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We propose a tractable semiparametric estimation method for dynamic dis-
crete choice models. The distribution of additive utility shocks is modeled by
location-scale mixtures of extreme value distributions with varying numbers of
mixture components. Our approach exploits the analytical tractability of ex-
treme value distributions and the flexibility of the location-scale mixtures. We
implement the Bayesian approach to inference using Hamiltonian Monte Carlo
and an approximately optimal reversible jump algorithm from Norets (2021).
For binary dynamic choice model, our approach delivers estimation results that
are consistent with the previous literature. We also apply the proposed method
to multinomial choice models, for which previous literature does not provide
tractable estimation methods in general settings without distributional assump-
tions on the utility shocks. In our simulation experiments, we show that the
standard dynamic logit model can deliver misleading results, especially about
counterfactuals, when the shocks are not extreme value distributed. Our semi-
parametric approach delivers reliable inference in these settings. We develop
theoretical results on approximations by location-scale mixtures in an appropri-
ate distance and posterior concentration of the set identified utility parameters

and the distribution of shocks in the model.
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1. INTRODUCTION

A dynamic discrete choice model is a dynamic program with discrete controls. These models

have been used widely in various fields of economics, including labour economics, health
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economics, and industrial organization. See, for example, Rust (1994) and Aguirregabiria
and Mira (2010) for literature surveys. In such models, a forward-looking decision-maker
chooses an action from a finite set in each time period. The actions affect decision-maker’s
per-period payoff and the evolution of state variables. The decision-maker maximizes the

expected sum of current and discounted future per-period payofs.

Some state variables in these models are usually assumed to be unobserved by the econome-
trician. The introduction of the unobserved state variable is motivated by the fact that the
decision maker usually has more information than the econometrician. If the econometrician
observes all state variables, then economic theory implies that the pair of the control and
the state variables should obey some deterministic relationship which is never the case with

real data (see, for example, page 1008 of Rust (1987) for further discussion).

Most of the previous work on estimation of dynamic discrete choice models imposes specific
parametric assumptions on the distribution of the unobserved states or utility shocks. The
most commonly used parametric assumption is that the unobserved states are extreme value
independently identically distributed (i.i.d.). This assumption alleviates the computational
burden of solving the dynamic program and computing the likelihood function. At the same
time, it is well known in the literature that imposing parametric distributional assumptions
can cause problems, see, for example, Manski (1999). The researcher would not know a priori

if such an assumption indeed is problematic and therefore it is better to relax it if possible.

There are several previous papers that treat the unobserved state distribution nonparametri-
cally for the binary choice case. Aguirregabiria (2010) shows the nonparametric identification
of the shock distribution under particular assumptions on the per-period payoffs. Norets and
Tang (2013) show that under unknown distribution of the unobserved state and discrete
observed states, the utility parameters and the unobserved state distribution are only set-
identified. They also show how to compute the identified sets. Buchholz et al. (2020) provide

idenitifcation results for the per-period payoffs when the observed state is continuous.

For the mutinomial choice case, Chen (2017) uses exclusion restrictions (a subset of the
state variables affects only current utility, but not state transition probabilities) to obtain

identification and estimation results. In settings without exclusion restrictions, Norets (2011)
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shows that it is in principle possible to extend the method from Norets and Tang (2013) to

compute the identified set in multinomial case, but it is computationally infeasible.

In this paper, we propose a tractable semiparametric estimation method applicable to the
multinomial choice case. It is based on modeling the unknown distribution of shocks by a
finite mixture of extreme value distributions with a varying number of mixture components.
Our approach exploits the analytical tractability of extreme value distributions and the flex-
ibility of the location-scale mixtures. The unobserved utility shocks can be integrated out
analytically in the likelihood function and the expected value functions, similarly to the
case with extreme value distributed shocks. At the same time, we show that the location-
scale mixtures can approximate densities from a large nonparametric class in an appropriate
distance and that for any given distribution of utility shocks, a finite mixture of extreme
value distributions can deliver exactly the same conditional choice probabilities. Posterior
concentration on the identified sets of utility parameters and the distribution of shocks is an
implication of these results. We implement the Bayesian approach to inference for the model
using Hamiltonian Monte Carlo and an approximately optimal reversible jump algorithm
from Norets (2021). We apply our framework to binary and multinomial choice models. For
the binary dynamic choice model from Rust (1987), our approach delivers estimation results
that are consistent with the previous literature on semiparametric estimation (Norets and
Tang (2013)). For the multinomial choice model of medical care use and work absence from
Gilleskie (1998), we demonstrate how uncertainty about model parameters and counterfac-
tuals increases when the distributional assumptions on the shocks are relaxed. Moreover, we
show that the standard dynamic logit model can deliver misleading results, especially about
counterfactuals, when the shocks are not extreme value distributed. Our semiparametric ap-

proach delivers reliable inference in these settings.

Even when the distribution of the utility shocks is assumed to be known, parameters and
counterfactuals in dynamic discrete choice models could still be only set identified under a
variety of scenarios such as very flexible specifications of utility functions, lack of exclusion
restrictions or variation in transitions for the observed state variables, and unknown time

discount factors; see, for example, Rust (1994), Magnac and Thesmar (2002), Norets and
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Tang (2013), Abbring and Daljord (2020), and Kalouptsidi et al. (2021). Our estimation
framework does not require any special adjustments to accommodate such scenarios since
parameters and counterfactuals are already set identified under nonparametric specification

of the distribution of shocks.

The rest of the paper is organized as follows. Section 2 describes the general model setup.
In Section 3, we introduce our semiparametric framework. In Section 4, we describe the
Bayesian estimation method. Section 5 presents theoretical results. Sections 6 and 7 contain

the applications. Derivations, proofs, and implementation details are given in appendices.

2. GENERAL MODEL SETUP

In the infinite-horizon version of the model, the decision maker maximizes the expected

discounted sum of the per-period payoffs

(o]

(1) max Ly Zﬂyu (@1, detjs €045) |
di,diy1,... =

where d; € {0,1,...,J} = D is the control variable, z; € X is the state variable observed

by the econometrician, ¢; = (e, €1, ..., €27) € R7T! is the state variable unobserved by the

econometrician, /3 is the time discount factor, and wu(x¢, ds, €;) is the per-period payoff. The

decision-maker observes both x; and ¢; at time ¢ before making the decision.

Following Rust (1987) and the subsequent literature, we assume that (i) the per-period
payoffs are additively separable in €, u(x;,dy, €;) = u(xy, dy) + €4,; (i) €’s are independent
of other variables and independently identically distributed (i.i.d.) over time according to
a distribution F' with zero mean; (iii) the observed states evolve according to a controlled
Markov chain G4 = Pr(z;|z; = z,d; = 7). In most applications, the utility functions are
assumed to depend on a vector of unknown parameters, § € R%_ that are estimated. Below,

we often omit 6 in u(zy, d;; ) and related objects such as value functions for notation brevity.

Under mild regularity conditions (Bhattacharya and Majumdar (1989)), the decision problem
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in (1) admits the following Bellman representation

(2) Q(z) = [ max s [u(m,j) + BGIQ + €j|dF(e),

7=0,1,...,

where @ is called the Fmaz function and GZQ denotes E(Q(xyy1)|zy = x,d; = j). The
conditional choice probability (CCP) can be expressed as

(3) p(dlx) = / 1{u(ac, d) + BGLQ + eg > u(w, j) + BGIQ + ej,Vj}dF(e).

For a panel of observations, {z;,dy, i = 1,...,n,t = 1,...,T}, of n decision makers over
T time periods, the partial likelihood function (with the fixed GY, pre-estimated from the

observed transitions as is commonly done in practice) can be expressed as
(4)  logL(xa,diy, i=1,....n,t=1,...T)=> logp(du|zs).
it

Rust (1987) proposed to solve the dynamic optimization problem by first iterating on the
Bellman equation (2) to get close to the fixed point ) and then using a Newton method
that quickly converges to the fixed point from a close starting point. With ) at hand, one
can compute the CCPs in (3) and evaluate the likelihood function at a given (u;8;G7, j €
D, x € X). Alternatively, Su and Judd (2012) proposed to use constrained optimization to
maximize the likelihood function subject to (2). In either scenario, assuming that €;;’s are

i.i.d. Gumbel (or extreme value type I) delivers analytical expressions for the integrals in (2)

and (3),

eu(z,d)+BGEQ J

d
v Q(.CE) _ lOg eu(x,d)-ﬁ-,BGIQ'
7 wl(zi ) = E

) pldr) =

In the resulting dynamic logit specification, the computational burden of the model solution
and estimation is considerably alleviated. Hence, the dynamic logit is predominantly used
in applications of the estimable dynamic discrete choice models. At the same time, the

econometrics literature suggests that the distributional assumptions could be problematic in
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general, see, for example, Manski (1999). In the following section, we specify a non-parametric
model for the distribution of shocks for the general multinomial choice case that provides

analytical simplifications comparable to those of the dynamic logit.

3. SEMIPARAMETRIC MODEL

Rather than making a particular parametric assumption, we model the distribution of un-
observed states using a flexible mixture specification. In order to reduce the number of
parameters, we use an innocuous normalization € = 0 (the agent’s decisions and value
functions do not change if €, is subtracted from the per-period payoff w(zy,d;,¢;) for all
dy €{0,1,...,J}).

For ;1 € R’ and o > 0, let us define a multivariate Gumbel density by

-

Sy

©)  olzmo)=][

J=1

1) (M) , where ¢(z;) = e zime
o

is the univariate Gumbel density and ~ is the FKuler-Mascheroni constant. Some relevant
properties of the Gumbel distribution are outlined in Appendix D.2.
For ¢ = {up € R?, o), € Ry, wy, € (0,1), k = 1,2,...}, we model the unknown density by a

location-scale mixture of Gumbel densities
(7) €~ Y Wi i, Ok),
k=1

with a variable number of mixture components m for which a prior distribution on the
set of positive integers is specified. Mixture models are extensively used in econometrics and
statistics literature, see monographs by McLachlan and Peel (2000) and Fruhwirth-Schnatter
(2006) for references. It is well known that location-scale mixtures with a variable or infinite
number of components can approximate any continuous or smooth density arbitrarily well.
For example, Bayesian models based on normal mixtures deliver optimal up to a log factor
posterior contraction rates in adaptive estimation of smooth densities (Rousseau (2010) and
Shen et al. (2013)). To develop intuition for this type of results note that the standard

nonparametric density estimator based on kernel ¢ is a special case of (7), or, alternatively



SEMIPARAMETRIC BAYESIAN ESTIMATION OF DYNAMIC DISCRETE CHOICE MODELS 7

and more in line with the actual proofs, the expectation of the standard kernel density
estimator is a continuous mixture that can be discretized into a special case of (7). Thus,
it is reasonable to expect that the specification (7) is very flexible. Indeed, in Section 5, we
show that it can approximate smooth multivariate densities arbitrarily well in an appropriate
distance so that the conditional choice probabilities and the Emaz function implied by the

model with (7) approximate those from the model with an arbitrary smooth density for e;.

The model specification with (7) also possesses attractive analytical properties. If a normal-
ization € = 0 is not imposed and (J + 1)-dimensional version of (7) is used, then @ and
p could be expressed as mixtures of the appropriately recentered and rescaled expressions
from the logit model (5). However, even if the normalization €, = 0 is imposed, which is
preferred as it reduces the dimension of the distribution we model nonparametrically, closed

form expressions for ) and p are still available. They are presented in the following lemma.

LEMMA 1 Suppose € ~ > 7" wip¢d(+; i, ox). Then,

D pey Wr exp [—e ] if d=0
D e Wk €Xp [”(I’d)wcg@r“d’“ — Am} {1—expl[—e =]}, if d=1,...,J;

Ok

®)  pldr) =

9) Qz) = Zwkok [Agz + E1(e=*=)], where E1(z) = /OO e /tdt,

k=1

O Ok

A = log ZJ: ox (u(x, j) + BGIQ + Mjk) wnd . — M:0) + BGHQ
j=1
The derivations of (8) and (9) can be found in Appendix A. The derivatives of (8) and (9)
that are useful for the model solution and estimation are given in Appendix D.4. Similarly
to Rust (1987), we obtain the solution of the Belman equation (9) by a Newton-Kantorovich
method described in Appendix D.1.
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4. INFERENCE
4.1. Motivation and Overview of the Bayesian Approach

In estimation of models based on location-scale mixtures with a variable number of com-
ponents, the econometrician faces several problems. First, the scale parameters need to be
bounded away from zero; otherwise, the likelihood function is unbounded. Second, the like-
lihood function is a rather complex function of parameters with multiple modes. Third, the
number of mixture components needs to be selected in the estimation procedure. Finally,
there is usually considerable uncertainty about the estimated parameter values and it should
be taken into account in model predictions and counterfactual analysis.

The Bayesian approach to inference and the associated simulation methods are well suited
for solving these problems. Prior distributions can provide soft constraints for the scale
parameters and an appropriate penalization for the number of mixture components or model
complexity. MCMC methods can successfully explore very complex posterior or likelihood
surfaces. Posterior predictive distributions for objects of interest automatically incorporate
the uncertainty about parameter values including the number of mixture components.

Our MCMC algorithm for simulating from the model posterior distribution combines Hamil-
tonian Monte Carlo (HMC) for simulating parameters conditional on the number of mixture
components and an approximately optimal reversible jump algorithm from Norets (2021) for
simulating the number of mixture components. HMC is a very popular and efficient way of
constructing proposal distributions for the Metropolis-Hastings algorithm. See, for example,
Neal (2012) for an introduction. It requires only evaluation of the likelihood and the prior
and their derivatives. The proposals are obtained following the Hamiltonian dynamics on the
parameter space that describe the movement of a puck on a frictionless surface with some
initial random momentum. For implementing the HMC step of the algorithm we utilize the
HMC sampler from the Matlab Statistics and Machine Learning toolbox.

The reversible jump algorithm from Norets (2021) also uses the values of the likelihood, the
prior and their derivatives with respect to a part of the parameter vector. As noted in Section
3, for our specification, the derivatives are available in closed form given a solution to the

simplified Bellman equation (9). A detailed description of the MCMC algorithm is given in
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Appendix B.

4.2. Normalizations

In addition to the normalization €y, = 0, the scale of ¢, can be innocuously normalized.
Instead, to simplify the MCMC algorithm we impose a location and scale normalization on
the parameters of the per-period payoffs and keep the location and scale of (7) unrestricted.

Specifically, for a linear in parameters utility specification

u(zy, j,€;0) = 0; + 2j(@0)' 0 151.4, + €155

the intercepts 6;, j = 0,...,J, can be fixed to arbitrary values as long as the locations of
€j, J = 1,...,J, are unrestricted.
In applications, we set 6y =0 and 0;, j =1,...,J to é}-ﬂ , the estimates obtained under the

dynamic logit specification. To normalize the scale of ¢;, we assume that the sign of one of
the coefficients, say 6.1, is known and we keep this coefficient fixed (to the corresponding
dynamic logit estimate, é%l) Thus, the MCMC algorithm produces draws of 0;19.4, and
the mixture parameters (¢1.,,, m) in (7). For comparisons of the estimation results with the
dynamic logit estimates and the identified sets in Norets and Tang (2013), the parameter

draws are renormalized for reporting as follows

m
S(¢1:ma m) : (eillj + Z WE Uk, 9#—}-17 0]—1—2:(19) )
k=1
where the addition of > """ | wgfuk to the intercepts corresponds to the zero mean for shocks

and the scale factor is defined by
S(wlzma m) = log 2/E[€t11(€t1 2 MEtl)]v

where €1 = €1 — >, W1k, Me,, denotes the median of &, and €1 ~ > " | wed(+; pag, o).

There are many possible scale normalizations. The particular scale normalization we use

here reduces to the one introduced by Norets and Tang (2013) for the binary choice case.
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Let us emphasize that the normalizations discussed above are innocuous for estimation and

counterfactual analysis as long as the assumed sign of 6, is correct.

4.3. Priors

Let us introduce the prior distributions for the parameters of the mixture in (7). We use the

following prior distributions on the number of mixture components and the mixing weights,

(10) II(m) e’Amm(logm)T,
(11)  II(wy, ..., wm|m) = Dirichlet(a/m, ...,a/m),

where the hyperparameters a, A, , and 7 are specified in the applications below. For the

ms
theoretical results obtained in the present paper, we only need II(m) > 0,V¥m and full sup-
port on the simplex for II(wy, ..., w,,|m). Nevertheless, the functional forms in (10) and (11)
perform well in applications and deliver optimal posterior contraction rates in nonparamet-
ric multivariate density estimation by mixtures of normal distributions, see, for example,
Shen et al. (2013) and Norets and Pelenis (2021). We allow the scale parameter oy, to have
a multiplicative part ¢ that is common across the mixture components: o, = & - 0. This
multiplicative specification performs well in a variety of applications of location-scale mix-
ture models (see, for example, Geweke (2005)) and is also important for the aforementioned

optimal posterior concentration results for mixtures of normals. In the applications, we use

finite mixtures of normals as flexible priors for log o, log 65, and the location parameters ;.

5. APPROXIMATION RESULTS AND ASYMPTOTICS

In this section, we show that location-scale mixtures of Gumbel densities can arbitrarily
well approximate densities from a large nonparametric class. These approximation results
combined with the Schwartz (1965)’s theorem imply a posterior consistency result for the set
identified model parameters. We also show that a model with a finite mixture of Gumbels

can exactly match the CCPs from a model with an arbitrary distribution of shocks.
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5.1. Approximation Results

Let us first define a distance for distributions of utility shocks: for F; with density f;, 1 = 1, 2,

pFLF) = [+ 2 6DIA(E) = fal0lde

This distance is appropriate for our purposes as the Emaz function and the conditional

choice probabilities are continuous in that distance as shown in the following lemma.

LEMMA 2 Suppose (i) |u(x,j)| < u < oo forallz € X and j =0,1,...,J; (it) under F, the
density for €, — €4 is bounded for all j # d; (i) under F, E(|¢;|) is finite for all j. Then, the

Emaz function and the conditional choice probabilities are locally Lipschitz continuous in F,

sup |Q(z; F) — Q(x; F)| < C - p(F, F),

sup Ip(d|z; F) — p(d|z; F)| < C"- p(F, F),

where constants C' and C' depend on 3, u and the bounds on the densities and moments in

conditions (ii)-(1i1).

The lemma holds irrespective of whether the innocuous normalization €, = 0 is imposed.
Its proof is given in Appendix C.
The following lemma shows that densities satisfying smoothness and finite moment conditions

can be approximated by mixtures of Gumbels in distance p.
LEMMA 3 Let f be a density on R! satisfying a moment existence condition

/Hu\lzf(u)du < 0,

and a smoothness condition

(12)  [f(z+h) = F()] < [|hll2Ly(2)ee,
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for some T > 0 and an envelope function Ls(-) such that
(13) /(1+|zi|)Lf(z)dz<oo,i:1,...,].

Then, for any § > 0, there exist (m,w, u,0) where m € ZF, w; € [0,1] with 377" w; = 1,
p; R j=1,....;m, and o > 0 such that

p <f<->,ij¢< - ;uj,(f)) <s

We conjecture that the smoothness and tail conditions on f in the lemma can be weakened at
the expense of the proof simplicity. The lemma is proved in Appendix C. The proof uses only
smoothness and tail conditions on ¢ that are shown to hold for Gumbel densities in Lemmas
6 and 7 in Appendix C. Thus, Lemma 3 holds for more general location-scale mixtures. These
generalizations do not seem essential and we do not elaborate on them here for brevity.

The final intermediate result that we need for establishing posterior consistency is the conti-
nuity of finite Gumbel mixtures in parameters in distance p, which we present in the following

lemma.

LEMMA 4 Let F' and F? denote two miztures of Gumbel densities on R’ with densities
file) = Do, wig (€ pi, 0%). Then, for a given 6 > 0 and Fi, there exists 6 > 0 such that
for any Fy with parameters satisfying: |o' — 0| < 0, |wh — w?| < 6, and |pp — p3| < 0,

k=1,...,m, we have p(F', F?) < §.

5.2. Posterior Consistency

Let us denote the short panel dataset by D" = {dy,xy,t = 1,...,T,i = 1,...,n}; the
observations are assumed to be independently identically distributed over i, with a small
T and a large n. The utility function is parameterized by a vector § € R%, u(z,d;0). Let
PO,F) = {p(d|z;0,F),z € X,d = 0,...,J} denote the collection of the CCPs for the

distribution of shocks F' and parameters 6.
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THEOREM 1 Suppose (i) The observed state space is finite, X = {1,...,K}; (ii)) G%, d =
0,...,J and the distribution of the initial observed state x;; are known and fized; (iii) Vo € X,
at € {1,...,T}, such that Pr(zy = x) > 0; (i) u(x,d;0) is continuous in 0; (v) (6o, Fp)
are the data generating values of parameters, Fy satisfies the conditions of Lemma 3; (vi)
For any 6 > 0, II(Bs(0y)) > 0, where Bs(6y) is a ball with radius § and center 0y; (vii) For
any § > 0, positive integer m, p, € R?, o, > 0, wy, > 0, k = 1,...,m, Yo wy = 1,

I(Bs(p1, 01y« + s fomy Oy W1, « -, W—1)|m) > 0. Then, for any 6 > 0,
I1(0, F : || P(bo, Fo) — P(6, F)|| > §|D") — 0 almost surely.

The theorem shows that the posterior concentrates on the set of parameters and distributions
of shocks (0, F) such that their implied CCPs P(f, F') are arbitrarily close to the data
generating CCPs P(6y, Fy). To prove this result we use Schwartz (1965) posterior consistency
theorem: if the prior puts positive mass on any Kullback-Leibler neighborhood of the data
generating distribution then the posterior puts probability converging to 1 on any weak
neighborhood of the data generating distribution. Since X is finite, the convergence in weak
topology and Kullback-Leibler divergence for distributions on {dy,zy,t = 1,...,T} are
equivalent to convergence for vectors {p(d|z), z € X, d = 0,...,J} in a euclidean metric
when G and the distribution of the initial z;; are fixed and satisfy our theorem condition
(iii). Thus, to obtain the conclusion of the theorem we only need to establish that the
prior puts positive probability on any euclidean neighborhood of P(6y, Fy). First, note that
when u(z,d;0) is continuous in 6, P(6, F) is also continuous in # in our settings, see, for
example Norets (2010); and, thus, Lipschitz continuity of P(6, F') in F' from Lemma 2 delivers
continuity of P(f, F) in (0, F). The finite mixture approximation result in Lemma 3, the
continuity of P(, F') in (0, F'), the continuity of finite mixtures in parameters in Lemma 4,
and the theorem conditions (vi) and (vii) on the priors, imply a positive prior probability
for any neighborhood of P(6y, Fp), and thus, the theorem conclusion.

The finiteness of the observed state space is important for our posterior consistency argument
even though our approximation and continuity results in lemmas above do not require it.

The finiteness assumption is not limiting in practice as in most applications even continuous
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observed states are discretized. The assumption of known G¢ can be easily relaxed at the
expense of a more involved notation.

Theorem 1 characterizes the support of the posterior in the limit but not its shape, which
can also be of interest. Note that the data depend on (6, F') only through CCPs P(0, F)
and the posterior for CCPs concentrates at P(6y, Fy). Therefore, the posterior for (6, F)
converges to the conditional prior I1(0, F'|P) at P = P(6y, Fy) under continuity conditions
on II(0, F|P), see, for example, Plaghborg-Mgller (2019). As the distribution of shocks is an
infinite dimensional object and the solution to the dynamic program does not have a simple
explicit form, it appears difficult to characterize the conditional prior I1(6, F'|P), which is
implied by the map P(f, F') and the prior on (6, F') . Nevertheless, we can deduce from our
approximation and continuity results that under the conditions of Theorem 1, for 6 > 0 there

exists 0 > 0 such that § € Bs(fy) and F € B;(F,) imply P(8, F) € Bs(P(f, F)) and

11(0 € Bs(o), F € Bs(Fo))
II(P € Bs(P(by, Fv)))

H(e € B;(0y), F € B;(Fy)|P € Bs(P(6y, FO))) =
> 11(6 € B;(6h), F € Bs(Fp)) >0,

which suggests that the conditional prior would not rule out the data generating parameter

values.

5.3. Ezact Matching of CCPs

In this subsection, we show that for a finite observed state space, our model formulation based

on finite mixtures can exactly match the CCPs from a model with an arbitrary distribution

of shocks.

LEMMA 5  Suppose (i) The observed state space is finite, X = {1,..., K}; (ii) (0o, Fy) are
the data generating values of parameters; (iii) Fy has a density that is positive on R?. Then

there exists a finite mizture of Gumbels F' such that P(6y, Fy) = P(6y, F).

The result in Lemma 5 holds not only for mixtures of Gumbels but more generally for

location-scale mixtures of distributions with finite first moments, which is evident from the
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proof presented in Appendix C. Lemma 5 can be used to weaken the smoothness assumptions
on Fj in the posterior consistency results of Theorem 1 (the approximation results in Lemma
3 can be replaced by exact CCPs matching in Lemma 5). Nevertheless, the approximation
results in Lemma 3 have independent value. First, they hold for infinite X . Furthermore, they
imply that the prior on the distribution of shocks is flexible in a sense that it puts positive
probability on any metric p neighborhood in a large nonparametric class of distributions,
which suggests that the conditional prior for the distribution of shocks and parameters given

CCPs, I1(0, F'|P), is also flexible as discussed at the end of Section 5.2.

5.4. Inference for Identified Sets

Norets and Tang (2013) and generalizations of their results to the multinomial case in Norets
(2011) show that the utility parameters 6 and the distribution of shocks F', and, thus, func-
tions of (6, F') such as results of counterfactual experiments, are set identified in the present
settings. Moon and Schorfheide (2012) show that in contrast to the point identified regular
settings, the Bayesian credible sets for set identified parameters do not have frequentist cov-
erage properties and are too small from the classical perspective. Norets and Tang (2013)
point out in their Section 3.2 that Bayesian and classical inference results can be reconciled
if inference is performed on the identified sets. Kline and Tamer (2016) further study this
approach and Kitagawa (2011) obtain related results under multiple priors for set identified
parameters. In this subsection, we describe how credible and confidence sets for identified
sets can be defined and computed from the output of our MCMC algorithm.

Suppose the data generating values of parameters are (0y, Fy) and we are interested in 79 =
g(0o, Fo). The data generating values of CCPs, Py = P(6,, F), can be consistently estimated
from the observed data, and, thus, are considered known in the identification analysis. The

identified set for 7y is defined by
L(Py) ={n=g9(0,F), V(0,F)st. P(0,F) =B}

Following Norets and Tang (2013) and Kline and Tamer (2016), we can define a posterior

distribution on the space of identified sets I,(P) using the marginal posterior distribution
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on the CCPs P. Then, a 1 — a-credible set for I,(P) can be defined from a 1 — a-credible
set for CCPs, B _ by

l—a

(14) B, = |J L)

peBF

When B _ is a 1 — a highest posterior density set and the Bernstein - von Mises theorem
holds for the point identified CCPs P, then B _ asymptotically has a 1 — a frequentist
coverage probability for P(6y, Fy) and, thus, Bllla has at least a 1 — « frequentist coverage
probability for the identified set I, (Fp) and 7.

The sets in (14) might be conservative; nevertheless, they should be reported in applications
as in the limit they do not depend on the shape of the prior and possess both frequentist

and Bayesian properties.
I”’I

l—«

posterior draws {#) O PO = p(e®) FO) | =1,... L} as follows. First, we obtain an

For a scalar ny, an approximation to B can be computed from a sample of MCMC

approximation to B

where P =S PO/L 3 =31 (P — P)(P - P)/L, and x3_,(JK) is the 1 — a quantile
of the y? distribution with JK degrees of freedom. Then, B{Za is approximated by

Bf” :[ min n(ﬁ(l),F(l)), max n(e(l),F(l))
1. PWeBf | 1. PWeBf |

We report these sets along with the standard HPD sets in the application in Section 7.

6. APPLICATION I: RUST’S BINARY CHOICE MODEL

Norets and Tang (2013) propose a method for computing identified sets for parameters in
dynamic binary choice models and apply their method to the Rust (1987)’s model. In this
section, we show that our semiparametric model can also recover the identified set for that

model.
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6.1. Rust (1987)’s Optimal Bus Engine Replacement Problem

In each time period ¢, the agent decides whether to replace the bus engine (d; = 1) or not
(d; = 0) given the current mileage z; of the bus. Replacing an engine costs 6. If d; = 0,
then the agent conducts a regular maintenance which costs —6#;x. The utility function of the
agent is u(z,0) = 0y + 01z and u(x,1) = e. Rust (1987) assumes that € follows the logistic
distribution. The mileage z; € {1,..., K = 90} evolves over time following the transition
probabilities: Pr(xi 1|z, dy = 0;0) = 0y for x4y — 2, = 0; Pr(xq|xe, dy = 0;6) = 63 for
i1 — xp = 1; Pr(zeq|o, dp = 0;0) =1 — 0y — 03 for x40y — 2y = 2; and Pr(zyq|z, dp =

0;0) = 0 otherwise. When the engine is replaced (d; = 1), the mileage restarts at z; = 1.

As in Norets and Tang (2013), we use the following data generating process: logistic distri-
bution for €, 6y = 5.0727,60; = —0.002293, 65 = 0.3919, /5 = 0.5953 and the discount factor
B = 0.999.

At the data generating parameters, we solve the dynamic program to obtain the vector of
CCPs, (p(d|1),...,p(d|K)) for d = 0,1. Rather than using simulated observations in this
exercise, we use the true CCPs as the sample frequencies and report the results for different
sample sizes. Specifically, for a given N € Z*, we set ng,, the number of times d was chosen
at each state x as follows, ng, = p(0lz) x N and ny, = p(ljz) x N for x = 1,..., K. In
this way, we can check if our MCMC algorithm for the semiparametric model specification
can recover the identified set computed by the algorithm from Norets and Tang (2013) for
a given fixed vector of CCPs. Estimation results for simulated data are presented for the

multinational choice application in Section 7.

Since we do not impose a location and scale normalization on the mixture specification for
the distribution of € and Rust’s model has only two utility parameters that are defined by
the location and the scale, the values of (g, 61) corresponding to the location and scale of the
logistic distribution (used in Rust (1987) and Norets and Tang (2013)) can be computed from
the values of (o, wg, g, ok, k = 1,...,m) as described in Appendix E. We use the following

flexible prior distributions that are tuned to spread the prior probability over a large region
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for (6p,01) that includes the identified set.

m(m=k) x e‘Amk(logk)T, A, =0.057=5,

(Wi, ..., wm) ~ Dirichlet(a/m, ...,a/m), a = 10,

e ~ 0.5N(2.5,1%) + 0.5N (=3, 7%),

log oy, ~ 0.4N(0,1%) + 0.6 N(—6,1%), logo ~ N(0,0.01%).

Below, we report the draws of (6y, #1) obtained from the draws of (o, wy, pix, 0%, k =1,...,m)
for the prior and the posterior for N € {3,10} and compare them to the true identified set.
Panel (a) of Figure 1 shows the prior draws of the utility parameters. First note that the
prior draws are not uniformly distributed on the utility parameter space. In practice, it is
difficult to come up with a prior for the distribution parameters that implies a uniform
prior in the # space. Second, many prior draws are outside of the identified set. The other
two panels in Figure 1 show posterior draws of utility parameters with different number
of observations N € {3,10}. The posterior concentrates more on the identified set as N

increases. To assess the convergence of the MCMC algorithm, consider Figure 2 showing the

-0.02 -0.02 -0.02

(a) prior (b) N=3 (¢) N=10

Figure 1: Utility parameter draws. Prior (left). Posterior draws for N = 3 (center) and N = 10
(right). 500,000 MCMC iterations. The first 100,000 draws discarded as burn-in. Every 10th draw
is shown. The true identified set is shown by solid black lines. The red dot corresponds to the
point-identified utility parameter values under the logistic distribution for e.

draws of utility parameters for 500,000 MCMC iterations. As can be seen from the figure,
the chain sweeps through the identified set repeatedly during the MCMC run. Thus, we
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conclude that our approach can be used to recover the identified sets of utility parameters.
Figure 6 in Appendix E shows additional evidence of MCMC convergence including trace

plots of m, Y, _, wiitk, and other parameters.

% 10° % 10%
73] 5 73] 5
- -
S S
s s
i) i)

0 0

0 0

(b) N =10

Figure 2: Utility parameter draws. The z-axis represents the MCMC iterations. The true identified
set is shown in black.

7. APPLICATION II: GILLESKIE’S MULTINOMIAL MODEL OF MEDICAL CARE USE AND WORK
ABSENCE

In this section, we illustrate our methodology using a multinomial choice model of medical
care use and work absence from Gilleskie (1998). An extension of Norets and Tang (2013)
to the multinomial case seems computationally infeasible and, hence, in this application we

provide comparisons of our method only with a dynamic logit specification.

7.1. The model

In the model, individuals occupy one of K + 1 distinct health states; well, & = 0, or sick
with an illness type k € {1,..., K}. An individual receives the utility associated with being
well until contracting an illness of a specific type. We make the simplifying assumption that
there is only one illness type, (K = 1), although Gilleskie (1998) works with two illness
types, K = 2. An illness episode lasts for T" periods and enumerated by t =1,..., 7.t =0

corresponds to the state of being well, £ = 0.
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7.1.1. Alternatives

An individual who became sick makes decisions about doctor visits and and work absences.
In each period t of an illness, alternatives available to an employed individual who is sick
are: d; = 0 - work and don’t visit a doctor, d; = 1 - work and visit a doctor, d; = 2 - don’t
work and don’t visit a doctor, and d; = 3 - don’t work and visit a doctor. The utility of
the agent depends on the elapsed length of the current illness ¢, the accumulated number
of physician visits v;, and the accumulated number of work absences a;. The state variables
observed by the econometrician and the agent at t are x; = (¢, vy, a;). Note that k = 1 if and

only if t > 0, so k does not appear in the definition of x;.

7.1.2. State variable transitions

The state variables evolve in the following way. An individual always starts with the state
of being well, o = (0,0,0). The individual contracts an illness and moves to the state
x = (1,0,0) with probability 7°(H), where H is a vector of exogenous indicators for health
status and being between 45-64 years of age.

The accumulated number of physician visits v; and the accumulated number of illness-related
absence from work a; both take values in {0,1,..., T — 1}. They start from v; = a; = 0 and
evolve in the following way: v;.1 = v + 1(dy = 1 or 3) and ayy1 = a; + 1(dy = 2 or 3).

In each illness period ¢t € {1,...,T}, the individual recovers and returns to the state of being
well with probability 7" (z;,d;). Gilleskie parametrizes and estimates 7" (x4, d;) and 7°(H)

prior to estimating the preference parameters. We use those estimate in our application.

7.1.3. Utility

The per-period consumption is defined as C(z;,d;) = Y — [PCl(dt = lor3)+ Y(l —
LO(xy, dt))l(dt =2or 3)] 1(t > 0), where Y is the per-period labor income, PC'is the cost
of a medical visit, and ®(z;,d;) = exp(¢1 + ¢oa' (w4, dy))/[1 + exp(P1 + ¢oa/ (24, dy))] is the
portion of income that sick leave coverage replaces, where a'(xy, d;) is the value of a;;; given

(x¢,dy). L € (0,1) is the sick leave coverage rate.
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The per-period utilities can be expressed in the following form.

U,(dt = 1,1),5, ) 01"’04 (t 0) + 06 (l’t, 1)1(t > 0) ‘I— €1,
u(dy = 2,24, €) = O+041(t = 0) + 06C (24, 2)1(t > 0) + €42,
'U/(dt = 3,l't, €t) = ‘93+941(t = 0) + 66 (ZCt, 3)1(t > 0) + €43,
U(dt = O,I't, Et) = 951(t = 0) + 96 (l‘t, 0)1(t > 0) + €40,
where 6, = —o0 so that when t = 0 the decision d; = 0 is always chosen. Since we do not

restrict the location and scale of €, the values 6,, p = 1,2,3 can be set to arbitrary values
and 65 can be set to an arbitrary positive value in our semiparametric estimation procedure.

See Appendix F.2 for more detail on per-period utilities.

7.2. Estimation

For data generation we use parameter values based on estimates in Gilleskie (1998) for Type 2
illness with some adjustments so that the expected number of doctor visits and work absences
roughly match with Gilleskie’s sample. We let the data generating distribution of the utility
shocks to be a two-component mixture of extreme value distributions: Zi:l wi® (€ g, O ).
See Appendix F.3 for the data-generating parameter values. The panel data {z;,d;, i =

1,...,n,t=1,...,T} is sequentially simulated for n = 100 individuals and T" = 8 periods.

The priors are specified as follows, a = 10, A,, = 0.05, and 7 = 5, ;. ~ N(0,2?), log oy, ~
N(0,1), logo ~ N(0,0.01%), and 65 ~ N(0,4%). This gives normal prior on u;’s and g
with large variances. The log-normal prior on the component specific scale parameters also
implies sufficiently large prior probabilities for large values of o}’s. Prior sensitivity checks
presented in Appendix F.5 show that the obtained estimation results are not substantively
affected by moderate changes in the prior. Appendix F.6 shows results when extreme value

distribution of shocks is used for the data generation.
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7.2.1. Estimation Results and Counterfactuals

We use 20,000 MCMC iterations to explore the posterior distribution. Figure 3 shows a trace
plot and a p.m.f. of the number of mixture components m. The posterior has its peak at

m = 2 and the posterior probability of m = 1 is small.

7 \ = prior * posterior
6 o o e o oo 0 o 04 .
5 ® 0D o B e © Geme @ ame oo o 03 D D
e = = O
3 Eo2
; Cos :
1ie ee o e ® ewm )
0 e
0 1 2 1 2 3 4 5 6 7
iterations %10% m
(a) Trace plot of m (b) p.m.f. of m

Figure 3: Trace plot and p.m.f. of m

Figure 4 shows the posterior densities of the utility function parameters in the location
and scale normalization corresponding to the original model in Gilleskie (1998) described
in Section 4.2. The corresponding trace plots presented in Figure in Appendix F.4 provide
evidence that the MCMC algorithm converged.

The standard parametric approach that Gilleskie takes is to assume that the shocks are
extreme value i.i.d. and to estimate the model by the maximum likelihood method. In Figure
5 and Table I, we compare estimation results from our semiparametric method to those from
the MLE. For the comparison, we use the expected number of doctor visits E(v) implied by
the model. It is a function of the model parameters and is of interest in the application. One
of the main advantages of structural estimation is that it provides an attractive framework for
counterfactual experiments. We consider a counterfactual experiment presented in Section
6.2 of Gilleskie’s paper (Experiment 1). In this experiment, we are interested in the behavior
of individuals when the coinsurance rate paid out of pocket is set to zero. Thus, we examine

the counterfactual model solution when PC' = 0 and the transition probabilities and (6, F')
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Figure 4: Posterior densities of utility parameters (solid) and the data generating values (dashed).

are unchanged. The last row of Table I and panel (b) in Figure 5 display the estimation
results for F(v) in the counterfactual environment.

In addition to the posteriors, the true values, the HPD credible intervals, and the MLE
confidence intervals computed by the Delta method, Figure 5 and Table I present credible
intervals for the identified sets of E(v), Bégg), that are introduced in Section 5.4. While the
point estimates of the increase in F(v) are similar for both approaches, the 95% Bayesian
credible interval for the identified set of the counterfactual E(v) in the semiparametric model
is up to 10 times wider than the 95% confidence interval for the MLE in the parametric
settings. Importantly, the confidence interval by far misses the true counterfactual value of
E(v), while the credible interval for the identified set includes the true value and the HPD

credible interval gets very close to it.
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Figure 5: Actual and counterfactual (c.f.) expected number of doctor visits. Posterior density (blue

solid), 95% confidence interval (red dashed), 95% HPD interval (blue dotted), Bég(;) (light blue
dash-dotted), and data generating value (black solid).

MLE under logit Semiparametric Bayes

True Est. 95%CI (length)  Est. 95%HPD (length) Eég(;) (length)

E(v) 149 142 [1.26, 1.58] (0.32) 1.44 [1.23, 1.65] (0.41) [1.06, 1.84] (0.78)
c.fE() 231 171 [1.53,1.89] (0.36) 1.75 [1.30,2.22] (0.91) [1.12, 5.04] (3.91)

Table I: Estimated (Est.) E(v) and c.f.E(v): the MLE with its 95% confidence interval and
the posterior mean with the 95% HPD interval and Bégg).

These results illustrate the following general observations. First, the dynamic logit MLE can
deliver misleading point and set estimates, especially for counterfactuals, when the shocks are
not extreme value distributed. Second, as is well know from Moon and Schorfheide (2012),
the HPD credible intervals for set identified parameters might be too short at least from the
classical perspective. Third, the credible intervals for the identified sets introduced in Section
5.4 are more conservative than the standard HPD intervals and might be preferred under set

identification. Finally, and most importantly, the whole posterior distribution (and not just
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point and set estimators) should be reported and taken into account in making decisions or

policy recommendations.

8. CONCLUSION

In this paper, we propose and implement a semiparametric Bayesian estimation method for
dynamic discrete choice models that uses flexible mixture specifications for modeling the
distribution of unobserved state variables. We establish approximation and posterior consis-
tency results that provide frequentist asymptotic guarantees for the method. Our approach
is shown to perform well in practice for binary and mutlinomial choice models. The proposed
framework is a robust and computationally tractable semiparametric alternative to the stan-

dard dynamic logit model; it provides more reliable inference, especially for counterfactuals.
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APPENDIX A: CLOSED FORM EXPRESSIONS FOR CCPS AND EMAX

PROOF OF LEMMA 1: Note that for E1(z) = [~ e '/tdt, —E1(z) = Ei(—z) for positive

z > 0, where Ei(z) = — f et /tdt denotes the exponential integral function.

The mixture distribution in (7) can be represented as €|Z = k ~ ¢(€; uy, ox), where the

random variable Z indicates a mixture component, Pr(Z = k) = wy. Then,

0717 7 Ly

= ;wkp(dw =k) and F [ max v +6J} ZwkE [ _max +¢€|Z = /{;} :

where the dependence on the observed state x is suppressed to simplify the notation.

For each k =1,...,m, Pr(d = 0|Z = k) equals to
/ (o “jk)
Pr(e; <wvo—ovVj=1,..,J|Z=k)= Hexp [—e %k - e”]

vy "rujk A
=exp |—e Te e 7k :exp[ e Ve wre k] = exp[—
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For d # 0, for each k = 1, ...,m, note that P(d|Z = k) = [ p(d|Z = k,e4) f(ea|Z = k)deq and
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Hence, p(d|Z = k) equals to
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We see that the probabilities sum to 1,

J 7 e(vd:‘;:dk)
N P(d|Z = k) =exp[—e ] + e [1 — exp[—e™*]] = 1.
d=0 d:1 ] 1esy 7k

This proves (8). To prove (9), we have for each k = 1,...,m,

E| max vj+¢€j|Z= k’}
17=0,1,....J
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E[ _max vj+ej| maxjv]+ej>vo,k‘]

9eeey

[ max v + €| Dnax v +€; > v, k

20y

} :/ yfrnaxj 1.“,ij+ej(y‘Z = k) dy
vo

Prmax;—y__jvj+ € > v

00 00 _ 0= Agok i 0
Note that fvo Yfmaxyor. yv4e, YIZ = Ek)dy = fvo yée( ok )e Y [—e( ok )e 7] dy.
LetZ:'y—l—aik—Ak. Then dz = édy. Note that y = vy — Z=7+2—2—Ak = a; and
y = 0o — z = oo. Note that y = ox(z — v+ Ax). We have

00 00 1
/ yfmaxj 1,0 Vj+€j (y’Z = k’)dy = / 0'k<2 — v+ Ak)—e_z exp [—e_zj| (a’de)

vo ag Uk
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= Uk/ ze % exp [—6_2} dz + op (A — 7)/ e “exp [—e_z] dz

=0y [y — arexp (—e~ ™) + El(e~™)] + o(Ap —7) [1 —exp (—e~™)] .
Finally, E [maszo»l ~~~~~ J U+ EJ‘Z = k] = Vo €Xp <_€_ak) + fyzo yfmaszl,...,J vjte€; (yIZ = k>dy

= v exp (—e’“’“) +
o [y —apexp (—e~ ™) + El(e=™) 4+ A, — v — Apexp (—e~ ™) + vexp (—e )]

= o% {exp (—e ™) (? +v— A, — &k) + El(e %) + Ag
k

= o0}, [Ak + El(e*“’“)} )
This proves (9). Q.E.D.

APPENDIX B: MCMC ALGORITHM

For the application of a reversible jump algorithm, we need to transform the mixing weights
into unnormalized weights 4, k = 1,.. ., so that conditional on m, wy, = ¢/ >~ v and the
Dirichlet prior on (wy, .. .,w,,) corresponds to a gamma prior for the unnormalized weights:
Ye|lm ~ Gamma(a/m, 1), k = 1,...,m. Let ¥, = (g, 0k, ) and 1, = (0, 0,01, ..., ),
where 6 includes model parameters such as coefficients in the utility functions. With this no-
tation, the likelihood function is denoted by p(D,|m, ¥1,,). Our MCMC algorithm alternates
the following two blocks: (i) HMC for II(¢1,,|m, D,,) and (ii) an optimal reversible jump for

m. The following subsections provide details for each block.

B.1. Optimal Reversible Jump from Norets (2021)

The following short description of the reversible jump algorithm is adapted from Norets and
Pelenis (2021), see Norets (2021) for more details. Denote a proposal distribution for the
parameter of a new mixture component m+1 by 11 (¥ms1| D, ¥1m). The algorithm works
as follows. Simulate proposal m* from Pr(m* = m + 1jm) = Pr(m* = m — 1jm) = 1/2.

If m* = m + 1, then also simulate ¥,,11 ~ Tt (Vmi1|Dn, Y1m). Accept the proposal with
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probability min{1, a(m*, m)}, where

* o p(Dnlm*vwlm*)H(wlm* m*)H(m*)
) = D, G (@ )T

(Mw=m1) )
(15) <ﬁm<wm+l|¢1m,y) + 1{m =m 1}7Tm71(¢m’w1mflaDn) .

Norets (2021) shows that an optimal choice of proposal 7, is the conditional posterior
P(Vms1|Dnym + 1,91,,). The conditional posterior can be evaluated up to a normalization
constant; however, it seems hard to directly simulate from it and compute the required
normalization constant. Hence, we use a Gaussian approximation to p(t,+1|Dp,m+ 1, ¥1,,)
as the proposal (with the mean equal to the conditional posterior mode, obtained by a
Newton method, and the variance equal to the inverse of the negative of the Hessian evaluated

at the mode).

B.2. HMC and Transformation of Parameters

We utilize a built-in HMC package in Matlab. The package requires the parameters to be
unbounded. Recall that the vector of parameters is ¢, = (9, Oy Wiy Pk - fhJk, Ok, k=1, ),
where the weights and the scales are not unbounded. For a given fixed m, we denote the

transformed parameters by x = (0, log o, ag, jug, log oy, k = 1,...,m), where

ek

- k=1,.m-1, and a,, =0
L4+ >0 e

Wk

so that all the components of y are unbounded.

We only need to supply the Matlab HMC algorithm with a function that evaluates the log
of the likelihood times prior and its gradient. The package can choose HMC’s parameters,
such as a step size, automatically, and we perform this automatic initialization once for each
value of m that we encounter in the MCMC run. The form of the prior for the transformed
mixing weights and the derivatives of the likelihood used in the algorithm are reported in

Appendix D.
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APPENDIX C: PROOFS AND INTERMEDIATE RESULTS

PROOF OF LEMMA 2: We first show Lipschitz continuity of the Emax function. Suppose

there are two distributions F} and Fb. Define the corresponding Emax functions Q;(z) =

Q(x; Fy).

Qulo) ~ Quli) =( Q) = [ e [t + 5GHQ) + o] (o)
( / maX{ +5Gd(Q1)+ed]dF2() Ql(a:)>.

The term in the first parentheses of the right hand side is bounded by

/max [ u(z, d) + BGHQ:) + €q) — (u(z,d) + BGLQ) + €q) } dF5(e)
- x| G2(Q2) - 6210
< fmax 3 [0a(a') — Qu()|G)

r'eX

< Bl|Q2 — @1l

where ||Q2 — Q1| = sup,cx |@1(z) — Q1(z)|. The term in the second parentheses is
[ ma [uta,d) + 5GHQ) + ed] [120) = (e

</

C/

for ¢ = max{1,a+ B(a+ >, [ lea|dFi(€))/(1 — B)}. Thus,

@+ fsupQu(e) + > \6d|] |f2(€) = fa(€)] d(e)

L+ |€d|] |f2(€) = fr(€)]d(e) = cp(Fr, F2)

Q2(x) — Qi(x) < Bl|Q2 — Qul| + cp(Fh, Fa),
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for each x € X. Finally, we have

1Q2 = Qill < {50 (R, o) = ColFy, Fy).

This proves the local Lipschitz continuity of the Emax function.

Given some d* € {0,1, ..., J} and z, define the set
Si = {e tu(z, d) + BGY(Q1) + e > ulz, d) + BGLQ1) + €a, Vd},
on which d* is optimal under F}. Similarly, define S,. With this notation,
pd'loi F) = [ 1S)dF(©)
for i = 1,2, where 1(+) is an indicator function. Now,
o F) — p(d' ks F) = [[1(81) = USIIAF + [ 1(Sa)d(Fy - Fa)
The second integral is bounded by p(Fi, Fy). Note that 1(S7) — 1(S53) is bounded above by

Zl({ d* is optimal under Fj but d is optimal under Fy})
d

+1({ d is optimal under F; but d* is optimal under Fy}).
If d* is optimal under I} and d is optimal under F5, then
w(z, d)—u(z, d*)+BGLQL) —BCL (Q1) < €x—ea < ulw,d)—u(z,d")+BGLQ2)— BGL (Q).

Denote this interval by A;. Similarly, if d is optimal under F; and d* is optimal under F,
then

u(z, d°) —u(z,d)+BG (Qr)~BGL(Q1) < v e < u(z, d")—u(z, d)+HG* (Q2) —BGL(Q2).
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Denote this interval by As. Note that the length of the intervals A; and A, is bounded by
23||Q2 — Q1]]- Also, by condition (ii) of the lemma, the density of the difference €4 — €4
implied by F} is bounded by some positive constant f > 0. Thus,

/[1(51) — 1(52)]dF1 < Z / 1(6d* — €4 € Al)dF1(€> —+ Z / 1<5d* —€q € Ag)dFl(E)

<A(J +1)8]|Q2 — Qu|f < 4(J + 1)BCp(Fy, F),

where the last inequality follows by the proven Lipschitz continuity of the Emax function.

In summary, we have, for each d* =0, 1, ..., J,
p(d*|2; F1) — p(d” |2 F2)| < 4(J + 1)BCp(F1, Fa) + p(F1, Fr) = C'p(F7, Fh),

for all z € X. Q.E.D.
Proor OF LEMMA 3:
/ <f<->, gwj(b(-;qj,a)) -/ (1 +ZH> ‘f(Z) - gwjd)(Z;qj,a) dz
< j;/u el £(2) -
16 < Z Jas e -

(17) +/<1+yzi\)

With the change of variable of p; to 6; = *~# i =1,..., I, (16) is bounded by

] fusrae

gzl//(1+\zi|)Lf(z)e”|9|20H0||2<b(6)d9dz

dz

Z wj¢ (25 ¢5,0) £ / ¢ (21, 0) f(p)dp

/¢(2;u,0

/aﬁ(zm,a)f(u)du - ij¢(2; qj,0) |dz

dp|dz

f(z—o00) ‘¢ )dOdz
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—o| [ lle10(0)a8 3 JERIZE

=1

where the inequality follows from the smoothness assumption (12). Lemma 6 shows that the
term in the first square brackets is bounded for sufficiently small . The last term is finite by
assumption (13). Hence, we can choose ¢ small enough to make the term above arbitrarily

small.

To bound (17), let A;,7 =0,1,...,m, be a partition of R consisting of adjacent hypercubes
Ay, ..., A, with sides hitl so that they are collectively centered at zero and the rest of the
space is Ag. As m increases, the fine part of the partition becomes finer, h,, — 0 and
m — o0o. Also, it covers larger and larger parts of R’; that is, m - h,, — 00 as m — oo.

Define w; = [, f Y p)dp. This implies,

[ oten0) fidn = Yoo i)
=3 [ o fo =3 [ oo S

—Z/{ 2, 0 ¢(Z§(Jja0)}+ ¢ (231, 0) f(p)dp.

Ao

The expression in (17) can be bounded as follows,

dz

ZI:/(1+IZiI)‘/QS(Z;M,U)f(M)du—éwjaﬁ(Z;qj,a)
<ZZ// (L + [2i]) ‘¢(2;u,0)—¢(2;qj,0)

=1 j=1

+Z//A (1+ |z:)¢ (2 1, 0) f(p)dpdz.

(1) dpdz

Consider the change of variable of 2z to y = =£ and define §; = @, 7 =1,...,m so that
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=y — 0; and the above equals to

I

ZZ// (14 |+ oui]) ‘cﬁ Sy —0;)

i=1 j=1

() dpudy+ / / (Ut i+ o) 6(w) f () dpdy.

As p,q; € A;j, we have ||6;]| < |||, < Ih’" = §, which will be made small. By Lemma

7, ¢(-) is Lipschitz continuous and |¢(y) — qS(y — ;)] < Ly()]|6;l|0e, which implies that

|6(y) — &y — 8;)] < Ly(y)o.
The first term above is bounded by & times

(chj/ 1_‘_‘:“7, d,u_l_CQ] )7

where ¢1; = [ Ly(y)dy and cy; is such that [ |y;|Ly(y)dy < co; for i = 1,...,1. The bound
approaches to zero as m — 0o. Since ¢(-) has bounded first moment, the second integral is

bounded by

> / L+ sl + 00) f (),

for some constant ¢ > 0. As mh,, — oo, this term goes to zero.

Q.E.D.

Proor orF LEMMA 4: We have
p (F', F?) —/1+Z|e]\
=/<1+;\ej|>

(1) siw;/mzmw(

(19) —wk|/ 1+ 3 600 (e o)

f(e)|de

Z wid (€ s 03) — wid (€ pri, o) £ wid (€ 41y, o) |dle
=1

€ /'Lllm O-Ii) - Qb (67 /‘L’%ﬂ O-I%) de
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Expression 19 is bounded by a positive constant times Y ;" | |w}i — wi|.

To bound 18 note that

[ Siab|o enot) - o (o) |a
J
= /(HZ\qI) ¢ (& . op) — & (€5 1z, 1) £ 6 (€3 17, 01 |de
J
< [ Sla|o tent.ob) -6 (e o) |d
J
# [ Tleb|o toad) — o o) |t
J

With the change of variable z = E;‘f £ and by Lemma 7, the first part can be bounded as
k

follows

dz

2 1
g —
/ (1 + Z |02 + M]lk’> '<Z5(Z; 0y41,1) — ¢ (Z - %;OJH, 1)

Oo/ (1 £y ) Ly(2)dz,

where the integral is bounded. By Lemma 8, the second part can be bounded as follows

JEED SN 1+ 3 ke

:uk Mk:
Coh

1 1
02+ Mg

1

Uk

de <

E;OJ+1,0-11) - (6; 0J+1’0-13)

where the integral is bounded. To summarize, we have

F1 F2 Zwk [cl

Hk Nk

+C2

} +C3Z|wk wil,

for some positive finite constants ¢;’s, which implies the claimed result. Q.E.D.

PrROOF OF LEMMA 5: Let us denote the set of shock values at which alternative j is opti-
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mal at the observed state k by
Eip={(e1,...,€e5) + u(k,j; 00)+BGiQ—I—€j > u(k,d; 0p) + BGLQ +e4,¥d = 0,1,...,J},

where the normalization ¢y = 0 is used. Sets {E;,j = 0,1,...,J} define a partition of R’
(up to the overlapping boundaries) for each k € {1,..., K'}. Consider a refinement of these
K partitions,

K
{A: A=) Ejur dr €{0,..., T}, MA) >0} = {4y, ... AL},
k=1
where ) is the Lebesgue measure. Let us define

qr = / dFO(Elj) < (O, 1),
Ay

r = / Eldeg(Elj) c RJ,
A

where €7 = (€1,...,€;5). It follows from a characterization of the identified sets under
unknown distribution of shocks in Norets (2011) that any distribution that implies the same
{q,r, 1 =1,..., L} delivers the same CCPs. The key to this result is that the shocks enter
the utility additively and the integrals over the shocks in the Bellman equations can be
replaced with expressions depending on the distribution of shocks only through {q;, 1 =
1,...,L}. In what follows, we construct a finite mixture distribution that delivers the same

{q,r,1=1,..., L} as Fy. Specifically, consider a mixture with L - (J 4+ 1) components

L J

Z Zwlj¢<'; 115, 0),

I=1 j=0
where we fix the locations as follows. Since Fj is assumed to have a positive density, by
Lemma 2 in Norets (2011), r;/q; € int(A;) for all [. This is an implication of the supporting

hyperplane theorem and the closedness and convexity of Ej;’s and thus A, { = 1,...,L
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(r1/q is the expectation of €;; conditional on €;; € A;). Therefore, 3A > 0 such that

l’[’l] = ’]"l/ql —I— ej . A < Znt(A[), j = 17 teey ‘]7
o = rl/ql — (1, e 1)’ A€ mt(Al), = 1,...,L,

where e; is a column vector of length J with 1 in the jth coordinate and 0’s in the others.
The mixing weights w;; are chosen as a solution to the following linear system of equations

that matches {q;,m,l =1,..., L},

(20) Zzwlj/ 61]¢ ElJ,Ml], )dElJ, l e {1,,L}

=1 Jj=0

Let us show that for sufficiently small o, this linear system has a unique solution that belongs

to the (L(J + 1) — 1)-simplex. First, note that since p;; € int(A;),

lim [ @(ers; pg 0)dery, = Wl = [} and liir(l)/ errd(ers; pyj, o)dery = p1{l = I}.
o A

o—0 A,

Thus, the limiting system corresponding to o = 0 in (20) is

J J
(21) a = Zwlja = szj,ulj, le{l,.. L}
=0 =0

Plugging the definition of y; into (21), we obtain wy; = wy, j = 1,...,J and, thus, the

limiting system (21) has the unique solution
wi=aqf/(J+1),l=1,...,L, j=0,...,J

It follows that the matrix of the linear coefficients in the limiting system is invertible. Since
matrix inversion is continuous and wj; > 0, the system (20) has a unique strictly positive

solution {w}", I =1,...,L, j = 0,...,J} for all sufficiently small o. Since Zle q =1,
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> wi =1 as well.

Q.E.D.

LEMMA 6 The term

/ ||2] |27 T2 (25 04, 1)d2

1s bounded for any T > 0 and sufficiently small o > 0 where Oy is a column vector of zeros

with length d.

Proor: By Cauchy-Schwartz inequality, the term is bounded by

1/2 1/2
(/||Z||§¢(Z; Odal)dz> (/6270'||22¢(2;0d,1)d2) .

The first term in the product is bounded. As 2-norms are bounded by 1-norms, the term in

the second parentheses is bounded by

d oo
/€2ra~zlll¢(z; 04, 1)dz = H/ el g(2;)dz;
i=1" 7%

d 00 d 00
< H / 62To\zi|efzi dZi — 2d H / eQTUZi*Zith
i=1Y =X i=1 70

which is bounded for small enough o.

Q.E.D.

LEMMA 7  The density ¢( - ; u,0) is locally Lipschitz continuous in the location parameter

with envelope Ly in a sense that, for an arbitrary 8, if § € R? is bounded by &, then

|¢)(Z, Oa, 1) - ¢<Z - 5; 0d; 1)| < E¢(z)||5”oo;
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where Oq4 is a column vector of zeros with length d, ||0||sc = max;—1 40|, and

d d

Ly(2) = Ly(21) qu(%) + Lg(22) (21 — 61) Hﬁb(zz) + -+ Ly(2a) H¢(zz —0;),

=2 =3

_ _o—Ko(z+7) .
KiemGte=e 20 0 if 2 > —y

_ _e—Ky(z+7) .
Kae 26+ e=e M1 ot erwise,

Ly(2) =

for some positive K;’s that could depend on §.

ProOOF: First, we establish local Lipschitz continuity for the univariate case. We have for

z,0 R

[6(2) — ¢z = 8)| = ¢/(= = 8)| - |4,

for some & between 0 and |§| where ¢/(z) = ¢(z)(e > — 1). Note that if z > —v, then

z

| (2)] < c10(2) and if 2 < —, then |¢(2)] < coe™27277%¢ "7 for some constants ¢y, ¢a, c3 >

0. From this, it follows that for & which is bounded, |¢'(z — d)| < Ly(2) where

Lo(2) Kie Gtme—e 2600 0 5y
o\Z) = 3
Kye 26t e=e M1 therwise,

for some positive K;’s that could depend on 6. Now, to show the result for the multivariate

d d d
¢(2;04,1) — (2 — 0504, 1) = H¢(Zz') - H ¢(zi — 6;) £ ¢(21 — 01) HCb(Zz‘)
+ @21 — 0122 — 62) [ [ 6(20) -+ £ P21 — 61) (22 — 62) - - $(20 — 6a)

=3
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d d

= [p(21) — (21 — )] H ¢(2i) + ¢(21 — 01)[P(22) — P(22 — d2)] H ¢(2i)

44 H Oz — 6;)[0(zq) — d(zq — a)].

=1

By the proven locally Lipschitz continuity for the univariate case, this is bounded by

L (71)]61] ch(zi) + Ly (22) 0] (21 — 01) qu»(zi) oo+ Ly(24)]04] Hqs(zi —5)
= d = d Zl:—ll
< [6]]oo [L¢>(zl> H &(2i) + Lg(22)p(21 — 61) H d(zi) + -+ Ly(zq) H (2 — 51)] .

Q.E.D.

LEMMA 8 The density ¢(z;p,0) is locally Lipschitz continuous in the inverse of the scale

parameter with envelope My in a sense that given two scale parameters o', 0% > 0,

'gb (z; Od,al) — ¢ (z; Od,O'Z) ’ < % — % My(z), where
d d -1
My(z) = My(z) H ¢ (2:50,0")+My(22)¢ (21;0,0?) H ¢ (250,014 +My(z4) H ¢ (2:50,07)
=2 =3 i=1

and My(z) = 5Ly (%) |z + ¢ (%), i=1,...,d for Ly(-) defined in Lemma 7.

ProoOF: We first show the result for the univariate case. Let o!,0% > 0 and 2z € R.

7 () = 20 (72) 2 00 (3) |

<[ () -0 (5) |+ [ (3) - 0 (3)
k()0 G- G2 @ -2
%L«ﬁ(ﬁ)\%—%lzlw(%) | = My~
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for Ly(-) defined in Lemma 7. In the multivariate case,

d d
¢ (204,0") — ¢ (204,0%) = [[ ¢ (2::0,0") = [[ ¢ (2::0,0%)
=1 1=1
d d
+6(21;0,0%) [[ ¢ (2::0,0") £ ¢ (2150,0%) ¢ (22:0,0%) [[ ¢ (2:;0,0")
i=2 1=3
d
:l:---:l:qu(zi;O,a2)
=1

:[gb(zl;o,al)— 21,00 }Hqﬁ ZZ,OO'

+¢(21;0,02) [¢(22;0,01) — zg,() o? 1H¢ 20,0
d—1
+"'+H¢(zi;0’02) [qb(zd;o,al)—gb(zd;(),a?)}.

With the result for the univariate case, the last expression is bounded by

d d

1 1
3 {M¢(z1) il_!gb (2;0,0") + My(22)¢ (21;0,07) Zl_! ¢ (2;0,0")
d—1
+oe b My(za) [ [ @ (2650, 07) }
i=1

Q.E.D.
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APPENDIX D: SUPPLEMENT. AUXILIARY RESULTS AND DETAILS
D.1. Newton-Kantorovich algorithm for DP solution

For a given value of the model parameter v, the Emax function @, is the fixed point of the

operator Ty (-) defined by

CTERS SRTA PRSI

k=1

(u(as,j, ) + BN GLQM) + ik ) .,

Ok

E1<exp {_ u(0,4,59) + B0, GL,Q(y)

Ok

(@, 3 ) + BY ey GhyQUy) + H ) }

J
— log Z exp { o
j=1

To find the fixed point of T}, following Rust (1987), we use the Newton-Kantorovich algo-
rithm, which is essentially a Newton method for solving the nonlinear system of equations,

because it is more efficient than the iterations on Ty.

LEMMA 9 The Newton-Kantorovich algorithm has the update rule

I ] R -1 (@),

where

Yo GhPe=1) ... i,GicPdlr=1)

T,(Q) =8 :
Z&T:o Gilﬂp(d’f =K) ... Zj:o G?{KPMLT = K)
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PROOF OF LEMMA 9: Note that

aom v(@1) - s Te(@)1)
T,(Q) = : :
aom Lo (@Q(K) . s Tu(Q)(K)

Recall that Ty, (Q)(x) = > -, wkoy [Ake + E1(e™%=)]. Denoting f(ax,) = E1(e =), we have

0 m 9 9
—aQ(l)sz(Q)(l') = ;Wkak {MAM + mf(am) ,forz=1,... K.

Recall that

Y

- {v(m,j) + ujk] _ 1ogjexp [u«v,j) + B30, GLQWY) +

j=1 Tk j=1 Tk
K
U .
Uy = — +7— A= — |u(x,0)+ 8 _GLQW | +7— Ak
O =1

Hence, for example,

0 Ak 1 z": o o
8@(1) Zj:l exp |:U(17];T):Mjk} — o |:v(1 ti):-ﬂdk} 8@(1)
_ ! S exp | ) Fra] 5
Z;’J—l exp [U( ’j)w]’“} - P O op
= or
J v(1 d)-HMk]
g ]
O —
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Also,

Of (ag1) _ Og(e=™1) Qe %! J(—ag;) Oag
0Q(1) de=%1  J(—ag;) Odagp; 0Q(1)

=g (e )e ™ (=1)

where we let g(y) = E1(y). We know that ¢'(y) = —%. Note that 2% — oﬁGh — 24u

aQ(1) K Q1)
Hence
af<ak1) _ _ dayy — {ﬁ 1 aAm}
= —exp |—e W eMleT W (1 =exp |—e | | —Gj — ——
ooy — Pl Vagm ~ ol 5%~ a0
Now,
0 “ 0Am - [5 1 aAle
—T, 1) = WEO +exp |—e | | —Gyy —
i [t (1 - n ] ) e ] ]
— 1— __p QK1 + __p QK1 _G .
> {GQ(l) oxp [ ] ) +exp [ ] L,
Note that
- 0A ( )
WkO 1 —ex e
; k kaQ(l) P[ }
m J
1,d) + u
S unly Xp{< ) Mdk—Akl]Gn<1 exp| m})
k=1
574;1
a0 (1)
J m
:BZG%Zwkexp{W—A ](l—exp o] ) BZG (dlz =1)
d=1 k=1
Zwkak exp [—e~ "] EG%I = BZwk exp [—e~ "] Gy, =BG, P(0]z = 1).
k=1 Tk k=1
Hence,
0
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We can similarly compute other elements. Q.E.D.

D.2. Properties of univariate extreme value distributions

Let Z ~ ¢(-). Then it has zero mean and variance = Its density is e 7~ " and its cdf

¢ where 7 is the Euler-Mascheroni constant.

is e~
Lemma 10 and Lemma 11 show how to compute median and truncated integrals of a random
variable that follows a mixture of extreme value distributions, which is helpful for imposing

the location and scale normalizations after a MCMC run.

LEMMA 10 Median
1. Let X ~ ¢(+; u,0). Then its median is p — o loglog2 — o7y.
2. Let X ~ > 1" wpd(+; pr, 0x). Then there is no closed form for its median. It has to be

solved for via a root-finding algorithm.

PrROOF: Let X ~ ¢(-;u,0). By definition of median, we want to find M such that 0.5 =

T—p

Pr(X < M). Letting t(z) = e (% )6_7, this is equivalent to

M—p

0.5 = exp [~t(M)] == tH(M) =1log2 <= e (7)™ = log?2

M —
= —( ,u> —v=loglog2 <= M = u—ologlog2— oy
o

Q.E.D.

LEMMA 11 Truncated Integral

1. Let X ~ ¢(;p,0). Then

/00 x(z; p,0)de = p— Mexp [—e "] + 0E1(e™)
M

whereb:@—i—’y
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2. Let X ~ p(-[t,m) = 30, wkd(+s e, o). Then

/Oo ap(zl, m zm: wk{ — Mexp [—e ] + akEl(e—bk)}

M k=1

where by, = M;k“’“ +7

PRrROOF: Let X ~ ¢(+; p,0).

/OO xo(x; p,0)dr = /OO xle_(%)e_“* exp [—e_(z;u)e_'y} dx

M M O

- /boo [0z + (1 —07)] %e‘z exp [—e ] odz

= O’/ ze P exp [—e ] dz+(p — 07)/ e Fexp [—e 7] dz
b . Jb

J/

~ ~

I 11

where we let z = (%) + v which means that © = 0z + (u — 07),dx = 0dz. x = 00 —
z=00,r =M — z= M + v = b. For computing the first integral, let y = ¢=* which
means that dz = ——dy, z = —logy. We have

0 et

1

fz/ (—logy)ye ¥ (——dy) = —/ log ye™Ydy
et Y 0

Recall that v = — [ logye Ydy = — (fo logye ™dy + [, log ye ydy) Hence, I = v +

feo_,, log ye~Ydy. By integration by parts, letting u = logy, dv = e Ydy — duidy, v=—e"Y

0
I:7+/ logye_ydy:7+/udv—/vdu
e—b

=~ — [log yefy}:.ib + / ieydy =~ —[0—(—b)exp (—eib) | +E1 (e’b)

=~y —bexp (—e_b) + FE1 (e_b)

where by definition F1(z) = f:o %e_tdt. For the second integral, letting y = e™* which means
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that dz = —idy, we have

11 = / e “exp [—e’z] dz
b

Finally,

/OO zdF(z) =0l + (n—0v)II =p— Mexp [—e"| + cE1(e™")

M
Q.E.D.

D.3. The Prior for the Transformed Mixing Weights
We want to define a prior on (al, o ,am,l) which implies the prior (wl, . ,wm) ~ Dir(ay,...,an)
or equivalently v, ~ Gamma(ay, 1) for £ = 1,...,m. Note that the inverse map g(«a) = w is
defined by w, = H{%, for ¢ =1,...,m — 1. Denote the Jacobian A(a) = %. By the

s—1 ecs o
change of variable formula, we have f,(«) = fw(g(a))detd‘((’g) = fu(g(a))detA(a).
In order to have f,(w) = Dir(wy,...,wn;@1,...,0,), we can use the above expression for

the density f,(«) to determine the desired prior for oy, ..., @y,.

In addition, for using HMC, we need the first order derivative 8’[5—5“). Note that in gen-

eral, ZdetA(a) = detA(a)tr (A(a)*%fl(a)). Hence, af“—c(ya) = [%fw(g(a))} detA(a) +

:
folata) |detatayer (A() Al )|

D.4. Derivatives of the Log-likelihood

Let L(x) = logp(Dulx,m) = 4, nax x log p(d|x; x,m) denote the log-likelihood as a func-
tion of y, where ng, is the number of decision makers in the data set that chose d at the
observed state x. Below, we present the derivatives of L() with respect to x for J = 1. The

computation for J > 1 can be done similarly.
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LEMMA 12 Derivatives of L(x) with respect to x for J = 1.
(1) Fork=1,...,m—1

)

—OL(x
h
aak kz:; 8we aak where

0L _ -, PO ) — plOm) + T T
&ug - * Zk’ Wg'p (0|.T,]€,)
+ Nig - ?
— > wip(1|z, k)
op(O]a, k) _ B0 1, 9QW)
e exp | e ok ok ;<G ~ ) Owg
Owy et i
= 1+ e*)1(k=1) —e**1(k # 0)|.
o~ (L syl F 2 =0 m etk 0]
(2) Fork=1,..m
o We Ip(0|z,£) Z Bp Ip(1|z,L)

Opgs

Opg v
aluk Z Nog Zk/ Wep O|Qj k/ + Z Nig Zk/ Wi 1|I‘ k/) )

where

D
gi‘”: -7 Z a.,) ag;i,) - k= 10),
(3) For s, =logay, k=1,....m
agif) = agéf) oy, where
w2120 >0 W%lf’@

do,
=2 O”Ezk,w IR st
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Op(0]z, 0) —exp[— e —a }8%@

8ak P ot 8ak
Oage B - 0 1, 9Q(y) _
doy,  0g ;(ny Cay) Ok * Ug[ a1k =€)

(4) With respect to s = log(o)

Z 885.

(5) The derivatives of the Emaz function can be computed by the implicit function theorem:

Ofe Ofz Ofz

Q@) aw,  0Qx)  Fu  0Q@) 5o
- Ofy - Ofzs o Ofz

Ouwi Q) Opt Q) 0o, 30 (x)

where f, = Q(x) — Y 1o, Wio [Aack + El(e‘“z’“)] and

afx . B 1 0 1 _ oAy
500 = L~ PG = B(Cr — G ZWXP e,
s o [An B )] + 0 [A + ELE)],
Owk

DN

O i [B1(e ) + exp(—e ) (7 = a.1)].

Oak

Proor: For (1),

Z (%)
804;g &/Jg day,’

Z Mo 57 2o wkp(0], k) Z - o 2o wip(1]z, k)’
> w wirp(0]z, k) S wep(llz, k)

m—1

Zwkp(d]x, k) = Z wp(d|z, k) + (1 — Z wi)p(d|x,m),

k

vwe
k

8&)5
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0 < — p(d|z, k) L9 dlz, m
DS e, ) =l ) + S L) e m) + (1= 3 o 2X0210)
k

ow
3 3 ¢

= p(d|z,€) — p(d|z, m) + Zwkw

&ug

OL(y) p(0f, £) = p(0]a, m) DI
_— — Znox ;
(9&)@ - Zk/ Wg'p (0‘1‘ k)
p(1|x, ¢ 1|z, m) + Oplljzk)
+anx(| ) = p(Lz,m) + 32, w5 |
- > wep(lz, k)
op(O|z, k) —ay Dy,
oo exp [ e awk} Boor
For J =1, we have
1
Agp = _[ (z,0) (z,1) Md +7
oy
1
= | u(z,0) — $1+BZG°—G1 Qy) — pe| +

Hence,
K
(Olz, k) p 0 1, 9Q)
= ok — Qup | — G G
&ug b [ “ k:| Ok ;< ) &ug
Note that
op(1z k) _ | Op(Ofz, k)
an au)g '
— et
Moreover, recall that w, = T T
. dwy e (14 e¥s )~ O‘é(1+22’;£1 e“s)
If k — E, thel’l 80&2 - (1_,’_251:*11 eaS)Q - (1+Z eas)
If k # ¢, then 9 — __—efet

day, (14> eas)2”
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For (2),

Z au >, wrp(0lz, k) Z 8;% > opwip(l|z, k)

3Mk oy Zk’ WP O|33 k" Nig Zk/ Wi P (1’3: k’)

Op(0lz,£) ap(1]z,0)
Zno Y an D oW T oun
zzk,wk/ (0|, k") S wep(lz, k)’
Ip(0|z, £ da,
p( |l‘7 ):exp[_ —aze_azg] a/g’
Opx Ok
Oy _ | o S (G = Gl — 0 k=1
O, U% 25:1( Gglgy) %(s) , otherwise.

(3) Recall that oy, = 06y. 7 = e, so g"’“ = 73,. We have

OL(x)  OL(x) 0ody, 0y, _ OL(x) o6 — OL(x)
8ak

ask - aO'k 85k aSk 80’k
)
Z Mo aak 2k wkp(O]a; k) L Z o 2 wip(1]z, k)

Ok,

n x
op(0|z, op(1|z,0
-3 e e
Omzk,wk/ 0]z, k") - 1$Zk/wk’p(1|$,k’)’
8p(0|l‘,f) . 8%@
oo, — O a5
K ) .
duy |2 [1—om BTG, - G, itk =
07 %25:1((;0 Gglcy) 8(,3 ) otherwise.

(4) Note that 0 = €*, s0 &2 = o

“ 30%30 " 0L ™ oL
:Z -y (x) 99)

do o 0s
k=1 e 0 s k=1 k=1
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(5) Recall that

Qx) = Y wron[Awk + E1(e™")],

k=1

fo=Q(x) — wak [Aui + E1(e%*)],

k=1

o= [u<x,o> —ulw 1) + BY(GY, ~ GL Q) —

+7
y=1
1 K
Agp = o [u(a:, 1) + BZ G Q) + | -
y=1
Hence, we have
Ofs — { OA 8E1(e%k)]
—=1- WkO + ,
0Q(x) kZ Q@) T aQ(w)
aA:vk ﬁ 1
—= —G R
0Q(x) o ™
OE1(e %*) _ Oay a1 B .
————~ =exp| —€¢ ¥ ——=exp| —e @ —(G. —G
Ofe 2 1 2\ N -
— =1-8G;, — 8(G,, — G5a wexp | —e k|,
It is easy to show that gj:z = —0p[Auk + E1(e™)] + 0, [Agm + E1(e™%m)]
and gﬁj = —Wyo}, [%‘Zk + aEléZ;azk)} = —wi[1 — exp(—e~*F)].
Finally,
af:c o —agy 0A 8E1(e‘awk)
Doy Wk [Auk + E1(e™%*)] — wioy [ 3o, + o, :
= — 1 =—A
80’k U}% ['U(ZL‘, ) + ;uk:| o zk>
8E1<e—azk) Qg

Tt =[] Gt = exp [ o] [‘iz(”(‘”’ e ’“)]

O
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—oxp [ — ] [y — aui],
o

Ofe

— o = —wy, [El(e*“”’“) + exp(—e’“zk)(’y — awk)}.
Ok

Q.E.D.

APPENDIX E: SUPPLEMENT. IMPLEMENTATION DETAILS FOR RUSTS’S MODEL
E.1. Norets and Tang (2013)

Norets and Tang (2013) showed that if we assume that the distribution is unknown, then
the preference-parameter = (0y,0;) is only set-identified and proposed an algorithm to
compute the identified set. In Section 5.1 of their paper, they applied the method to the

Rust’s model. In their paper, the following setting of the utility function is used:

u(x,0) = by + 012 + Ae,
u(z,1) =0,

where 0y and 6, are the data generating values of preference parameters. The term Ae =
€1— €9 follows some unknown distribution F', which is assumed to have the same location-scale
normalization as the logistic distribution. Specifically, [ zdF(z) = 0 and | AZOF 2dF(z) =log2,
where My is the median of F or F(Mp) = 0.5. Figures 1 and 2 show the identified set of
preference-parameters computed by their algorithm. For each 6 inside of the black lines,
there is a corresponding unknown distribution F' such that the pair (0, F') implies the true

vector of CCPs.

E.2. MCMC convergence

Let N be the number of samples per state. We generate the data by multiplying N by the
true CCP. We run MCMC with variable m with N € {3,10}. After each jump proposal
block, we run 10 iterations of the HMC block. We obtained 500,000 draws.

When checking for convergence of the chain, we have to be careful because we are using a

mixture model. It is well-known that if the likelihood of a mixture model with m components
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has one mode for a fixed labeling of the components, then it can have m! modes because
the likelihood is invariant to a re-labeling of the components and there are m! ways to label
components. Although it is not possible to empirically detect label-switching(s) of our chain,
if there was label-switching(s), it would be misleading, for example, to focus our attention
on p; when checking convergence of the chain. Geweke (2007) points out that this is not a
problem as long as both the object of interest and the prior distribution are permutation-
invariant. Note that we are using exchangeable priors and the object of our interest, the
density estimate, is also permutation-invariant. We conduct a convergence diagnosis on the
mean of € or Y _,* | wyp, which is a permutation-invariant object. To check the convergence we
perform the mean equality test for the first 10% and the last 50% of the samples. We conclude
that the HMC samples for both N = 3 and N = 10 come from stationary distributions after
a burn-in period of 10,000 draws.
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NowW R o

1

15

iterations %105

S

0
1 2 3 4 5 1 2 3 4 5
x10° x10° x10°

N WA aoo

iterations %105

s

1 2 3 4 5 1 2 3 4 5
x10° x10°

(b) N =10
Figure 6: Posterior draws from Rust example. Trace plot of m (upper-left), p.m.f. of m (upper-
middle), trace plots of > 7" | wypu (upper-right), s (bottom-left), 6y (bottom-middle), and 6,
(bottom-right).
APPENDIX F: SUPPLEMENT. IMPLEMENTATION DETAILS FOR GILLESKIE’S MODEL

F.1. More on State Transitions

The individual contracts an illness and moves to the state x = (1,0,0) with probability
79 (H) = 1/[1 + exp(0'H)]. In each illness period t € {1,...,T}, the individual recovers
and returns to the state of being well with probability 7 (z;,d;) = exp(n? E(z¢,dy))/[1 +
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time  value # possible values
t=0 _ (0,0,0) 1
t=1 (1,0,0) 1
t=2  (2,v,a) 22=4(v=0,1,a=0,1)
t=3  (3,v,a) 32=9(w=0,1,2,a=0,1,2)

t (t,v,a) 2 (v=0,1,..t —1,a=0,1,..t — 1)

(T,v,a) T (v=0,1,..T—1,a=0,1,..T — 1)

Total K=1+1+2243 4. T?=1+)  j>=1+HEED

Table II: State transitions

exp(n” E(xy, dy))], where n" E(wy, di) = o+mvee1+02(ver1)* 4030601+ (0041)* H15 010001+
net + net* 4+ nst® + E'H.
As shown in Table II, at the beginning of time ¢, there are t? possible values of the current
state.
We summarize the state transitions below.

1. The initial state is (0,0, 0).

2. If the state is currently at (0,0, 0),

o wp 77, (0,0,0) — (1,0,0),
e wp1—7° (0,0,0) — (0,0,0).
3. In general, for t = 1,...,T — 1, if currently at (¢, v, a;),

o wp 1 —7W(xy, dy),

(141,00, a0), it d, =0
(b 00 01) (t+1v+1,a), if dy=1
(t+ 1,00 + 1), if d, =2
(t+1,v+1,a,+1), if d,=3

\

o wp ™V (x4, dy), (t,v,a:) — (0,0,0).
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d=0 d=1
000 100 200 201 210 211 000 100 200 201 210 211
000 1—n° 75 0 0 0 0 000 1—n° ™ 0 0 0 0
100 | #%(100,0) 0 1-#"(100,00 0 0 0 100 | #%(100,1) 0 0 0 1-—=a%(100,1) 0O
200 1 0 0 0 0 0 200 1 0 0 0 0 0
201 1 0 0 0 0 0 201 1 0 0 0 0 0
210 1 0 0 0 0 0 210 1 0 0 0 0 0
211 1 0 0 0 0 0 211 1 0 0 0 0 0
d=2 d=3
000 100 200 201 210 211 000 100 200 201 210 211
000 1-—n° 7 0 0 0 0 000 1—n° ~ 0 0 0 0
100 | #%(100,2) 0 0 1-a"(100,2) 0 0 100 | #%(100,3) 0 0 0 0 1-—="(100,3)
200 1 0 0 0 0 0 200 1 0 0 0 0 0
201 1 0 0 0 0 0 201 1 0 0 0 0 0
210 1 0 0 0 0 0 210 1 0 0 0 0 0
211 1 0 0 0 0 0 211 1 0 0 0 0 0

Figure 7: Example of transition matrices with 7' = 2.

4. The end of an episode

(T,v,a) — (0,0,0) Vv,a,
(t,T —1,a) — (0,0,0) Vt,a,
(t,v, T —1) = (0,0,0) Vt,v.

Figure 7 shows the state transition matrices when 7" = 2. In this case, the possible states

are © = (t,v,a) € {000, 100,200, 201,210,211}. The number of states is K = 6.

F.2. More on Utility Function

The system of utility functions in Gilleskie (1998) can be written as follows

u(dy = 1,24, €,) = 014+0,1(t = 0) 4 06C (2, 1)1(t > 0) + €,
u(dy = 2,24, €;) = Oa+0,1(t = 0) + 06C (24,2)1(t > 0) + €40,
u(dy = 3, x4, €) = O3+041(t = 0) + 06C (4, 3)1(t > 0) + €3,
u(dy = 0,2, €6) = 051(t = 0) + 06C (x4, 0)1(¢ > 0).

Since we do not restrict the location and scale of €, j = 1,2, 3, the values of the intercepts

0;, 7 = 1,2,3 can be set to arbitrary values. The coefficient 8, is set to a large negative value
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so that d; = 0 is always chosen when ¢t = 0 (i.e., the individual is well) and 65 can be set to

an arbitrary positive value. Define 8 =

u(dy = 1,24, ¢) = <1,0,0,1(t =0),0, C(xy, 1
u(dy = 2,y €¢;) = (0,1,0,1(75 =0),0, C(x,2
u(dy = 3,y €6) = (0,0,l,l(t =0),0, C(x,3
u(dy = 0,24, €) = (0,0,0,0, 1(t =0),C(x,0

where

Zy(z) = (Zn(x), Z1a(x), Z13(w), Z14(), Z15(x), Z16(x
Zy(z) = (Zzl(lli’), Z92 (), Za3 (), Zoa (), Zos(x), Zog(
Z3($) = (Z31(I),Z32($)7233($)7Z34( ) Z35 Z36

(01, 02,03,04,05,05) . Then

t 0+6t1 = Z1 J?t)0+6t1,
t 0+€t2 = 22 l't)e—f—etg,

1(t

>0)
>0)
1(t > 0) )0+€t3_Z3 )0 + €3,
>0)0 = Zo(x)0,

(1001 ),0,C(z,1)1
:(0101 ),0,C(z,2)1
(00,1,1 ),0,C(z,3)1

Zo(z) = (Zoi (), Zoa (), Zoz (), Zoa(x), Zos(2), Zos(z)) = (0, 0,0,0,1(t =0),C

Letting Z;1.5(z) to be the first 5 columns of Z;(x), j

w(l, zy, ) = Z171:5(a:t) 15 + 06 Z16(xt) + €11,
W(2, x4, €) = Zo1:5(24)01:5 + 06 Zag (1) + €ra,
u(3, 2, &) = Zs,15(20)0r5 + 06 Z36(21) + €13,
w(0, x4, €) = Zo1:5(24) 015 + 06 Zos (),

= 0,1, 2,3, we can also write

where 0,5 is the vector of pre-specified coefficients and 6 is a parameter to be estimated.

t>0)
-
M)

)

t>0
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F.3. Data Generating Parameters

We compute the data generating CCPs based on the following values, mostly based on
estimates in Gilleskie (1998) for Type 2 illness with some adjustments so that the expected
number of doctor visits and work absences roughly match with Gilleskie’s sample. We use
the following data-generating parameter values: T'= 8, § = 0.9, §; = —1.25, 6, = —0.83,
03 = —2.08, 6, = —10000, 05 = 1, 65 = 0.0469, Y = 100, PC = 15, L = 0.7, ¢; = 5.6, and
¢o = —1.75. For the state transition parameters 7, §, and &, we use the estimated values
in Gilleskie (1998). We compute the data generating CCPs based on the parameter values
mentioned above assuming that the data generating distribution of the utility shock is the
following two-component mixture of extreme value distributions: 22:1 wi® (€ g, o) where
wy = 0.5568,ws = 0.4432, p; = [—0.4683,3.4628, —0.0914)', uy = [0.9798, —2.2437,1.3496]',
o1 = 3.7045, and o, = 0.6378. We then use the CCPs and the state-transition probabilities

to sequentially generate 100 illness episodes.

F.4. MCMC Plots from Gilleskie’s Application
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o) 0, O3
1 4 2
2 0
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(a) Trace plots of utility parameters
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(b) Trace plots of > ", w1k (upper-left), > )", wipok
(upper-right), > " | wipsk (bottom-left), s (bottom-right),
which is defined in Section 4.2.

Figure 8: Trace plots in Gilleskie model

F.5. Prior sensitivity check for Gilleskie’s model

We consider two additional sets of priors for estimating Gilleskie’s model in Section 7 and
present results of estimation and counterfactual analysis. Despite slight differences, the over-

all findings remain the same. That is, the credible intervals for the identified sets introduced
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in Section 5.4 include the true counterfactual value of mean doctor visits, and the HPD in-
tervals get very close to it. In contrast, the confidence intervals computed via MLE assuming

the dynamic logit misses the true value.

F.5.1. Prior sensitivity check 1

First, we consider increasing the prior variances for the component specific scale parameters
or’s and the preference parameter 6. The priors are now specified as follows, a = 10, A,, =

0.05, and 7 = 5, ;. ~ N(0,3%), logoy ~ N(0,1), logo ~ N(0,0.012?), and 65 ~ N(0,5%).

MLE under logit Semiparametric Bayes

True Est.  95%CI (length)  Est. 95%HPD (length) Béz(;) (length)

E(v) 149 142 [1.26, 1.58] (0.32) 1.44 [1.23, 1.65] (0.41) [1.10, 1.94] (0.84)
c.fE(w) 231 171 [1.53,1.89] (0.36) 1.75 [1.37, 2.40] (1.03) [1.14, 5.00] (3.86)

Table III: Estimated (Est.) E(v) and c.f.E(v): the MLE with its 95% confidence interval
and the posterior mean with the 95% HPD interval and B’éf)g’).
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Figure 9: Actual and counterfactual (c.f.) expected number of doctor visits. Posterior density (blue

solid), 95% confidence interval (red dashed), 95% HPD interval (blue dotted), B(I)gg’) (light blue
dash-dotted), and data generating value (black solid).
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F.5.2. Prior sensitivity check 2

Second, we consider using a set of priors similar to the one used to estimate Rust model
in Section 6. The priors are now specified as follows, a = 10, A4,, = 0.05, and 7 = 5,
wir ~ 0.5N(2,2%) + 0.5N(-3,22), logoy ~ 0.4N(0,1) + 0.6N(—1,1), logo ~ N(0,0.01?),
and 05 ~ N(0, 3?).

MLE under logit Semiparametric Bayes
True Est.  95%CI (length)  Est. 95%HPD (length) Bég(;) (length)
E(v) 149 142 [1.26, 1.58] (0.32) 1.44 [1.23,1.64] (0.41) [1.03, 1.79] (0.76)

c.fE(w) 231 1.71 [1.53,1.89] (0.36) 1.61 [1.32,2.28] (0.96) [1.12, 4.37] (3.25)

Table IV: Estimated (Est.) E(v) and c.f.E(v): the MLE with its 95% confidence interval
and the posterior mean with the 95% HPD interval and B2,
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Figure 10: Actual and counterfactual (c.f.) expected number of doctor visits. Posterior density

blue solid), 95% confidence interval (red dashed), 95% HPD interval (blue dotted), EIE(”) light
0.95
blue dash-dotted), and data generating value (black solid).
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F.6. Results of Gilleskie’s model when the data generating process is dynamic logit

Recall that in Section 7, we let the data generating distribution of the utility shocks to
be a two-component mixture of extreme value distributions. Here we show results when
it is logistic, and therefore the dynamic logit model is correctly specified. Table V shows
estimation results. The overall findings are similar to the case with a mixture data generating
distribution: the credible intervals of our semiparametric approach are much wider than the
confidence intervals based on the dynamic logit assumption. However, now the confidence
interval includes the true counterfactual value of doctor visits E(v) (See Figure 11) while
it did not under the mixture data generating distribution in Section 7. This is probably a
consequence of the dynamic logit model being correctly specified in this particular example.
We conducted some prior sensitivity checks in Section F.6.1 and confirm that the general

findings are the same.

MLE under logit Semiparametric Bayes

True Est.  95%CI (length)  Est. 95%HPD (length) Béz(;) (length)

E(v) 153 1.50 [1.39, 1.62] (0.22) 1.52 [1.31, 1.74] (0.43) [1.13, 1.94] (0.80)
c.fE() 164 171 [1.59,1.83] (0.24) 1.74 [1.34,2.16] (0.82) [1.03, 4.08] (3.04)

Table V: Estimated (Est.) E(v) and c.f.E(v): the MLE with its 95% confidence interval and
the posterior mean with the 95% HPD interval and Bég(;).
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Figure 11: Actual and counterfactual (c.f.) expected number of doctor visits. Posterior density

(blue solid), 95% confidence interval (red dashed), 95% HPD interval (blue dotted), Bég(;) (light
blue dash-dotted), and data generating value (black solid).

F.6.1. Prior sensitivity checks

Prior sensitivity check 1

First, we consider increasing the prior variances for the component specific scale parameters
or’s and the preference parameter 5. The priors are now specified as follows, a = 10, A,, =
0.05, and 7 = 5, pjx ~ N(0,3%), logo, ~ N(0,1), logo ~ N(0,0.01?), and 65 ~ N(0,5%).

The results are presented below.

MLE under logit Semiparametric Bayes

True Est. 95%CI (length) Est. 95%HPD (length) Bég(;) (length)

E(v) 1.53 150 [1.39, 1.62] (0.22) 1.52 [1.31, 1.74] (0.42) [1.13, 1.95] (0.81)
c.fE(v) 1.64 171 [1.59,1.83] (0.24) 1.74 [1.32,2.20] (0.87) [1.16, 4.53] (3.37)

Table VI: Estimated (Est.) E(v) and c.f.E(v): the MLE with its 95% confidence interval
and the posterior mean with the 95% HPD interval and Bég{;).



SEMIPARAMETRIC BAYESIAN ESTIMATION OF DYNAMIC DISCRETE CHOICE MODELS 67

4 4
37 37
2 2
1t 1t
0 0
3 4 5 4 5
E(v) c.f. E(v)
(a) Mean doctor visits (b) Mean c.f. doctor visits

Figure 12: Actual and counterfactual (c.f.) expected number of doctor visits. Posterior density

(blue solid), 95% confidence interval (red dashed), 95% HPD interval (blue dotted), Bég(;) (light
blue dash-dotted), and data generating value (black solid).

Prior sensitivity check 2

Second, we consider using a set of priors similar to the one used to estimate Rust model
in Section 6. The priors are now specified as follows, a = 10, A,, = 0.05, and 7 = 5,
wir ~ 0.5N(2,2%) + 0.5N(=3,22), logor ~ 0.4N(0,1) + 0.6N(—1,1), loge ~ N(0,0.01?),
and 0 ~ N (0, 3%). The results are shown below.

MLE under logit Semiparametric Bayes
True Est.  95%CI (length) Est. 95%HPD (length) Bég(;) (length)
E(v) 1.563  1.50 [1.39, 1.62] (0.22) 1.53 [1.31, 1.73] (0.42) [1.11, 1.91] (0.80)

c.fE() 1.64 1.71 [1.59,1.83] (0.24) 1.75 [1.27,2.33] (1.06) [1.09, 5.29] (4.20)

Table VII: Estimated (Est.) E(v) and c.f.E(v): the MLE with its 95% confidence interval
and the posterior mean with the 95% HPD interval and Eégg’).
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Figure 13: Actual and counterfactual (c.f.) expected number of doctor visits. Posterior density

(blue solid), 95% confidence interval (red dashed), 95% HPD interval (blue dotted), Bég(;) (light
blue dash-dotted), and data generating value (black solid).
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