case. With variation in treatment timing, the problems are exacerbated as
(i) TWFE is not robust against treatment effect dynamics (as already-treated units serve as the
comparison group for late-treated units, just like the binary DiD case), and (ii) TWFE regressions
are confounded in the presence of heterogeneous causal responses across groups, which is not an issue
in the case with a binary treatment. We note that the supplemental appendix of de Chaisemartin
and D’Haultfeeuille (2020) briefly discuss some potential problems interpreting TWFE coefficients
in the presence of a multi-valued discrete treatment. Our results complement theirs as we consider
continuous treatments and provide different decompositions that rely on different building blocks
than theirs. Interestingly, we show that the problem of “negative weighting” is not present when

one uses average causal responses as building blocks of the decomposition in the two-period setup.

2 The Sources and Uses of Continuous/Multi-valued Treatments

The development of causal inference methods has focused, often for expository reasons, on binary
(discrete) treatment variables. The history of DiD, dating to John Snow’s 1855 analysis, also
builds almost entirely on cases in which some units become treated and others do not. The focus
on binary treatments, in addition to simplifying theoretical analyses, cements the analogy between
quasi-experiments and simple randomized controlled trials.

But continuous treatment variables frequently arise and can provide much richer information—
sometimes fundamentally different information—about treatment effects than a binary variable
can. Price and income elasticities for example determine optimal policies like tax rates, tax bases,
subsidies, and regulations in many economic models (Hendren, 2016), but they are continuous
concepts that can only be estimated accurately with continuous variation.

Establishing a “dose-response” relationship between gradations of exposure and outcomes can
also help support a causal interpretation and point to potential mechanisms. Meyer (1995), for
example, argues that “differences in the intensity of the treatment across different groups allow one

to examine if the changes in outcomes differ across treatment levels in the expected direction” (pg.

3de Chaisemartin and D’Haultfceuille (2020) also consider non-staggered designs, where treatment can “turn on”
and “turn off”.



158).% While dose-response effects can act as a kind of falsification exercise in some contexts, in
others a non-linear or non-monotonic effect of treatment intensity can shed light on mechanisms. In
a monopsonistic labor market, for example, a minimum wage can either raise or lower employment
depending on whether it is set below or above the competitive wage. Aggregate outcomes may
improve as a treatment expands to people who need it most then worsen if that treatment is forced
on people who are hurt by it (Heckman and Vytlacil (2005)).

Variation in the dose or treatment intensity also makes it possible to evaluate treatments for
which binary DiD is not feasible. Card (1992) exploits geographic differences in the “bite” of a 1991
federal minimum wage increase. In a statutory sense, the federal change affected all workers, so
there is no untreated group to use in a binary DiD. While the minimum wage increase should have
affected lower-wage workers more directly than higher-wage workers, comparing these groups in a
binary DiD would require longitudinal data. Instead, Card regresses the change in each state’s teen
employment rate on the share of teens in that state who earned less than the new minimum wage
in the pre-period and are thus “eligible” for a statutory wage increase. Converting the analysis
to the state-level DiD creates a continuous treatment variable that can identify effects of a federal
policy.

In practice, DiD designs with a continuous treatment are almost always estimated with a TWFE
regression. Applications typically justify dose-response DiD designs by extending the logic of canon-
ical binary DiD models, arguing that, under a parallel trends assumption on untreated potential
outcomes, regression estimators that compare units treated with different doses identify the average
treatment effect per unit of the dose. Wooldridge (2005) observes that a two-period DiD regression
estimator “can be easily modified to allow for continuous, or at least non-binary, ‘treatments’ ”
(pg. 132). Angrist and Pischke (2008) emphasize “a second advantage of regression DD is that it
facilitates the study of policies other than those that can be described by a dummy...the minimum
wage is therefore a variable with differing treatment intensity across states and over time” (p. 234).
The reason TWFE is so ubiquitous is that it makes it easy to “extend” regression estimators for
binary DiD models, whose properties are better understood, to the more complex case with varia-
tion in treatment intensity. Yet details about what treatment effect parameter these specifications
recover and under what assumptions remain unknown. We now turn to our analysis of these two

central issues.

“Hill (1965) makes this point in the context of smoking and cancer:

The fact that the death rate from cancer of the lung rises linearly with the number of cigarettes smoked
daily, adds a very great deal to the simpler evidence that cigarette smokers have a higher death rate
than non-smokers.

He also notes that more deaths among light rather than heavy smokers would weaken the causal claim unless one
could “envisage some much more complex relationship to satisfy the cause-and-effect hypothesis.” Toxicologists refer
to non-monotonicity as “hormesis” and questions about whether observed non-monotonic relationship between an
exposure and outcomes really represent causal effects versus offsetting confounders that dominate at low versus high
doses are ongoing for factors like radioactivity (Thayer et al. (2005)).



3 Baseline Case: A New Treatment with Two Periods

We first consider a simple case that matches the canonical DiD setup except that we allow for a
multi-valued or continuous treatment rather than a binary one. Later, we extend these results to

more complicated data structures that are commonly encountered in empirical work.

3.1 Notation for the Baseline Case

We suppose that a researcher has access to two periods of panel data denoted by ¢t and ¢t — 1. In
the first period, no unit is treated. In the second period, units receive a treatment “dose” denoted
by D;. We denote the support of D by D. We define potential outcomes for unit ¢ in period
s € {t—1,t} by Yis(d). This is the outcome that unit i would experience in period s under dose d.

We also make the following assumptions

Assumption 1 (Random Sampling). The observed data consists of {Yi,Yi—1, D}l which is
independent and identically distributed.

Assumption 2 (Support). The support of D, D = {0} UD,. In addition, P(D = 0) > 0 and
dFp(d) >0 for all d € D4. No units are treated in period t — 1.

Assumption 3 (Observed Outcomes / No Anticipation). For all units,
Yii 1= Yz‘t—l(o) and Yy = Y;t(Dz‘)-

Assumption 1 says that we observe two periods of iid panel data. Assumption 2 implies that
there is a group of units that do not receive any dose in any period and is general enough to allow
for a binary, multi-valued discrete, or continuous treatment. For some results below, we specialize
this condition to explicitly make the dose continuous but most of our identification will hold under
very general treatment regimes. Assumption 3 says that we observe untreated potential outcomes
for all units in the first period and that, in the second period, we observe the potential outcome
corresponding to the actual dose that unit ¢ experienced. It rules out that units change their
pre-treatment outcomes in response to the post-treatment dose.

For some of our results below, we provide specialized results to cases where the treatment is
either continuous or multi-valued discrete. In these cases, we sometimes require more specialized

versions of Assumption 2.

Assumption 2-Cont (Continuous Treatment). (a) The support of D, D = {0} U Dy where
Dy = [dr,dy] with 0 < df, < dy < oo. In addition, P(D = 0) > 0 and fp(d) > 0 for all
deDy.

(b) E[AY|D = d] is continuously differentiable on D.

Assumption 2-MV (Multi-Valued Treatment). The support of D, D = {0} U Dy where Dy =
{di,da,...,ds} where 0 < dy <dp <---<dy. In addition, P(D = d) >0 for all d € D.



Assumption 2-Cont formalizes that the treatment consists of a mass of units that do not partici-
pate in the treatment and an otherwise continuous treatment though it allows for the smallest value
of the treatment to be strictly larger than 0 which is common in applications. Assumption 2-MV

is essentially analogous but for the case when the treatment is discrete.

3.2 Parameters of Interest with a Continuous or Multi-Valued Treatment

For a binary treatment, the effect of being treated at all is the same as the effect of an “increase”
in treatment because both involve a change in the treatment variable from D =0 to D = 1. But
when the treatment can take more values, treated units experience different changes in the dose.
Therefore, continuous/multi-valued treatments define more parameters of interest than binary ones.
The treatment effect of dose level d in time period t for a given unit equals the potential outcomes
when D = d minus the untreated potential outcome: Y;(d)—Y;(0).° We also define that unit’s causal
response at d as Y/(d), the derivative of the potential outcome function,® (when d is continuous)
or as the difference in potential outcomes between adjacent doses, Y;(d;) — Yi(dj—1) (when d is
discrete). These two types of treatment effects—the level of Y;(d) —Y;(0) or its slope, Y/ (d)—define
the parameters of interest in this case, and connects to well-known results in the instrumental
variables (IV) literature on multi-valued or continuous endogenous variables (Angrist and Imbens,
1995, Angrist, Graddy, and Imbens, 2000).

Average Level Effects: What was the effect of dose d?

Treatment effects in levels extend the definitions of average treatment effects from the binary case
so that they refer to the average effect of being treated with a particular dose. Like the case with
a binary treatment, we can define treatment on the treated type parameters as well as overall
treatment effect parameters. However, there are some more possibilities here. In particular, we

define
ATT(alb) = B[Yi(a) - ¥i(0)[D =b] and ATE(d) = E[Yi(d) - Yi(0)]

ATT(alb) is the average effect of dose a on units that actually experienced dose b. We often
consider the specialized version of this parameter, ATT(d|d), which is the average effect of dose d
among units that actually experienced dose d. ATE(d) is the mean difference between potential
outcomes under dose d relative to untreated potential outcomes across all units, not just those that
experienced dose d.

Figure 1 shows a graphical example of the ATT parameters with two doses, a < b. The definition
of potential outcomes means that each unit can have its own set of treatment effects, Yi;(d) — Yi(0).

The concave lines in the figure represent the average treatment effects at all doses for the groups

5We include ¢ subscripts for units in expressions that refer to sample quantities, but not in theoretical expressions
of population quantities. We also sometimes refer to Y;(d) — Y2(0) as the treatment effect function.

5This is a slight abuse of notation as we do not require Y;(d) to be differentiable, but rather we mean here the
effect of a marginal change in the dose on a unit’s outcome: lim,_,q+ (Yz(d + h) — Yz(d)) /h.



Figure 1: Average Treatment Effects on the Treated, Two Doses
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Notes: The figure plots ATT(d|a) (the average effect of experiencing dose d among units that actually experienced

dose a) and AT'T(d|b) (the average effect of experiencing dose d among units that actually experienced dose b).

actually treated with dose a or dose b. There are four potential ATT parameters in this case. Two
refer to doses and groups that are actually observed — AT'T'(ala) and ATT(b|b). As in the binary
treatment case, ATT (ala) and ATT(b|b) are “local” to units that experienced dose a or b. The
other two refer to the effect of doses on groups that do not actually receive that particular dose —

ATT(alb) and ATT (b|a).

Average Slope Effects: What was the incremental effect of the d** dose unit?

With continuous treatments researchers often care about the effect of an increment in the dose.
Following Angrist and Imbens (1995) we define a unit’s causal response function as Y/(d) when
treatment is continuous (see Angrist, Graddy, and Imbens, 2000) and as Y;(d;) — Y;(d;—1) when
treatment is discrete/multi-valued. We focus on identifying average causal response parameters.

For continuous treatments they are

EVOID=d| 4o - CEN@]

ACRT(d|d) = 5 _ -

For discrete treatments the average causal response parameters are
ACRT (djld;) = E[Yy(d;) — Yi(dj—1)|D = d;] and  ACR(d;) = E[Yi(d;) — Yi(dj-1)].

The average causal response on the treated, ACRT(d|d), is the average difference between potential

outcomes under dose d compared to potential outcomes under a marginal change in the dose for



Figure 2: Average Causal Responses, Two Doses

Y:(d) - %(0) ¥i(a) — ¥:(0)

ACRT(b|b)

T —
’ﬁd\b) = E[Yi(d) — Y:(0)|D = b] ATT(dlb) = E[Y;(d) — ¥;(0)|D = b]
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ACRT(bla)

! ACRT(ala)

Notes: The figure plots ACRT’s as derivatives of the AT'T curve (when the treatment is continuous) or as the slope

of the line connecting adjacent ATT’s (when the treatment is discrete).

the group of units who actually experience dose d. For multi-valued treatments ACRT(d|d) equals
the difference in potential outcomes between dose level d; and the next lowest dose d;_1 (no matter
how big the gap between d; and dj_; is).” ACR(d) is the overall average causal response of a small
change in dose; it is an average across the entire population not just units that experienced dose d.

Figure 2 depicts the causal response parameters for two doses continuing the same example
from Figure 1. In panel A, we show the AC RT parameters at doses a and b when d is continuous.
Continuity is reflected in the fact that the slopes are tangent to the ATT'(d|d) functions. In panel
B, we show the ACRT parameters when d is discrete and when a = 1 and b = 2 so that the
increment between doses equals 1. The two groups not only have different level effects, they also
have different slopes at every dose: ACRT(d|a) < ACRT(d|b). Two slopes refer to the marginal
effect of doses actually received. ACRT (a|a) is the average effect of the a'® dose unit for group a,
while ACRT (b|b) is the effect of the b dose unit for group b. The other two slopes are also average
causal responses but for the dose not actually experienced by each group. ACRT (alb) is the average
effect of the a® dose unit for group b who did not actually receive that much dose. ACRT(b|a)
is the effect of the b dose unit for group a who actually received more than that dose. Since the
average causal response is higher for group b than for group a at every dose, ACRT (ala) < ACR(a)
and ACRT (b|b) > ACR(b).

Another thing worth pointing out is that the shape of the average treatment effect function,
ATT(d|d), drives the interpretation of the slope parameters. All ATT(d|d) parameters may be
positive while some AC RT'(d|d) parameters are zero or negative. For example, some treatment may
be better than none, but additional doses do not always raise outcomes. This underscores why it is
important to be clear about an ATT versus an AC RT interpretation in the dose-response context.

Besides that, comparisons between units treated with different doses may not allow inference about

"Differences in ATT(d|d) between doses that are farther apart than, say, one unit in the discrete case or differ by
a finite amount in the continuous case equal averages of the AC RT between the doses in question.



the ATT for any group because neither group can be used to estimate an untreated counterfactual.
But these comparisons can, under conditions stated below, be informative about causal response
parameters that describe how outcomes respond to small changes in the dose.

Sometimes it is worth considering average derivative versions of ACRT and AC'R that average

the average causal responses across doses. These are given by
ACRT* = E[ACRT(D|D)|D > 0] and ACR* =E[ACR(D)|D > 0].

ACRT* and ACR* are natural single (i.e., non-functional) target parameters for understanding
the causal response of the treatment. These parameters do not show up in the case with a binary

treatment because D only takes one non-zero value.

3.3 Identification with a Continuous or Multi-Valued Treatment in the Baseline
Case

This section discusses identification of level effects (ATT(d|d) and ATE(d)) and slope effects
(ACRT(d|d) and ACR(d)) under parallel trends assumptions.

Levels: Identification of Average Treatment Effects

We begin by discussing identification of the ATT'(d|d) because the approach and assumptions follow

closely from the traditional binary treatment case. We make the following assumption.

Assumption 4 (Parallel Trends). For all d € D,
E[Y,(0) = ¥i_1(0)|D = d] = E[¥;(0) — Y;_1(0)|D = 0].

Assumption 4 is very similar to parallel trends assumptions in binary DiD. First, it only involves
the path of untreated potential outcomes. Second, it says that the path of outcomes that units with
any dose d would have experienced if they had not participated in the treatment is the same as the
path of outcomes that units in the untreated group actually experienced — this is very similar to
the intuition for binary parallel trends except that now d can take on many values instead of just
being treated or untreated.

The following result shows that under Assumption 4, ATT(d|d) is identified.

Theorem 1. Under Assumptions 1 to 4, ATT(d|d) is identified for all d € D, and it is given by
ATT(d|d) = E[AY;|D = d] — E[AY;|D = 0].

The proof of Theorem 1 is provided in Appendix D, but it is worth pointing out that Theorem 1
holds using essentially the same arguments as for the case with a binary treatment. ATT'(d|d) equals

the difference between the change in outcomes for units treated with dose d and untreated units

10



because Assumption 4 ensures that the path of outcomes for untreated units is the same as the
path of outcomes that treated units would have experienced absent the treatment.
The next result shows that, in general, ATE(d) is not identified under Assumptions 1 to 4

alone.
Proposition 1. Under Assumptions 1 to 4, ATE(d) is not identified

The proof of Proposition 1 is provided in Appendix D. Intuitively, the result holds by first
noticing that ATE(d) = E[ATT(d|D)]. In other words, ATE(d) can be obtained by averaging
ATT(d|k) across all values of k& — where ATT(d|k) is the average effect of experiencing dose d
among units that actually experienced dose k. However, for k # d, ATT(d|k) is not generally
identified under Assumption 4, so ATE(d) is not point identified under Assumption 4 either.
Additionally, the result in Proposition 1 is not surprising as, even in the binary treatment case,
ATUF is not identified under the analogous parallel trends assumption.

Finally in this section, we impose a parallel trends assumption that is strong enough to identify
ATE(d).

Assumption 5 (Strong Parallel Trends). For all d € D,
E[Yi(d) = Yi-1(0)] = E[Y;(d) = Yi-1(0)[ D = d].

Assumption 5 says that, for all doses, the average change in outcomes over time across all units
if they had been assigned that amount of dose is the same as the average change in outcomes over
time for all units that experienced that dose. Assumption 5 is notably different from Assumption 4
especially because it involves potential outcomes under different doses d rather than only untreated
potential outcomes. The usefulness of this assumption arises because the term on the left hand side
of the equation in Assumption 5 is not identified (and, it will turn out that identifying this term
is a key ingredient to identifying AT E(d)) while the term on the right hand side is the observed
change in outcomes over time for units that experienced dose d.

It turns out that Assumption 5 is not strictly stronger than Assumption 4; however, it is likely to
be stronger (and potentially much stronger) in most applications. Assumption 5 is also related to,
but weaker than assuming that all dose groups would have experienced the same path of outcomes
had they been assigned the same dose (which would rule out any selection into a particular dose) or
that ATE(d) = ATT(d|d) (which is a kind of treatment effect homogeneity condition). Compared
to this, Assumption 5 allows for some selection into a particular dose but requires that, on average
across all doses, there is no selection into a particular dose. We discuss these points more precisely
in Appendix A. The next result shows that ATE(d) is identified under Assumption 5.

Theorem 2. Under Assumptions 1 to 3 and 5 and for all d € D, ATE(d) is identified, and it is
given by

ATE(d) = E[AY;|D = d] — E[AY;|D = 0].
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The proof of Theorem 2 is provided in Appendix D. Interestingly, the estimands for ATT(d|d)
(under Assumption 4) and ATE(d) (under Assumption 5) are identical. The stricter assumptions
in this case only change the interpretation of the estimand, not its form. Another important
implication of the estimands in Theorems 1 and 2 being the same is that conventional pre-tests
(in this case, testing that E[AY;|D = d] — E[AY;|D = 0] = 0 for all d € Dy where s is some
pre-treatment time period) cannot distinguish between pre-treatment versions of Assumptions 4
and 5.

Another difference between the case with a binary treatment and when the treatment is contin-
uous (or multi-valued) is that, in the latter case, researchers are often interested in comparing the
effect of different doses on the outcome. Next, we provide a result for understanding comparisons
of ATT(d|d) and ATE(d) across different values of the dose.

Proposition 2. Under Assumptions 1 to 3 and for two different doses, (d,d") € D x D,
(1) If Assumption 4 holds, then

ATT(d|d) — ATT(d'|d') = ATT(d|d) — ATT(d'|d) + ATT(d'|d) — ATT(d'|d’) .

(A) “selection bias”

(2) If Assumption 5 holds, then

ATE(d) — ATE(d) = E[Y;(d) — Yi(d)].

Proposition 2 is a key result in the paper. Part (1) says that, although a standard parallel
trends assumption is enough to identify AT'T'(d|d), it is not strong enough to justify comparisons
of ATT(d|d) across different values of d as being causal effects of different amounts of the dose.
Rather, under Assumption 4, comparisons of ATT(d|d) across different values of d involve two
terms. Term (A) is the causal effect of dose d relative to an alternative dose d’ among units that
experienced dose d. The second term is a “selection bias” term that comes from the difference
between the effect of dose d’ on outcomes among units that experienced dose d relative to the
same effect among units that experienced dose d’. These are not restricted to be the same under
Assumption 4. It is also interesting to relate the “selection bias” term to paths of outcomes over

time. Notice that, under Assumption 4,
ATT(dd) — ATT(dd') = E[Yi(d) — i 1(0)|D = d] — E[Yy(d') — Y 1(0)|D = d].

The second term here, E[Y;(d') — Y;—1(0)|D = d'], is the observed average path of outcomes over
time among units with dose d’. The first term, E[Y;(d') — Y;—1(0)|D = d] is the average path of
outcomes that units that actually experienced dose d would have experienced if they had instead
experienced dose d’. This path is not observed, but, more importantly, Assumption 4 does not
put restrictions on this path of outcomes (this holds because Assumption 4 only restricts untreated

potential outcomes).
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On the other hand, the second part of Proposition 2 shows that comparisons of AT E(d) across
different doses do yield differences in average causal effects due to differences in the the dose.

Thus, overall, Proposition 2 shows that, in DiD designs with a continuous/multi-valued treat-
ment, interpreting differences in treatment effect parameters across different values of the dose
is likely to require (substantially) stronger assumptions than researchers typically think they are
imposing. The intuitive explanation for this result is that standard DiD assumptions on paths
of untreated potential outcomes identify “local” effects of participating in the treatment relative
to not participating in the treatment. However, comparing local treatment effect parameters is
not so simple and generally requires imposing stronger assumptions in order to justify interpreting

differences in local treatment effects themselves as causal effects.

Slopes: Identification of Average Causal Responses

Identifying AC'R parameters is different from identifying ATT parameters because it additionally
requires comparing units treated with slightly different doses.This section presents our main results
on the difficulties in moving from an interpretation of level effects, AT'T(d|d), to slope effects,
ACRT(d|d), in a DiD framework with a multi-valued/continuous treatment. In the previous section,
we showed that, depending on the particular parallel trends assumption invoked by the researcher,
both ATT(d|d) and ATE(d) were equal to E[AY;|D = d] — E[AY;|D = 0]. This suggests

OE[AY;|D = d]

5d or  E[AY}|D =d;] - E[AY}|D = dj].

as reasonable candidates for interpreting as average causal response parameters in the case where
the treatment is continuous or multi-valued discrete, respectively.® The following proposition relates
these expressions to ACRT and ACR.

Proposition 3. Under Assumptions 1 to 3 and for d € Dy (when d is continuous) or d; € D

(when d is discrete),
(a) If Assumption 4 holds, then

SE[AY;|D = d]
ad

DATT(d]l)
ol I=d
“selection bias”

E[AY)|D = d;] — E[AY|D = d;_1] = ACRT(d;|d;) + ATT(d;_1|d;) — ATT(d;_1|d;_1),

— ACRT(d|d) + (a-Cont)

“selection bias”

(a-MV)

where Equation (a-Cont) holds when the dose is continuous and Equation (a-MV) holds when

the dose is discrete.

8Notice that E[AY;|D = 0] is common across doses and cancels when taking differences across doses.
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(b) If Assumption 5 holds, then

OE[AY;|D = d]
od
E[AY|D = dj] — E[AYi|D = d;_1] = ACR(d)), (b-MV)

= ACR(d), (b-Cont)

where Equation (b-Cont) holds when the dose is continuous and Equation (b-MV) holds when

the dose is discrete.

Proposition 3 is an immediate implication of Proposition 2 when applied to neighboring doses.
It says that under a standard version of parallel trends (as in Assumption 4), local comparisons of
paths of outcomes mix together (i) ACRT(d|d) and (ii) a “selection bias” type of term that comes
from differences in treatment effects across groups. Intuitively, in the case with a discrete treatment,
the difference between the change in outcomes among units that experience dose d; relative to those
that experience dose dj_1 comes both from the fact that d; > d;_1, a causal response, and from
differences in the groups’ treatment effect of the same dose, d;_1, “selection bias”. To give an
example, if units know their own hump-shaped treatment effects and can costlessly choose their
dose, the first-order conditions for the unconstrained maximization problem is to choose d such that
Y’(d) = 0. No unit benefits from marginal changes in their dose but AT'T(d|d) may vary across d
because of treatment effect heterogeneity. Therefore derivatives of E[AY;|D = d] may be non-zero
even though ACRT(d|d) is zero for all units. In practice, this suggests that it is hard to tell the
difference between true causal responses to the treatment relative to “selection bias”.

On the other hand, strong parallel trends implies that local comparisons of paths of outcomes
deliver ACR(d).

Figure 3 illustrates the result in Proposition 3 in the two-dose example. The slope of the line
that connects the points (a, ATT(ala)) and (a + 1, ATT(a + 1|a + 1)) is steeper than the average
causal response of interest, ACR(a+1|a+1) because it jumps from one ATT function to the other.”
This is captured by the “selection bias” term, which equals the difference in treatment effects at
the lower dose: ATT(ala+ 1) — ATT(ala). “Selection bias” is the same as selection-on-gains, but
unlike in binary models where selection-on-gains alters the interpretation of the causal estimand,
here it breaks the causal interpretation. The “selection bias” is not identified because we do not

observed Y;(a) for units that experienced dose a + 1.

Remark 1. An interesting intermediate assumption between Assumption 4 and Assumption 5 would
be to directly assume that the “selection bias” term in Proposition 3 (i.e., JATT(d|l)/0l|=q) is equal
to 0. This would imply that ACRT(d|d) is identified. Another interesting intermediate assumption
is that for d € Ds where Dy C Dy, E[Y(d) — Y;—1(0)|D € Ds| = E[Yi(d) — Y;—1(0)|D = d]. This
would imply that one could identify parameters such as E[Y;(d) — Y;(0)|D € D] for d € Ds (as
well as its derivative). These types of assumptions might be appealing in applications where there is

substantial variation in the dose, and the researcher is willing to assume that there is no “selection

“Because we are considering one unit increments, the “bias” can be seen on the y-axis as well. ATT(ala + 1) —
ATT(ala) is “bias” and ATT(a+ 1lla+ 1) — ATT(ala + 1) is the ACRT(a + 1la + 1).
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Figure 3: Non-Identification of Average Causal Response with Treatment Effect Heterogeneity,
Two Discrete Doses

Y(d) - %(0)

ATT(d|b)
ATT(D|B)  Jmmmmmm e :
ACRT(b|b 1
e ATT(b|b) — ATT(ala)
ATT(a|b) — ACRT(b|b) + [ATT(a|b) — ATT(a|a)]
ATT(d|a)
ATT(ala)

Notes: The figure shows that comparing adjacent ATT(d|d) estimates equals an ACRT parameter (the slope of the
higher-dose group’s ATT function) and “selection bias” (the difference between the two groups’ ATT functions at

the lower dose).

bras” among units that selected similar doses, but the researcher is unwilling to assume that there

15 no “selection bias” among units that select substantially different doses.

Remark 2. Most of our results so far have been rather negative — suggesting that identifying causal
effect parameters in the case with a continuous or multi-valued treatment require stronger assump-
tion than are typically imposed in DiD setups. One interesting and positive result of Proposition 3,
however, is that, for a continuous/multi-valued treatment, identifying causal response parameters
(unlike identifying the treatment effect parameters in the previous section) does not necessarily

require having access to a group that does not participate in the treatment.

3.4 What Parameter Does TWFE Estimate in the Baseline Case?

In order to estimate the effect of a continuous/multi-valued treatment on some outcome, researchers
commonly estimate the two-way fixed effects regression in Equation (1). In our baseline case the
TWFE estimator is equivalent to the coefficient from a univariate regression of the change in
outcomes, AY; = Y;; — Y;;_1, on D;. In this section, we consider how to interpret this sort of
regression in the context of DiD with a continuous/multi-valued treatment. To start with, we
provide a result relating the TWFE regression to derivatives of E[AY;|D = d] in the case when

these derivatives may vary across d.

Proposition 4. Consider 7€ in Equation (1) and suppose that Assumption 1 holds.
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(1) If Assumption 2-Cont also holds, then

dU = = — =
6mﬁ:/ wﬂﬁmAmD U gt 4 g FIAYHD = di] ~ E[AY)|D = 0]
dL 81 dL

where

wi (1) = (E[DID > -ED)P(D>1) . (E[D|D>0]—E[D)P(D > 0)dy
T var(D) o var(D) ’

which are weights that satisfy (i) wi(l) >0 VI € D, wy > 0, and (ii) fddLU wi(l)dl +wo = 1.
(2) If Assumption 2-MV also holds, then

E[AY|D = d;) - E[AYi|D = d;_,]
dj — dj_l ’

Btwfe: Z wl(dj)

d;€Dy

where wy are the same weights defined in Part (1) which satisfy (i) wi(d;) >0 V d;j € Dy
and (ii) ZdjeDJr wi(dj) = 1.

Proposition 4 shows that 8?“/¢ can be decomposed into a weighted average of derivatives of
the conditional expectation function. All of the weights are positive and they integrate (or sum
in the discrete case) to one. This result is similar to one in Yitzhaki (1996) in a different context.
Proposition 4 is a mechanical decomposition of 3t“7¢ in the sense that it does not invoke any of
the DiD related assumptions.

This mechanical decomposition, however, just describes how %€ is computed from the data.
It is not very clear on whether 3%/ has a causal interpretation and, if so, what causal parameter
it estimates. Researchers commonly interpret 8%°/¢ as the causal effect of a unit change in the
dose—that is, as an average causal response. Furthermore, our identification results show that
comparisons between two treated groups can include “selection bias” and need not have a causal
interpretation. The rest of this section shows how to interpret the TWFE estimand under both the
traditional parallel trends and strong parallel trends assumptions.

The following is a main result for interpreting TWFE regressions in this context.
Theorem 3. Under Assumptions 1 to 3,

(1) If, in addition, Assumption j holds, then

du ATT ATT
gtwfe — / wi(l) [ACRT(ZIZ)Jra(”h)‘ } dl+w0M, (1-Cont)
i oh h=l d,
;) (ATT(dj_1|dj) — ATT(dj—1|d;—
st S () (ACRTEA) | (ATT(ia|dy) = ATTWsalds ) gy
d;eDy dj N djil dj B djil

where Equation (1-Cont) holds when the dose is continuous (i.e., under Assumption 2-Cont)
and Equation (1-MV) holds when the dose is discrete (i.e., under Assumption 2-MV).
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(2) If, in addition, Assumption 5 holds, then

du

prwle — / wl(Z)ACR(l)deo%, (2-Cont)
dy dr,

plwfe — Z wl(dj)ACL(dj) (2-MV)

dj €Dy d'j N djil
where Equation (2-Cont) holds when the dose is continuous (i.e., under Assumption 2-Cont)
and Equation (2-MV) holds when the dose is discrete (i.e., under Assumption 2-MV).

For both Part (1) and Part (2), w1 and wo are the same weights as in Proposition 4 and satisfy

the same properties mentioned in that proposition.

The proof of Theorem 3 is provided in Appendix D. To gain intuition for how to interpret gt%7e,
we begin with part (2) of Theorem 3. Under Assumption 5 there is no “selection bias” and the
TWFE coefficient equals a positively weighted average of ACR(d) parameters across doses. But
what weighted average? First, because the TWFE weights w1 (d) do not generally equal fppo(d),
the density of D conditional on D > 0, 5%f¢ does not equal the overall average causal response,
ACR*. If the treatment effect function is non-linear or non-monotonic so that AC R(d) parameters
vary widely across doses, then the TWFE estimand may differ meaningfully from ACR*. It is
therefore important to understand the TWFE weights. The TWFE weighting scheme is relatively
simple to describe, however. Differentiating wi(d) shows that the weights are centered around
the mean dose because wi(d) = fppso(d)(E[D] — d) has the sign of E[D] — d. The weights are
hump-shaped and always put the most weight on ACR(E[D]).

That the TWFE weights are hump-shaped and centered on E[D] provides some intuition about
what parameter TWFE estimates and how it compares to ACR*, especially when fp|pso(d) has
a different shape than wi(d). If D is distributed U(0,1), for example, then relative to ACR*,
the TWFE estimator puts more weight on ACR(d) parameters close to the mean and less weight
on ACR(d)s closer to 0 or 1.'° For declining distributions like the exponential, TWFE puts less
weight on the most common doses below the mean, and more weight on the rarer doses above the
mean.'! It can be the case that TWFE puts the most weight on ACR parameters for doses that are
quite rare. For a bimodal distribution of D there may be very few observations with doses close to
E[D], yet because wi(d) is always hump-shaped and centered on E[D] these ACR parameters will
get the most weight despite potentially applying to the least common doses. If D were normally
distributed,'? we would have w1 (d) = fp|p>o(d) (Yitzhaki, 1996). In general, when the distribution

For a uniformly distributed dose we have w1 (d) = 6d(1—d). Therefore, the difference in weight on ACR(d) across
the two weighting schemes is fp(d) —wi(d) = 1 —6d(1 —d). This function is concave up and has roots at 1/24+/3/6,
which are about 0.21 and 0.79, so TWFE puts more weight on parameters in the middle of the distribution and less
weight on the ends.

UFor fp(d) = Xe™¢, d >0, we have w;(d) = Mfp(d). The difference between the distribution of D weights and
the TWFE weights is fp(d) — wi(d) = fp(d)A(+ — d). This shows that TWFE under-weights ACRs at doses below
the mean (d < §) and over-weights them at doses above the mean (d > §).

12However, technically speaking, this case is ruled out in our context, as we assume that D > 0 with probability
one.
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of the dose is symmetric and closer to normal, TWFE weights can be close or even identical to
weighting AC R(d) parameters by the distribution of D. But when the distribution of the dose is
skewed, TWFE weights ACR(d) parameters close to the mean dose more than their population
weights.

Part (1) of Theorem 3, however shows that, when we use the ACRT as the building block of
the analysis, the TWFE estimator’s most important potential problem is not its weighting scheme,
but the fact that under parallel trends alone it includes “selection bias”. The sign of this “bias”
depends on how treatment effects vary across groups at a given dose; “selection on gains”. The
extent of “selection bias” in A%“7¢ depends on the sign, size, and weight placed on the MTTT,ZWZ) -
terms. If, for example, units with higher doses had larger positive treatment effects at every dose
than units with lower doses, then TWFE estimate would be positively “biased” relative to the
average of the ACRs that appear in Theorem 3. Note that “selection bias” could lead to TWFE
estimates with the opposite sign as the average ACRT(d|d).

In general, the sign and magnitude of “selection bias” depends on the underlying treatment
effect heterogeneity that determines the strength of any selection across doses, the way that selec-
tion relates to the dose, and the TWFE weights, w;(d). The first two factors are not inherently
statistical. They come from the “technology” that generates treatment effects—do AC' Rs vary and
by how much?-and the allocation mechanism for the dose-how is the ATT function related to
the observed dose? The weights determine which “selection bias” matters most and/or the extent
to which any opposite signed MTTY};(“M terms cancel. As discussed, for the TWFE estimate,
“selection bias” around the average will aTways matter more than around extreme doses.

We conclude this section by emphasizing the importance of carefully selecting the “building
block” of the analysis when decomposing the 57*7¢ estimand into causal quantities of interest. More
precisely, the decomposition results in Theorem 3 presumes that researchers are potentially inter-
ested in recovering weighted averages of ACRT/ACR-type parameters. Alternatively, researchers
may want to recover weighted averages of (rescaled) ATT/ATE-type parameters, which would mo-
tivate alternative decompositions for the 3t/ estimand, which may potentially have very different
interpretations. Although we perceive the ACRT/ACR as being the most natural building blocks
of the analysis in our context, we provide in Appendix B three additional decompositions for gtw/e
in terms of other causal parameters.

First, we show that B%/¢ can be written as a variance weighted average of all possible 2 x
2 comparisons among units that experience different doses. As in Theorem 3, the weights in
this expression are all positive and integrate (or sum) to one. This result extends Theorem 1
in Goodman-Bacon (2021) and provides a connection between continuous and binary DiD under
staggered treatment adoption.

Second, we provide an expression involving weighted averages of ATT(d|d)/d (or ATE(d)/d
depending on which version of parallel trends is invoked). These rescaled average treatment effects
are an alternative version of an average causal response in the sense that they measure the average

treatment effect per dose unit of dose level d for dose group d, which is simply an average of
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ACRT(d|d) parameters. In the case of a discrete dose, this result is similar to the one in Theorem
S3 of the Supplementary Appendix of de Chaisemartin and D’Haultfceuille (2020). In this case, it
is possible for the weights at some values of d to be negative though they integrate (or sum) to one.

Finally, we show that 3¢ can be written as a weighted combination of ATT(d|d) (or ATE(d))
across different values of d. In this case, the weights integrate (or sum) to 0 indicating that g*w/¢
should not be interpreted as approximating the level of any kind of causal effect parameter in this
context.

In our view, the main take-way message from these alternative decompositions is that the same
TWFE estimand 3/“/¢ may have very different interpretations, depending on the underlying causal-
parameter of interest. As so, researchers should decide and discuss the type of causal parameter
they are interested in a given application, as the type of potential problem associated with a given
estimation strategy is “question” specific. By following this route, one would be able to assess
whether “negative weighting” or “non-intuitive weighting” is a main concern in DiD setups with

two-time periods and variation in treatment intensity.

Remark 3. As in Remark 2, in many applications, all units begin untreated but end up treated;
there are no “never-treated” units. Proposition 4 and Theorem 3 both continue to apply in this case
by noting that P(D = 0) = 0.

3.5 Simulated Example

Next, we illustrate the theoretical results from the previous section using simulated data. There
are 100 units with doses drawn from an exponential distribution with A = 3. We set the lowest
quartile of doses to zero and, for simplicity, round remaining doses to the nearest 0.5. This matches
the fact that many doses are continuous but measured in discrete intervals. We build in selection
into higher doses through the following treatment effect function: (1+d;)in(1+ D;). The multiplier
1+ d; builds in positive “selection bias” since units with higher doses have higher treatment effects
at all doses. The function in(1+ D;) means that all groups have a concave treatment effect function.
There are two time periods and the data generating process for Yj; is: Yy = . + Posty /3 + (1 +
d;)in(1 4+ D;)Post; + € with € ~ N(0,9).

Figure 4 plots the change in outcomes (AY; in gray circles) as well as the average change in
outcomes for each value of the dose (AYy in black triangles) against the dose d;. Figure 4 also clearly
highlights the well-known fact that in this simple case, ptwfe ig just the best fit line connecting AY;
and d;.

Figure 5 illustrates the weighting scheme for our simulated example. It plots the empirical pdf
of positive doses in the solid gray line against the TWFE weights from Theorem 3 in black dashed
line. TWFE puts more weight on doses close to the average (E[D] = 2.52) and does not have the
obvious spike at low doses that fpps¢ has.

In our simulated example every unit has an ACRT of one at its true dose because 9(1+d;)In(1+
D;)/0D; = (1 +d;)/(1 + D;) which is 1 when D; = d;. But the derivative of E[AY;|D; = d;] with
respect to d; equals 1+ In(1+d;) > 1. Therefore “bias” in the TWFE estimate can be seen clearly
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Figure 4: Baseline Case Scatter Plot: Exponential Dose and Positive “Selection Bias”
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Notes: The figure plots simulated data. There are 100 units with doses drawn from an exponential distribution with
X = 3, with all draws below the 25" percentile set to zero, and remaining positive doses rounded to the nearest 0.5
(for readability). Each unit’s treatment effect function is d; x In(D;), where the d; represents “selection bias”
(larger treatment effects for higher dose groups) and the in(D;) means that treatment effects are concave in the
dose. This specification means that each unit’s ACRT(d;|d;) at its actual dose is 1, “selection bias” is In(d;), so the
derivative of ATT(d;|d;) is 1 + In(d;). Outcomes are: Yit = ai. + a.t + diln(D;)Post: + €;¢ with e+ ~ N(0,9). The
figure scatters the change in outcomes AY; in gray open circles and the average change in outcomes for each
observed dose E[AY;|D; = d] and against d. The red dashed line has a slope of 1 representing the true ACRT. The
gray dotted line has a slope of 1 4 In(d) representing the observed relationship between ATT(d|d) and d, and the
solid black line is the TWFE estimate which is a line with a slope of 1.87.

in Figure 4 by the extent to which the TWFE slope deviates from one (plotted in the red dashed
line). “Selection bias” in this case makes the TWFE estimate twice as large as the true ACRT.
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Figure 5: Baseline Case Estimand Weights: Two-Way Fixed Effects Weights versus Treatment
Distribution Weights
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Notes: The figure plots the density of positive doses in gray and the TWFE weights from Theorem 3 in black.
TWEFE puts more weight on slopes for doses near E[D] compared to the right skewed exponential distribution of
positive doses. Because “selection bias” in this example is positive and rising with the dose (is equals In(d)) this
weighting scheme puts more weight on doses with larger “bias” relative to a weighting scheme based on the sample

distribution of observed doses.

4 Multiple Periods and Variation in Treatment Timing and Dose

DiD applications often use more than two time periods in which case treatments, whether binary
or not, can turn on at different times for different units. This section extends the results from
the previous sections to allow for multiple time periods (¢t = 1,...,7) with variation in the time
when units become treated (G = g € G). By convention, we set G = T + 1 for units that remain
untreated across all time periods, and we exclude units that are treated in the first period so that
G C{2,...,T +1}.13 Treated units receive dose D = d € D. We also focus on the case that
treatment is an absorbing state (or where units do not “forget” their treatment experience).

In this section, we somewhat modify the potential outcomes notation from the previous section
to allow for variation in treatment timing. For each unit, we define potential outcomes Y (g, d)
indexed by both treatment timing and dose. Note that treated potential outcomes at time t
depend on when a unit first becomes treated—i.e., Yj(g,d) may not equal Y;(¢',d) for g # ¢'—
which allows for general treatment effect dynamics. Yi:(7 + 1,0) is the outcome that unit ¢ would

experience if they did not participate in the treatment in any period. For simplicity, we define

13We could alternatively use G' = oo for units that remain untreated across all time periods.
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Y;+(0) := Y3t (T + 1,0) and refer to this as a unit’s untreated potential outcome.'* We also define
the variable Wy := D;1{t > G;} which is the amount of dose that unit ¢ experiences in time period
t; Wi = 0 for all units that are not yet treated by time period t.

Throughout this section, we make the following assumptions.

Assumption 1-MP (Random Sampling). The observed data consists of {Yi1,...,Yir, Di, Gi}7

which is independent and identically distributed.

Assumption 2-MP (Support). (a) The support of D, D = {0}UD.. In addition, P(D =0) >0
and dFpg(d|lg) > 0 for all (g,d) € (G\{T +1}) x Dy.

(b) D+ = [dL,dU] with 0 < dp, < dy < o00.

(¢) Forallg e (G\{T +1}) andt=2,...,T, E[AY}|G = g, D = d|] is continuously differentiable
i d on Dy.

Assumption 3-MP (No Anticipation / Staggered Adoption). (a) Forallg € Gandt=1,...,T
with t < g (i.e., in pre-treatment periods), Yit(g,d) = Yit(0).

(b) Wix =0 almost surely and fort =2,...,T, Wi—1 = d implies that W = d.

Assumption 1-MP says that we have access to 7 periods of panel data and observe each unit’s
dose and treatment timing. Assumption 2-MP extends our definitions of the support of D to the
case with multiple periods and variation in treatment timing. As in earlier sections, many of our
identification results only require part (a) (which allows for very general treatment regimes) while
some of our results are specialized to the continuous case as in parts (b) and (c).!> Assumption 2-
MP also imposes a kind of common support of the dose across timing groups, though it allows
for the distribution of the dose to vary across timing groups in otherwise unrestricted ways; that
said, it appears to be straightforward to relax this part of the assumption at the cost of additional
notation.

Assumption 3-MP(a) rules out that units anticipate experiencing the treatment in ways that
affect their outcomes before they actually participate in the treatment. It would be relatively
straightforward to extend our arguments in this section to allow for anticipation along the lines of
Callaway and Sant’Anna (2020) (in the case of a binary treatment). Assumption 3-MP(b) implies
that we consider the case with staggered adoption which means that once units become treated with
dose d they remain treated with dose d in all subsequent periods. This allows us to fully categorize

a unit by the timing of their treatment adoption and the amount of dose that they experience.

'4The analysis in this section could be extended to allow for units to be “treated” at time g but with d = 0.
For example, units may live in a jurisdiction that implements a program at time g for which they are not eligible.
Similarly, we could allow for units to have dose d but remain untreated g = 7 + 1. This would make sense if a
program’s dose was based on a known formula so that it was possible to observe d even for units not actually selected
for treatment.

15For the results in this section that are specialized to the case where the treatment is continuous, it is straightfor-
ward to adjust them to allow for a multi-valued discrete treatment along the same lines as in the previous section.
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For each unit, we observe their outcome in period ¢, Y;;, which is given by
Y = Y;t(())l{t < Gl} + Y;t(Gi, Di)l{t > Gi}

In other words, we observe a unit’s untreated potential outcomes in time periods before they
participate in the treatment, and we observe treated potential outcomes in post-treatment time

periods that can depend on the timing of the treatment and the amount of the dose.

4.1 Parameters of Interest with a Staggered Continuous Treatment

The causal parameters of interest are the same as in our baseline case except that they are separately
defined for each timing group and in each post-treatment time period. The average treatment effect

parameters of dose d, for group g, in time period t are:
ATT(g,t,d|g,d) := E[Y;(g,d) — Y;(0)|G = g, D =d] and ATE(g,t,d) :=E[Yi(g,d) — ¥2(0)|G = g].

ATT(g,t,d|g,d) is the average effect of dose d, for timing group g, in time period ¢, among
units in group ¢ that experienced dose d. AT FE(g,t,d) is the average effect of dose d among all
units in timing group g (not all units in the population though), in time period ¢t. ATT(g,t,d|g,d)
and ATE(g,t,d) are similar to the group-time average treatment effects discussed in Callaway and
Sant’Anna (2020) except they are also specific to a dose, and allow for the effect of dose to vary
arbitrarily across timing groups and time periods.

ACR parameters are similarly defined as the effect of a marginal change in the dose on the

outcomes of timing group ¢ in period t. For continuous treatments the AC R parameters are:

9K [Yi(g,1)|G =g, D =d
ol ’
l=d
IE [Yi(g,d)|G = g]
od i

ACRT(Q? t, d‘gv d) =

ACR(g,t,d) =
For discrete treatments the AC R parameters are:

ACRT(g,t,d;lg,d;) :

= E[Y;(gad]) - Yi(gvdjfl)‘D = djaG = g]v
ACR(g,t,d;) == E[Yi(g,

[Yi(g,d;) — Yi(g,dj—1)|G = g].

The two parameters—ACRT(g,t,d|g,d) and ACR(g,t,d)—correspond to ATT(g,t,d|g,d) and
ATE(g,t,d) in that they are either local to a specific timing group and dose or refer to the entire
population.

In many applications, ACR(g,t,d) is relatively high-dimensional and challenging to report.
There are a number of possible aggregations that reduce dimensionality and result in parameters
that are easier to interpret. We focus on aggregations into an overall causal response across doses,

timing groups, and treated periods, as well as into an event study; see Callaway and Sant’Anna
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(2020) for additional possible aggregations along these lines. Also, note that the aggregations
considered below are identified if ACR(g,t,d)’s are identified.
To start with, we define an overall causal response of experiencing dose d, for timing group g,

across all post-treatment time periods

.
ACRI™" (g, d) > ACR(g,t,d).
t=g

T - g+14
These can be further aggregated by averaging across timing groups,

ACRoverall(d) — ZACRQTOUP(Q, d)P(G = g’G <7T,D= d)
9€§

ACR®"m () is the average causal response of dose d across all timing groups that participate in
the treatment in any period. It averages ACR(g,t,d) across all observed doses, groups, and treated
periods (in other words, all doses at each event-time and then across all event-times). This is a
natural analogue of ACR(d) in the two period case.

Another further aggregation is to average across the distribution of the dose (of all timing

groups that participate in the treatment)
ACR™™ =B [ACR™ " (D)|G < T]|.

ACR*™P is the overall average causal response (averaged across doses and and over all timing
groups that participate in the treatment in any time period). ACR*™P is a single number; it is
the analogue of ACR* from the two period case and is arguably a natural target parameter for a
TWFE regression.

Next, we consider an event study type of aggregation.

ACR®(e,d) => 1{g+e < T}ACR(g,g+¢,d)P(G = g|G+ ¢ < T,D = d).
geg

ACR®(e,d) is the average causal response of dose d among units that have been exposed to the

treatment for exactly e periods. This can be further aggregated across the distribution of the dose
ACR(e) =E[ACR*(e,D)|G < T],

which is the average partial effect (averaged across all doses) among units that have been exposed
to the treatment for exactly e periods. Importantly, this keeps the distribution of the dose constant
across different lengths of exposure to the treatment; the distribution of the dose is set to be equal
to the distribution of the dose among the group of units that ever participate in the treatment. For
values of e > 0, ACR(e) can be interpreted as dynamic effects; but it is also interesting to consider

cases where e < 0 which can be interpreted as a pre-test of the parallel trends assumption.
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Remark 4. The aggregations above are related to ACR(g,t,d), but similar arguments would apply to
other parameters discussed in the paper including ATT (g,t,d|g,d), ATE(g,t,d), and ACRT(g,t,d|g,d).

4.2 Identification with a Continuous Treatment and Staggered Timing

With multiple time periods and variation in treatment timing, there are several possible versions
of parallel trends and strong parallel trends assumptions that one could make because there are
many ways to compare groups with different changes in their dose over time.

We focus on a version of strong parallel trends in this section and we provide a number of

alternative parallel trends assumptions (and corresponding identification results) in Appendix C.

Assumption 5-MP (Strong Parallel Trends with Multiple Periods and Variation in Treatment
Timing). For allg € G, t = 2,...,7, and d € D, E[Yi(9,d) — ¥;-1(0)|G = ¢g,D = d] =
E[Yi(g,d) = Y1-1(0)|G = g] and E[AY;(0)|G = g, D = d] = E[AY;(0)|D = 0].

Assumption 5-MP is an extension of Assumption 5 to the case with multiple time periods. In
particular, it restricts paths of treated potential outcomes (not just paths of untreated potential
outcomes) so that all dose groups treated at time g would have had the same path of potential

outcomes at every dose.

Theorem 4. Under Assumptions 1-MP, 2-MP(a), 3-MP, and 5-MP, and forallg € G, t =2,...,T
such that t > g, and for all d € Dy..

ATE(g,t,d) =E[Y; = Yy 1[G =g, D =d] — E[Y; — Y1 [W; = 0].

If, in addition, Assumption 2-MP(b) and (c¢) hold, then, for all d € Dy,

OE[Y; — Y, 1|G = g, D = d]
od

ACR(g,t,d) =

The proof of Theorem 4 is provided in Appendix D. The result is broadly similar to the one in
the case with two periods. It says that AT E(g,t,d) can be recovered by a DiD comparison between
the path of outcomes from period g — 1 to period ¢ for units in group g treated with dose d and
the path of outcomes among units that have not participated in the treatment yet. Relative to the
case with two time periods, the main difference is that the “pre-period” is ¢ — 1. The reason to
use the base period g — 1 is that this is the most recent time period when the researcher observes
untreated potential outcomes for units in group g. Thus, the result is very much like the case with
two time periods: take the most recent untreated potential outcomes for units in a particular group,
impute the path of outcomes that they would have experienced in the absence of participating in
the treatment from the group of not-yet-treated units (these steps yield mean untreated potential
outcomes that units in group g would have experienced in time period ¢) and compare this to the

outcomes that are actually observed for units in group g that experienced dose d.
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Remark 5. Theorem 4 identifies ATE(g,t,d) and ACR(g,t,d) under a version of strong paral-
lel trends. In Appendiz C, we discuss identifying ATT(g,t,d|g,d) and ACRT(g,t,d|g,d) under
a version of parallel trends that only involves untreated potential outcomes; in this case, like in
the two period case, ATT(g,t,d|g,d) is identified, comparisons of ATT(g,t,d|g,d) across different
values of d do not deliver a causal effect of moving from one dose to another (as they addition-
ally include “selection bias” terms), and derivative of paths of outcomes over time do not recover
ACRT (g,t,d|g,d) due to the same “selection bias” terms.

Remark 6. It is natural to estimate ATE(g,t,d) by simply replacing the population averages in
Theorem 4 by their sample counterpart. This approach is very simple and intuitive, but in some
cases, it may be possible to develop more efficient estimators using GMM. See the discussion in
Marcus and Sant’Anna (2021) in the context of a binary treatment. When treatment d is continuous,
some smoothing is required. However, one can use off-the-shelf standard nonparametric estimations

procedures based on kernels or sieves to estimate these target causal parameters.

4.3 TWFE estimators with multiple time periods and variation in treatment
timing
In applications with multiple periods and variation in treatment timing, empirical researchers al-

most always estimate a TWFE regression
Yie = 0 + ;i + BT Wiy + var. (2)

Equation (2) is exactly the same as the TWFE regression in the baseline case with two periods
in Equation (1) only with the notation slightly adjusted to match this section. The results in this
section generalize the results in several recent papers on TWFE estimates including Goodman-
Bacon (2021) and de Chaisemartin and D’Haultfoeuille (2020) to our DiD setup with variation in
treatment intensity.

To start with, write population versions of TWFE adjusted variables by

T T
Wi := (Wi — W;) — <E[Wt] - ;_ZE[Wt]) ., where W;:= %Z Wi,
t=1 t=1

The population version of the TWFE estimator is

As in the previous section, we present both a “mechanical” decomposition of the TWFE esti-

mator and a “causal” decomposition of the estimand that relates assumptions to interpretation.
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In order to define these decompositions, we introduce a bit of new notation. First, define the

fraction of periods that units in group g spends treated as

= T—-(g—-1
6, T=a=)

For the untreated group g = 7 + 1 so that G7,1 = 0.
Next, we define time periods over which averages are taken. For averaging variables across time

periods, we use the following notation, for ¢; < ts,

to

— 1
ytite) . Y.
t to—t1 +1 t:ztl i

It is also convenient to define some particular averages across time periods. For two time periods g

and k, with k& > g, (below, g and k will often index groups defined by treatment timing), we define

YPRE(g) — Y(l,g—l) YMID(g,k:) — Y(g,k—l) YPOST(k) .

(2 (2 ? (2

—y®D,

(3 ° K3

YPRE(g)

MID(g,k
f _17Y;' (9:k)

is the average outcome for unit 4 in periods 1 to g is the average outcome

= POST(g,k)

for unit 4 in periods g to k — 1, and Y] is the average outcome for unit ¢ in periods k to

RE(g)

T. Below, when g and k index groups, Yip is the average outcome for unit ¢ in periods before

> MID(g,k)

units in either group are treated, Y; is the average outcome for unit 7 in periods after group

g has become treated but before group k has been treated, and )_QPOST(’“)

is the average outcome
for unit ¢ after both groups have become treated.

To fix ideas about how the staggered-timing/continuous treatment case works, consider a setup
with two timing groups, g and k with k > g. Some units in the “early -treated” group have d = 2
and others have d = 4. Some units in the late treated group have d = 5 and others have d = 6.
Thus, the four groups are early-treated/high-dose, early-treated/low-dose, late-treated/high-dose,
and late-treated/low-dose. Figure 6 plots constructed outcomes for these groups with a treatment
effect that is a one-time shift equal to d'*.

Following Goodman-Bacon (2021), we motivate the decomposition of the TWFE estimand by
considering the four types of simple DiD estimands that can be formed using only one source of
variation. The first comparison is a within-group comparison of paths of outcomes among units
that experienced different amounts of the treatment.

5WITHIN( )= COV(YPOST(‘Q) - YPRE(Q)v D|G = g)

9= var(D|G = g) ' )

This term is essentially the same as the expression for the TWFE estimand in the baseline two-
period case. It equals the OLS (population) coefficient from regressing the change in average

outcomes before and after g for units treated at time g on their dose, d. Figure 7 uses the four-

('5WITHIN<g> 5WITHIN(k>

group example to show how and use higher-dose units as the “treatment
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Figure 6: A Simple Set-Up with Staggered Timing and Variation in the Dose

Units of y

MiD{g. k) POST(k)

g Time

Early, Low-Dose (G=g, D=2) ——e— Lale, Low-Dose (G=k, D=5)
————— Early, High-Dose (G=g, D=4) ==& =- Late, High-Dose (G=k, D=6)

Notes: The figure plots simulated data for four groups: early-treated/high-dose, early-treated/low-dose,
late-treated /high-dose, and late-treated /low-dose.

group” and lower-dose units as the “comparison group”.
The second comparison is based on treatment timing. It compares paths of outcomes between
a particular timing group g and a “later-treated” group k (i.e., k > g) in the periods after group g

is treated but before group k becomes treated relative to their common pre-treatment periods.'®

E v MID(g,k) _ \PRE(g) — _ v MID(g,k) _ \yPRE(g) —
[(VH12004) — YPRED) G — g] ~B[(FHIP0H YRR G -]
E[D|G = g]

gMID.PRE (g 1y

Panel A of Figure 8 plots the outcomes used in this comparison with timing-group averages in
black and the specific dose groups from Figure 6 in light gray. Under a parallel trends assumption,
we show below that this term corresponds to a reasonable treatment effect parameter because the
path of outcomes for group k (which is still in its pre-treatment period here) is what the path
of outcomes would have been for group ¢ if it had not been treated. Also note that this term
encompasses comparisons of group g to the “never-treated” group.

The third comparison is between paths of outcomes for the “later-treated” group k in its post-

treatment period relative to a pre-treatment period adjusted by the same path of outcomes for the

8Fach of the following expressions also includes a term in the denominator. Below, this term is useful for inter-
preting differences across groups as partial effects of more treatment, but, for now, we largely ignore the expressions
in the denominator.
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Figure 7: Within-Timing-Group Comparisons Across Doses

A. Dose Variation Within the Eanly Treated Group B. Dose Vanation Within the Lafe Treated Group

Units af y Urils of y

Treatment (d=d)

Treatment {d=5 - I

3 : Il.p"Hvﬂ
i
Il

20

o Camparison [d=2) 10

Campartaon d=5)

PRE( POSTig)

PRE[R) POSTK)

Notes: The figure shows the within-timing group comparison between higher- and lower-dose units defined by

6WITHIN(g) and 5WITHIN(k).

“early -treated” group g.

5POST,MID( k) _ E [(YPOST(k) _ YMID(g,k)MG _ k] [(YPOST YMID g,k )|G g]
S E[D|G = ]
(6)

These terms use the already-treated group g as the comparison group for group k. Panel B of
Figure 8 plots the outcomes used in this term. Mechanically, the TWFE regression exploits this
comparison because group ¢’s treatment status/amount is not changing over these time periods.
However, these are post-treatment periods for group g and parallel trends assumptions do not place
restrictions on paths of post-treatment outcomes, which are subtracted in Equation (6). Below we
discuss assumptions about treatment effect heterogeneity over time that are necessary to deal with
this issue.!”

The final comparison that shows up in the TWFE estimator is between paths of outcomes
between “early” and “late” treated groups in their common post-treatment periods relative to
their common pre-treatment periods. In other words, this comparison only uses periods in which
treatment status differs and focusing only on the “endpoints” where the two timing groups are

either both untreated or both treated with potentially different average doses.

5POST,PRE(g B = E [(YPOST(k) _ YPRE(Q))‘G — g] ) [(yPOST( ) _ yPRE(g )|G k:] -
e E[D|G = g] — E[D|G = K|

Figure 9 shows the outcomes that determine the comparisons that show up in this term. The reason

that this term shows up in /¢ is that differences in the paths of outcomes between groups that

17This sort of comparison also shows up in the case with a binary, staggered treatment. See, e.g., Borusyak and
Jaravel (2017), de Chaisemartin and D’Haultfeeuille (2020) and Goodman-Bacon (2021).
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Figure 8: Between-Timing-Group Comparisons

A. Early versus Late Variafion B. Late versus Early Vanation
Urils of
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® |
Tranimeni, , E[Y, [Gi=k] i
T o™
—
Traatrant, E[Y, [G=g] 2
L)
|I f
I
i Comparison, , E¥|G=a] II
| ! \/ﬂ/_
20 II ]
E W«o-ﬁ"‘“
-
o e —
10 B‘Dﬁ.‘
Comparison, EJY, |G=k] 104
PREjiz u Mg k) . MDY K} FOSTIK
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e Time:
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Notes: The figure shows the between-timing-group comparisons that average the outcomes in groups g and k across

dose levels and compare the early group to the later group (panel C) or the later group to the early group (panel D).

have different distributions of the treatment are informative about 5**f¢. For example, if more dose
tends to increase outcomes and group g’s dose is higher on average than group k’s, then outcomes

may increase more among group ¢ than group k resulting in 67O5TPRE (g k) not being equal to

0.18
Next, we show how S%/¢ weights these simple DiD terms together and discuss its theoretical

interpretation under a parallel trends assumptions. To characterize the weights, first, define

Pyl{g.k} = P(G = g|G € {g,k}),

which is the probability of being in group g conditional on being in either group g or k. We also
define the following weights, which measure the variance of the treatment variable used to estimate

each of the simple DiD terms in equations Equations (4) to (7).
- L 1<~ .
wg,wzthm(g) = V&I"(D|G = g)(l — Gg)Ggpg/T ZE[W;],
t=1
o 1o~ .
w9t (g, k) = E[D|G = g]*(1 = Gy)(Gy — G1)(pg + )Pyl g4} (1 — Pg|{g,k})/7 > _EW,
I 1. .

whP (g, k) == E[D|G = kI*Gk(Gy — Gr)(pg + k) Pyl (g.0) (1 = pg|{gvk})/’f >_EVE)

-
_ _ 1 .
w'™ (g, k) := (E[D|G = g] — E[D|G = k])*G1(1 — Gy)(pg + D) Dyl {g.} (1 — Dgl{g.k}) T > R
t=1

18To be more precise, this term involves comparisons between groups ¢ and k for the group with a higher dose
on average to the group with a smaller dose on average. When E[D|G = g] > E[D|G = k], this corresponds to the
expression in Equation (7). When E[D|G = g] < E[D|G = k], one can multiply both the numerator and denominator
by —1 so that we effectively make a positive-weight comparison for the group that experienced more dose relative to

the group that experienced less dose.

30



Figure 9: Long Comparisons Between Timing Groups
Units of v

@50
Treatment, E[D|G=g] = 5.5 ———=p*"e®

M,-G‘?'“'ﬁﬂ Comparison, E[D|G=k] = 3

PRE(g) POST(K)
(—————»

g Time k

Notes: The figure shows the comparisons between timing groups in the POST (k) window when both are treated

with potentially different average doses and the PRE(g) window when neither group is treated.

These weights are similar to the ones in Goodman-Bacon (2021) in the sense that they combine
the size of the sample and the variance of treatment used to calculate each simple DiD term. In
wIthin (g for example, var(D|G = g) measures how much the dose varies across units with G = g,
(1 — G4)G, measures the variance that comes from timing which falls when g is closer to 0 or T,
and p, measures the share of units with G = ¢ (i.e.,. subsample size). Since they only compare
outcomes between timing-groups, w9P°%(g,k) and w*P°s!(g, k) do not contain a within-timing-
group variance of D, but they do include E[D|G = k]? which reflects the fact that timing groups with
higher average doses get more weight. The rest of the timing weights have the same interpretation
as in Goodman-Bacon (2021). Finally, w!°™(g, k) includes the square of the difference in mean
doses between groups g and k—(E[D|G = g] — E[D|G = k])>—which shows that the “endpoint”
comparisons only influence 5%f¢ to the extent that timing groups have different average doses.
Two timing groups with the same average dose do not contribute a §7OST-PRE(g k) term because
there is no differential change in their doses between the PRE(g) window (when both groups are
untreated) and the POST (k) window (when both groups have E[D|G = g] = E[D|G = k]).

Our next result combines the simple DiD terms and their variance weights to provide a me-
chanical decomposition of 3%“7¢ in DiD setups with variation in treatment timing and variation in

treatment intensity.

Proposition 5. Under Assumptions 1-MP, 2-MP(a), and 3-MP, §*7¢ in Equation (2) can be
written as

ﬁtwfe _ Z wg,within (g)§WITHIN (g)
geg

+ Z Z {wg,post (97 k)(SMID’PRE(g, k) + wk,post (g’ k)aPOST7MID (g’ k) + ,wlong (97 k)aPOSﬂPRE (g’ k)}
geG keG,k>g
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In addition, (i) w9 (g) > 0, wIP°s(g, k) > 0, whP*st(g, k), and w9 (g,k) > 0 for all g € G
andk € G withk > g, and (ii) 3_ g wg’w”hm(g)—i—zgeg > keG kg {wgvpost(gvk) (9, k)+whPost(g k) +
W (g, k) =

Proposition 5 generalizes the decomposition theorem for binary staggered timing designs in
Goodman-Bacon (2021) to our setup with variation in treatment intensity. ! Notice that it does
not require Assumption 2-MP(b) or (c), and is therefore compatible with a binary, multi-valued,
continuous, or mixed treatment. It says that 37“/¢ can be written as a weighted average of the four
comparisons in Equations (4) to (7). These weights are all positive and sum to one.

Proposition 5 is a new, explicit description of what kinds of comparisons TWFE uses to com-
pute B“f¢ but it does not on its own provide guidance on how to interpret TWFE estimates.

SWITHIN (g} equal averages

Our baseline results, for example, show that simple estimators like
of ACRT parameters plus “selection bias” that arises from heterogeneous treatment effect func-
tions. Similarly, the terms that compare outcomes across timing groups necessarily average over
the dose-specific treatment effects of units within that timing group. We analyze the theoretical
interpretation of each of these simple DiD estimand under different assumptions and then discuss

what this implies about the (arguably implicit) identifying assumptions and estimand for TWFE.
To begin we define additional weights that apply to the underlying causal parameters in the
DiD terms in Equations (4) through (7):

~ (BDIG = 9.0 > -ED|G = g))

wzthzn _ > _
_PD2lG=9) A

(P(D>1|G=g)—-P(D >1|G=k))
(E[D|G = g] -E[D|G =k]) '
P(D >1|G =k)

(E[D|G = g] —E[D|G = k])’

dr,
(E[D|G = g] - E[D|G = k])’

wlllC'I’OSS(g’ k, l) = U}across (g’ k) —

,a")llil/CTOSS(.g7 k’ l) =

In addition, define the following differences in paths of outcomes over time

L POST(k),PRE(9) (9) :=E [(YPOST( ) YPRE(q))|G _ g} E [(YPOST( ) _ yPRE®) )|D }
MID(G,k),PRE() (9) :=E [(YMID(_@,E) — YPRE@)| G = g} ) [(YMID(_@,E) — yPRE@)|D = 0} ’

7 POST(R),MID(3,k) (g) :=E [(YPOST(IE) _ YMID(g,E)MG _ g} ) [(}—/POST(%) _ YMID(@,/E)ND _ 0} )

Y9In particular, in the special case of a staggered, binary treatment, w? """ (g)§WITHIN(g) = 0 (since there is no

within group variation in the dose in this case), and w'°™9(g, k)§FO5TPRE (g k) = 0 (because the distribution of the
dose is the same across all groups). Then, Proposition 5 collapses to Theorem 1 in Goodman-Bacon (2021) because
the terms w9 PSR §MIDPRE (4 1y and w®Post(g, k)§TOST-MID (g k) correspond exactly to between-timing-group
comparisons.
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and, similarly,

ﬂ_gOST(fc),PRE(g) (97 d)

—F {(YPOST(I}) _ YPRE({;)MG —g,D= d} _E {({/POST(%) _ YPRE(g)ND _ O} :
Wﬁ)IID(g,I}),PRE(é)(g’ d):=E {(YMID(g,i}) B YPRE(@)) IG=g,D= d} _E {(YMID(g,l}) B YPRE(@))|D _ 0} ,
=E

7TgOST(l%),MID(g,IE)(g’ d) {(YPOST(I}) . YMID(g,l%)MG —g,D= d} _E {(YPOST(TC) . YMID(@J%)HD _ O} ’

which are the same paths of outcomes but conditional on having dose d.
The following result is our main result on interpreting TWFE estimates with continuous treat-

ment.
Theorem 5. Under Assumptions 1-MP, 2-MP, and 3-MP,

(1) The four comparisons in Equations (4) to (7) can be written as

87TgOST(g),PRE(g) (g’ l)

5WITHIN(g) _ / wiuithin(g’ l) o dl,
Dy
9 MID(g,k),PRE(g) I MID(g,k),PRE(g) d
5MID,PRE(g’k):/ wl(g,l) s} ( ’ )dl+w0(g)7rD (97 L)
'D+ 8[ dL
7TMID(g,k),PRE(g)(k)

- wo(g) dL )

o POST(k),MID(g,k) k.l POST(k),MID(9.k) (L._d
6POST,MID(g’k)_/ wi (k,1) Tp (k, )dl+wo(k)7r (k,dr)
Dy

ol dr,
W (k 7.rPOST(k),PRE(g)(g) _ 7.‘_MID(g,k),PRE(g) <g)
0 dL )
9 POST(k),PRE(9) (|, |
5POST,PRE(g’ k) _ / w%cross(g, k, l) Tph (97 ) dl
Dy ol
POST(k),PRE( POST(k),PRE(,
— / wacross(g k l) 6‘ﬂ-D ® (Q)(kvl) _ 87TD ®) (Q)(gal) dl
b, T ol ol

POST(k),PRE(g) POST(k),PRE(g)
~across m k’d -7 gad
+ wy (9,k) ( o ( L)dL D ( L)> }

(2) If, in addition, Assumption 5-MP holds, then

POST(g)

SWITHIN (o) — /D Wi (g 1YACR (g, D)L,
+

—MID(g.k)

ATE (ga dL)

dr, ’

——MID(g,k
§MIDPRE(y |y _ /D wi (9. )ACE" PP (g.1) dl + wo(g)
+
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———POST(k)

/ ———POST(k) ATE (k,dr)
Dy

SPOST.MID (g 1) wi (k,1)ACR (k, 1) dl + wo (k) .

— wnlk (ﬂ.POST(k),PRE(g)(g) _ pMID(g,k),PRE(g) (g))
dr, ’

6POST,PRE(g’ ]{)) — /D wizcross(g7 k‘, l)mPOST(k) (g’ l) dl
+

POST(k),PRE(g) POST(k),PRE(g)
. { / J—— l><6wD (k1) _omp (g,n) i
Dy

ol ol

POST(k),PRE(g) POST(k),PRE(g)
~across ™ ka dL e 9, dL
+a (M)( b () ( >>}

In addition, (i) W™ (g, d) > 0, wi(g,d) > 0, and we(g) >0, for all g € G and d € D and (ii)
fD+ wPthin(g 1) dl =1, fD+ wi(g,1)dl +wo(g) =1, and fD+ wieross(g k1) dl = 1.

Part (1) of Theorem 5 links the four sets of comparisons in the TWFE estimator in Proposition 5
to derivatives of conditional expectations (this is analogous to Proposition 4 in the baseline case
above) along with some additional (nuisance) paths of outcomes.

Part (2) of Theorem 5 imposes Assumption 5-MP. Under Assumption 5-MP, §WI/THIN(g) and

SMID.PRE (4 L) both deliver weighted averages of ACR-type parameters. However, §7OST-MID (g k)

SPOST.PRE (g ) still involve non-negligible nuisance terms. Under Assumption 5-MP, the ad-

5POST7MID (g k:)

and
ditional term in involves the difference between treatment effects for group g in
group k’s post-treatment periods relative to treatment effects for group ¢ in the periods after group
g is treated but before group k is treated — that is, treatment effect dynamics. Parallel trends
assumptions do not imply that this term is equal to 0. And, in the special case where the treatment
is binary, this term corresponds to the “problematic” term related to treatment effect dynamics in
Goodman-Bacon (2021).

The additional nuisance term in 67O5T-PRE (g L) involves differences in partial effects of more
treatment across groups in their common post-treatment periods. Parallel trends does not restrict
these partial effects to be equal to each other. This term does not show up in the case with a binary
treatment because, by construction, the distribution of the dose is the same across groups. It is
helpful to further consider where this expression comes from. For simplicity, temporarily suppose
that the partial effect of more dose is positive and constant across groups, time, and dose. In this
case, if group g has more dose on average than group k, then its outcomes should increase more
from group ¢ and k’s common pre-treatment period to their common post-treatment period. This
is the comparison that shows up in 67TPEE (g k). However, when partial effects are not the
same across groups and times (which is not implied by any parallel trends assumption), then, for
example, it could be the case that the partial effect of dose is positive for all groups and time
periods but greater for group k relative to group g. If these differences are large enough, it could

5POST,PRE (g k)

lead to the cross-group, long-difference comparisons in having the opposite sign.

Next, we engage on how one could potentially “rescue” TWFE procedures such that gtwfe
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would always recover a weighted average of reasonable treatment effect parameters. To do so, one

must further restrict different types of treatment effect heterogeneity.

Assumption 6. (a) [No Treatment Effect Dynamics] For all g € G\ (T +1) and t > g (i.e,
post-treatment periods for group g), ACR(g,t,d) and ATE(g,t,dr) do not vary with t.

(b) [Homogeneous Causal Responses across Groups| For all g € G\ (T + 1) with t > g and
ke G\ (T +1) witht >k, ACR(g,t,d) = ACR(k,t,d) and ATE(g,t,d.) = ATE(k,t,dr).

(¢) [Homogeneous Causal Responses across Dose] For all g € G\ (T +1) witht > g, ACR(g,t,d)
does not vary across d, and, in addition, ATE(g,t,dr)/dr, = ACR(g,t,d).

Assumption 6 introduces three additional conditions limiting treatment effect heterogeneity.
Assumption 6(a) imposes that, within a timing-group, the causal response to the treatment does
not vary across time which rules out treatment effect dynamics. Assumption 6(b) imposes that, for
a fixed time period, causal responses to the treatment are constant across timing-groups. Assump-
tion 6(c) imposes that, within timing-group and time period, the causal response to more dose is

constant across different values of the dose.
Proposition 6. Under Assumptions 1-MP, 2-MP, 3-MP, and 5-MP,
(a) If, in addition, Assumption 6(a) holds, then

———POST(k)
5POST’MID(g,k)—/ w1 (e, DACTO5T) (1o 1) il + wo (k) ALE (k,dr)
Dy

dr,
(b) If, in addition, Assumption 6(b) holds, then

5POST,PRE(g’ k‘) _ / wiwross(g’ k‘, l)mPOST(k) (g’ l) dl.
Dy

(c¢) If, in addition, Assumption 6(a), (b) and (c) hold, then
ﬁtwfe — ACR*™P.

Proposition 6 provides additional conditions under which the nuisance terms in §°O5T-MID (g [)

and 5POST,PRE(g k) 5POST,MID(g k)

are equal to 0. For , these nuisance terms can be eliminated
by ruling out treatment effect dynamics; that is, by assuming that, within a particular group, the
causal response to more dose does not vary across time. Ruling out these sort of treatment effect
dynamics is analogous to the kinds of conditions that are required to interpret TWFE estimates with
a binary treatment. In order for the nuisance terms in §795T-PRE (g, k) to be equal to 0, we impose
homogeneous causal responses across groups — that the causal response to more dose is the same
across groups conditional on having the same amount of dose and being in the same time period.
Neither of these assumptions are implied by any of the parallel trends assumptions that we have

considered, and they are both potentially very strong. Therefore, under both Assumption 6(a) and
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(b), Btwfe is equal to a weighted average of average causal response parameters, but these weights
continue to be driven by the TWFE estimation strategy and, like in the baseline two period case,
can continue to deliver poor estimates of the overall average causal response to the treatment.
Imposing Assumption 6(a), (b), and (c) implies that ACR(g,t,d) does not vary by timing group,
time period, or the amount of dose, and part (c) of Proposition 6 says that ptwfe is equal to the

overall average causal response under these additional, strong conditions.

Remark 7. The results in Part (2) of Theorem 5 and in Proposition 6 relied on the multi-
period version of strong parallel trends in Assumption 5-MP. In Theorem 5-FExtended in Ap-
pendix D, we additionally show that, under a multi-period version of standard parallel trends
(this is analogous to Assumption 4 in the two period case and details are provided in Assump-
tion 4-MP(a) in Appendiz C), similar results hold except that ACR (-,d) should be replaced by
ACRT (-, d|-, d)—i—w where the second term is a “selection bias” term, and ATE (-,dr)

should be replaced by ATT'(~,_dL|-,dL). This implies that, under a standard version of parallel

trends, all four comparisons in Equations (4) to (7) include “selection bias” terms.

4.4 Discussion

The results in this section suggest three important weaknesses of TWFE estimands in a difference-
in-differences framework with multiple time periods, and variation in treatment intensity and timing
of adoptions. First, like the TWFE estimands considered above in the case with two time periods,
TWFE estimands have weights that are driven by the estimation method. As above, these weights
may have undesirable properties in setups where treatment effect heterogeneity is the rule rather
than the exception.

Second, in addition to reasonable treatment effect parameters, TWFE estimands also include
undesirable components due to treatment effect dynamics and heterogeneous causal responses across
groups and time periods. That these show up in the TWFE estimand is potentially problematic
and can possibly lead to very poor performance of the TWFE estimator. Ruling out these problems
requires substantially stronger conditions in addition to any kind of parallel trends assumption.

Finally, even when these extra conditions hold (i.e., the best case scenario for TWFE), if a
researcher invokes a standard parallel trends assumption, the TWFE estimand delivers weighted
averages of derivatives of ATT-type parameters which are themselves hard to interpret because,
like in the two period case, they include both actual causal responses and “selection bias” terms.

Of these three weaknesses, the first two can be completely avoided by using the estimands
presented in Theorem 4. These estimands rely only on parallel trends assumptions; in particular,
they are available without imposing any conditions on treatment effect dynamics or how causal
responses vary across groups. The third weakness, though, is a more fundamental challenge of
difference-in-differences approaches with variation in treatment intensity as comparing treatment
effect parameters across different values of the dose appears to fundamentally require imposing
stronger assumptions that rule out some forms of selection into different amounts of the treat-

ment. Although undesirable, we are not aware of any other practical solution to this empirically
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relevant DiD problem. Thus, we urge practitioners to transparently discuss their assumptions,
potentially exploiting context-specific knowledge to justify the plausibility of a stronger parallel

trends assumption in the given application.

5 Conclusion

In this paper, we have studied difference-in-differences approaches to identifying and estimating
causal effects of a multi-valued or continuous treatment. The paper has a number of results that
are potentially useful to empirical researchers, and, to conclude the paper, we briefly summarize
these results.

First, while ATT-type parameters can be identified under a standard parallel trends assump-
tion, a fundamental complication in the case with a multi-valued/continuous treatment is that
comparisons across different amounts of the treatment are confounded by “selection bias” type
terms that make these sorts of comparisons very difficult to interpret. This kind of bias carries over
to identifying average causal responses of more dose. These sorts of difficulties can be avoided by in-
voking alternative parallel trends assumptions, but these assumptions are likely to be substantially
stronger than the ones most researchers have in mind when they are using a difference-in-differences
identification strategy. In addition, pre-tests commonly used in DiD applications are not able to
distinguish between these two types of parallel trends assumptions.

Furthermore, two way fixed effects regressions that are commonly used by empirical researchers
have a number of drawbacks. In a baseline case with two periods, TWFE regressions deliver a
weighted average of causal responses to the treatment. The weights are all positive, but they are
driven by the estimation procedure which can result in misleading results in a number of realistic
cases. Moreover, in cases where there are multiple time periods, variation in treatment timing
and in treatment intensity (which are common in applications), TWFE regressions are additionally
sensitive to (i) treatment effect dynamics and (ii) heterogeneous causal responses across timing
groups. We propose an identification and estimation strategy that is straightforward to implement

and does not suffer from these drawbacks.
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A Comparing Alternative Parallel Trends Assumptions

It is worth thinking more carefully about the differences between Assumption 4 and Assumption 5.
In this section, we show that Assumption 5 is not strictly stronger than Assumption 4 though it is
likely to be stronger in practice in most applications.

To see that Assumption 5 is not strictly stronger, consider the case where there are two doses
di and dsy. In this case, Assumption 4 is equivalent to the following conditions

E[AY(0)|D = di] = E[AY(0)|D = dg] = E[AY;(0)|D = 0] (8)

while Assumption 5 is equivalent to

E[AY:(0)] = E[AY;(0)|D = 0] (Comp-0)
E[Y;(d1) = Y;-1(0)] = E[Y;(d1) — Y;-1(0)|D = di] (Comp-1)
E[Y;(d2) — Y;-1(0)] = E[Yi(d2) — Y-1(0)|D = d] (Comp-2)

Assumption 4 does not place any restrictions on any potential outcomes besides untreated potential
outcomes, and therefore the “extra” conditions in Equations (Comp-1) and (Comp-2) imply that
Assumption 5 is not weaker than Assumption 4.

On the other hand, Equation (Comp-0) does not imply Equation (8); rather, it implies that

P(D =d,) P(D = d3)

E[AY;(0)|D = 0] = E[AY,(0)|D = di]5 +E[AY;(0)|D = da] 5

(D =d1) +P(D = da) (D =d1)+P(D =dy)

In other words, the trend in untreated potential outcomes does not have to be exactly the same for
all doses, but, instead, they have to be the same on average.

In practice, this potentially allows for some units to select their amount of dose on the basis of
the path of their untreated potential outcomes (which is not allowed under the standard parallel
trends assumption in Assumption 4), but that the amount of selection has to average out across
doses to be equal to zero. It seems hard to think of realistic cases where Assumption 5 would be
weaker than Assumption 4 in practice.

A related alternative assumption is

Assumption 5-Alt (Alternative Strong Parallel Trends Assumption). For alld € D andl € D,
E[Yi(d) = Y-1(0)|D =] = E[Yi(d) — Y;-1(0)| D = d]

Assumption 5-Alt is a stronger, but closely related version of the strong parallel trends as-
sumption in Assumption 5. Assumption 5-Alt says that, across all potential doses d, the path of
potential outcomes Y;(d) — Y;—1(0) (which is the path of outcomes that a unit would experience if
they experienced dose d in time period t and were untreated in period ¢ — 1) is, on average, (i) the
same across all actual doses experienced, [, and (ii) is equal to the average path of outcomes for
units that actually experienced dose d. Further, note that E[Y;(d) —Y;—1(0)|D =[] is not identified
from the sampling process except in the case where [ = d (i.e., the left hand side of the equation
in Assumption 5-Alt is not identified from the sampling process, but the right hand side is). It
is immediately clear that this assumption implies both Assumptions 4 and 5. While it does not
place restrictions on the levels of untreated potential outcomes in period ¢ — 1, it does place (sub-
stantial) restrictions on treated potential outcomes and on treatment effect heterogeneity which is
demonstrated in the next proposition.
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Proposition 7. Assumption 5-Alt implies that
ATE(d) = ATT(d|d)

Proof. Starting with the definition of AT E(d),

ATE(d) = E[Yy(d) — Y;(0)]
= E[Y;(d) — Y;-1(0)] — E[¥2(0) — Y:—1(0)]
= E[Yi(d) — Y;-1(0)|D = d] — E[Y;(0) — Y¥;—1(0)|D = d
= E[Yi(d) — Y2(0)|D = d]
— ATT(d|d)

where the second equality holds by adding and subtracting E[Y;_1(0)], the third equality holds by
Assumption 5-Alt (also, notice that this equality does not hold under Assumption 4, nor is AT E(d)
generally equal to ATT(d|d) under Assumption 4 alone), the fourth equality holds by canceling the
two E[Y;—1(0)|D = d] terms, and the remaining term in that equality is ATT(d|d) O

Proposition 7 shows that Assumption 5-Alt implies that the overall average effect of dose d is
equal to the average effect of dose d for units who actually experienced dose d. The implication of
this result is that Assumption 5-Alt rules out many forms of selection into a particular dose d on
the basis of the effect of that amount of dose.

B Alternative Decompositions for TWFE Regression

In this section, we provide three alternative decompositions of the TWFE regression estimator in
Equation (1) in the baseline case with two periods, where no unit is treated yet in the first period,
and where some units remain untreated in the second period.

The first decomposition is one where 3t“7¢ equals a weighted average of 2 x 2 DiD comparisons
between pairs of dose groups scaled by the difference in their doses:

Proposition 8. Consider /¢ in Equation (1) and suppose that Assumption 1 holds.

(1) If Assumption 2-Cont also holds, then

Btwfe _ / / w%XZ,cont(l’ h) (mA(?I?L - lT;lA(l)) dhdl
Dy JDh>1 -

+/ nglcont(h) mA(h‘) — mA(O) dh
D h>0 h

where

Wi (1) = (= 1P (fp(h) + fo ) foitan (B) foygn (D /var(D)
w P (h) := B2 (Fp(h) + 6 ) foin,0) (PG 10y /var(D)
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and

foinay(R) == fp(h)/(fp(h) + fp(1))

foimny (D) == fo(0)/(fo(h) + fp(1))

fD|{ho}( ) := fp(h)/(fp(h) +py)
Polihoy =8/ (fp(R) + p§)

In addition, w%wcont(l h) >0 for all (I,h) € Dy X Dy, w(Q)XQ’Cont(h) >0 for all h € Dy,
and [5, [ s s (W) dhdl+ [, w2t (p) dh = 1.

(2) If Assumption 2-MV also holds, then

Btwfe _ Z Z w2><2,di50(l, h) (mA(h) - mA(l))

1€D heD,h>1 (h—=1)

where
w?x?,disc(l’ h) — (h _ l)2(plD +phD)2pl?{g,h}(1 — plfl){gyh})/var(l))
Piny = P(D =1D € {I,h})

and p? :=P(D = h), p : P( =1). In addition, w?*>%5¢(1, h) > 0 for all (I,h) € D? and
> 1ep ZheD,h>l w2X2’dwc( h) =

Proof. From the proof of Proposition 4, we have that

e LN
_ VarlD) /D (h = B[D])ma (h) dFp(h)
_ VarlD <h / ldFD(l)> A(h) dFp(h)
-— D / / — ma(h) dFp(h) dFp(l)
-— D / /D h>l(h—l)(mA(h)—mA(l))dFD(h) dFp(l)

where the second equality holds by writing the expectation as an integral, the third equality write

E[D] as an integral, the fourth equality rearranges terms, the fifth equality holds because the

integrations are symmetric, and the last equality holds by multiplying and dividing by (h —1).
The above arguments hold if treatment is continuous or discrete. Under Assumption 2-Cont,

(ma(h) —ma(l))
~ var(D /D+ /Dh>l (h—1) Ip(h)fp(l)dhdl

[ el mall b an
D,h>0

Equation (9

+ var(D)
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which holds by splitting up the first integral in Equation (9) by whether [ € Dy or [ = 0. Then,
the result for part (1) holds by multiplying and dividing the first line by (fp(h) + fp(1))? and by
the definition fp(,y and multiplying and dividing the second line by (fp(h) + p’)? and by the
definitions of fp¢p 0y and p0|{h 0}

Under Assumption 2-MV,

Equation (9) = 1 Z Z ma(h) — mA(l))pEplD

var(D) (h—1)
1€D heD,h>1
1 ma(h) —ma(l)), p . pua D D
= var(D) Z Z (h—1) (o1 + 21) " Prjgg.n (1 = Pijgg.ny)
1€D heD,h>1

where the first equality holds immediately and the second equality holds by multiplying and dividing
by (pP + p?)? and by the definition of pﬁ{g,h}'

That the weights are all positive holds immediately by their definitions. That the weights
integrate to one holds because

/ / w%xz’w”t(l,h)dhdl—i—/ wy B (h) dh = ——— //1{h>l} — )2dFp(h) dFp(l)
Dy JD,h>I Dy var(D
=1

The same sort of argument holds for the discrete case as well. O

Proposition 8 is analogous to the decomposition theorem for binary staggered timing designs in
Goodman-Bacon (2021) in that it expresses the TWFE coefficient as a variance-weighted average
of 2 x 2 DiD comparisons (it is also mechanically very similar to the Wald-IV theorem in Angrist
(1991)). Each 2 x 2 term is the change in average outcomes for a group with a higher dose (ma(h))
minus the same difference for a group with a lower dose (ma(l)), divided by the difference in
their doses (h — [). de Chaisemartin and D’Haultfeeuille (2018) refer to this as a “Wald-DD”
estimator. The weights combine the size of each subsample, (plD + phD ), with the variance of the
dose in that subsample. The variance depends on the relative size of the two groups, measured by
plll){g’ h (1— pllf{g’ h}), and the distance between their doses, (h —1). This formula reflects the intuitive
way researchers read a scatter plot between ma(d) and d: each (%) is the slope of a line
connecting two points and large groups and groups with very different doses (i.e., far apart on the
z-axis) have the most influence on the slope.

Using the same simulated data as in Section 4, Figure 10 represents the decomposition result
for ptwfe in a different way by plotting each 2 x 2 Wald-DiD against its weight as in Figure 6 of
Goodman-Bacon (2021). Comparisons between each treated group and the untreated group are in
black circles and comparisons between two treated groups are in gray triangles. With K non-zero
doses and some untreated units there are (K + 1)K/2 Wald-DiD comparisons in Proposition 8.
With 18 non-zero doses our example has 171 Wald-DiD terms. Because the untreated group is so
large (a quarter of the sample), comparisons to the untreated group get about half the weight in
this example even though there are just 18 of them, one for each observed dose.

Next, we consider a decomposition that is based on (ma(d) — ma(0))/d. Under, for example,
Assumption 5, this expression is equal to AT E(d)/d which is an alternative way to define an average
causal response.
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Figure 10: Baseline Case Decomposition: Two-Way Fixed Effects Estimator as a
Weighted Average of Wald-DiDs
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Notes: The figure plots each 2 x 2 Wald DiD estimate against its weight from Proposition 8. Closed black circles
are comparisons between one dose group and untreated observations: (AY;, — AYp)/h. Open gray triangles are
comparisons between two dose groups: (AY;, — AY;)/(h — £). The weights are proportional to the share of
observations in each subsample (ns + ne)2 and the variance of the dose in each subsample. The variance of the dose

equals the relative size of the two groups (nne(1 — na¢)), and the square of the distance between their doses (h — £)2.

Proposition 9. Consider 7€ in Equation (1) and suppose that Assumption 1 holds.
(1) If Assumption 2-Cont also holds, then

Btwfe _ /D wizlt—acncont(l) (mA(l) _l mA(O)) dl

where

(I - E[D])I

alt-acr,cont
) l - —
© var(D)

wy

fo(l)

In addition, [pw (1) dl = 1, but w™ "™ (]) can be negative for some values of
leD.

(2) If Assumption 2-MYV also holds, then

IBtwfe _ Z walt-acr,disc (mA(l) — mA(O))

l
leDy
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where

alt-acr,disc | —E[D])l
It L d (l) ( [ ]) lD

= (D) ¥

w
In addition, 3 1cp, walt-acrdise(1y = 1 byt wd-aerdise can be negative for some values of | € D.

Proof. From the proof of Proposition 4, we have that

P(D > 0)

gt = 2y EI(D ~ EID)(ma(D) ~ ma(0))D > 0

P(D

_ <5);)> /D (= ED)(ma) ~ ma(0)) dFpip-o(l)
P(D > 0) (ma(l) —ma(0))

= D) /D+(l — E[D])! l dFpp>o(l)

1 B (ma(l) —ma(0))

= D /D ) (I—E[D))! l fo(l)dl

_ / walt—acr,cont(l) (mA(l) _l mA(O)) dl

Dy

where the second equality holds by writing the expectation as an integral, the third equality holds
by multiplying and dividing by [, the fourth equality holds under Assumption 2-Cont, and the last
equality holds by the definition of w?!t-acr.cont,
For part (2), the first three equalities above continue to hold. The fourth equality replaces the
integral with a summation and fp(l) with plD : then the result holds by the definition of w?!t-acr.disc,
In both cases, the weights can be negative because it is possible that | < E[D] for some values
of [ € D,. That the weights integrate to 1 holds because

/D ) walt-acr.cont 7y gy — < /D +(z — E[D])ldFp(l) + (0 — E[D])0P(D = 0)> / var(D)

_ </D(1—E[D])ldFD(l)> [var(D)
1

An analogous argument applies for walt-acrdisc, O
g g pp

Finally, we provide a decomposition in terms of levels of paths of outcomes: ma(d) — ma/(0).
Proposition 10. Consider 8f¢ in Equation (1) and suppose that Assumption 1 holds.

(1) If Assumption 2-Cont also holds, then

Btwfe _ / wlevels,cont(l)(mA(l) — mA(O)) dl
D
where

wlevels,cont(l = 7fD<l)

46



In addition, [;w'™s<m(1)dl = 0, and w'***<°™(1) can be negative for some values of | € D.

(2) If Assumption 2-MV also holds, then

ﬁtwfe _ Z wlevels,disc(mA(l) — ma(0))
leDy

where

evels, disc [-E[D
wl ls,d (l) ( [ ]) lD

= (D)

In addition, ZleD+ wlevels:dise(1y = 0, but w'eve%5¢ can be negative for some values of | € D.

Proof. From the proof of Proposition 4, we have that

P(D >0)

B = —axD) EUP ~EIDD(ma(D) —ma(0)ID > 0]
=B L @ EDD ()~ ma0) aFpipsa)
1

- —5 /D (= BID)ma() = ma©)fo() d

— / wle'uels,cont(l)(mA(l) o mA(O)) dl
Dy

where the second equality holds by writing the expectation as an integral, the third equality holds
under Assumption 2-Cont, and the last equality holds by the definition of wevels:cont,
For part (2), the first two equalities above continue to hold. For the third equality, replace the
integral with a summation and fp(l) with plD : then the result holds by the definition of wtevets:disc,
In both cases, the weights can be negative since [ can be less than E[D]. That the weights
integrate to 0 holds because

/D ) wheves:eont (1) di = < /D ) (I —E[D])dFp(l) + (0 — E[D])0P(D = 0)> /Var(D)

_ (/D(Z—E[D])dFD(l)> /vax(D)

= (E[D] - E[D])/var(D)
=0
An analogous argument applies for w!evels:disc, O

Proposition 10 suggests that it would be inappropriate to interpret 5%*f¢ as approximating the
level effect of the dose.

C Additional Details for Multiple Periods and Variation in Treat-
ment Timing

In this section, we consider alternative identifying assumptions for treatment effect parameters of
interest in the case with multiple periods, variation in treatment timing, and where the dose can
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vary across units.

As in the baseline case with two time periods, identifying ATT parameters involves untreated
groups that serve as a valid counterfactual for treated groups. We first define a parallel trend
assumption similar to Assumption 4 whose parts correspond to different comparison groups and
time periods where one may believe that parallel trends in untreated potential outcomes holds.

Assumption 4-MP (Parallel Trends with Multiple Periods and Variation in Treatment Timing).

(a) Forallge G, t=2,...,T,de D, E[AY;(0)|G = g,D = d] = E[AY;(0)|D = 0]
(b) Forallge G, t=g,...,T,de D, E[AY;(0)|G = g,D = d] = E[AY;(0)|D = 0]

(c) Forallge G, t=g,...,T,de D, E[AY,(0)|G = g,D = d] = E[AY}(0)|G = k] for all groups
k € G such that t < k (i.e., pre-treatment periods for group k).

Assumption 4-MP(a) is the strongest assumption about paths of untreated potential outcomes.
It says that paths of untreated potential outcomes are the same for all groups and for all doses
across all time periods. Assumption 4-MP(b) says that the path of outcomes for group ¢ in post
treatment time periods is the same as the path of untreated potential outcomes among never-treated
units. Parallel pre-trends need not hold under part (b). Assumption 4-MP(c) says that the path
of outcomes for group ¢ in post treatment time periods is the same as the path of outcomes among
all groups that are not treated yet in that period — this includes both the untreated group as well
as groups that will eventually be treated but that are not treated yet. Based on the results in
earlier sections, note that each parallel trends assumption in Assumption 4-MP is directed towards
identifying ATT(g,t,d|g,d) rather than AT E(g,t,d).

Next, we provide an analogous set of assumptions that target identifying AT E(g,t,d).

Assumption 5-MP-Extended (Strong Parallel Trends with Multiple Periods and Variation in
Treatment Timing).

(a) For allg € G, t=2,...,7T, and d € D, E[Y;(g9,d) — Y;-1(0)|G = g,D = d| = E[Yi(g,d) —
Y 1(0)[G = g and B[AY;(0)|G = g, D = d] = E[AY;(0)|D = 0]

(b) For all g € G, t = g,...,T, d € D, E[Yi(g,d) — Yi—1(0)|G = g,D = d] = E[Yi(g,d) —
Y 1(0)[G = g) and B[AY;(0)|G = g, D = d] = E[AY,(0)|D = 0]

(¢) For all g € G, t = g,...,T, d € D, E[Yi(g,d) — Yi—1(0)|G = g,D = d] = E[Yi(g,d) —
Yi—1(0)|G = ¢] and E[AY;(0)|G = g,D = d] = E[AY;(0)|G = k] for all groups k € G such
that t < k (i.e., pre-treatment periods for group k).

Parts (a), (b), and (c) of the assumption correspond to the same parts in Assumption 4-MP
and differ based on which group is used as the comparison group in terms of untreated potential
outcomes. Part (a) additionally corresponds to Assumption 5-MP in the main text. Finally, the
reason that there are two parts to these assumptions rather than just one as in Assumption 4-MP is
that, in the setup of this section, conditional on being in group g with ¢t > g, there are no untreated
units in the group; thus, the second part of the assumption handles untreated potential outcome
slightly differently than treated potential outcomes.

Theorem 6. Under Assumptions 1-MP, 2-MP(a), and 3-MP, and for allg € G, t =2,...,T such
that t > g, and for all d € D,
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(1a) If, in addition, either Assumption 4-MP(a) or (c) holds, then

ATT(g,t,d|g,d) = E[Y; = Yy1|G = g,D = d] — E[Y; — Yy—1|W; = O]

(1b) If, in addition, Assumption 4-MP(b) holds, then

ATT(gut7d|g7 d) = ]E[Y;f - }/g—1|G = Q,D = d] _E[Y;f - Yg—1|D = 0]

(2a) If, in addition, either Assumption 5-MP-Extended(a) or (c) holds, then

ATE(g,t,d) = E[Y, - Yy1|G = ¢, D = d] — E[Y; — Y;_1|W, = 0]

(2b) If, in addition, Assumption 5-MP-Extended(b) holds, then

ATE(g,t,d) = EY; = Yy1|G = ¢, D = d] — E[Y; — Y,_1|D = 0]

The proof of Theorem 6 is provided in Appendix E. Part (1a) of Theorem 6 says that ATT(g,t,d|g,d)

— the average effect of participating in the treatment in time period ¢ among units who became
treated in period g and experienced dose d — is identified under a parallel trends assumption and
that it is equal to the average path of outcomes experienced by units in group g under dose d
adjusted by the average path of outcomes experienced among units that are not-yet-treated by
period ¢t. The results in the other parts are similar as well. For part (1b), the weaker parallel
trends assumption in Assumption 4-MP(b) implies that the never-treated group should be used as
the comparison group (this is a smaller comparison group relative to the not-yet-treated group).
Parts (2a) and (2b) show that under Assumption 5-MP-Extended the same estimands identify
ATE(g,t,d).

Remark 8. The parallel trends assumptions in Assumption 4-MP are not the only possible ones.
Interestingly, with a multi-valued/continuous treatment, there are some possible (and reasonable)
comparison groups that are available that are not available with a binary treatment. For example,
one could assume that

Forallge G, t=g,...,T,de D, E[AY;(0)|G = g,D = d] = E[AY:(0)|G = k,D = d] for all
groups k € G such that t < k (i.e., pre-treatment periods for group k).

This sort of assumption amounts to using as a comparison group the set of units that are not
yet treated but will eventually experience the same dose. It is straightforward to adapt the approach
described in Theorem 6 to this sort of case and propose related estimators that can deliver consistent
estimates of ATT(g,t,d|g,d).

Remark 9. If a researcher is interested in targeting a particular ATT(g,t,d|g,d) or ATE(g,t,d),
it is generally possible to weaken Assumption 4-MP or 5-MP-Extended. For example, one could
make parallel trends directly about long differences, (Y —Y,—1), rather than all short differences (this
sort of assumption is generally weaker), or, in part (c) of each assumption, use more aggregated
comparison groups instead of imposing parallel trends for all possible comparison groups (which is
also weaker), or alternatively only make parallel trends assumptions for the particular dose being
considered.
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D Proofs

D.1 Proofs of Results in Section 3.3

This section contains the proofs of the results in Section 3.3 on identifying ATT(d|d) and AT E(d)
under parallel trends assumptions and with a multi-valued/continuous treatment.

Proof of Theorem 1

Proof. To show the result, notice that

ATT(d|d) = E[Y;(d) - (WDzﬂ
— E[Yy(d) — Yi-1(0)|D = d] - E[Y;(0) - Y;1(0)|D = d]
— E[Yy(d) ~ Yi-1(0)|D = d] — E[Yi(0) — Y;-1(0)|D = 0
— B[AY}|D 1—Emmw:m

where the second equality holds by adding and subtracting E[Y;—1(0)|D = d], the third equality
holds by Assumption 4, and the last equality holds because Y;(d) and Y;_1(0) are observed potential
outcomes when D = d and Y;(0) and Y;_1(0) are observed potential outcomes when D = 0. O

Proof of Proposition 1
Proof. To show the result, notice that
ATE(d) = E[Yi(d) — Y;(0)]
~ E|E[Yi(d) - ¥i(0)|D]|

::/"ATInﬂndFDU)
D

where the second equality holds by the law of iterated expectations, and the third equality holds
by the definition of AT'T(d|l). Then, the result holds because ATT(d|l) is only identified under
Assumption 4 when d = [. O

Proof of Theorem 2
Proof. Notice that

ATE(d) = E[Y;(d) — Y;(0)]

[
= E[Y3(d) — Yi-1(0)] — E[Y;(0) — Y;—1(0)]
= E[Y3(d) — Y;-1(0)|D = d] — E[Y;(0) — Y;—1(0)| D = 0]
— E[AY,|D = d] — E[AY|D = 0]

where the second equality holds by adding and subtracting E[Y;_1(0)], the third equality holds
by Assumption 5, and the fourth equality holds because Y;(d) and Y;_1(0) are observed outcomes
when D = d. O
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Proof of Proposition 2

Proof. For part (1), the result holds by adding and subtracting ATT(d'|d). For part (2), the result
holds immediately by the definition of AT E(d).

O
Proof of Proposition 3
Proof. For Equation (a-Cont), notice that, for d € Dy and (d + h) € D4,
E[AY,|D = d] —E[AY;|D =d+h] _ ATT(d|d) — ATT(d + h|d + h)
h B h
_ ATT(d|d) — ATT(d + h|d) N ATT(d+ h|d) — ATT(d+ h|d + h)
N h h

where the first equality holds by Theorem 1 and the second equality holds by Proposition 2. The
result holds by taking the limit as h — 0 and the definition of ACRT(d|d).
For Equation (a-MV) and for d; € D,

E[AYi|D = dj] ~ B[AYI|D = d; 1] = (ATT(d;|d;) — ATT(d;1]d;)) + (ATT(d;-1|dy) = ATT(d;-1]d; 1))
= ACRT(d;]d;) + (ATT(d; 1|d;) — ATT(d; 1|d;1))

where the first equality holds by Theorem 1 and Proposition 2 and the second equality holds by
the definition of ACRT'(d;|d;).
Similarly, the result in Equation (b-Cont) holds by noting that for d € D4 and (d + h) € D,

E[AYy|D = d| — E[AY;|D = d+h]  ATE(d) — ATE(d + h)
h - h

which follows from Proposition 2 and then by following the same arguments as for Equation (a-
Cont).
For Equation (b-MV) and for d; € Dy,

E[AYi|D = d;) ~ E[AYi|D = dj1] = (ATE(d;) = ATT (d; 1))
which holds by Proposition 2. O

D.2 Proofs of Results from Section 3.4

This section contains the proofs of the results in Section 3.4 on interpreting TWFE regressions with
a multi-valued /continuous treatment.

Proof of Proposition 4

To conserve on notation, we define

ma(d) == E[AY|D = d
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Proof. First, notice that Equation (1) is equivalent to

AY; = (0; — ;1) + B™/°D; + Avy

(10)

which holds by taking first differences and because all units are untreated in the first period.

Therefore, it immediately follows that

E[AY (D - E[D))]
var (D)
(D —E[D])

| var(D)
(D —E[D])
| var(D)
(D —E[D])
| var(D)
= A1 + Ay

ﬁtwfe _

_E (ma(D) - mA<o>>}

=E (ma(D) — ma(0))|D > o} P(D > 0)

=E

(ma(D) —ma(dr))|D > 0} P(D>0)+E {(var(D)

D —E[D])

(ma(dr)

—ma(0))|D > 0| P(D >

where the first equality holds because Equation (10) is a simple linear regression of AY on an
intercept and D, the second equality holds because E[(D—E[D])ma(0)] = 0, the third equality holds
because E[ma (D) — ma(0)|D = 0] = 0, and the fourth equality holds by adding and subtracting

mA(dL).
We consider A; and As separately next. First, for Aj,

_g |(P=ED]
4= [

_P(D>0) [
~ var(D) /d

L

P(D >0)

(ma(D) —ma(dr))|D > O} P(D > 0)

(k = E[D])(ma(k) —ma(dr)) dFp|p>o(k)

dy k
- I /d (k—E[D])) [ mp(l)dldFppso(k)

L dr,

P(D > 0)

dy dy
=Ty [ 0= ED) [ 10 < Byl ) @ o)

_P(D>0) ZU ,
~ var(D) /dL dy
_P(D>0) (W
~ var(D) /dL

_P(D>0) [
~ var(D) /d

L

var(D)

L

/du , . (E[D|D >1] —E[D))P(D >1)
=/, ma(l)

mx()E[(D — E[D])1{l < D}|D > 0]dI

dy
wia() [ (k= EIDDI{L < K} dFpipso(b) dl

m/s(DE[(D — E[D])|D > ]P(D > I|D > 0) di

(11)

where the first equality is the definition of Ay, the second equality holds by rearranging terms
and writing the expectation as an integral, the third equality holds by the fundamental theorem
of calculus, the fourth equality rewrites the inner integral so that it is over dy to dj, the fifth
equality holds by changing the order of integration and rearranging terms, the sixth equality holds
by rewriting the inner integral as an expectation, the seventh equality holds by the law of iterated
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expectations (and since D > 1 = D > 0), and the last equality holds by combining terms.
Next, for As, it immediately holds that

A —E wv;rgl)”)(m(dm ~ma(0))D > 0| P(D > 0)
(E[D|D > 0] — ED)P(D > 0)d;, (ma(dz) — ma(0))

B var(D) dr, (12)
where the first equality is the definition of As, and the second equality holds by multiplying and
dividing by dy,.

Then, the first result in Proposition 4 holds by combining Equations (11) and (12). That the
weights are all positive holds immediately since (E[D|D > [|—-E[D]) > 0 foralll > dr, P(D >1) > 0
for all [ > dy,, (E[D|D > 0] — E[D]) > 0, P(D > 0) > 0, and var(D) > 0.

Next, we next show that ijU w1 (1) dl + wp = 1. First, notice that

dL ClL

dy 1 dy
/ wy (1) dl + wy = VM(D){/ E[D|D > 1|P(D >1)dl

_E[D] /ddU P(D > 1) dl

+E[D|D > 0]P(D > 0)d,
— E[DIP(D > O)dL}

1
= By — By + B —B}
Var(D){ 1 2+ B3 4

and we consider Bi, Bo, B3, and By in turn.
For By, first notice that for all [ € D,

E[D|D > |P(D > 1) =E[D1{D > I}|D > l|P(D > )
=E[D1{D > [}] (13)

which holds by the law of iterated expectations and implies that
du
B :/ E[D|D > []P(D > 1) d
d

:/dU/ d1{d > I} dFp(d) di
d, JD

_ /pd (/de 11 < d} dl> dFp(d)

- / d(d — dy) dFp(d)
D
= E[D? - E[D]dg, (14)

where the first line is the definition of Bj, the second equality holds by Equation (13), the third
equality holds by changing the order of integration, the fourth equality holds by carrying out the
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inner integration, and the last equality holds by rewriting the integral as an expectation.
Next, for term Bs,

By =E[D] /dU P(D >1)dl
dy "
= E[D|P(D > 0)/ P(D >1|D > 0)dl
dr,

dy dy
—E[D|P(D > m/d /d 1{d > 1} dFp) pso(d) di

= E[DI|P(D > 0) /dU (

dr,

du
Eum%D>oyL (d— dy) dFpjpso(d)

= E[D|P(D > 0)(E[D|D > 0] - dL)
E[D])?> — E[D]P(D > 0)dy, (15)

dy
/ 1{l < d} dl) dFp|p>o(d)

dr,

where the first equality is the definition of Bs, the second equality holds by the law of iterated
expectations, the third equality holds by writing P(D > [|D > 0) as an integral, the fourth equality
changes the order of integration, the fifth equality carries out the inside integration, the sixth
equality rewrites the integral as an expectation, the last equality holds by combining terms and by
the law of iterated expectations.
Next,
Bs =E[D|D > 0|P(D > 0)dr,
= E[D]dr (16)

which holds by the law of iterated expectations. And finally, recall that
B,y =E[D|P(D > 0)dg, (17)
Thus, from Equations (14) to (17), it follows that
B — By + B3 + By = E[D? — E[D]? = var(D)
which implies the result.

For part (2), the proof is similar as for part (1), but we provide the details here for completeness.
Notice that,

D —E[D))

gl =E [( var(D) P mA(OD]

= (d — E[D])(ma(d) — ma(0))p7

=L S —ED)E Y 1{d; < di(maldy) — ma(d; 1))
deD djeDy

o4



= 7D) Z (mA(dj)—mA(dj,l))Z(d_]E[D])l{dZdj}pcj?

var( d;€D4 deD
_ N (E[D|D > d;] — E[D])P(D > d;)
= dj;Jr(mA(dJ) mA(del)) var(D)
_ wr(dN (s — .y maldy) —ma(dj1))
- deZDJr A = ) (dj —dj_1)

where the second equality holds by writing the expectation as a summation, the third equality
holds by adding and subtracting ma(d;) for all d;’s between 0 and d, the fourth equality holds
by changing the order of the summations, the fifth equality writes the second summation as an
expectation, and the last equality holds by the definition of the weights and by multiplying and
dividing by (d; — dj—1). That wi(d;)(d; — dj—1) > 0 holds immediately since wi(d;) > 0 for all
d;j € Dy and dj > dj_1. Further,

> wildg)(dj—dj—1) = | Y ER{D >d;}D)(dj —dj1) —E[D] Y P(D>d;)(dj—dj1) | /var(D)
;€D d;€D; d;€D;

:= (A — B)/var(D)

We consider each of these terms in turn:

A= Z Z 1{dk > dj}dkpc?k(dj - dj_l)

dj€D+ dr€D

= vode Y (dj—dj)
d,€D d;€Dy,d;<dy

= > ph dp(di - 0)
dpeD

= E[D?]

where the first equality holds by writing the expectation for Term A as a summation, the second
equality holds by re-ordering the summations, the third equality holds by canceling all the duplicate
d; terms across summations (and because dy = 0), and the last equality holds by the definition of
E[D?].

Next,

B=E[D] > Y 1{dy>d;}pj (d;j —d;1)

d]' €D, dyeD

—ED] S0k S (d—dy)

d,€D d;€D4 ,d;<dy,

= E[D] Z dpy
dpeD

= E[D]?
where the first equality holds by writing the expectation for Term B as a summation, the second

equality holds by re-ordering the summations, the third equality holds by canceling all the duplicate
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d; terms across summations (and because dg = 0), and the last equality holds by the definition of
E[D].
This implies that A — B = var(D) which implies that the weights sum to 1. O

Proof of Theorem 3

Proof. The result holds immediately by plugging in the result in Proposition 3 into the result
in Proposition 4 as well as noting that E[AY;|D = di] — E[AY;|D = 0] = ATT(d|dz) (under
Assumption 4) and that E[AY;|D = d] — E[AY;|D = 0] = ATE(d) (under Assumption 5). [

E Proofs of Results from Section 4

This section contains the proofs of results from Section 4 on DiD with a multi-valued/continuous
treatment and with multiple periods and variation in treatment timing.

Proof of Theorems 4 and 6

This section proves Theorem 6; note that Theorem 4, in the main text, corresponds to Part (2a)
of Theorem 6 (under Assumption 5-MP-Extended(a)).

For part (la), we show the result under Assumption 4-MP(c) which is strictly weaker than
Assumption 4-MP(a). First, notice that,

ATT(g,t,d|g,d) = E[Yi(d) — Y;(0)|G = g, D =]
= E[Vy(d) = Y;-1(0)|G = g, D = d] = E[Y;(0) — Y;-1(0)|G = g, D = d|
= E[Yi(d) = Y;-1(0)|G = g, D = d] = Y E[Y(0) = Y;-1(0)|G = g, D =d] (18)
s=g

= E[Yy(d) — Y3-1(0)|G = g, D = d] = > _E[Y;(0) — Y;-1(0)|W; = 0]

= E[Y(d) — Y,-1(0)|G = g, D = d] — E[Y;(0) — Y,_1(0)|W, = 0]
—E[Y, - Y, 1|G =g,D =d] — E[Y; — Y,_1|W, = 0]

where the first equality is the definition of ATT(g,t,d|g,d), the second equality holds by adding
and subtracting E[Y;_1(0)|G = g,D = d], the third equality holds by adding and subtracting
E[Ys(0)|G =g,D =d] for s =g,...,(t — 1), the fourth equality holds under Assumption 4-MP(c),
the fifth equality holds by canceling all the terms involving E[Y;(0)|W; = 0] for s = ¢,...,(t — 1)
(i.e., from the reverse of the argument for the third equality), and the last equality holds from
writing the potential outcomes in terms of their observed counterparts.

For part (1b), in Equation (18), ZEZQE[YS(O) - Y;21(0)|G = ¢g,D = d] = Zi:gE[YS(O) -
Ys;-1(0)|D = 0] under Assumption 4-MP(b). Then, the result holds by otherwise following the
same arguments as in part (1a).

For part (2a), we show the result under Assumption 5-MP-Extended(c) which is strictly weaker
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than Assumption 5-MP-Extended(a). First, notice that

ATE(g,t,d) = E[Yi(g,d) — Y;(0)|G = g]
= E[Yi(g,d) — ¥i-1(0)|G = g] — E[¥;(0) — ¥;-1(0)|G = g]
= E[Yi(g,d) — ¥i-1(0)|G = g, D = d] — E[Y;(0) — ;1 (0)|G = g]
= E[Yi(g,d) — Y41(0)|G = g, D = d] = E[Y; 1(0) — Y;-1(0)|G = g, D = d
- (Em(o) Yy-1(0)|G = g] — E[Y;-1(0) — Yy_1(0)|G = g])
= E[Yi(g,d) = Yy-1(0)|G = g, D = d] = > E[Y;(0) — Ys-1(0)|G = g] (19)
t—1
— > (BIY(0) = Yo 1 (0)IG = g, D = d] — E[Y;(0) - Y, 1(0)|G = g])

= E[Yi(g,d) — Y5-1(0)|G = g, D = d] = > E[Y;(0) = Y, -1 (0)|W; = 0]

— E[Yy(g,d) — Y, 1(0)|G = g, D = d] — E[Y;(0) — Y;_1(0)[WW; = 0]
=EY; - Y,1|G =g, D =d] - E[Y; — Yy_1|[W; = (]

where the first equality holds by the definition of AT'E(g,t,d), the second equality adds and sub-
tracts E[Y;—1(0)|G = g], the third equality holds by Assumption 5-MP-Extended(c), the fourth
equality adds and subtracts both E[Y;_1(0)|G = ¢g,D = d] and E[Y;_1(0)|G = g], the fifth equal-
ity holds by writing “long differences” as summations over “short differences” and by rearranging
terms, the sixth equality holds by Assumption 5-MP-Extended(c) and by canceling terms, the
seventh equality holds by rewriting the sum of short differences as a long difference, and the last
equality holds by writing potential outcomes in terms of their corresponding observed outcomes
and is the result.

The expression for ACR(g, t, d) comes from taking the partial derivative of AT E(g,t,d) = E[Y;—
Yy-1|G = g,D = d] - E[Y; — Y,_1|W; = 0] with respect to d and by noting that E[Y; —Y,_1|W; = 0]
does not depend on d.

Fmally, for part (2b), in Equation (19), >/ G E[Y5(0) = Y5 1(0)|G = g] = Ei:gE[YS(O) -

~1(0)]D = 0] under Assumption 5-MP-Extended(b). The result then follows using the same
subsequent arguments as in part (2a).

E.1 Proofs of Proposition 5, Theorem 5, and Proposition 6

This section contains the proofs for interpreting TWFE regressions in the case with a continuous
treatment, multiple periods, and variation in treatment timing as in Section 4.
Before proving the main results in this section, we introduce some additional notation.

v(g,t) == 1{t > g} — G, (20)

where the term 1{¢t > g} is equal to one in post-treatment time periods for units in group g and
recalling that we defined G’g = % which is the fraction of periods that units in group g are
exposed to the treatment (and notice that this latter term does not depend on the particular time
period t). Further, notice that v(g,t) is positive in post-treatment time periods and negative in
pre-treatment time periods for units in a particular group. Finally, also note that, for the “never-
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treated” group, g = 7 + 1 (which we set by convention and is helpful to unify the notation in this
section) so that both terms in the expression for v are equal to 0 for the “never-treated” group.
Furthermore, recall that, for 1 <t; <ty < 7T, we defined

1
v -~ Ny,
i ty—t1 41 Z i

where below (and following the notation used throughout the paper), we sometimes leave the
subscript ¢ implicit.

We next state and prove some additional results that are helpful for proving the main results.
The first lemma re-writes (overall) expected dose experienced in period t adjusted by the overall
expected dose (across periods and units) in a form that is useful in proving later results.

Lemma 1. Under Assumptions 1-MP, 2-MP(a), and 3-MP,

E[W) —fZE =X [ atanyarnctalom,

9€g
Proof. First, notice that

E[Wi] = Z/ WilG = g, D = d dFpic(dlg)p,
geg

-y / a1{t > g} dFpc(dlg)p, (21)

geg

where the first equality holds by the law of iterated expectations and the second equality holds
because, after conditioning on group and dose, W; is fully determined.

Thus,
-
E[W,] — ?Z Z/ d1{t > g} dFpic(d|g)p, ZZ/ d1{s > g} dFpjc(dlg)py
—l1 9eG s=1geg
+ ZZ/ (1{t > g} —1{s > g}) dFpc(d|g)p,
s=1 geg
— Z/ {T doift>gt—1{s> g}} dFp|a(dlg)pg
geg
T 1
- gezg/ {1{t > g} — 7g.+} dFp|c(dlg)pg
=Y [ oot aFpia (o,
g€eg

where the first equality applies Equation (21) to both terms, the second equality combines terms by
averaging the first term across time periods, the third equality re-orders the summations/integrals,
the fourth equality holds because 1{t > g} does not depend on s and by counting the fraction of
periods where s > g, and the last equality holds by the definition of v(g,t). O
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The next lemma provides an intermediate result for the expression for the numerator of gtwfe
in Equation (2).

Lemma 2. Under Assumptions 1-MP, 2-MP(a), and 3-MP,

1 T
Yit zt YHG_ ,D=d —EY; )U( 7t) dF (d| )
T; TZ{Q%/ g | —E[Yi))v(g,t) dFpjc gpg}

Proof. Starting with the numerator for 37°/¢ in Equation (2)
1 T ..
7 tZ E[Y; W]
{E%Wit] — E[Y;;W;] - E[Y] ( (W] — — ZE ) }
T-G+1
{Emm{t > G} -E [)@DT} — E[Y{] ( (Wi — = ZE ) }

;i{z/( [Yid1{t > g}|G = g,D = d] — E[ wd‘G— Dde dFpic(d|g)pg

geg

1 T
~E[Y] <E[Wt] - T;E[Ws]) }
. E[Y;|G = g,D = dlv(g,t) ) dFpc(d ey (B - LS Epw
-7 Z;;/D (301G = 9.0 = de(9.0) dFpc(aloln, ~ Bl | 5Wi] - - 3BV

=,}Z{Zg [ d(BWIG = 9.D = du9.1)) dFpic(dlg)p, BV (Zg [ ot aFpic(agn )}
1 T
= 7.; { gzg;/p (E[Y;|G =g, D = d] - E[Y:]) v(g, 1) dFDG(d!g)pg}

where the first equality holds by the definition of Wi, the second equality holds by plugging in
for Wi and W;, the third equality holds by the law of iterated expectations, the fourth equality

holds by the definition of v(g,t), the fifth equality holds by Lemma 1, and the sixth equality just
combines terms.

O]

Next, based on the result in Lemma 2, we can write the numerator in the expression for gtw/e
as

> /D (EYG =g, D =d] - E[Y3]) v(g,?) dFDG(d|g)pg}
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.
?ZZ [ d(BWIG = 9.D = d) - EIYIG = o] )ol0.1) dFpic(dlolp, (22)

TZZ | (BWIG = o~ B )o(0.1) dFpic(dlolp, (23)

t=1 geg

where the first equality holds from Lemma 2 and the second equality holds by adding and subtract-
ing E[Y}|G = g].

The expression in Equation (22) involves comparisons between units in the same group but that
have different doses. The expression in Equation (23) involves comparisons across different groups.
We consider each of these terms in more detail below.

Lemma 3. Under Assumptions 1-MP, 2-MP(a), and 3-MP,

izz / E[Yi|G = g, D = d| — E[Y,|G = ] )v(9, ) dFpic(dlg)p,

t=1 geg
_ Z{ ) Gycov (YPOST(g) VPREGW) piG = g> }

geg

Proof.

= Z Z/ EV}|G =g,D = d] - E[Y}|G = 9])@(9715) dFpic(d|g)p

t 1 geg

I
QM =

T
{ ZE Yt D _E[‘D’G = g])‘G = g]’l)(g,t)pg}

geg

{ E[Y;(D - E[D|G = g])|G = g]v(g, )}pg

1 (T — g+1 ) 1

:Z = > E[Vy(D - E[D|G = g])|G = g]

9 t=1

1(g—1) <&
+? - ;E[}Q(D—E[D]G:g])\GZQ] Py
N 91T -g+]) Ly = =
_2{ 1T <T_g+1gEmw—EwrG—gmc—g}
1 &

- IE[Yt(D E[D|G = g])!G=9]>}p9

_1(T - _ _
_ 3 {ng( 15—]14‘ 1) <E[(YPOST(g) _YPRE(g))(D —E[D|G = ¢))|G = g]) }pg

. (E[(YPOST(Q) _ YPRE(Q))(D —E[D|G = g])|G = g]) }pg

Il
Q
Mm
Q
—
—~
—
@
N—
Q)
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geg

where the first equality holds by the law of iterated expectations (and combining terms involving
d and Y}), the second equality changes the order of the summations, the third equality holds by
splitting the summation involving ¢ in time period g and plugs in for v(g,t) (which is constant
within group ¢ and across time periods from 1,...,¢9 — 1 and from g,...,7T), the fourth equality
multiplies and divides by terms so that the inside expressions can be written as averages, the fifth
equality holds by changing the order of the expectation and averaging over time periods, the sixth
equality holds by the definition of Gg, and the last equality holds by the definition of covariance. [J

Lemma 3 shows that part of the TWFE estimator comes from a weighted average of post- vs.
pre-treatment outcomes within group but who experienced different doses. In particular, notice

POST(g) . PRE(g) .

that, for units in group g, Y, is their

average pre-treatment outcome.
Next, we consider the expression from Equation (23) above which arises from differences in
outcomes across groups. We handle this term over several following results.

Lemma 4. Under Assumptions 1-MP, 2-MP(a), and 3-MP,

*Z { > [ d(BWic = o - B Jo(o.t dFD|G<d|g>pg}
7 Z { > > (EIDIG = glv(g,t) ~ BIDIG = ku(k, 1)) (EIVI|G = g] ~ EIYi|G = k])pkpg}

9€G keG k>g

is their average post-treatment outcome while Y

Proof. Notice that

Z { Z/ EV|G =g] - ED’t])U(g?t) dFD|G(d\g)pg}

g€eG

Z{ZED|G—9 (s = - 50 )

t geg

= \

\UH
M\] I

Y E[D|IG=yg ( VG =g] - > E[V|G = k]pk)v(g,t)pg}

1 { geg keg

>° Y E[DIG = glu(g. 1) (EIYi[C = ¢ - EVIG = k])pkpg}

t

e
™=

t=1 \ geg keg
-

;Z{Z >~ (BIDIG = glo(g,t) ~ EIDIG = Kuk,1)) (EMG:g]—Eer:k])pkpg}
t=1 \ geG keG,k>g

where the first equality holds by integrating over D, the second equality holds by the law of iterated
expectations, the third equality holds by combining terms, and the last equality holds because all
combinations of g and k occur twice. O

Lemma 4 is helpful because it shows that the cross-group part of the TWFE estimator can be
written as comparisons for each group relative to later-treated groups.
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Next, we provide an important intermediate result. Before stating this result, we define the
following weights

~g,wz‘thz‘n(g) .= var(D|G = ¢)(1 — G )Ggp ﬁ)g»post(g’ k) .= E[D|G = 9]2(1 — (_}g)(Gg - Gk)Pkpg
~kp05t(g,k) =E[D|G = k]*Gr(Gy — Gr)prpy
(g, k) := (E[D|G = g] — E[D|G = k])’Gx(1 — Gy)pkpy

which correspond to w9 Pt wkPost and w!®™9(g, k) in the main text except they do not divide by

7' S°T E[W?2]. In addition, notice that
E[D|G = gv(g,t) — E[D|G = Kv(k, 1)
—E[D|G = ¢]G, + E[D|G = k|G, fort<g<k
= (E[D|G =g](1 — G4) + E[D|G = k|G, forg<t<k (24)
E[D|G = g](1 - G,) —E[D|G =k](1 - Gy) forg<k<t
which holds by the definition of v and is useful for the proof of the following lemma.
Lemma 5. Under Assumptions 1-MP, 2-MP(a), and 3-MP,

TZ{Z/d E[Y:|G = g] — E[Y; ])v(g,t)dFDG(dlg)pg}

geg

— Z Z {wg post (g k)( {(Y/MID(g,k) — YPREW)|G = g] _E {(Y/MID(g,k) — YPREW)|G = k‘} )

9€G keG k>g

+ @k post(g k) <IEJ {(YPOST(IC) _ YMID(QJC)HG — k} ) [(YPOST(I@) _ YMID(g,k)) G = g} >
+ wlong(g k)( {(YPOST(k) . }_/PRE(g))|G _ g} i ) {(Y/POST(k) _ YPRE(g))|G - k} }

Proof. The result holds as follows

1 T
TZ{Z [ (Bl = 6~ B oo 1) aFpie(dlalp }

geg

> 5

9geG keG,k>g

<=

.
> (EIDIG = glo(g. 1) — E[DIG = KJu(k, 1)) (E[V:|G = g] E[mc::k])}pkpg

t=1

-y ¥ {T E[D|G = ¢G4 +E[D|G7k]Gk)i(]E[Yt\G:g]fE[Yt\G:k})

geG keG,k>g t=1

+%(E[D|G:g}(1fG ) + E[D|G = k]G») ;(E[YHG:g]fE[YHG:k])

\‘

+ = (E[DIG = g](1 = Gy) — E[D|G = K|(1 — G»)) Z( V|G =g] - [YtIG—k])}pwg

t=k

Sl-

-y {(1 —G,) (—E[D|G = g|G, + E[D|G = K|Gy) (E[YPRE<9>|G =g] - E[YPRPW|G = k])

9eEG keG,k>g

+(Gy — Ge) (BIDIG = g](1 — Gy) + E[DIG = KGr) (B IPD|G = g) — B M1P09)G = 1)
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+Gi (BIDIG = g)(1 ~ Gy) ~ E[DIG = (1 — Gu)) (E[VPO5TW |G = g] ~ BIYTOSTM| = k) }pkpg

=5 ¥ {(1 —Gy) (-E[D|G = g)(Gy — Gi) + (E[D|G = k] — E[D|G = g])Gk) (ED—’PRE(Q)\G =g] - EY P9I = k])

geG keG ,k>g

+ (Gy — Gi) (E[D|G = g](1 — Gy) + E[D|G = k|G) (JE[YMIDW)\G = g] - E[YMIPh)|g = k})

+ Gy ((EIDIG = g] — E[D|G = k))(1 - G,) — E[DIG = k|(Gy — Gu)) (E[Y 70576 = g] - EIF 7" W |G = k) }pkpg

_ Z Z {]E[D|G — g1 - Gg)(ég _ Gk) (IE [(YMID(g,k) . YPRE(g))lG _ g] _E [(YMID(QJC) _ YPRE(Q))'G _ k] )

9gEG keG k>g

+E[D|G = k|Gi(Gy — Gr) (IE [(YPOST(IC) _ YMID(g,k))|G _ k} _E [(YPOST(k) _ Y}WID(g,k))lG _ g] )

+ (E[DIG = g] — EIDIG = k)G (1 — Gy) (]E [(FFOST0) _ g PREG) G = g] ~E[(¥POTH) - yPRE) G = i] ) }pkpg

_ Z Z {wgvpt)st(g’ k) (IE [(YMID(QJC) _ YPRE(g))|G _ g] _E [(Y]\/IID(Q,R) _ YPRE(9>)|G - k] )

geEG kEG k>g

+ u~}k,pm;t(g7 k) <IE [(?POST(k) _ YMID(Q,IC))|G _ k] _E [(YPOST(k) _ YMID(Q,IC)NG _ g] )
+ wlong(g7 k) (IE [(YPOST(M - ?PRE(g)) G = g] _E [(YPOST(k) - ?PRE(Q))|G _ k] ) }

where the first equality uses the result in Lemma 4, the second equality changes the order of the
summations (splitting them at g and k where the value of v(g,t) and v(k,t) change) and uses
Equation (24), the third equality holds by averaging over time periods (which involves multiplying
and dividing by g — 1 in the first line, multiplying and dividing by k — ¢ in the second line, and
multiplying and dividing by 7 —k+1 in the last line), the fourth equality rearranges the expressions
for the weights, the fifth equality holds by rearranging terms with common weights, and the last
equality holds by the definitions of w95t w¥Post and w'°™ and by noticing that

Prpg = (Pg + 1) *Pgi gy (1 = Pgi(gky)

which holds by multiplying and dividing both p; and pg by (py + pr) and by the definition of
Pg|{g.k}- O

The result in Lemma 5 is very closely related to the result on interpreting TWFE regressions
with a binary treatment and multiple time periods and variation in treatment timing in Goodman-
Bacon (2021).2° In particular, it says that, even with a continuous/multi-valued treatment, the
TWFE regression estimator involves comparisons between (i) the path of outcomes for units that
become treated relative to the path of outcomes for units that are not treated yet, (ii) the path of
outcomes for units that become treated relative to the path of outcomes for units that have already
been treated, and (iii) comparisons of the paths of outcomes across groups from their common pre-
treatment periods to their common post-treatment periods. Intuitively, the first set of comparisons
are very much in the spirit of DiD, but the second and third sets of comparisons are not (except
under additional specialized conditions). We formalize this intuition in the proof of Theorem 5

200ne difference worth noting is that the weights are slightly different due to the terms involving E[D|G = g]
and E[D|G = k]. With a binary treatment, these expectations are equal to each other by construction, but with a
continuous treatment these terms are no longer generally equal to each other. This also implies that the third term
does not show up in the case with a binary treatment.
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below.
Lemma 6. Under Assumptions 1-MP, 2-MP(a), and 3-MP,
1o~ ‘
? ZE[WZ%] _ Z ﬁ)g,wzth'm + Z Z {wg,post g k?) + 0 ,post(g’ k) + wlong(g’ ki)}
t=1 9eg 9€G keG k>g

Proof. To start with, notice that IE[VVZ%] = E[W;Wy]. Then, we can apply the arguments of
Lemmas 2 to 5 but with W; replacing Y;;. This implies that

1o~ .
=1
= Z w!],within(g) COV(WPOST(g) - WPRE(‘Q), D|G = g)
geg Var(D|G = g)

[(V—VMID(g,k) _ WPRE(g))|G _ g] E [(WMID(g,k) _ WPRE(Q))|G — k;]

3 3 e EIDIG = 4

g€G keG,k>g

E [(WPOST(k) — WMID(gR))|G = k:] ) [(WPOST(k) — WMID(gR)|G = g]
E[D|G = k]
E [(WPOST(k) — WPRE®)|G = g] ) [(WPOST(k) — WPRE(®)|G = k] }
E[D|G = g] — E[DIG = M
= @) £ 30 S {0 (g, k) + G (g k) + 01 (g, k)

IS4 9eG keG k>g

TR (g, k)

+w' (g, k)

where the last equality holds by noting that W = D in post-treatment periods and W = 0 in
pre-treatment periods, and then by canceling terms. O

Proof of Proposition 5

Proof. Proposition 5 immediately holds by combining the results in Lemma 2, from Equations (22)
and (23), and by Lemmas 3 to 5 (which all concern the numerator in the expression for 3%/¢ in
Equation (3)), and then dividing by (1/7) Y./_, E[W2] (which corresponds to the denominator in
the expression for f%*f¢ in Equation (3)). That the weights are all positive holds immediately by
their definitions. That they sum to one holds by the definitions of the weights and by Lemma 6. [

Next, we move to proving Theorem 5. To do this we provide expressions for each of the com-
parisons that show up in Proposition 5 in terms of derivatives of paths of outcomes. These results
invoke Assumption 2-MP(b) and (c) and, therefore, use that the treatment is actually continuous,
but they do not invoke any parallel trends assumptions. That said, it would be straightforward to
adapt these results to the case with a discrete multi-valued treatment along the lines of the baseline
two period case considered above.
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It is also useful to note that

orFOSTRIPREG) (g OF [(VFOSTR) - YPRE®)|G = g, D = d]

)

od od
orlIPGHPREG) (o ) B [(YMID(M) — YPRE@)|G =g, D = d}
od od
87TSOST(12),M1D@,15) 0.0 OF [(YPOST(k) — yMIDGR)|G = g, D = d}
od od

which holds because the second parts of each mp term do not vary with the dose.
Next, we consider a result for the main term in 6"/THIN(g) in Equation (4).

Lemma 7. Under Assumptions 1-MP, 2-MP, and 3-MP,
cov <}7POST(g) _YPREW p|G = g)

aE[YPOST(g) _ YPRE(Q)‘G — g,D — l]
ol

:/ (E[D|G:g,D2[]—E[D|G:g])P(D2l|G:g) dl
Dy

Proof. First, notice that
cov (YFOSTU) — yPREG) |G = g) = E[(VFOST) — YPREG)) (D — E[D|G = g])|G = g]

Then, the proof follows essentially the same arguments as in Theorem 3 with Y 7O5T(9) — y PRE(g)
replacing AY and the other arguments relating to the distribution of the dose holding conditional
on being in group g. The second term, involving dr, in Theorem 3 does not show up here as, by
construction, there are no untreated units in group g. O

Lemma 7 says that part of §W/THIN(g) in the TWFE regression estimator comes from a
. aE[Y/POST(g)_?PRE(g”G:g D:d]
weighted average of 5 : .
Next, we consider the main term in the expression for §M/P-PRE(g k) in Equation (5). This
term is quite similar to the baseline two-period case considered in Theorem 3 because units in group

k have not been treated yet.

Lemma 8. Under Assumptions 1-MP, 2-MP, and 3-MP, and for k > g,

E [(YMID(g,k) _ Y;PRE(g))‘G _ g} _E [(YMID(g,k) _ YPRE(g))‘G _ k}

_ / P(D . l|G _ g) 8E[YMID(97k) _ YPRE(g)|G =g, D= l]
Dy ol
ED?MID(g,k) _ YPRE(9)|G =g,D= dL] _ ED?MID(ch) _ YPRE(Q)\D — 0]
dr,
ED?MID(g,k) _ YPRE(g)|G — k‘] _ E[YMID(g,k:) _ YPRE(9)|D — O]
dr,

dl

+dy,

—dy
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Proof. To start with, notice that
E [(YMID(g,k) _ Y;PRE(g))‘G _ g} _E [(YMID(g,k) _ YPRE(g))|G _ k}
—-F [(YM]D(g,k) _ YPRE(g)) G = g} _F [(YM]D(g,k) _ YPRE(g)) D = 0}

_ (E [()—/MID(g,k) _ Y—PRE(g)) G = kz] _E [(Y—MID(g,k) _ YPRE(g))‘D _ OD

RE[YMID(g.k) _ YPRE@G)| G = g. D = |
:/ P(D > 1IG = g) 2 Y
D, ol
E[YMID(g:k) _ YPRE(9)|G = g, D = d; ] — E[YMID(9:k) _ yPRE(9)|D = (]
+dr,
dr,
o EMIPER — yPREG)|G = k) - BYMIPOR - YPREW)|D = o]

—dr

dr,

where the first equality holds by adding and subtracting E [(YM ID(g:k) _ yP RE(g)) |D = 0]. For
the second equality, notice that

E [(YMID(g,k) _ YPRE(g))‘G _ g} _E [(YMID(g,k) _ YPRE(g))‘D _ 0}
) [(YMID(g,k) — YPREW))|G = g} _E [(}‘/MID(g,k) YPREW) |G = g, D = dL}
LE [(YMID(ch) — YPREW) |G =g, D = dL} _E {(?MID(g,k:) — YPRE®)|p = 0}
Moreover,
E [(YMID(g,k) y PRE(g )|G g} E [(YMID(g,k) y PRE(g )|G 9,D = dL}

_ / E [(YMID(g,k) y PRE(g )|G — g, D= d} E [(yMID(g,k) _ yPRE(g))|G =g,D= dL] dFp|c(d|g)

OF YMID(g k) _ YPRE G = =1
- [ [ w=a I NE=9D=1 4 415, (dlg)
D, JD, ol

-MID(g,k) _ 3 PRE(g _
:/ P(DZ”G:g)aE[Y YPREWIG =9, D =1]
Dy ol

where the first equality holds by the law of iterated expectations, the second equality holds by the
fundamental theorem of calculus, and the last equality holds by changing the order of integration
and simplifying.

Combining the above expressions implies the result. ]

Next, we consider the main term for 67OSTMID (g k) in Equation (6) which comes from com-
paring paths of outcomes for newly treated groups relative to already-treated groups.

Lemma 9. Under Assumptions 1-MP, 2-MP, and 3-MP, and for k > g,

E [(?POST( ) _ yMID(g,k )\G _ k} [(?POST(k) _ ?MID(g,k:))‘G _ g]

POST(k) _ vy MID(g.k)| (Y — _
:/ P(D2l|G:k)8E[Y Y |G =k,D l]dl
D, ol
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ED_/POST(k) _ YMID(g,k)‘G =k D=d]— E[YPOST(k) _ YMID(ch)yD = 0]
dy,

+dy,

_ (ED‘/MID(g,k) _YPREQ)|q = g — B[YMIP@R) _ yPREG)| D — 0]) }

Proof. Notice that

E [(YPOST(k) _ YMID(g,k;)) G = k] _E [(YPOST(k) _ YMID(g,k;)) G = g}

_ (E {(}—,pos:r( ) — PMID@R)) |G = k} {(yPOST( ) — yMIDOR)| D = ] >
_ (E [(}‘/POST(k) _ YMID(g,k)) G = g} _E [(YPOST( ) _ yMID(g.k )|D _ 0] )

_ (IE [(YPOST( ) _ yMID(gk )|G k:} [(yPOST( ) _ yMID(g.k )|D ]) (25)
_ { (IE [(}‘/POST(k) — YPREG))|G = g} _E [(YPOST( ) yPRE@)|p = 0] >

— (E [(yMID(g, ) — YPREW))|G = g] E [(}—/MID(g,k) — YPREW)|D = 0} )}

o POST(k) _ 57 MID(g.k)| (Y — _
:/ P(D > |G = i BV Y G=kD=1, (26)
Dy ol
d E[?POST(k) _ )_/'MID(g7 k)’G =g,D= dL] o) [(YPOST( ) — YMID(g,k )‘D — 0}
L
dr,

B {(E [(?pogT( ) _ yPRE(g )\G _ g] E [(YPOST(k) — YPRE(Q))\D = 0} )
B (E [(YMID(g,k) v PRE(g )]G g} E {(YMID(QJC) yPRE(g )yD ] )}

where the first equality holds by adding and subtracting E [(YPOST( ) — yMID g’k))\D = 0] the
second equality holds by adding and subtracting both E [YP REG@)| G = g] and E [YP RE(9)|D = ]
and the last equality holds by applying the same sort of arguments as in the proof of Lemma 8. [

The expression in Lemma 9 appears complicated and is worth explaining in some more detail.
Consider Equation (25) in the proof of Lemma 9. There are three parts of this expression. The
first part compares the path of outcomes in post-treatment periods relative to some pre-treatment
periods for units in group k to the path of outcomes for units that never participate in the treatment.
This sort of comparison is very much in the spirit of DiD and will correspond to a reasonable
treatment effect parameter under appropriate parallel trends assumptions. Similarly, under suitable
parallel trends assumptions, the terms in the second and third lines will correspond to treatment
effects for group g between periods k and 7 (the second line) and treatment effects for group g
between periods g and k — 1 (the third line). Therefore, the difference between these terms can be
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thought of as some form of treatment effect dynamics. That means, in general, for this overall term

to correspond to a treatment effect parameter for group k, there needs to be no treatment effect

dynamics for group g. Ruling out treatment effect dynamics is not implied by any sort of parallel

trends assumption and therefore involves an additional (and potentially very strong) assumption.
Finally, we consider the main term for §7O5T-PRE(g k) in Equation (7).

Lemma 10. Under Assumptions 1-MP, 2-MP, and 3-MP, and for k > g,
E {(YPOST( ) _ yPRE(g )\G _ g} E {(YPOST( ) _ yPRE(g )\G _ k}

a]ED_/POST(k) _ YPRE(g)lG =g, D= l]

:/ (P(D > |G = g) = P(D > I|G = k) dl
D, ol
E[YPOST(R) _ YPREW)|G =k, D = | RE[YPOST(k) _ YPREW|G = g. D = |
- / P(DEZG:m(a[ |G = | OE| G =g, 1>dl
D, ol ol
E[YPOST(k) _ YPRE(g)'G =k.D=d } _ ED—/POST(k) _ }_/PRE(g)‘D — 0]
+dg : L
dr,
. E[YPOST(k) _ YPRE(W|G = g, D = d| — E[YPOST*) _ yPRE()|D = (] }
—ar
dr,

Proof. First, by adding and subtracting terms
E [(YPOST( ) _ yPRE(g )]G g} E [(YPOST( ) _ yPRE(g )\G }
K [(YPOST(k:) _ YPRE(g))|G _ g} _E [(YPOST( ) _ yPRE(g )|D _ 0]

B (E [(?POST(k) _PPREG)|G = k} E [(YPOST(k) — YPREW@))|D = OD
Then, using similar arguments as in Lemma 8 above, one can show that

E [(YPOST(k) _ ?PRE(g))‘G _ g} _E [(YPOST( ) _ yPRE(g )|D _ O]

E[YPOST(k) _ YPREWQ)|G = g. D = |
:/ P(D > 1IG = )2 el |
. ol
ED—/POST(]C) _ Y/PRE(Q)|G =g, D = dL] — ]ED_/POST(k) - YPRE(Q)LD = 0]
dr,

dl

+dr,

and that

E [(YPOST(k) _ YPRE(g))‘G _ k,} _E [(?POST( ) _ yPRE(g )|D _ ()]

Dy ol
N dLE[YPOST( ) _ YPRE |G k,D = dL] E[YPOST( ) _ YPRE |D ]
dr,
Then, the result holds by adding and subtracting fD+ P(D > |G =k) BE[YPOST(M*Y;;RE@) G=9.D=1] ;1
and combining terms. O
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Proof of Part (1) of Theorem 5

Proof. Starting from the result in Proposition 5, the expression for §"/THIN(g) comes from its
definition, the result in Lemma 7, and the definition of the weights wi”thm(g,l). The expres-
sion for 0MIP-PRE(g k) comes from its definition, the result in Lemma 8, and the definitions
of wi(g,1) and wp(g). The expression for §7OST-MID (g k) comes from combining its definition
with the result in Lemma 9, and the definitions of w;(k,l) and wo(k). Finally, the expression
for §POST-PRE (g ) comes from its definition, the result in Lemma 10, and the definitions of
,wtlzcr‘oss(g7 k, l), ,Lbzlzcross(g, k, 1)7 and w(a)cross(g’ k)

That w*"i" (g, d) > 0, wi(g,0) > 0, we(g) > 0 for all g € G and d € Dy all hold immediately
from the definitions of the weights. That fD+ wPithin(g 1) dl = 1, fD+ w1(g,1)dl +wo(g) = 1, and
fD+ w§ (g, k,1)dl = 1 hold from the same sorts of arguments used to show that the weights
integrate to 1 in the proof of Proposition 4. O

Notice that none of the previous results have invoked any sort of parallel trends assumption.
Next, we push forward the previous results once a researcher invokes parallel trends assumptions;
in the main text, we considered the case where the researcher invoked Assumption 5-MP, but
here we consider both that assumption and Assumption 4-MP(a). To further understand this, for
1<ty <ty <7T define

t2

! Z}/it<97tvd)

= (t1,t
T ed =
t=t1

which averages potential outcomes from time periods ¢; to t2 for unit ¢ if they were in group ¢ and
experienced dose d. Note that Yi(tl’h) = Yi(tl’m(Gi, D;). Next, for t; < tg, define

to

1
> ATT(g,t,dlg,d)
t=t1

—a(tt2)
ATT dlg,d) := ————
(9.dlg, d) ot 12

which is the average treatment effect experienced by units in group g who experienced dose d
averaged across periods from t; to t9. Likewise, define

to
ATE""(g,d) = ———— 3" ATE(9,t,d)
t=t

to —t1 +1 =

which is the average treatment effect of dose d among all units in group ¢ averaged across periods

“142) (g, d|g,d) is given by

from 1 to t5. An alternative expression for ATT
m(tl 7t2)( d _ \ (tl,tg) Y, (tl,tz) _ _
g,dlg,d) = E Y (g,d) = Y"(0)|G =g,D =d

which holds by the definition of ATT(g,t,d|g,d) and changing the order of the expectation and
the average over time periods; here, E[Y (*1:22)(0)|G = g, D = d] is the average outcome that units
in group ¢ that experienced dose d would have experienced if they had not participated in the

treatment between time periods ¢ and t5. Similarly, for ATE(tl’tZ)(g, d),

ATE" ) (g.d) = E [Y442)(g.d) ~ Y +2(0)/G = g
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In addition, define

_ 8ATT(gvl|g7 d) and m(tl’tQ)(g d) — aAL(g’d)

———=(t1,t
ACRT™ ”(g,dlg,d)i ol I=d ad

which are the average causal response to a marginal increase in the dose among units in group g
conditional on having dose experienced dose d (for ACRT (g, d|g,d)) and the average causal response
to a marginal increase in the dose among all units in group g.

The next result connects derivatives of conditional expectations to ACRT and AC'R parameters
under parallel trends assumptions.

Lemma 11. Under Assumptions 1-MP, 2-MP, and 3-MP, and for 1 <t; <ts < g<t3<t4 <T
(i.e., t1 and ty are pre-treatment periods for group g, and ts and ty are post-treatment periods for
group g), and for d € Dy,

(1) If, in addition, Assumption 4-MP(a) holds, then

OE [Y(tts) — Y(hit2)|G = g, D = d]
od

OATT"*" (g, dlg,1)
ol I=d

= ACRT"™"(g,d|g, d) +

(2) If, in addition, Assumption 5-MP holds, then

OE [Y(tst1) - Y(it2)|G = g, D = d
ad

= ACR""(g,d)

Proof. For part (1), notice that, for 1 <t} <ty < g <tz <ty <T (ie., for group g, t; and ty are
pre-treatment time periods while ¢35 and ¢4 are post treatment time periods), we can write
B[Vt - YOG = g, D = d] =B [V19(g,d) - V4 0)|G = 9,D = d]
—E |71 (g,d) - V& (0)[G = g, D = d]
E [y(ts,u)(o) Yt ()G =g, D = d}
= ATT"" (g,dlg, d)
B [rsi - 1001 50—

where the first equality holds by writing observed outcomes in terms of their corresponding potential
outcomes, the second equality holds by adding and subtracting E [Y(t3’t4)(0)|G =g,D= d], and
the last equality holds by the definition of m(ts’t4)(g, d|g,d).

This equation looks very similar to DiD-type equations in simpler cases such as when there
are two periods and two groups. The left hand side is immediately identified. The right hand
side involves a causal effect parameter of interest and an unobserved path of untreated potential
outcomes that would typically be handled using a parallel trends assumption.

In particular, under Assumption 4-MP(a) (though notice that Assumption 4-MP(b) and (c) are
not generally strong enough here),

B[V(219(0) - Y (0)[G = g, D = d] =B [749(0) - Y- (0)lD = o]
which, importantly, does not vary across d or g.
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This suggests that, under Assumption 4-MP(a),
E [Vt - Y26 — g, D = d| = ATT""(g,dlg,d) — E |7 29)(0) — Y142 (0)| D = 0]

Taking derivatives of both sides of the previous equation with respect to d implies the result.
For part (2), notice that,

B[Vt -y (|G = g, D = d] =B [V (g,d) -V 0)|G = 9.D = d]

E
E [V (g,d) - V2 (0)]G = g
E

V1) (g.d) - Y I9(0)|G = g
L [T (0) - PO 0 = ]
= ATE"") (g,d) + E |7 +14)(0) - 42 (0) | D = 0|

where the first equality holds by writing observed outcomes in terms of their corresponding potential
outcomes, the second equality holds by Assumption 5-MP, the third equality holds by adding and
subtracting E[Y (%3:%4)(0)|G = g], and the last equality holds by the definition of m(t?”t‘l)(g,d)
and by Assumption 5-MP. Taking derivatives of both sides implies the result for part (2). O

The result in Lemma 11 says that, under Assumption 4-MP(a), the derivative of the path
of outcomes (averaged over some post-treatment periods) relative to some pre-treatment periods
corresponds to ACRT(g,t,d|g,d) plus the derivative of a selection bias-type term with respect to d
across some post-treatment time periods for units in group g. Similarly, under Assumption 5-MP,
the derivative of the averaged path of outcomes over time in some post-treatment periods relative
to the same average path of outcomes in some pre-treatment periods corresponds to an average of
ACR(g,d) with respect to d across the same post-treatment time periods.

The intuition for this sort of result is very similar to that of Proposition 3 in the baseline case
with two time periods.

Lemma 12. Under Assumptions 1-MP, 2-MP, and 3-MP, and for 1 <t; <ty < g<t3 <ty <k
(i.e., t1 and ty are pre-treatment periods for both groups g and k, group g is treated before group k,
and t3 and ty are post-treatment periods for group g but pre-treatment periods for group k),

(1) If, in addition, Assumption 4-MP(a) holds, then

E [Vt — P(t2)|G = g D = d; ] — E [V st) — )| G = k] ATT"™™ (g, d1|g, dr)
dr, y =d; y
L L

(2) If, in addition, Assumption 5-MP holds, then

E [Vt — Vtut)|G = g D =dy] —E[Tlat) — V)G =k]  ATE™ (g d;)
d d = de PP
L L

71



Proof. For part (1), notice that

[Y(ts,t4) Yt |G =g, D = dL] _E [Y(t3,t4) _ylit)|g = k:]

-F {Y(tg,m) <97 dL) _ Y* t1,t2) (O)‘G =g, D= dL:| o) [Y(ts,u) (O) _ Y(t1,t2)(0)’G — k]

+ {E [?<t3vt4>(o> - Y<t1vt2>(0)yc; —g,D= dL} _E [Y<t3vt4>(0) _yltt) ()G = k} }
= ATT*"(g,dy)

where the first equality holds by writing observed outcomes in terms of their corresponding potential
outcomes, the second equality holds by adding and subtracting E [Y(t3’t4)(0)|G =g,D=d L], and

the last equality holds by the definition of m(ts’t4)(g,dL) and because the difference between
the two terms involving paths of untreated potential outcomes on the second line of the previous
equality is equal to 0 under Assumption 4-MP(a). Then, the result holds by multiplying and
dividing by d..

For part (2),

E [V -y )G = g, D = dL} SB[Vt 7| = i
=E[Y(449)(g,dy) - VO (0)G = g, D = dy | — B [V (0) - V12)(0) |G = 1]
—E [Y<t3vt4>(g, dr) — Y(t17t2)(0)|G ] E [Y(tavt@(o) _ytt) ()G = k]
= [V (g,dy) - Y2 (0)|G = g]
+ {IE [Y<t3¢4>(0) — vyt )G = g} —E [Y(t3’t4)(0) — Yyt )G = k} }
= ATE""(g,dy)

where the first equality holds by writing observed outcomes in terms of their corresponding potential
outcomes, the second equality holds by Assumption 5-MP, the third equality holds by adding and
subtracting E[Y (3:44) (0)|G = g], and the last equality holds by Assumption 5-MP. The result holds
by multiplying and dividing by dy. O
Proof of Part (2) of Theorem 5

Proof. The result holds immediately by using the results of Lemmas 11 and 12 in each of the

expressions for §WITHIN(g) §MID.PRE (4 L) §POST,MID (g 1y and §POST-PRE(g kY in part (1) of
Theorem 5. [

Proof of Proposition 6

Proof. For part (a), using similar arguments as in Lemma 8 and then under Assumption 5-MP, it
follows that

E [YPOST( ) _ yPRE(9) G = g} E [YPOST( ) _ yPRE(9) D= 0]
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POST(k)

ATE d
::/ P(D > 1|G = g)ACR *"™ (g, 1) dl + dy, (9,dr)
Dy dr,
and that
E [YMID(g,k) v PRE(g) G = g} E [?MID(g,k) y PRE(9) D=0
————M1ID(g,k)
ATE d
:/ P(D > |G = g)ACR"PY) (g 1y dl + dy (9,d1)
D, dr,

Under Assumption 6(a), ACR(g,t,d) and ATE(g,t,dy) do not vary over time which implies that,
for all g € G and k € G with k > g, ACR" OST(’“)( 1) = ACR™°T™(g1) for all | € Dy and
ATE W (g, dp) = MEMMM@Jmﬂmmmm%meWMMU YPREW)|G = g] =
E [YMIDlgk) — yPRE(9)|G = g] which implies the result for part (a).

For part (b), notice that, under Assumption 5-MP,
aﬂ_gOST(k),PRE(g)(k’l) B 87rll;OST(k),PRE(g)( )
ol ol

——=POST (k) —~pPOST (k)

—ACR (k,l) — ACR (9,1)

=0

for | € Dy and where the second equality holds by Assumption 6(b) (which implies that, for a
particular time period, ACR(g,t,d) does not vary across groups).
The same sort of arguments imply that

ﬂPOST(k),PRE(g)(hdL) B ﬂgOST(k),PRE(g) (g,dL) —=POST (k) —==POST(k)

; ATE (k,dy) — ATE

dL dL
=0

( 7dL)

Finally, for part (c), under Assumption 6(a), (b), and (c¢), ACR(g,t,d) does not vary across
groups, time periods, or dose; since this does not vary, we denote it by AC'R for the remainder of the
proof. Moreover, from Theorem 5, we have that [, w wthin (g 1) dl = 1, fD wi(g,l) dl+wo(g) =1,
and that fD eross(g, k,1) = 1. From the first two parts of the current result, we also have that

the nuisance paths of outcomes in §FOST-MID (g k) and §POST-PRE (g k) are both equal to 0 under
Assumption 6(a) and (b). This implies that, under the conditions for part (c), 6"VI/THIN (g) =
SMID.PRE (g ) = gPOST-MID (g k) = §POST.PRE(g 1) = ACR. Finally, from Proposition 5, we
have that S**f€ is a weighted average of MIP-PRE (g L) §POST.MID (g )y gPOST,MID (g kY and
(5POST’PRE(g, k). That these are all equal to each other implies that pgtwle — ACR = ACR*™?. [

Next, we provide a version of Theorem 5 extended to the case where Assumption 4-MP(a)
(which is the multi-period version of standard parallel trends that only involves untreated potential
outcomes) holds.
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Theorem 5-Extended. Under Assumptions 1-MP, 2-MP, 3-MP, and 4-MP(a),

@Jwah4>dz

87ATTPOST(Q)

within ————POST
5WITHIN(g) = / w1y th (g, l) (ACRT (g)(gv l|gvl) + ah
Dy

—__MID(g,k)
OATT
MIDOR) (g 11g,1) +

GMIDPRE (g 1) :/ wy(g,1) (AC’RT oh
Dy

mMID(!Lk)

(%”gJUM:J dl

(97 dL|g7dL)
dr,

+ wo(g)

8ATTPO$Hm(thJU’ )(H
h=l

5OSNIP 0,1 = [ (1) (WPOST(k)(k’ b i
Dy

mPOST(k)(k’ dplk,dyp) ") <7TPOST(k),PRE(g)(g) _ 7rMID(g,}c),PRE(g)(g)>
— wo

dL dL

+ wo(k)

POST (k
Plg.tlg. ) + T

POST(k),PRE(g) POST(k),PRE(g)
_ wacross(g’k,,l) aﬂD (k>l) awD (g,l) dl
o 1
+

6POST,PRE(g’ k‘) _ across (g, k, l) m 8ATT(g, l|g7 h) di
D4 ! h=l

ol ol

POST(k),PRE(g) POST(k),PRE(g)
~across Q0 ka dL - T 9, dL
4 (g,k)< b () ( >)}

where the weights are the same as in Theorem 5 and satisfy the same properties.

Proof. The result holds immediately by plugging in the results of part (1) of Lemmas 11 and 12 for
SWITHIN () §MID.PRE (g ) 5POST’MID(g, k), and 5POST’PRE(9, k) in part (1) of Theorem 5. [
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