ROBUST INFERENCE ON INFINITE AND GROWING
DIMENSIONAL TIME SERIES REGRESSION
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ABSTRACT. We develop a class of tests for time series models such as multiple
regression with growing dimension, infinite-order autoregression and nonparametric
sieve regression. Examples include the Chow test, |Andrews and Ploberger| (1994))-
type exponential tests, and general linear restriction tests, all of growing rank p.
Employing such increasing p asymptotics, we introduce a new scale correction to
conventional test statistics. This accounts for a high-order long-run variance that
emerges as p grows with sample size. We propose a bias correction via a null-
imposed bootstrap to alleviate finite sample bias without sacrificing power unduly.
A simulation study shows the importance of robustifying testing procedures against
the high-order long-run variance even when p is moderate. The tests are illustrated

with an application to the oil regressions in [Hamilton| (2003).
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1. INTRODUCTION

This paper develops asymptotically valid tests for inference on infinite-order and
growing dimensional time series regression models, revealing the presence of an hith-
erto undetected nonlinear serial dependence or high-order long-run variance (HLV)
factor. This factor depends on the model error and regressors in a nonlinear fashion,
and can appear in limit distributions when the data exhibit dependence and the num-
ber of restrictions grows. Chow tests, tests for linear restrictions and stability tests
with unknown change point are all covered. Our theory, simulations and empirical
results show the deleterious effect of ignoring the HLV term, and we propose a test-
ing procedure that is robust to its presence. This is shown to possess desirable finite
sample properties. While the HLV factor is revealed by our increasing dimension
asymptotics, it can contaminate inference even in multiple regressions with a moder-
ate number of covariates. Such specifications are ubiquitous in practice. Thus, the
findings and recommendations of this paper are important for practitioners wishing
to make correct inferences when data are dependent.

Models of infinite or growing dimension have been widely studied in the recent
econometric literature, reflecting modern applications with rich sets of variables. For
example, the asset pricing literature has suggested hundreds of potential risk factors
to explain returns, see Feng et al.[ (2020)). With a larger number of observations accu-
mulating over time, it is natural to include more of these variables as covariates even
without resorting to penalized estimation methods. In fact, an attitude that permits
the number of covariates to grow as a function of sample size is tacitly adopted in the
literature. In a survey, Koenker| (1988) observed that the number of regressors in em-
pirical work increases as the sample size n increases, roughly like n'/#, suggesting that
practitioners implicitly treat model complexity as a function of sample size. Finally,
nonparametric methods such as series estimation have found wide applications in the
economics and finance literature, see e.g. [Jorda (2005)), Chen| (2007)), |(Chen and Chris-
tensen (2015). These methods involve the approximation of an infinite-order model
with a sequence of growing dimensional models. Taken together, this proliferation
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of models highlights the importance of developing appropriate techniques for their
study.

Our approach is to develop tests for null hypotheses that involve a growing number
of restrictions p in time series regression, with p increasing slower than sample size.
As a leading example, we consider the Chow test, due to |Chow| (1960)), to test for
a structural break at a prescribed time. This has the advantage of being a simple
exclusion restriction test with wide applicability. After examining the key issues in
this simple context, we present extensions to more general structural break testing
with an unknown break date and testing of general linear restrictions. This extends
specification tests with slowly growing p, see e.g. [Hong and White| (1995)) and |Gupta
(2018)), to time series regression. However, our testing problem is distinct from the so-
called many restrictions setting in e.g. (Calhoun| (2011)), Anatolyev| (2012} 2019), Kline
et al| (2020), amongst others, where the number of restrictions grows proportionally
to sample size.

We derive the asymptotic distribution of the Chow test Wald statistic centered by
p and normalized by /2p. This yields asymptotic normality with an unknown as-
ymptotic variance V, which we term the HLV, provided that p meets certain growth
conditions. The HLV factor V captures high-order autocovariances of the regressors
and disturbances, echoing the long-run variance that appears in fixed dimensional
time series regression, and vanishes under simplifying assumptions that remove these
high-order autocovariances. The new HLV factor V does not appear in fixed p asymp-
totic regimes, nor does it appear in the independent data setting of Hong and White
(1995)), who use the same transformation and obtain asymptotic standard normality.

We robustify the Chow test against the HLV in the spirit of heteroskedasticity auto-
correlation robust (HAR) inference, see e.g. Kiefer and Vogelsang (2002), |Sun| (2014)),
and [Lazarus et al.| (2018), just to name a few. The resulting asymptotic distribution
is mixed normal and pivotal. However, unlike conventional HAR inference, where
the standard Wiener process characterizes mixed normality, our limit distribution is

represented by two dependent centered Gaussian processes W (r) and W (r) such that



EW(r)?2 =12 and EW(r)? = (1 —r)2. Although pivotal, the asymptotic distribution
depends on the location of the hypothesized break date and thus we provide R code
to compute the p-values.

The finite sample bias in the Wald statistic, or in quadratic statistics more generally,
is a serious issue when p is large. See e.g. [Kline et al.| (2020)) for more discussion and
a bias correction proposal that works well even when p is proportional to the sample
size but under independent sampling. Our simulations document that the problem
is even worse in time series regression. Thus, we propose a bootstrap bias correction
which imposes the null hypothesis in the resampling so as not to sacrifice power
unduly. Even a small number of bootstrap iterations appear sufficient to reduce the
bias, making computation easily manageable. Based on these findings, we recommend
a bias-corrected and HLV-robust test to practitioners.

Our findings apply to more general settings. We present two extensions: struc-
tural break testing with an unknown break date and the testing of general linear
restrictions of rank p. The HLV appears in both. In break testing, we index the
statistic with an unidentified parameter under the null hypothesis and establish the
weak convergence of this stochastic process as both n and p grow to infinity simul-
taneously. We then employ an exponential averaging of the process that is suitably
modified from Andrews and Ploberger (1994)) to account for the growing dimension
p. Thus, we also contribute to the hitherto rather small nonparametric structural
stability testing literature (see e.g. [Wu and Chu (1993), |Chen and Hong (2012)) and
Mohr and Neumeyer| (2020)).

In simulations for a range of settings across regression with many covariates, long
AR fits and sieve regression, we demonstrate that our statistic exhibits excellent size
control without sacrificing power excessively. Failure to correct for the HLV can
seriously affect inference, in general leading to over-rejection and often severely so.
Such a pattern is shown to persist for the three types of tests that we provide: Chow,
exclusion restrictions and structural break testing. In an empirical example based

on Hamilton| (2003, 2009), we show that using our bias-corrected and HLV-robust



tests can yield inferences that lead to new conclusions when considering the relation
between oil prices and economic activity.

The paper is organized as follows. Section [2] introduces the model and the Chow
test, along with some basic assumptions and examples. In Section |3| we provide an
asymptotic theory and verify our high-level conditions for several examples. Section
presents the correction for the HLV discussed above by means of the HAR inference
literature. Extensions to general structural break testing with an unknown break
date and to the testing of general linear restrictions are given in Section [5] Section
[6] contains a Monte Carlo study of finite sample performance, and Section [7] demon-
strates our test with real data. All the proofs of theorems and lemmas are collected
in two further appendices, the second of which is available online. Throughout the
paper, cross-referenced items prefixed with ‘S’ can be found in this online supplemen-
tary appendix. An R-package to replicate the simulations and empirical example is

available on the authors’ | websites!]

2. STRUCTURAL BREAK IN INFINITE-ORDER REGRESSION

We consider the issue of testing for a structural break at a known point in the con-
ditional mean function of y; given the information available up to t—1, ie E (y;|F—1) ,
where F;_; denotes the filtration up to time ¢ — 1. In nonparametric regression, J; 1
typically consists of a finite number of observable covariates z;. In the context of the
infinite order autoregressive AR(0co) model, F;_; is the collection of all the lagged

dependent variables, {y_;} Alternatively, it can be viewed as a genuine high-

j=1-
dimensional regression model which may contain an infinite number of covariates and
their lags. We allow for array structure but we do not introduce further notation to
denote it unless necessary.

Given a sample size n, we estimate the unknown regression function via a growing-

dimensional (or truncated) linear regression

(2.1) Y = 2, Bn + ent,

Lsites.google.com /site/myunghseo/research, sites.google.com /site/abhimanyugupta85 /research.
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where x,; and (3, are p-dimensional vectors and p — oo as n — oo to estimate

E (y;|Fi—1) consistently. To be more precise, let

g =y — B (| Fi1)

Bn be the best linear predictor of y, given z,,, and r, = E (y;|Fi—1) — «,,,6,. Then,
ent = Tt + €. Throughout the paper, let C' (¢) denote a generic finite constant,
arbitrarily large (small) but independent of n, and ‘a.s.” stand for ‘almost surely’.

Introduce the following assumptions:

Assumption 1. The martingale difference sequence {&;} satisfies o2 < C, where

E (&]|Fie1) = of, and E (¢§|F—1) < C, a.s.

The theory presented in the paper may not hold if in fact we only have F (z,,,6;) = 0
as the long run variance of x,;e; will then appear in the type of quadratic statistics

that we consider.

Assumption 2. Fora=1,2,
(2.2) sup E (r2¢) = o (n7').
t

We discuss this assumption on the negligibility of the approximation error in more
detail in Section [6] where specific examples are introduced. The subscript n will now
usually be dropped, although we will emphasize this occasionally to remind the reader
of the n-dependence of certain quantities.

Introduce a potential structural break for these models at a given time, say t = [n7],
v €T C(0,1), T compact and [-] denoting the integer part of the argument. That is,
f=p1 ift/n<~and = py if t/n > ~. We write the model as

(2.3)  w=abl{t/n <y} + 2Bl {t/n >} + e = 0 + 101 {t/n > 7} + e,

where 01 = 31, 3 = o — (1, and 1{-} denotes the indicator function. Consider the

Wald test for the exclusion restriction 9, = 0, namely the Chow test for the presence
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of a structural break at a known date. We will examine the case where the break
date is unknown a priori in Section [3]

Let & (y) and & (7) denote the OLS estimate and the OLS residuals, respectively,
and z, () = (z,, 21 {t/n>~}). Also, let M(y) = n~* S ()@ (v), and
Q(v) denote an estimator of Ee2x, (v)z}(y). For instance, €2 (y) can be set as
nU S 2 () 2 (7) € (7)? (the Eicker-White formula) or, assuming conditional ho-
moskedasticity, it can be & (v)> M (v), where 6% (y) = n~* 321", é (y)*. The choice
depends on the case being considered. Then, the Wald statistic for the familiar Chow

test is defined as

(2.4) Wa () i= by (1) (RNL () Q) ML) R 62 (3).

where R = (0, : I,) is a selection matrix.

When the dimension p of x; grows with the sample size n, the Wald statistic
diverges as it is approximately chi-squared distributed with degree of freedom p.
Thus, a conventional approach, as used e.g. by de Jong and Bierens (1994)) and Hong
and White (1995) in the cross-sectional (independent data) framework is to introduce

a new centering and scaling to define

(2.5) Q. (7)== (W (7) = p) /\/2p,

since the mean and variance of a chi-square distribution with p degrees of freedom
are p and 2p, respectively. Furthermore, it has been established that the standard
normal approximation of Q,, is valid in their settings. Subsequent sections investigate
how this conventional approach fails in the context of growing or infinite dimensional
time series models, mirroring the failure of time series inference procedures without

heteroskedasticity and autocorrelation correction or robustification.



3. ASsYMPTOTIC DISTRIBUTION OF Q,,

This section provides the asymptotic distributions of the test statistic under the
null and also shows that the statistic has non-trivial power against local alternatives
at an appropriate nonparametric rate.

There has been some recent interest in the so-called many regressor setting where
p is allowed to be proportional to n, see e.g. (Cattaneo et al.|(2018) and |Kline et al.
(2020). We do not permit such a large p as our hypothesis of interest concerns a
p-dimensional restriction and the design matrix of time series data faces more diffi-
culties in satisfying the rank condition. In this regard, Chen and Lockhart| (2001))
provide an interesting example from an ANOVA design where the weak convergence
of the empirical distribution of residuals from the linear regression with growing di-

mension fails when the dimension p is of order n'/3.

They compare various growth
conditions for p in the literature and conclude that p®log®p = o(n) is nearly neces-
sary for a general stochastic design. Heuristically, a hypothesis represented through
the empirical distribution function imposes an infinite number of restrictions, like our

structural break testing also does, and valid testing of such a hypothesis demands a

tighter control on the growth rate of p.

3.1. Asymptotic Null Distribution. Define ||A|| = {X(A’A)}% for a generic ma-
trix A, where )\ (respectively \) denotes the smallest (largest) eigenvalue of a sym-
metric nonnegative definite matrix. Any limit stated as ‘n — oo’ is taken as both n
and p grow to infinity simultaneously unless specified otherwise. We also introduce

the p x p non-stochastic matrix sequences M and {2 and define



Assumption 3. (i) sup;; Exj; < co.
(ii)

[n7] [n7]

sup o, — yM|| + sup z,x02 = 0,(,),

~eTU{1} Z ! ~eTU{1} Z o s
sup H = Op(vp),
~yel

AM) > A, A(Q) > A\,
for some positive sequences of numbers sz,, v, and X, satisfying

(3.1) NP (A g 4 v,) — 0 and \yp — oc.

(ii3) lim,, 00 A (M) < 00, lim, s A () < 00.

Several factors determine the bound s, for nonparametric series regression. It is
proportional to \/1% or p/+/n up to logarithmic factors with iid data, depending
on the choice of basis functions. For dependent data, the mixing decay rate also
contributes to s,. The exact rate v, depends on a particular example. We formally
introduce our examples of multiple linear regression, AR(oco) and nonparametric sieve
regression in Section |§| Primitive conditions and expressions for s, and v, are given
in Propositions [SP.1 and [SP.2] in Section [S.D] of the online supplementary appendix,
using the results of Peligrad (1982)), Newey| (1997)), Gongalves and Kilian (2007) and
Chen and Christensen| (2015)).

Recall that the eigenvalues of the Kronecker product of two symmetric matrices are
the products of their eigenvalues, and ~ is bounded away from zero and one. Thus,
M () and () inherit the eigenvalue restrictions on M and €2 in Assumption (3| (i)
and (7i7) uniformly in 7, up to positive constants.

To develop the distributional limit of Q,,(v) where both n and p diverge simultane-
ously, we introduce more conditions. Now, for convenience we denote & = Q" 12z,¢,,

= F(&&|Fi1), and 25 = Ztl 1 fz;ll £, &;,- The next assumption introduces the
HLV factor V formally.



Assumption 4. Suppose that lim,_ . A (T;) < C a.s., maxy<i<n, E((66)*|Fi1) =
O(p2> a.S., MaXi<s t<n,t+#s E (fggt)4 =0 <p2)) Z?:l Zi;ll cov (tl" (TtEt) , tr (TSES)) =
o(n*p?), and there exists V such that for m that is proportional to n,

(3.2)
m  [mr]

m}]igloo miptT;; E Q7 'wal,e0,Q w1 ey 61, | = 1V, uniformly inr € (0,1].

Note that under the special case where {z;&;} is an iid sequence, we have V =
i, oo (M0 p e E (Q  mal,e2,) B (Q M maie?)) = 1, thus V is an extra
factor that appears in the limit due to nonlinear dependence in the data. In particular,
it captures a high-order serial correlation of xye;, while x¢, itself does not have serial
correlation since it is an martingale difference sequence.

The restriction on the summability rate of cov (tr (T;Z;) , tr (TsZ5)) is related to the
dimension p. To gain some insight, consider the case where the conditional moment
T, is homogeneous, so that T, = I, for all t. Then, some tedious algebra yields
that cov (tr (T;Z;),tr (Y.Zs)) = O(n?p) uniformly over all s,¢ with s < ¢. This
implies that the double sum of the covariances is O (n*p) and thus meets the required
condition as p — oo. Our assumption says that more generally this double sum over
covariances must be o (n?p?) as n,p — oo.

For mean zero random variables ay;, asj, ask, aq, let cumjg (a1, as;, asg, ay) denote

the fourth cumulant.

Assumption 5. {zye:},., is fourth order stationary for all i = 1,... p. Further-
MoTe, SUD; i1, D e oo [Cij(t)] < 00, where cij(t) = E (Ty €021 j6r44) for integerr,

and Sup; j ki=1,...p Z:itz,tgz—oo ycumijkl ('1'0,1'507 Lty,j€t1s Tty kEtgs $t3,l€t3)‘ =0 (n2)

This assumption controls the temporal dependence in {x;;} and is discussed in
Andrews (1991b)), for example, wherein sufficient conditions for it to hold are also
provided. Then, the following theorem establishes the marginal convergence for a
given v, which is extended to weak convergence of the process in Theorem in

the online appendix.
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Theorem 3.1. Let Assumptions @ and Ho hold. Then Q,(7) N N(0,V), for a
gwen vy €I

Theorem highlights a distinctive feature of testing growing number of restric-
tions in time series regressions. Unlike the independent cross-sectional case, we have
to robustify the test against the HLV term V. The provenance of this term can be
illustrated by some formulae, details of which are contained in the full proofs. These

proofs first establish (Theorem [SL.6)) that

Wo(y) —p _ Raly) —p )
(3.3) v + 0p(1),

where

] [n7]

[
Rn(V) = [ ( &ty — ’ngtfft Q! Z’ftl‘t WZEtIt

t=1

3
2

(3.4) = (1/22%5 xt&) Q! (n1/22¢t<7)xt5t)7
and ¢¥y(v) = (1(t/n <v) —~)//v(1—7). Also note that n='>_7"  ¢(7)? —

Thus, just as for the familiar Wald statistic, we have a quadratic form structure for
R, (7). When p is fixed and there is no approximation error, we note that has
also been established by |Andrews (1993), |Cho and Vogelsang (2017) and Sun and
Wang (2021)).

This then yields the approximation

(35) RlI=L 5,00+ 0,00,
where
2 1 _1 ! _1 V2 &
S0 = Jgpn 2 (W Heme) 3 (@ mer) = 25 u)

say, by Lemma [SL.8 Then V = lim, ;00 207" 327, _5 cov (vi(7),vi(7)), ie. the

limiting variance of S,,(y). Note that the v;() are defined as products of terms of

the type z;e; and the cumulative sum of their lags, implying that the variances of the
11



vy(7y) themselves contain high-order covariance terms. This explains why we call V a
HLV despite the mds property of the v;(7), which implies that {v(7)} is uncorrelated.

The next section establishes that the test based on Q,, has nontrivial local power
under suitable sequences of local alternatives, following which we study more detailed

characteristics of V and develop a HLV-robust test.

3.2. Local Alternatives. We consider a sequence of local alternatives that converge
to the null at p'/*//n-rate to study the local power properties of the test. This is
slower than the usual 1/4/n parametric rate and has been employed by a number
of other authors, e.g. |de Jong and Bierens (1994), Hong and White| (1995)), Gupta
(2018)). It is a cost of the nonparametric nature of the problem. Our sequence of local

alternatives is:
(3.6) My« b3 = 24 7p" " )/,

where 7 is a unit length p x 1 vector.

Theorem 3.2. Suppose that Assumptions [1- [ and H, hold and let 7o, =
lim,, oo ”MQ M7, Then, Q,(7) i>./\/'(7'007(1 —7), V).

Note that |7/ MQ'M7| < ||7|| [|M|? |27 = X(M)?/A(Q) < C, for any n, by As-
sumptions , justifying an assumption on the existence of 7o = lim,_,oo " MQ 1M T.
Also, the noncentrality term is positive, implying nontrivial power of the test since

the critical region is formed by Q, () being greater than equal to a critical value.

4. YV RoBUST TESTING

In this section we provide a detailed study of the HLV V that our analysis has
discovered. In particular, we present some alternative representations of V' that shed
more light on its structure.

4.1. Discussion. We first examine the relevance of V. Specifically, we analyze the

‘pre-limiting’ quantity V,, = 2var (n™' Y.}, 2 e p 2 zs€5). This can be
12



rewritten as

- Z( (i,0) ( n—@/n+2272j n—l-ﬂ)/)

j=1
where v (i,7) = p'E (x}Q a2} Q0 ey jete;_iei—i—j) . This is a high-order auto-
covariance and captures a nonlinear serial dependence in the sequence x,£;, which
disappears entirely for j > 0 in independent cross sectional data. We encounter
V, =V # 1 when n™ 'Y ") Z] v (i,j) (n — i — j)/n has a nonzero limit, with
terms arising that are fourth-order cross-moments of the ;. Thus, the behaviour of
such cross-moments, which are of the form E (¢, ;&,_;_;), is the key to obtaining
non-unity V. Robinson| (1991)), studying time series specification testing, encountered
a similar term in the form of E (¢7¢,_;&,_;—;) but imposed conditions that nullify it
when j > 0.

A referee has pointed out that the Wald statistic is a quadratic form in the moment
process. To establish the limit of the Wald statistic when the number of variables
(i.e., the number of moments) grows with the sample size, we need to account for the
variance of the quadratic form, hence the appearance of fourth-order dependence of a
certain type in the moment process. A form of fourth-order dependence has also been
encountered in HAR testing, see e.g. [Lobato et al| (2002). In Section [0 we present
some figures to show how V can vary for various designs and deviate significantly

from unity.

4.2. HLV-Robust Test Statistic. Heteroskedasticity and autocorrelation consis-
tent (HAC) or HAR inference has been a main focus of time series inference, see e.g.
Newey and West| (1987), Andrews (1991b)), Kiefer and Vogelsang (2002), just to name
a few, and |Lazarus et al.| (2018) for a recent review. Although the asymptotic variance
of the test statistic 9,, depends on the HLV, we may still utilize the fixed-bandwidth
kernel approach to obtain an asymptotically pivotal and mixed-normal test.

Introduce a kernel function &(-) that meets the following conditions.

13



Assumption 6. (1) For all x € R, k(z) = k(—xz) and |k(z)| < 1; k(0) = 1; k(z)
is continuous at zero and almost everywhere on R; [p |k(z)|dz < co. (2) For any
be (0,1] and p > 1, ky (z) = k (2/b) and k* (x) are symmetric, continuous, piecewise
monotonic, and piecewise continuously differentiable on [—1,1]. (3) f[O,oo) k(z) < oo,

where k(x) = sup,s, |k(y)|.

Since €; and €2 are not directly observable in practice, we replace them with the
least squares estimates as in Section 2| and introduce ¢, = (np) /> xéflflétzz:l TsCs
and its demeaned version, ¢; = ¢ —n~' Y i, ¢. Then, define a feasible estimate of
VY by

L2 t—s
4.1 Y =— k T
(4.1) - ( - ) qsdi

t=2 s=2

Thus, we have a seemingly long-run variance estimate, analogous to traditional
HAC/HAR inference, of a nonlinear transformation of the primitive variables.

The choice of bandwidth b has been a topic of much discussion in the HAC litera-
ture. Since V captures high-order autocovariances in the growing dimensional vector
xi€t, the finite sample variation in the estimate V is generally larger than in more
familiar long-run variances, and the moment condition is more expensive. Motivated
by this, we follow a fixed bandwidth approach, as in Sun| (2014)).

Our estimator is based on the weighting function Kj (r,s) = k(h(r—2s)),
where h = 1/b. We present numerical results in this paper with k(u) =
(1 — |u])" 1 {|u| < 1}, employing the Bartlett kernel case with h = 1. Sun| (2014)
terms this the sharp kernel estimator. Other options include the steep quadratic ker-
nel estimator and the orthonormal series estimator with K basis function, of which
Sun| (2014) contains a more detailed discussion. Sun| (2014) also shows that the cen-
tering in ¢; can be conveniently represented through a centered version of Kj(-), that
is, K (r,s) = Kj (r,s) — fol Ky (7,8)dT — fol Ky (ry7)dr + fol fol Ky, (11, 2) drdry.

Building on the representation in Lemma 1 of [Sun (2014)), where the estimate Vis

not consistent, we characterize the joint weak limit of V and Q,,(v). For real numbers
14



a and b, let a V b (a A b) denote their maximum (minimum), and introduce a process

W), W)

where (W (r), W (r)),, r € [0,1], is a bivariate Gaussian process that does not depend

on any model parameters including the break point v, and has covariance kernel

(7”1 A ’)/2)2 1 {7’1 > 7“2} (7’1 — 7"2)2

(43) C(Tl,’l”g) =
1 {Tl < 7“2} (’I"l — 7‘2)2 (1 — (Tl V TQ))Z

For any given v € I', the marginal distribution of Q(~) is standard normal. Thus, the
conclusion of Theorem can be expressed as Q,(7) KN Q(7), pointwise in vy € I
By taking a suitable ratio, we obtain a pivotal variable as in the following theorem,

which is the basis of our test statistic.

Theorem 4.1. Let Assumptions hold, together with
(4.4) N2 v, + L) 50asn— .
n p \/ﬁ

Under Ho, we have V -5V fol fol K (r,s)dW (r)dW (s) and

Q) q Q(7)

Ta(y) = 22 .
o VV K () dW () dW (s)

The numerator in the limit becomes Q(7y) + TooY(1 — v) under H,.

The asymptotic null distribution is mixed normal and pivotal. The critical values
can be tabulated for each v via Monte Carlo simulation and the authors’ websites
provide R code. A result when 7 is unknown is given in Section 5.1 Note that the
same Gaussian process W (+) occurs in both the limiting numerator and denominator,
and this process is different from the Brownian motion in [Sun (2014)). In fact, it can
be represented by the partial sum of \/t/_n times an iid normal sequence. Since the
limit also involves another variable W (-), the critical values will be different from

those previously tabulated in the literature.
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4.3. Bias Correction. The degrees of freedom p provide a correct centering for
W,(7) in first order asymptotic analysis. However, in the finite sample experiments
given in Section |§|, e.g. Figure |2| and Figure , we find that the bias in Q, () gets
bigger for typical values of p in nonparametric regression. Therefore, we propose a
bootstrap bias correction of Q,(7y). To estimate the bias, we implement the null-

tmposed wild bootstrap by generating

(4.5) v = 2,01(7) + &(1&, t=1,..n,

where & is an iid sequence of centered and normalized variables, e.g. the Rademacher
variables, to compute QF (). It is worthwhile to note that the bootstrap DGP (4.5))
imposes the null hypothesis d; = 0, so as not to sacrifice the power of the test. See also
Gongalves and Kilian (2007) for a thorough discussion on the wild bootstrap for infi-

. . . . . . Nx _ —1 B *,]

nite order autoregression. Iterating this B times, we obtain Q5 (v) = B~ >~ 977 (7),
the bootstrap estimate of the bias. In our experiment, B = 200 suffices and thus the
bootstrap is not computationally expensive. Therefore, we suggest the following bias

corrected test statistic:

Qn(7) — QZ(V).
\/g

The numerical experiments in Section [6] show that the bootstrap bias corrected test

(4.6) To(7) =

controls the type I error reliably without sacrificing power undulyH Now, with the

superscript x indicating the bootstrap analogue, we have the following result.

Theorem 4.2. Under Assumptions and Ho,
sup [E*W;i () — p| = 0, (p"?).
vel

Details of the components of W () are left to Section [S.C|of the online supplement.

%It is worth noting that the wild bootstrap may not be valid to approximate the quantiles of Q,, ()
as it does not capture the high-order dependence embodied in V.
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5. EXTENSIONS

This section considers two useful extensions. One is a more general structural
break test that does not assume a known break date, as considered by |Andrews and
Ploberger| (1994) among many others. The other is the Wald test for general linear

restrictions of growing ranks.

5.1. Testing with Unknown Break Date. The instability of an economic model
over time is a major concern in empirical studies, leading to a commensurately large
literature that is largely focussed on parametric models, see [Perron| (2006) for a review.
In a parametric setting, Andrews| (1993) considered testing with generalized method
of moments (GMM) estimation, spawning contributions that widen the scope of this
approach, such as Hidalgo and Seo| (2013)) and Qu and Perron| (2007)). |Andrews and
Ploberger| (1994) and Elliott and Miiller| (2006) explore certain optimality properties
of parametric tests.

In this case, the null hypothesis is specified as
Ho:0o =0, forany~el,
where I' is a closed interval in the interior of the unit interval. Extending Andrews

and Ploberger| (1994), we introduce a class of weighted exponential statistics:
c
V2
for a positive ¢ and a bounded weight function J such that fr dJ (v) = 1, where
T.b(7) is defined as in Section and for which we set 6, = 6,(%) and & = &,(%) in

5.0 B = iog [ o (=700 s )

(4.5), where 4 = argmin 6%(y) and 62(v) is the sum of squared residuals as defined
in Section 2l Since
(5.2) lim EapT,(c) = / T (V)dJ(y), and  lim EzpT,(c) = sup 7, (v),

¢—0 r ¢—00 ~yel

we may extend the definition of ExpT,,(c) for ¢ € [0, 4+00].
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The asymptotic distributions under both hypotheses follow from the continuous
mapping theorem given the weak convergence of the stochastic process Q,(v) on
' that is established in Theorem [ST.2] The main result is stated in the following

theorem.

Theorem 5.1. Let Assumptions -@ hold, together with (4.4). Then,

ExpT, (¢) KN ? log/exp — cQ(7) dJ (v),
r V2L LK (rs) dW () W (s)
under Hy, and
(10—(rA70)*
2 cQ () + oo
ExpT, (¢) KN % log/exp ( i) dJ (),
r

1l ooy
V2L K (ros) dW () W (s)
under H, as specified in (3.6), with vy denoting the true break point.

The asymptotic distribution here is a natural generalization of that for the Chow
test through stochastic equicontinuity of the underlying empirical process. The non-

centrality term is also positive for any v € I' to make the test nontrivial.

Remark 1. The test procedure can also be used if interest lies in testing for the
stability of the coefficient of x1;, where x;, = (2}, 2%,) and the dimension py of x1; is

less than p with p1 — oo. Then, we can test 6o = 0 in

(5.3) yp = 2401 + 21,01(t/n > ) + €.

The asymptotic theory in Theorem can still be used, as py — oo with n — o0,
setting q = (npl)_l/zngll_létZi:l 2465, where Qy = QM (MIQ M) MIQ!
with My = n='S°0 | .

5.2. General Linear Restrictions. For a linear regression model y; = 2,5 + &,

we consider testing a linear restriction Hf : R°8 = r, where R° is a matrix of rank

p < dim(p). For the usual Wald statistic

(5.4) We .=n (RCB - r)' (ReMlﬁMlR’e)_l (REB - 7“) ,
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~

M =n"'Y, z2) and Q is an estimator of ez, define Q¢ = (W< — p) /+/2p. Al-
though the test statistic appears to be very similar to the Chow test, the next theorem
shows that the numerator and denominator in our corrected test statistic are related
differently, calling for different critical values. Furthermore, the HLV is now obtained
by replacing Q! in Assumption 4| with L = M~ 'R¥ (RerlQMflRe’)_l ReM1,
and the resulting limit denoted V°.

To estimate V¢ and employ bootstrap bias correction, it is convenient to refor-
mulate the restriction as an exclusion restriction of growing dimension, without loss
of generality. Indeed, let S be the orthogonal complement of R® and @ = (S, R°).
Then, let &, = Q' 'ay, § = QB — (0/,7')’ such that & = (&), 685), with &, = (i, ¥5,)’
conformably partitioned, d, = RS — r and g, = y; — 25, r. We can now test the null
hypothesis H{ : 02 = 0 in the regression of §; on ;.

This transformation makes it particularly convenient to impose the null in the boot-
strap resampling at the bias correction stage. Let Q% denote the bootstrap bias cor-
rection factor for W¢. This yields the bias-corrected statistic 7,%* = (Q¢ — Q%) / \/]; :
where V* is defined analogously to V, but now with ¢, = (np)~ "/ :i’QthflétZi;ll Toy€s,
where I9; denotes the residuals from the regression of 79, on z;; and Qe =

nt Y, Topdh,e?. Then, with W (-) defined in (4.3)), we have the following theorem:

Theorem 5.2. Let Assumptions hold with the following modifications: (1) L
replacing Q' in Assumptz'on and the resulting limit denoted V¢. (2) The conditions
on the partial sums to [ny] are omitted in Assumption[5(ii). Also suppose that
holds. Then, under H,
(5.5) oo =2 In 4 W) |

Ve K () AW () dW (s)

n

Under HS : R¢3 —r = 2Y47p! /4 /\/n, the numerator in the limit becomes W (1) + 75,
where 75, = lim,, o 7 (REMTIQM'RY) ™ 7.

The limiting distribution is mixed normal and pivotal but different from the limit

in Theorem [3.1] This is because the Chow test considers a quadratic form in
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n~Y23"  by(y)mes, which differs from this section by introducing a trend into the
regressors via the factor ¢4(y). Due to this difference, the partial sum processes con-
verge to Gaussian processes with different covariance kernels. An R code to compute

the critical values is available from the author’s website.

6. MONTE CARLO

This section examines the finite sample properties of our bias corrected HLV-robust
test 7.? compared to the standard chi-square test W,, which does not account for
growing p, and the unscaled Q,, statistic with standard normal critical values, which
does not account for V, in terms of bias, size and power.

We will consider the examples below in our Monte Carlo experiments.

E1 (Multiple Regression of Growing Dimension). |Koenker (1988) found through his
metastudy that it is common practice in econometrics to increase the number of re-
gressors as the sample size n grows, at a rate of roughly O (n1/4). In this case, the
approximation error ry is not explicitly modeled and may be set as zero. Practitioners
thus adopt a flexible approach to modelling, where the assumed model becomes richer
with more covariates and with more lagged terms to account for the dynamic effect in

the spirit of the distributed lag model, as illustrated in e.g. \Stock and Watson| (2015).

E2 (Infinite-Order Autoregression). This model is one of the most fundamental mod-
els in time series analysis, see e.g. |Brockwell et al. (1991) or |Hamilton| (2020).
For the process to be stationary, the coefficients {b;} in the AR(oco) model y, =
by + Z;; bjyi—; + € are assumed to obey a certain decay rate. Specifically, the tail
sum of the coefficients satisfies Assumption@ if Z;’;p |bj] = o (nfl/z). While we take
p as given in our analysis, for practical purposes various methods based on infor-
mation criteria are available to choose the truncation lag p, see e.g. |Shibata (1980)
and references therein. | Wang et al.| (2007) propose a lasso-based autoregressive order
selection rule while |Lee et al.| (2018) propose a lag selection rule in an infinite order
panel autoregression. For expositional ease, we assume that the observations begin

fromt=1—p and z1 = (1, Y0, ..., Yy1-p)-
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E3 (Nonparametric Series Regression). In case of the nonparametric series least
squares estimation of E (y.|z), there exists a sequence of transformations of the
covariates z; given by T, = x,(z) @ R¥ — RP, and coefficients B3, such that
E (yi|Fiz1) = f(z) = 2,80 + rn(2t), where rpy = 1y, (2¢) meets Assumption @ for
a broad class of functions f, see e.g. |Andrews (1991a), |Newey (1997), |Chen (2007)
and |Lee and Robinson| (2010). By Lemma 1 of Lee and Robinson (2016), it is met if

17t)00 = O(p®) for some a < 0 and p** < n~!.

Depending on the smoothness of the
nonparametric function f(-), the regressor support dimension k, and the type of basis
functions used, different values of a may be implied, see e.g. |Newey (1997), |Chen
(2007), p. 5573, for examples and further references. Often, the condition holds
under the so-called undersmoothing selection of p. Another closely related example is
the partially linear regression model, e.g. |[Engle et al.| (1986) and |Robinson (1988).
Again, while we do not consider data-dependent p, for practical purposes the literature

proposes methods for the choice of p using cross validation or information criteria,

see e.g. p. 5623 of |Chen| (2007) for a list of references.

The tests are applied to the setting of the Chow test, break test with unknown
break date, and testing a general linear restriction. We consider various sample sizes
n and dimensions p from the three examples, E1-E3, with the error generated from a

bounded ARCH process
(61) &t = at€t7 Ut2 = (1 — Oé) + Oé(ﬁ(&“t,l),

where ¢(z) = 221{|z| < ¢} + A{|z| > ¢}, & = (n— En) /y/var (n;), and
{n:} is an iid sequence from the |Marron and Wand| (1992) normal mixture dis-
tributions of type 1-3, which we refer to as error 1, 2 and 3. Their error 1 is
standard normal. For a standard normal vector (Zi, ..., Z;) and multinomial vec-
tor (di,...,dy) with probability (1/5,1/5,3/5), error 2 skewed unimodal variate is
n = Zidy + (2Z5/3+1/2)dy + d3 (57Z5/9 + 13/12), while error 3 strongly skewed

variate is 7, = 217:0 disq <Z1+1 (2/3)l +3 <(2/3)l — 1)) with equally likely d;’s. We
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report results using with a € {0.3,0.4,0.5,0.55,0.577} and ¢ = 2.5. Results
from ¢ = 3 and oo are similar and omitted.

More specifically, for multiple regression, E1, the regressors x; consist of inde-
pendent AR(1) processes with coefficient o, and ARCH innovation as in (6.1 and
their lags of order up to 3. That is, we consider the distributed lag model with
a growing number of variables. The first five elements of 3 in are set as
do (57/2,...,57 /%) p/*n~1/2 and the others as zeros. When there is a break, all the
values become zero after the break so that the value dy controls the magnitude of the
change. We vary p € {5,9, 13} to examine the effect of the dimension on our tests.

For the infinite order AR regression, E2, we generate the sample from the MA(1)
model y; = g + 01{t < p}e_1, p = [ny], and estimate the AR(p) model with
p =9 forn = 250 and p = 13 for n = 500. For the sieve regression, E3,
we consider two variables (; and (; and their lags (;;—1 and (o, as regres-
sors, denoted by zy,---,zy, after transforming them as 2arctan ((;) /7. Each
(it follows an AR(1) process with ARCH error. The regression function is set as
fFlo,e ) = do(Lz, 20,28, 0,287 (1_2,...,p2_2)/ + +/|z1] /n with p; =
LlOOOl/ 4J and py = 4p;. To estimate the regression function, we construct z; from
polynomial basis functions and its dimension p as in E2.

We first employ these DGPs to simulate values of V with n = 1000, which are
plotted in Figure [T reporting averages from 2500 iterations. This serves as a useful
illustration to observe visually that V deviates from unity for various specifications.
A broad observation we make is that the deviation is bigger with larger ARCH coef-
ficients and bigger autocorrelation in z;, although this feature is not monotone. To
conclude, we observe that the nonlinear serial autocorrelation factor V can induce se-
rious distortion in inference without a suitable robustifying treatment, as we provide

in section

6.1. Chow Test. We consider three candidate break points as proportions of the
sample sizes, v € {0.2,0.3,0.5}. We begin by examining the bias of Q,(v), conven-

tionally centered by the degrees of freedom p, under the null hypothesis. Note that
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a severe bias in Q,(7) also implies that the size of the Wald test W,,(7) can be dis-
torted severely. We report the results in Figure [ in which the line with dot markers
shows the bias in Q,(v) for n = 250 and n = 500. For E1, (Figures 24] 2d)), each
vertical partition (marked by a dotted vertical line) corresponds to a specific value of
p. Within each vertical partition the DGP parameters change along the horizontal
axes as (error type, «), in lexicographic order. As p grows, we observe that the Q,, ()
statistic exhibits severe finite sample bias for all values of the DGP parameters.

A similar visualization of bias in Q,,(7) for E2 is presented in Figures[2b] 2¢] Rather
than report values for different p, here we focus on the case p = 9 for n = 250 and
p = 13 for n = 500 and allow the values of o and # to vary along the horizontal axis
lexicographically as (error type,« or ), as detailed in the caption. A substantial
bias in Q, () is observed for all cases, regardless of n = 250 or n = 500, albeit the
biases are generally smaller in the latter case. Finally, Figures 2d, 2f show the bias in
Qn(7) for E3, with the same p as for E2, to mimic the asymptotic regime of a sieve
regression, and parameters as in E2. We observe a similar pattern of substantial bias
for both sample sizes.

As discussed above, Figures clearly show that the biases present in Q,, () are
severe. In these figures we also plot the bias of the bias-corrected HLV-robust statistic
T.b(v), shown in black with square markers. The bootstrap bias correction seems to
work well for all the cases, substantially alleviating bias. In Figure [2, we observe
that T.2(7) can still exhibit some bias for specific cases but for E1 and E3, unlike
the bias of Q, (), this is centered around zero, while for E2 it is generally smaller
in absolute value. Thus we recommend the use of the bootstrap bias correction in
practice especially when faced with large values of p.

We now study the finite sample rejection frequencies of four competing tests:
To(Y), Tu(), Qn(v), and W, (v), with specific parameter values as given in the re-
spective figure captions. As shown earlier, the unknown HLV scaling factor V' varies
along different ARCH parameters. This motivates our approach of experimenting

with different v values and innovations. The Monte Carlo sizes resulting from the
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experiment are plotted in Figure [3| wherein we place a horizontal dotted line to mark
the nominal size of 5%. We report results for v = 0.3. The vertical partitions in each
panel of Figure [3| correspond, as discussed earlier, to increasing values of p from left
to right in E1. We cover multiple regression (Figures [3a], [3d), AR fits (Figures [3b]
and sieve regression (Figures , for n = 250, 500.

For all DGPs, the usual Wald statistic W,,(y) (diamond markers) over-rejects. Sim-
ply standardizing the test statistic W, () to Q, (), hence ignoring the HLV V| does
not improve matters. In fact, it usually worsens the problem of over-rejection. This
can be seen in the lines with triangle markers. Our HLV-robust statistic 7, () does
much better, as the lines with dot markers indicate. While this shows the importance
of the correction for V that we stress in the paper, there is still a tendency to over-
reject. On the other hand, applying the bootstrap bias correction and using the bias
corrected HLV-robust statistic 7,°(7y) achieves excellent size control, as can be seen in
the line with square markers. The discussion holds regardless of whether n = 250 or
n = 500. Thus the importance of our proposed testing procedure is clearly visible.

We now analyze the power features of the competing test statistics for the proposed
DGPs, allowing for breaks of different magnitudes and setting v = 0.5. After the
break all the coefficients become zero so that the values of dy govern the size of the
breaks in E1 and E3, while the values of # do so for E2. The power performance
is plotted in Figure [d, where to conserve space we report results only for n = 400.
Again, we use p = 9 for E2 and E3, while a range of p is employed for E1. The line
marker schemes for each of the competing tests are as described earlier. Examining
the figure, the power of our HLV-robust statistics 7,(7y) (dots) and T.%(v) (squares)
tracks that of the uncorrected ones as the break size increases for both E2 (center
panel) and E3 (right panel). For E1 (left panel), we only report results for dy = 2
for clarity. We observe that W, () tends to have the highest power but our statistics
still perform reasonably well with power in excess of 80% even for large p. Recall that

our size experiments earlier indicate that W, (y) over-rejects, a phenomenon of which
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high power is likely an artefact. Thus we conclude that our test is able to control size

without sacrificing power to an undue extent.

6.2. Testing a Linear Restriction. This section presents the outcomes of bias,
size and power experiments for testing general linear restrictions, analogous to those
for the Chow test in the preceding discussion. We use the reparameterization of the
linear restriction to the exclusion restriction d, = 0, as discussed in Section We
focus on E1 with n = 400, p = 8,12,16, dy = 1, error 1 and 2 disturbances and
a = 0.4,0.55. The results are displayed in Figure |5, with the same marking scheme
as before and three test statistics employed: W¢, Q¢ and 7,%*. In all three figures,
each vertical partition marks a different value of p, increasing from left to right.
The left panel of Figure [5|shows that the bootstrap bias correction indeed improves
matters, as was the case for the Chow test. The center panel again demonstrates the
importance of our proposed corrections for size control. W7 and Qf, tend to over-
reject, becoming worse as p increases. 7,¢* controls size very well for medium to large
p, while still outperforming W¢? and Q¢ for smaller p. The right panel shows that

T.¢b sacrifices some power relative to W¢ and Q¢, but not unduly so.

6.3. Sup Test for Structural Break. In this section we examine the size and power
performance of the sup test for the presence of a structural break at an unknown date,
which is a special case of the exp test, viz. lim, o, ExpT,(c), see . Specifically,
we compare sup,cp Ip (7) with sup.cp @, () and sup.cp W, (), where the critical
values for the last test come from Andrews (1993). To conserve space, we report
results for E1 and error 1 and 2 disturbances only. We also take a = 0.4,0.55,
p=>5,7,9, n =400 and I = [0.15,0.85].

The vertical partitions in Figure@represent p=15,7,9, (left panel) and dy = 1,5, 10
(right panel), increasing from left to right. Examining size control (left panel), the tra-
ditional sup test sup W, (v) (triangles) over rejects, with performance getting poorer
as p increases. The correction for p immediately improves matters, with sup Q,, ()

(dots) still over-rejecting but to a lesser degree. Our recommended statistic sup 7,? ()
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(squares) does best overall as p increases, and achieves quite acceptable size perfor-
mance even when p is moderate. The right panel displays power, with break size
increasing in each vertical partition from left to right as dy = 1,5,10. Our recom-

mended statistic sup 7% () is seen to not unduly sacrifice power relative to sup Q,, (7).

7. EMPIRICAL EXAMPLE

We revisit structural stability in the [Hamilton| (2003) study of the effect of oil
shocks on economic activities. The autoregressive distributed lag model, ADL(p, p),
with quarterly time series of outputs and several oil price measures is employed. For
real output, the quarterly growth rate of chain-weighted real GDP is used, while the
oil price is the nominal crude oil producer price index, seasonally unadjusted. As
in Hamilton, three oil price measures were considered: the growth rate o; from the
previous quarter, the rectified linear unit, o = 0;1{0; > 0}, and the net oil price
increase, o}, defined as the amount by which log oil prices in quarter ¢ exceed their
peak value over the previous 12 months. If it does not exceed the previous peak, then
o} is taken to be zero. We extend the original sample using the FRED database at
the St. Louis Fed to obtain a sample from January 1949 to October 2019.

First, we reevaluate structural stability of the GDP dynamics using AR(p) fits,
and that of the regression function of GDP growth on oil price change using an
ADL(p, p) model with the three alternative measures of oil price change. As inHamil-
ton (2003), we do not hypothesize a predetermined break date and use sup,cp 7,7(7)
and sup.,cpr Wy (7), I' = [0.15,0.85]. The p-values of the tests are reported in subtables
(a) and (b) in the upper panel of Table [I] where for sup W () these are computed
using the R function of Hansen| (1997). We obtain conflicting results: the stan-
dard sup W () test supports the presence of structural break in both regression more
strongly than our recommended sup 7,°(7) test. Judging from our Monte Carlo sim-
ulation that illustrates the effect of the degree of the freedom (df) on finite sample
properties of the two tests, sup W, () tends to have larger p values in the AR case

(p+ 1 df) than in the ADL case (2p + 1 df), while sup 7,°(y) would be the opposite.
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Thus, the evidence for structural instability is no longer as strong, often overturned

at reasonable significance levels.

a p, p) stability C p, p) exclusion
AR(p b) ADL bili ADL lusi
GDP | \ ot of all oil NL
1agsp\4 \46 4 6\46 \4 6 | 4 6
sup 7,2(7) 4 7.2 29 0.08 1.7/ 0 0 87 269| 76 19
sup Wy (7) 0 2 0|0 0 e 9 44|28 44
P \ ot all oil NL
lagsp | 12 18 |12 18| 12 18|12 18| |12 18 | 12 18
sup 7.2(7) 3 6 534 4.3 66 1 14]14 09|72 27 309119 185
sup Wy (7) 0 0 0]0 0 ©117 08]05 05

TABLE 1. 100xp-values of stability and exclusion restriction tests for full sample.

€ [0.15,0.85] (a) Tests for stability of GDP or IP dynamics via AR(p) fits. (b)
Tests for stability of ADL(p, p) regressions of GDP or IP on oy, 0] or of. (c) Tests
for exclusion restrictions on all oil price measures (o¢, 0}, o) or nonlinear oil price
measures (o;, of'.) in ADL(p,p) regressions of GDP or IP on oil prices.

Second, we explore the relevance of the oil price measures and the relevance of
the nonlinear transformations (o;", o') by testing two exclusion restrictions in the
ADL(p, p) regression that include all the three oil price measures as covariates. The
first exclusion restriction is to set the coefficients of all the measures zero and the
second is to set those of the nonlinear transformations (o;, of) to zero. This yields
12 and 8 df, respectively, when p = 4, and 18 and 12 df, respectively, when p = 6.
As shown in sub-table (c) of the upper panel of Table |1} our recommended test T¢°
produces p-values bigger than 0.05 for all cases, suggesting the effect of oil price as
measured by these transformations is not statistically significant, nor are the non-
linear transformations. The standard Wald test for the exclusion restriction is more
supportive of their inclusion but may lack robustness with large df.

As another measure of economic activity we now consider the industrial production
(IP) index. This is available at monthly frequency and thus we consider ADL(12,12)
and ADL(18,18) to include lags of one year and one and a half years, respectively.

With monthly data, the dimensionality becomes more important: the number of
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GDP | (a) AR(p) (b) ADL(p, p) stability (c) ADL(p, p) exclusion
SSs1 | | o of op all oil NL
lagsp | 4 6 |4 6|4 6 | 4 6 | |4 6 | 4 6
supT2(v) | 87 09|38 31[02 15839 114|77"|73.8 74.2[926 85.6
supWo(y) | 07 0 | 0O 0|0 0 | 0 0 |W:|654 46 |785 475
Ss2 | | o o) oy all oil NL
lagsp | 4 6 |4 6|4 6 | 4 6 | |4 6 | 4 6
sup T2(7) [ 46.6 26143 33(91 2 | 0 0 |75"|11.6 242|232 348
supWyp(y) |43 71/ 0 0]01 0 | 0 0 |W:| 06 14|94 11
1P | (a) AR(p) (b) ADL(p, p) stability (c) ADL(p, p) exclusion
Ss1 | | o of oy all oil NL
lagsp | 12 18 |12 18 |12 18 | 12 18 | |12 18 | 12 18
supT2(7) | 55.7 3.8 [ 1.9 33[44 11 [73.9 549| 7" [253 204 7.2 6.3
supWn(y)|234 020 0|0 0| 0 O |We|l08 0 |04 O
Ss2 | | o o oy all oil NL
lagsp | 12 18 |12 18 |12 18 | 12 18 | |12 18 | 12 18
sup T2(7) | 26.4 45.6[3.6 56[/06 04 | 1.6 03 |77"]248 205|181 27.2
supWo(y)| 0 0 | O O |0 O | 0 O |We|03 01][06 15

TABLE 2. 100xp-values of stability and exclusion restriction tests for subsamples.
SS1: 1981:1-2019:TV, SS2: 1950:1-2007:T; ~ € [0.15,0.85]. (a) Tests for stability of
GDP dynamics via AR(p) fits. (b) Tests for stability of ADL(p,p) regressions of

GDP or IP on o, o; or of. (c) Tests for exclusion restrictions on all oil price mea-

sures (04, 0, o) or nonlinear oil price measures (o}, of.) in ADL(p, p) regressions

of GDP or IP on oil prices.

restrictions we test varies from 13 and 25 in the structural break test for the AR(12)
and ADL(12,12) regressions to 36 and 48 for the exclusion tests in the ADL(18,18)
regression. In fact, Andrews| (1993) and Hansen| (1997) do not even provide critical
values when df> 20, giving even more reason for our method to be applied. The

results in the lower panel of Table (1| are qualitatively similar to those for the GDP

measure.

Building on studies on major oil shocks such as Hamilton| (2009), we also consider
two subsamples: SS1 starts after the 1980 oil shock while SS2 ends before the 2007

oil shock. As for the lag order p, we try both p = 4 and p = 6 for robustness.
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Furthermore, we also test subsample time series and regression stability as well as
exclusion restrictions for the dependent variable IP, using p = 12 and p = 18 as
before. The p-values are reported in Table [2] with the each panel covering GDP and
IP and containing subpanels for SS1 and SS2. Again, we note that evidence against
the null becomes weaker when using our recommended tests sup 7.(y) or 7, as
compared to the standard Wald statistic approach. Very often the conclusion of the
test is changed when using our approach, but even when this is not the case there

can be large differences in p-values.
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APPENDIX A. PROOFS OF THEOREMS

We begin with some notation. Let
A(y) = (X*(7) Mx X*(7)) ™ X*(7)' Mx
with X* () having t-th row z; () = z}1{t/n > v}, Mx is the residual maker for the
matrix X with ¢-th row z}, and
B(y) = RM(7)'Q(y)M(7) 'R

Also, let Q(y) = n 231 2 (y)2)(y)o? and z4(y) = (o}, 2}*(7))". Tt is also convenient
to recall that M = n~'X’X and define S(7) = n~'X"™(7)X(v). Recall that cross-
referenced items prefixed with ‘S’ can be found in the online supplementary appendix.

A.1. Proofs for Section [3L

Proof of Theorem and[3.4 These theorems are marginal convergences of the weak
convergences established under Hy and H, in the proof of Theorem . 1

A.2. Proof of Theorem [4.1} For the weak convergence under the null, Section
first establishes the weak convergence of Q, (), and then Section proves
v 3 fol fol K3 (r,s)dW (r)dW (s), where W (r) denotes the same limit Gaussian
process as in Theorem Then, the claim follows by Theorem and the
continuous mapping theorem. After completing the weak convergence under the null,
we prove convergence under the local alternative in Section

A.2.1. Weak convergence of Q, () under Hy.

Proof. This step is quite involved and we delegate proofs of many intermediate steps
to Section [S.B] Summarizing these steps, Theorem therein develops the initial

approximation Q,(v) = (R.(y) —p) /v2p + 0p(1), where R, (7) is defined in (3.4)).
Then, (SB.44) and Lemma yield the second approximation

Tl =P _ g, 1),

NGT: (7) + 0p(1)
uniformly in v € I', where
nt Y 9:() QT gs(v)eres
Y1 =7)v2p

and g:(y) = z:1{t/n <~} — ya;. The claim now follows by a functional CLT for
S,.(7) established in Theorem [ST.2| §

A.2.2. Weak convergence of V.

Proof. To establish this convergence, by Lemma 1 (c¢) of |Sun (2014) it suffices to show
that

(A.2) V-V =0,(1),



where ]} = %Z?:Q 22:2 k <:;TZ> @@7 Qt* = (np)_1/2 $;Q_15tzz;l1 Ts€ss @k = Qt* -
n~t >, g, Strictly speaking, Sun’s Lemma 1 (c) is stated for the case where the
partial sums of ¢, are approximated by the partial sums of e;, which is iid normal, but
it also holds when it is approximated by the partial sums of a,;e; for any real bounded
array an; by repeating the same argument in the proof. In our case, a,; = Vt/n.

Let S ? n/h7 Ct = h; Zs<t hs/\/]_?a ht = Qilxtéta C/\/ﬁ = nil _Z?:Q gy =
n~t 370, Gi/+/n, with analogous definitions using 2 and ; for {;, h; and ¢. Then

X B n—|7A0| . .,

V-V = n? k(j/s)n™t Z {(CtCt—Hj\ - Ct<t+|j|) +2¢ (Ct - Ct)

j=—(n—1) t=1+(5V0)

—_

n—

—~

A3)  + ((-Q)b+(e-)}.

We obtain a bound for

(A4) GeGels] — GGl = <Ct - Ct) Geslg| + (§t+\j\ - Ct+|jl> G,

while omitting similar details for the other three terms. To find a bound for (A.4)),
first note that h, = O, (||z]]) = O, (v/p), by Assumption (zz) and finite fourth

moments of x; components (Assumption [3(7)), and because
(A5) &=y —aio(y) =, (31(7) — (51) + a1l (t/n > ) boe + 11 + &0 = Op(1).
Hence

(A.6) G= 03 hu/\/B= 0, (nF).

s<t
By the same argument, h; = O,(,/p) and ¢; = O, (n\/]_)) as well.
Now recall that é, —e; = z} (51 (7) — 51> + 2,1 (t/n > ) doe+r; and

0, (Hé(y) — 5H> =0, (\,'y/p/+/n) implying that
(A.7) et —er =0, (max {)\glp/\/ﬁ, p3/4/\/ﬁ}) .

Thus we obtain
(A.8)

]A% — ht = Qil <Q — Q) Qflxtét —+ Qill't (ét — Et) = Op ()\;2\/]_?max {Up,p/\/ﬁ}) s

using Assumption [3|(éii). Using (A.8)), we get
(A.9)

GGo= (b= 1) Sl y5+0 S (e = 12) /B = 0, (A Pny/Bma {u,,p/vVi})

s<t

Using 1) and (A.9) in 1} we obtain étét+|j| = GGerj] =
O, (\,;*’n?*pmax {v,,p/\/n}). This, along with similarly obtained bounds for

51(’7) — 01
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the remaining terms in (A.3]) and Lemma 1 of [Jansson| (2002)), yield

V-V = O, (§ (/ |k(x)| dx) A 2pmax {vp,p/\/ﬁ}> =0, ()\;2 max {pvp,pQ/\/ﬁ}) ,
R

which is negligible by (4.4). n

A.2.3. Under the alternative.

Proof. Under H,, we have d(7) = A(7)X* (70) da¢ + A(7)e + A(y)r, so that, writing
D (v,7v%) = A(y)X* (1), similar algebra to that used in the online appendix and

Lermmas BLABLTT] yiclds
2ndh, D "B(y)'A 2ndh, D "B(y)'A
(1) = Saly)+ 2wl 0n0) BO)TAGe 200D (7,70) By~ AG)r

Ner Ner
mm)%_%wm%NMWhﬂmﬂmew
' Ner
ndyD (v,70) B(y) ™' D (v, %) 62 +o,(1).

V2p
For the second term on the RHS of (A.10]), note that this equals

28, D (1,0) B(7) A 270D (1:70) (BO)™ = B()™) Ay

V2D
_ 208D (1) BO) MAW)e (A2 loael [l X el | B() = B())| /vp)

2ndy, D 'B(y)'A
_ 2NOy (v:7) B(v) (7)5—1—0;; ()\T:4p1/4maX{/\;1%p;Up})7

_l_

E

3

E

proceeding like (SB.38)), the second stochastic order above being negligible by (3.1)).
By Assumption [T}, the first term has mean zero and variance equal to a constant times
D (1,%) B0) ' AMAW' BO) D (190) T _ ) 4
= Op(1/V/p),
VP
uniformly in v by Lemmas [SL.4] and [SL.5| and the calculations therein.
By Assumption [2] the third term on the RHS of (A.10) is
Op (132 I X7r [ /v/B) = Op (011)

The fourth term on the RHS of (A.10) 1is readily seen to be
0, ( B(y)™' = B(y)™! ) = 0, (\,*max{\;'5,,v,}), which is negligible by
(3.1). Thus, by (SB.28)), (A.10) becomes

ndy, D (77 70), B(W)_lD (77 ’YO) 62Z
Qn v) = Sn v) + 2t
(7) (7) NGT

= S.(7) + (1L —=)T'D (v, %) MQ ™MD (v, ) T+ 0,(1).
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Now, by the definition of its components and steps similar to those elsewhere in the
paper, it is readily seen that [|D (v,70) = {(v +7%(1 =) = (v V1)) /71 =N} | =
0p(1), uniformly on I' and that v +7o(1 =) — (v V70) = =70+ (v A ) as v+ —
(V) = (v Av). Thus,

(10— (YA 1 et
(A.11) Qn(7) = Q) + S1=7) Tim 7' MQ™ M,

on I' by Theorem [ST.2, which gives the distribution of Q, () under H,. §
Proof of Theorem[4.3 In Section [S.C| of the online supplement. 1
A.3. Proofs for Section [5l

Proof of Theorem[5.1 Follows by Theorem and the continuous mapping theo-
rem.

Proof of Theorem[5.3. The proof proceeds exactly as that of Theorem but is
simpler due to the absence of v. We give a brief summary and omit the details.
Because R°S —r = Rn *M 'Y " | 2,6, under H§, we can obtain the approximation

o — n (i weed) LR ) = p
n /2p

Then, the proof of asymptotic normality follows with w,s = &, :;11 &/\/np as in

Theorem but now defining & = LY?z,,. From this it is readily seen that

EQr jwes) =Ve+0(1). n

+ 0,(1).
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Online supplement to “Robust Inference on Infinite and Growing
Dimensional Time Series Regression”
Abhimanyu Gupta and Myung Hwan ‘Matt’ Seo

S.A. AN EXPONENTIAL INEQUALITY FOR PARTIAL SUMS OF WEAKLY DEPENDENT
RANDOM MATRICES

We develop a stochastic order for a matrix partial sum. Closely related results can
be found in Theorems 4.1 and 4.2 of |Chen and Christensen (2015), who establish
such bounds for full matrix sums as opposed to partial sums. Our first theorem is
a Fuk-Nagaev type inequality, using a coupling approach similar to Dedecker and
Prieur| (2004), Chen and Christensen| (2015) and Rio (2017).

Theorem ST.1. Let {;},., be a B-mizing sequence with support X and r-th mizing
coefficient B(r) and let Z;,, = Z,, (&), for each i, where =, : X — R"*% js q sequence
of measurable dy x dy matriz-valued functions. Assume E (Z;,,) =0 and ||Z; | < R,
for each 1, set

E (=5}

and define Sy = lel Ein. Then, for any integer q such that 1 < q < n/2 and
02> qRy,

P(Sup [EA >4g) < (m +1) B(q)+2(d1+d2)exp< /2 )

1<k<n ngs? + qR,0/3

2 =/
s, = max maX{HE (HZ nZ;, n)H ,
1<7,5<n

The required stochastic order now follows by a choice of ¢ in Theorem

Corollary SC.1. Under the conditions of Theorem|[ST. 1|, if q is chosen as a function
of n such that (n/q) B(q) = o(1) and R,+/qlog (di + d2) = 0 (s,\/n) then

sup [|Skll = O, (suv/nglog (dy + o)

1<k<n

Proof of Theorem[ST .1 Fori=1,...,[n/q], define U; = Z] L ia—aqi1 Zin and Upnyg 1 =
Z;‘:[n Jalg Sin- Now, for an integer j that differs from an integer multiple of ¢ by at

7 . If ¢ is even (re-
spectively odd) then ¢ = 2k (resp. ¢ = 2k + 1) for some positive integer k, implying
lq/2] = [2k/2] = K (resp. [q¢/2] = [(2k + 1)/2] = k) whence 2[¢/2|R,, < qR, (resp.

2[q/2]R, < (¢ — 1)R,). Thus, because ¢ > qR,,
> 3@)

most [q/2], we have sup,;<, [|Skl < 2[q/2]R, + Sup;~g ‘

J

>

1<k<n >0 ||

Z3g),

P(sup Hsku>4g) < P(z[q/z]Rn>g>+P<sup

J
>

=1

(SA.1) = P (sup

7>0
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so it suffices to prove that

250) < ([2] 412) s+ 26w aom (202

Enlarging the probability space as needed, by Lemma 5.1 (Berbee’s Lemma) of Rio
(2017) there is a sequence &, 1 <i < [n/q] 4+ 1, such that

J

P (3&% 2

=1

Ui

(a) The random variable x} is distributed as x; for each 1 <1i < [n/q] + 1.

(b) The sequences &;, 1 < 2i < [n/q]+1,and &, ;, 1 <2i—1<[n/q]+ 1, comprise
of independent random variables.

(c) P(&#&) < Blg+p)for 1<i<[n/g+1.

Denote =5, = =, (§;), and define U} in the obvious manner. Then, we have
[n/ql+1 j
(SA.2) sup Z U; Z \U; — U + sup Z Us;|| + sup Z Uy 4
3>0 =1 =1 3>0
Now, by (c), we have
[n/a]+1 [n/a]+1 [n/ql+1

P ZHU Uil >e| = P ZHU Uil = | Y o/ (/g +1)

i=1
[n/q]+1

< Y P(IU U = of (n/q] + 1)

i=1
< (In/dl+1) Blg +p),
while for all 1 < i < [n/g] + 1 the matrices U} = 3% ., satisty ||UF|| < qR,

Jj=iq—q+1 _'J
J J
E (Z UZ-UZ-*> ‘ AE <Z U U) } < ngs?.
i=1 =1

Furthermore, the sequence U; = Z:l Us;; is a matrix martingale (because Us; is an
independent sequence and EU; = 0) with difference sequence U; —U; 1 = Us;. Thus,

by Corollary 1.3 of [Tropp (2011)
—0%/92
>g>§(d1+d2)exp( Q/ >

max max
1<j<n

U*
Z & ngs2 + qR,0/3

=1

The third term on the RHS of (SA.2)) is bounded similarly, whence the claim follows. 1

7>0

(SA.3) P (sup

Proof of Corollary[SC-1. In Theorem [ST.1} take o = C's, v/nglog (di + dz) for a suf-
ficiently large constant C. Then the claim follows by the condition (n/q)5(q) =

o(1) and because R,+\/qlog(di +dy) = o(sp,y/n). To verify that o satisfies that
requirement of Theorem [ST.1| note that the latter condition implies Cs,v/n >
2



R.+/qlog (dy + dz) for sufficiently large n, so ¢ > qR,log(dy + d3) > qR,, for suf-
ficiently large n, assuming d; + ds > e ~ 2.72. The latter condition fails only if the
=i are scalar. g

S.B. FOR SECTION 3]
We first present an initial approximation of Q, (7).
Theorem ST.1. Let Assumptions [13 hold, and
(SB.1) MDA s 4 vp) + AT = 0 as n— oo,
Then, sup.cp |Qn(v) — (Ra(y) = p) /v2p| = 0,(1).

Proof. Much of the details are delegated to Lemmas S5L.10 In particular, we
show in Lemma that

ne'A(y)B(v)'A(y)e —p

B.2 = 1
(SB.2) Qn(7) NGT: +0p(1)
uniformly in 7.

Then, note that

~ N -1 4
(SB.3) (X () Mx X () = (1= 27'8()) S() 7,
and
(SB.4) X*(7) Mxe = X*(7)e = S(y) M~ X'e,

because n~ ' X*(y)'X = S(v). Using (SB.3) and (SB.4), we may write ne’ A(v)'B(y) " A(v)e//2p
as

(SB.5)

n~'Ri(7)' Ra(y) B(y) ' Ra(v) Ry (7)

V?2p
. . N -1
where Ri(7) = S(7) 7' X™*(v)e = (1 — ) "'M ™' X'e and Ry(vy) = <I - M‘lS(fy)> :
By adding and subtracting terms we can decompose (SB.5|) as Z?Zl Ai(7) + Ra(v),

with

(B = Ri() Re(7)B() ' Ra() Ri(y)
Al(”Y) = n\/2_p ,

Ayy) = E(’Y)/RQ(’Y)'B(’Y)_;%Y) () = a())

Aul) = Tzl(V)I(RZ(’Y)_'}/;\I/);_p BO) " R Ri ()

Ri(y)B(y)™  (Re(y) =y~ H) Ri(7)
Ay(y) = ;
77;\/219




where we write Ry () = (1 —~) "M (fy S ey — S Vl]etxt> and
(SB.6)

, ~ ~
Emﬂ EtTy — 7 21;1 5t5€t> M_IB(’Y>_1M_1 ( Eml} EtTy — 7 Z?:l 5t$t>
72 (1 =)’ ny/2p '

By (SB.28), the term sandwiched between the parentheses in the numerator of
(SB.6)) is

(SB.7) (M-1 - M—l) B(y) "M+ M ' B(y)™" (M—l - M‘1> Fy(1— QL.

Ru(y) = (

us/

Substituting (SB.7)) into ( - yields three terms corresponding to the three terms
in (SB.7)). The first of these, multiplied by the outside terms in the sandwich formula
in (SB.6)), has modulus bounded by a constant times

~ ~ 2
XN + X (YelP) HM - MH IBG) M2 )
sup =0, (/\T_L \/ﬁzp) ,

vyerl

by Assumption [3| and Lemmas ., and also F while the second is
1 W

similarly shown to be umformly O %p also By e conclude that

= Ra(7) + 0p(1),

indicating that the theorem is proved if A;(y) = 0,(1), 7 =1,2,3,4. But by previously
used techniques and Lemmas [SL.9 and [SL.10| we readily conclude that

sup (A1<7)7 A2(7)7 A3(/7)7 A4(7)) - OP ()‘775\/]_9%17)

vyel

which are all negligible by (SB.1|), proving the theorem.

Write Q(y) =n! Z?:1 xt(V)xé(V)gf‘

Lemma SL.1. Under Assumptions and the conditions of Propositions [SP.Z or
as applicable,

(SB.8) up —Q q)H ~0, (A;Z min {%3 %}) ,
(SB.9) sup O (y) - Q(W)H =0, (%) :

Proof of Lemma[SL.1. The matrix inside the norm on the LHS of (SB.8) can be
decomposed as 37, U;(7), with

=n! i ()4 (7) [mé(v) <5 N 8(7)” 2 ’
Us(vy) = n! i xt(’Y)xt(’Y)rtQ



) = 207t S el [si) (5 500) | =

i) = 207 3 i) [0 (8= 60 ] e

Us(y) =n~" Y )z, ()re:.

t=1

Recall Lemma SL.3| for sup, <

§— 5(7)” =0, (A;lx/p/n) . Now, since the maxi-

mum eigenvalue of a non-negative definite symmetric matrix is less than equal to the
trace,

n

Il < a7t @) (5-86)) (5-6()

t=1

< 2pn_1 Zn: zp: :vf‘j

t=1 j=1

550 = 0, (%) 0, (o/m)

uniformly in v, by the fact that sup, ; Exfj < oo and (SB.26)). In a similar fashion,

n 1/2
Esup ||Uy(y)|| < 2En~! Zx;xtrf <2 (E () Erf) =0 (\,’p/V/n) .
t=1

vyel

Similarly and using the fact that F (|| |z;) < /E (eZ|z¢) = O (1), we obtain

n R 2
[Us()Il < 403 (o) el 3= 36| = 0, (020°/m)
t=1

T < 407 Y (el 5= 500 1

t=1

N 1 n 2 3/4 1 - 4 1/4 p 3 2)\_1
§4H5—5(7)H n- Z(x;xt) n- T <0 (\/%p/ #) ;
t=1 t=1

(Us(NIl = 207" (zhae) [reee] = O, (p/v/1)

all uniformly in I'. Thus is established.

To show , let z;;, i = 1,...,p, be a typical element of z;. Then any ele-
ment of Q(y) — Q(7) is of the form n=' S0 2y (Y)2;(v) (€2 — 02), i, = 1,...,p,
and ¢ — o7 is an MDS by construction. Thus, it has mean zero and variance

n=2y L B (y)ad(v)E <(6f — 02)? |_7:t_1> = O, (n™1), by Assumption (1| and the

- _ 2
boundedness of Ex},. Thus, F HQ(v) — Q(W)H = O (p*/n), and the claim in (SB.9
follows by Markov’s inequality. i
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We establish the weak convergence of
Y 9:(7)' Q7 g5 (V)2
YL =7)V2p ’

as a process indexed by 7 on any compact subset I' in (0, 1) under the uniform metric.
Let ‘=" denote weak convergence in ¢>°(I").

(SB.10) Su(y) =

Theorem ST.2. Under Assumptwns and L Su(7) = VVQ(Y), asn — oo,

on any compact subset I' in (0,1).

Proof of Theorem [ST_3. First, note that S,(v) equals [y (1 — ) \/Q_p}_l times

[nv] n [n9]
—thQ TE1E5 — —Z thQ Ts€1€s + — Z:rtQ TE4E 5
st 1 s=1 t=1 st 1
s#t s#t s#t
and thus
V2 2
Sn(v) = a7 [An(7) =7 [Au(D) + A (7) — An(7)] + 77 An(1)]
An(v) Ay (7)
=2 ( — A, (1)),
v ) .
where
[7W s—1
225@3,
s 2 t=1
An(y Z Z &és,
\/—s [ny]4+1 t=[nvy]+1
and & = {1}, = Q71/?2,5, being an mds.

Due to thelr symmetric nature, the tightness proof is almost the same for both pro-
cesses. We elaborate the tightness of A, () , for which we note that A,, (y) is a partial
sum process of a heterogeneous martingale difference array w,; = f;Zf;ll &//np, and
thus it is sufficient to show

[n2]
1
E|A, () — A, (72)|4 = E|— Z Wns
\/ﬁs:[n'}/l]—i—l
2
(SB.11) < E <ZE (w2, | For) /n) +n ' max E [wys* O (|72 — 1)
= O(]v2—ml),

where we apply the Rosenthal inequality, e.g. [Hall and Heyde| (1980), for the inequal-
ity and a calculation similar to (SB.14)) and (SB.17)) for the last equality. Specifically,
6



2
n~' max, £ ‘wnsy4 < maxg F/ <E((£;55)2‘]:81) (Ztl,tgq Slgb) ) npT? = O(n_1/2p2),

by Assumption [4| and the same reasoning as in (SB.17)).

Next, we derive finite dimensional convergence by first checking the conditions
of Corollary 3.1 in Hall and Heyde (1980)). The first condition is the conditional
Lindeberg condition

(SB.12) For all n > 0, Z E <(wns/\/ﬁ)2 1 (|wns| > 77)‘ .7:5_1> 20,

for which we check the sufficient Lyapunov condition

(SB.13) S E ((wne/va)'| Foi) B0

The LHS of (SB.13) is positive and, by law of iterated expectations, has mean
n=? Z Ewi, < n 'max Ewp, = O (n~/?p?%),

the final bound coming from the tightness argument. This establishes (SB.12]).
The second condition of Corollary 3.1 in |Hall and Heyde| (1980) is
(SB.14) Y E(wl|F) /n—V/250.

Let Ay = T,Z,. Then we want to show n ?p~ 1Y trA; —V/2 2 0 but, because
n~2p~t Y EtrAy — V/2, it suffices to show

(SB.15) np! Z (trA, — BtrA,) 5 0.

The LHS of (SB.15]) has variance

(SB.16)

n~tp? Z E (trA, — BtrA)*+2n~4p 2 Z E ((trA,, — EtrAg)) (trAg, — EtrAy,)) .
s s1<s2

The first term in (SB.16)) is bounded by n™*p=2 >~ F (tr?A;), and observe that

SEUA) =Y E(u*(1E) < Y E{X(T)u?E)}

1/2
E (ZX“ (Ts)> (Ztr4 (ES)>
(SB.17) < Cn'’E (Ztr2 (59).

The above inequalities are obtained as follows: first, the matrix =, = Ztl tyes St16ty 19

1/2

IN

symmetric and positive semidefinite as it equals (3>, Q7 ?ze,) (3, Q_l/Qactgt)/.
Because T is also symmetric psd, Theorem 1 of |[Fang et al.| (1994) yields tr (TZ5) <

7



A (T,) tr(Z,), whence the remaining inequalities follow by the Cauchy Schwarz in-
equality, (32, a})"* < (32, a2)"* and Assumption .

s 7S

Because tr (Q~1/%z, 2, Q7'/?) =z}, Q~'z,, the right side of (SB.17) is
(SB.18) Cn'/? Z Z E (:cglQ’lxhetlathQBQ’lxMatSaM) )

s t1,la<s;it3,ta<s
The contribution to (SB.18|) when t; = t;, =t3 =4 is

Cn'/? Z Z E [(zQQ_lxt)Q eﬂ =0 (n5/2p2) ,

s t<s

by Assumptions [1{and [3| Thus, this case contributes O(n=%/2) to (SB.16)). Next, the
contribution to (SB.18)) from the case (t; = t2) # (t3 = t4) is

Cn'/? Z Z E (2, Q 'zye] E (xQQQ’lxtggi‘ Fis-1))

s t1<te<s

< Cn'/? Z Z E (17219_1%15::21 Z trTf2)
s t1<s t2<s

< Cn'’p) E <$219_1$t15?1 > X(th))
t1<n tasn

< Cn5/2p Z tr [E ($t1x;1€?1) Qil]
t1<n

_ O (n7/2p2) ;

by Assumption , and because tr'Y;, < pA(Yy,). Thus, this case contributes O (n"/2p?)

to [SB.17, and therefore O(n='/2) to (SB.16).
The cases (t; = t3) # (to = t4) and (t; = t4) # (to = t3) similarly contribute a
constant times

n'/? Z Z E (xglﬁ_lxmstletz)z < nt/? Z Z (E (x;lQ_1$t2€t1€t2)4> v O (n"?p)
s t1#ta s t1#£t2

to (SB.18|), by Assumption 4 and Jensen’s inequality. This ensures a negligible con-
tribution to (SB.16)). Finally,

#
1/2 ! -1 ! -1
cnt/ E E E (.ItlQ T4,€4, €4, Ty, (2 xt45t35t4)

s t1,ta<s;t3,ta<s

# P
1/2
= O|n" E E E | B (4, i€6, Tty jE1, Tty kEt5 Tty 1€ 14) |

s t1,t2<s;t3,ta<s i,5,k,l=1

s i,5,k,l=1,...
t1,t2<s;5t3,t4<s R b

+
3/2, 4
= 0 <” / p max E max | E (T4, i€, Tty j€1, Tty kE Tra 11| |



(SB.19)

where Zf s excludes all cases which were considered before. Therefore, in
1,t0<8;5t3,t4<5s )

view of (SB.17) and (SB.19)), to establish negligibility of the first term in (SB.16)) it

suffices to show
#

(SB.20) n 5/2272 msaxl .kHll_af Z | B (T, 80, Tty jE1, Tt kE13 T1a1E04)| = 0(1).
B P t1,ta<s;t3,ta<s

The summand on the LHS abve is bounded by
‘E ($t1,i€t1$t2,j5t2)| |E (xtg,k5t3$t4,l€t4)‘ + ‘E ($t1,i€t1$t3,k5t3)| |E (xtg,jgtgxt4,l€t4)‘
+ B (48000060 | | B (Ty,j€0, 015 1kE1;) |
+  |eumyjn (Te, i€ty Tty €105 Tty kEts> TegiE14)]
= ey (tr — )| |ew (B3 — ta)| + |ean (01 — t3)] |cju (t2 — t4))
+ e (b — ta)| |exs (B2 — t3)]
+ [eumyjp (20,80, Try—ty jE€ta—t1 > Tty—t1 kEts—t1» Teg—tr 1Et1—t1) | -
(SB.21)
Because , , [cij (th —t2)] < n ) 2 leij ()], by Assumption [5 and he

LHS of (SB.20) is O (n2pQ/n5/2 = 0(1), as desired. Thus the first term in (SB.16) is
negligible, and by Assumption [4| we conclude the proof of (SB.15)).

We finally derive the limit of the covariance kernel of the process (A, (7) , A, ('y))/.
Note that E (A, (72) — An (1)) A (71) = 0 for any 73 < 5. Thus, we compute

[n7]
E A, ( Z Ew?
[m 1 -
(— E[Q 'zale20 xt1xt25t15t2}>
sp t1,t2=1
s—1
1
— (nfy + ) il lim <—tr Z E [Q_1$Sz;539_1$t1$;2€t15t2]) +o(1)
s,p—00 \ SP vl
2
where V is given in (3.2]). Thus,
(1 A7)
E(Ay (1) An (12)) = — v

Similarly, note E (A, (y2) — Ay, (1)) An (71) = 0 for any 1 > 7.

E|A, (7)| f 3 g

[n’y ]+1 t=[ny]+1

9



n—[ny] s—1

= Z thﬂm €s+[m

s=1 t=1

implying that
(1—(m V)

5 1%

E (An (71) Ay, (72)) —

And

[nm]

E(Anm)xin(m):l{w”?} > uE

&€, Z Z &5]

s=[ny2)+1 t=1 u=[nys]+1
1 {71 > 72} i
= Z (s—1—=[ny])V+o(l)
s=[ny2]+1
1{n > e}

:T(’Yl—%yV‘FO(l),

under Assumption [4] that

5[]
SELnOO (—trz ZE Q 'z2le?) (O $t1$t25t15t2)) =yV.

t1=1t2=1

Therefore, we conclude that

() =5 (W)

Finally, apply the continuous mapping theorem to get

- An(’y) An ('7) .
Sul) = \/5( v =) A"<1>>

:>\/V(W(7) n W (7) —W(l)) =VVO(y),

v (1)
on any compact subset I" in (0,1). &

We note some preliminary calculations useful for the sequel. Note that
02(7) = A()y = &>+ A(Y)e = 6 + A(7)e + A(y)r.
Because 5 = 0 under H,, we have
(SB.22) Wa(y) =n(e+r) A(7)B() " AW) (e +7),
where B(7) = RM(y)7'Q(y)M(7) 'R’

10



Lemma SL.2. Under the conditions of Theorem for all sufficiently large n,

sup N1 | = 0,1, sup | 41() | = 0,01,

vyel

Proof. Note that, by the triangle inequality,
e~ | < | aren || [ M) = s ey + a1

|3ren ]| (1= ||p2en) = || ) ) < flag) )l
using the triangle inequality. Taking limits of the last displayed expression as n — oo
= O,(\,1). Next,

and using Assumption , the rate condition (SB.1|) yields HM (y)!

|31en)|| < || 2) = ma)| + 1811,
the lemma follows by using Assumption [3] &

noting that

It is useful to first establish the stochastic order of H(5 —(v) H

Lemma SL.3. Under the conditions of Theorem |ST.1, sup.cp
O, (A;lx/p/n) :

Proof. Note that § — 6(y) = M(7)"'n~' 320, z,(7)e, and that

560 =

2 2

n

th(ﬂ@t

t=1

|- = o |wre|

= )\;QOP n=2

2

= X0, [ 077 +n | X))

th(v)&

uniformly in v, by Lemma |SL.2| Next, £ (n‘Q 1>, xt(7)€t||2> equals

(SB'23> E (n_2 Z I2(7>x5(7)555t> )
which is |
(SB.24)
n2> Ellz()* 07 + 207 E (2} (1)as(1)E (. (siler, v < 1)) = O, (p/n)

by Assumptions (1| and Ex}(y)z:(v) = O (p). Finally,

(5B.25) w2 X ()l < n 2 [XOIE I =X (M) 0t 2 = O, (1),
11



by and Lemma . Therefore,
(SB.26) sup |6 = 57| = .10, (vB/ V)

yel’

by Markov’s inequality.

Observe that because

L=t -y
(SB.27) M(y)" = [ (1— z)—lM—l [y(1 _7}/)]—1 M-
we have
(SB.28) B(y) ' =1 —-y)MQ M.

Lemma SL.4. Under the conditions of Theorem [ST.1],
sup{A(B(7)} ' =0\, and supA(B(7)) = O(\,).

vyerl’ yerl’ "
Proof. {\(B(7))} " = X(B(y)™"), which, using (SB.28)), is bounded by
CX(MQ'M) = C[[MQ' M| < CX(M)* A (@)~ = O\, ),
uniformly on the compact I', using Assumption (zz) For the second part of the
claim, because (SB.28) implies B(y) = [y(1 —~)]"" M'QM ", it follows similarly
that A (B(v)) is uniformly bounded by a constant times

MNMTQM ™) = |[MT'QM Y| < A (M) TPX(Q) = O(N,2).

n

1
Lemma SL.5. Under the conditions of Theorem [ST.J,

sup | B()|| = 0,002, sup || B3) ™!
~yel ~yel

- Op()‘_l)-

n

Proof. First, define B(y) = RM (v)"'Q(y)M(y)"'R’. We will use uniform bounds in
the calculations without explicitly mentioning this in each step to simplify notation.
Proceeding as in the proof of Lemma [SL.2] we can write

(3B.29) |8 (1= ||Bon - B|) <[ B

(SB.30) |3y (1= B = BO|) < 1B

Next, Lemma implies

B30 [[Be) - Bo)|| < 1RIF[¥0) | [|ee) - 00| = 0, (%)

On the other hand, B(v) — B(7) equals
R [NI(7)7 Q)M (1)~ = M(3) Q)M (7) "' R.

If \(MQ~'M) > ), the bound in this lemma becomes O(\;!).
12



By adding and subtracting terms inside the square brackets, this can be written as
R [M(y)™" (M (y) = M(3)) N(2) "' Q)N (7) | B
(SB.32) + RM (7)1 ()M (7)™ (N() = M(3)) M(7) 'R

By this fact, Assumption [3| Lemmas and [SL.2) and (SB.1]), we deduce from
(SB32) that

(SB.33) |B6) = BO)|| = 0y (754 + 0.20) = 0,(1).

The lemma now follows by taking limits of (SB.29)) and (SB.30), and using (SB.31)),
(SB.33) and Lemma [SL.4| &

Lemma SL.6. Under the conditions of Theorem[ST.J and H,,
Wa(y) _ ne'A(y)'B() " A()e

= +o,(1).
er er 0
Proof. Recall the notation M = n X’X and S(v) = n = X"*(7)X (7). Notice that
from (SB.22|) we obtain
(SB.34)
Wauly) _ ne’AD)'BO) T Al)e | 2ne’A(y)'BO)TTAM)r | nr'A)'B() T AQy)r
V2p V2p V2p V2p ’

with r the n x 1 vector with elements r,. Begin with the modulus of the last term on

the RHS of (SB.34). Recalling the relation in (SB.3) and (SB.4)) for A(v)r, we bound
it by Cn/+/2p times

2 2

(n X () Mx X () | | B) 7Y -

($B.35) [l X'r*||7 = Sty)ar
= OP(ATZS%}%nil)a

where Assumption[2] bounds the first term, Lemma[SL.9] yields a bound for the second
and third terms after expanding the third term by (SB.3), and the last term is O, (A,;!)

Lemma [SL.5 Thus (SB.35|) implies that the third term on the RHS of (SB.34)) is
op (1).
We now show that the first term on the RHS of (SB.34)) is

ne' A(y)' B(y) ' A(y)e

(SB.36) N +0p(1).
Indeed, as above,
ne' A(y)' (B(v)™' = B(y)™') A(v)e n 2 || A
v (BO o RGN 750 (I x| [ 36 - B~

= VB0, (B6)™ B - BG)| B0

(SB.37) = AVBO, (A |81y — M) | +
13




)

(SB.38) = O, (NP (Ao 1)) s

by Lemma [SL.5| using equations (SB.24)), (SB.31) and (SB.33)) in the proofs thereof.
This is negligible by .

For the second term on the RHS of , apply the Cauchy-Schwarz inequality
and the preceding two results. Then, the second term becomes 0,(1), establishing the
lemma. &

Denote, for convenience, C(7) = [y (1 —4)] ' n122G(7)Q2'G(y)22, where & =

diag [0%,. .., 02].

Lemma SL.7. Under the conditions of Theorem any eigenvalue X of C(7)
satisfies

PAMA =D <n) =1,
as n — oo, for anyn > 0.

Proof. We have

CH? = =086 [y (1 =) n G SG(H)Q G (y)s

= A=) a7 'S G(MQT00 1G< >' 5

+ =] e I ( TnTlG()'SG() - Q)

x Q'G(y)s?

= C(v)+ D),
say. We now prove that
(SB.39) |ID(v)]| = op(l) as n — 00.
In view of Assumptions (1| and (z), to prove it suffices to show that
(SB.40) |y (1= 0 G(y)SG(y QH = 0,(1
But

[n]
n'G(Y)'EG(y) =0 (1 - 29) Z nyo; + 70
[n7]
= (1-2y) thwtat | + (-],

so (SB.40]) follows if Hn LS o2 — ’yQH = 0,(1), which is true by Assumption

. Thus (SB.39)) is established.

Let A be any eigenvalue of C'(y) and w be the corresponding eigenvector, normalised
to |Jw|| = 1. Because AMw = C(y)w, we have \C'(y)w = C(7)*w = [C(y) + D(v)]w =
Aw + D(7)w, implying A(A — 1)w = D(y)w. Thus
(SB.41) A =D = [D()w] < D)

14




Then, for arbitrary n > 0,
P(AA =1 <n)=P([D(wl <n) = PDH)| <n) =1, asn — oo,
by (SB.39). This completes the proof. i

We have R,(7) = [y (1 —~)] 'n! ’G( )Q7'G(v)'e, which in turn equals

(SB.42) [y (1 129 )Q go(7)ees.

t,s=1

Note that ¢r {C(v)} is the sum of the eigenvalues of C(7), which is a symmetric
matrix with rank p. Thus, in view of Lemma [SL.7] it has p eigenvalues that approach
1 in probability, with the remainder approaching 0. Thus,

Ru(7) —tr(C(7)) _ Raly) —p
V2p V2p
whence using (SB.42)) we deduce that (SB.43|) equals
n Y g (V) Q7 () (67 — o) Tt 3 L 96(7)' Q7 gs () e e
Y1 =) v2p '
Lemma SL.8. Under the conditions of Theorem [ST.J,

(SB.43) +0,(1),

(SB.44)

(SB.45) supn~ Zg v) (&7 — 07) = 0,(1) as n — oco.
~vel

Proof. Conditional on x;, the LHS of (SB.45)) has mean zero and variance

n

(SB.46) n_QZ( W) (1) B (e - o?)°]

(SB4T) + 2n” 2295 Qg (Mg () g (NE [(F — o) (5 - 2]

s<t
The expectation in (SB.47) equals E [(e? — 0?) E ((¢2 — 02) |e,)] = 0, by Assumption
. Also by Assumption (1} (SB.46) m ) is bounded by a constant times

- 2
QY el < 7 Z )l +* ) = 0p (372 )
t=1

uniformly in ~, the last equality followmg by Assumption [3{)
Lemma SL.9. Under the conditions of Theorem[ST.2, asn — oo,

(1-250) 4

=0, ().

Proof. First note that H (I - M‘1§(7)> — 'yIH equals

| =1 = At (S() = (1 = y)ar) = (1= A M|
15



=0, (/\1: lxp) ,
by Assumptions [3} Since

(1 - M‘13(7)>1 —y i =" (I - M‘lg(v)) - {(1 — M‘15(7)> - vl}

and ﬂ([ - M‘H@'(’y))l ‘ <

tion |3 the lemma is established. 1

<(1-7) H]\Aif1

(7 =]+ [st — 1 =]

1
( ! Ztnvi] xt$t> H = Op ()\;2%1)), by Assump—

Lemma SL.10. Under the conditions of Theorem[ST.3, as n — oo,

R A A ( [m] Ve, — 2?21 Etiﬂt>
(5(7)‘1?(’*(7)5 — (1 - 7)‘1M‘1X’6> - M ;
-
= 0, ()\;2 np%p) .

(SB.48)
Proof. First note that

[n]

Z €Ty — Z5t$t = (1= X"()e —y(1 =)' X,

so the term inside the norm in (SB.48)) equals
(SB.49)

(SN = (1 =) ) X () = (1=9) W (L= )N = $(7)) S() 7 X" ()e.
The norm of the RHS of (SB.49) is bounded by a constant times

-

[n7]
S = M| 4[| 0= M| )X ()l = 0, (2 Vi)
t=1

the last equality following from Assumptions , Lemma [SL.2| and also (SB.24)). n

S.C. PROOF OF THEOREM

Proof. Let e* denote the vector collecting e} = é;(7)&;, where & is an iid sequence of
Rademacher variables. Then,

05(7) = A(y)e”,
since 09 = 0 under Hy. Also, we have
(SC.1) Wi(y) =n(e) A(7)B* () Aly)e*

where B*(vy) = RM () "Q*(7)M(y) 'R’ and Q*(y) is constructed as Q(y) with the

bootstrap sample.
16



We begin with
BWi) = mird(3)B() AR B,
(SC.2) = ntrA'(v)B(y) " A(v)diag [é1(7)?, ..., éa(7)?] ,

where W*(v) = n (e*) A'(v)B(vy) ' A(y)e*. Note that the term in (SC.2) subtracted
by p is 0,(p*/?) uniformly in v due to Lemma [SL.7, Lemma [SL.8| and Lemma [SL.3|
Next, we show that the order of the difference between E*W)(v) and E*W)(v) is

0,(p'/?). Following (SB.3§)), write
B W (7) = Wil < B ([l 24 e |* | B~ = B () 7Y))
B(y)™ = B ()

2
) we

To apply the Cauchy-Schwarz inequality, and to bound E*

B*(y H and E* ||B(y) — B*(y H Since both are similar
to the derivations for the sample counterparts in Lemmas [SL.1] and [SL.5 we only
illustrate the latter. Recall B('y) — B*(y) = R'M(y)™! (Q( ) — (v )) M( 'R

and supvep M H = 1Y by Lemma [SL.2l Following the steps in the proof

derive bounds for E*

of Lemma [SL.1| the term Q( ) — Q*(7) is given by the sum of Uf(y) and U3 ()
therein. Due to the triangle inequality and ¢, inequality, we only show E* ||U () H4 =
O,(A\;®p'?/n*), for j = 1,3. Note that by the independence of the sequence &

B < (mli(x;wm(w)?) B (5= 50 (- ))

t=1

4

8
-8 ~2 ~2 !
n E €y, Ty, Ty« + " €, Ty, Ty,
t1,t2,t3,ta

< 0,0 i)

to yield the desired result and the bound for U3 is similarly obtained. Putting these
together yields E* || B(y)~" — B*(y) ™" (A, 1012 /nt).
Next, similar to the preceding bound,

B w2 A = 0y ( Z) —0,0,)

as & is an iid Rademacher sequence. Then, under the condition (3.1]), A\ 1*p't/n? =
o(p) and this completes the proof. §

S.D. PRIMITIVE CONDITIONS FOR EXAMPLES E2 AND E3

For the AR model in E2, a set of primitive conditions is given in the next Proposi-
tion. |Gongalves and Kilian (2007)) has emphasized the empirical relevance of allowing
for conditional heteroskedasticity in autoregressive models, which is allowed below by
relaxing [Berk| (1974)’s condition of an iid error to an mds process. Let L be the lag
operator and b (L) = >°° b;L7 denote the lag polynomial.

17



Proposition SP.1. Suppose that (1) b(z) # 0 for any |z| < 1 and b= (e™) emists
and is nonzero for —m < A < m. (2) {e:} is a stationary mds that possesses a density
of bounded variation, Eg;, = 0 and E|g|” < C for some k > 4 and E(e?|Fi_1) is
bounded and bounded away from zero. (3) pP=o(n). (4) 332, |bjl =o(n'?). (5)
(04,Y1—1) is p-mizing with Y77, p(27) < oo. Then, Assumptions —@ are satisfied
with 2, = v, = p /3,

Proof. Lemma 3 of Berk! (1974)) established that the minimum eigenvalue of the lim-
iting autocovariance matrix M is bounded away from zero. As for {2, note that for
some ¢ > 0, which is an a.s. lower bound of F (¢2|F;_;), and any |a| = 1

a'Qa=E(dz)’e? = E(d2,)’ E (7| Fi1) > cE (a'zy)”,
to conclude that the minimum eigenvalue of €2 is also bounded away from zero.
Lemma 3.4 of Peligrad (1982) yields E|Y /(27 — Ez?)| < n)_, p(2")Ez} for a p-
mixing sequence z;. Since z; = oy, for j = 1,..., p in the current case and (o, y;—1) is
p-mixing, the bound may be set asn ), p(0V(2'—p)) Bz < n(3, p(2')+logp)Ealy) ;

for any j < p Then, ||Q2(y) — Q(7)|| = O,(n"'p*log p). The rest of the proof is given
in Lemma [SL.I] §

Let Z C R* denote the support of 2z, in E3. The following proposition provides
some more primitive conditions for E3 as given by |Chen and Christensen, (2015)).

Proposition SP.2. Suppose that the following hold: (1) The sequence {z} is strictly

stationary and [-mizing with B-mizing coefficient B(-). Let ¢ = q(n) be a sequence

of integers satisfying B(qg)n/q — 0 as n — oo and q < n/2; (2) Z is compact and

rectangular, and sup,cy [|[Tn:(2)|| = O (9,); (8) The x; are tensor-products of power

series, uniwariate polynomial spline, tm’onometm’c polynomial wavelet or orthogonal
1

polynomial bases. Then, Assumptions @ are met with », = 9,1/q(logp)/n and
v, = min {p*/n, 192p/n}.

Proof. We prove that Assumption [3|is met for the partial sum only, with the result
for the full sum following from Corollary 4.2 of |Chen and Christensen| (2015). By
Assumption[3} we can normalize the z, so that E (,2}) = I, without loss of generality.
The result then follows by Corollary by taking =, = n~' (v} — I,), which
implies that the terms in Theorem have bounds: R, < n~! (01912) + 1) and
s < n? (C’"ﬁi + 1). The second claim follows similarly. The rest of the proof is

given in Lemma [SL.I] n

The permissible mixing decay rate depends on the dimension p of x;: larger p re-
quires faster mixing decay. Both exponential and geometric decays are allowed. See
the discussions of Assumption 4 and Remark 2.3 in (Chen and Christensen (2015)
for more detailed discussion in relation to the sieve basis functions. The sequence ¢
depends on the mixing decay rate. For instance, if 5(q) decays at an exponential

rate, ¢ can be set as logn. If all elements of z; (-) are bounded, then 9, = p'/2. Under
18



suitable conditions, it can be shown that ¢, = p for power series or orthogonal poly-

nomials and ¥, = p'/? for univariate polynomial splines, trigonometric polynomials
or wavelets, see |[Newey| (1997); Chen and Christensen| (2015)).
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