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Digital Fabrication Technologies
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Human-Driven Design Approach
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Computational Design Approach

4

Intricate Design

Complex Physical 

System
Performance

Designer

Algorithm

Desired Performance



Computational Design Approach
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Computational Design Approach
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Inverse Design 

Algorithm
Desired Performance

Optimal Design

User InputAlgorithm Output

Elastic Metamaterials 
 

Shape-morphing/Deployable Structures
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Elastic Metamaterials

Tune material properties with geometry



Elastic Metamaterials

Properties impossible with naturally occurring materials 

– Better strength-to-weight ratios 

– Auxetic behaviors 

– Precisely tuned properties 

Manufacturable by 3D printers 

Many promising applications
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Adidas and Carbon3D Soft Robots - NASA Langley

Lightweight Structures - [Aage et al 2017] Bone Scaffolds - [Szivek et al. 2016]



Elastic Metamaterial Design
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Elastic Metamaterial Design
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Deployable Structures
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NASA solar array

Chuck Hoberman E.T.C Sports Surfaces

Stent animation by Xcelus Studios



Deployable Structures
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NASA solar array

Chuck Hoberman E.T.C Sports Surfaces

Stent animation by Xcelus Studios

Compact State



Example: Surface-Based Inflatables
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Doubly Curved 3D Shape!

Example: Surface-Based Inflatables



BENEFITS OF SURFACE-BASED INFLATABLES

14

Structural Performance

• Stiff and lightweight


• Unpressurized interior

• Negative mean curvature


• Openings

Rich Shape Space

Programmable Auxetics 
[Konaković-Luković et al. 2018]

• Fuse membrane with a modified laser cutter


• Deploy and retract with an air pump

Ease of Fabrication and Deployment



Healthcare Applications
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Example: Surface-Based Inflatables
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FABRICATION SETUP
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FABRICATED EXAMPLES
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FABRICATED EXAMPLES
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Example: Umbrella Meshes



Unit Cell Mechanism
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Regular Tessellation with Equal Heights
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Regular Tessellation with Different Heights
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The umbrella mesh 

elastically deforms into a 

curved equilibrium 



Fabrication: 3D Printing
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10mm



Fabrication: CNC Milling
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Physical Prototype
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Architectural Example
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Example: Bistable Auxetic Surface Structures



Spherical Cap Examples
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Optimal Design Pipeline For Deployable Structures
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Homogenization-

Based Initialization

Differentiable 

Physics Simulation

Shape Optimization

Design 

Candidate

Performance, 

Derivatives

Determine design topology 

and reasonable initial shape 

parameters

Fabrication-Ready 

Design



• Physics-based design of the full object 

at achievable resolutions is not 

tractable. (Two-scale design) 

• Need a good starting point for 

gradient-based design. 

• Design general-purpose, reusable 

metamaterial catalogs

Formlabs

Why Homogenization?

31
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Two-Scale Design Pipeline
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Spatially vary the material properties to meet the deformation goal:

Goal: Customize Deformation Behavior
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Spatially vary the material properties to meet the deformation goal:

Goal: Customize Deformation Behavior
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Elast㜴city Review: Nonlinear Elast㜴city

Reference Configuration Deformed Configuration

Professor James gave an introduct㜴on to nonlinear elast㜴city in the first week;
we’ll be using the same model, with just a few notat㜴onal changes.

Object is  (  or ) in the reference configurat㜴on.

We’ll see many different elast㜴c
objects and generally use the

same  notat㜴on for all.

Points within  are denoted by .

Deformat㜴on map: 
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Elast㜴city Review: Nonlinear Elast㜴city

Reference Configuration Deformed Configuration

Local distort㜴on is captured by , the deformat㜴on gradient (Jacobian) of .

Elast㜴c energy per unit volume can be formulated as an energy density funct㜴on 
 encodes the material’s elast㜴c propert㜴es.

Our notat㜴on will suppress the dependence of  on  unless necessary.

We’ll also assume material is temperature-independent.
3



Elast㜴city Review: Nonlinear Elast㜴city

Reference Configuration Deformed Configuration

The full elast㜴c energy in the object is the integral:

elast㜴c

Simulat㜴on is formulated as minimizat㜴on of a total potent㜴al:

 admissible
elast㜴c

where  is a potent㜴al modeling external forces.

Minimizat㜴on is done over
admissible deformat㜴ons sat㜴sfying

essent㜴al boundary condit㜴ons.
4



Elast㜴city Review: Linear Elast㜴city

For small displacements  ( ),
 can be linearized to obtain the linear elast㜴city

strain energy:

 is the fourth-order elast㜴city tensor encoding
the material’s linear elast㜴c propert㜴es.

For isotropic materials,  has just
two independent parameters
e.g., the Young’s modulus 
and Poisson’s rat㜴o .
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Periodic Homogenizat㜴on for Nonlinear Elast㜴city

Y

Basic idea: as the number of repet㜴t㜴ons of a microstructure becomes sufficiently large,
the collect㜴ve behavior approaches that of a cont㜴nuum material.

Goal: determine propert㜴es of that material from microstructure geometry.

Formally: evaluate the homogenized energy density .

 is the macroscopic or average
deformat㜴on gradient.

This is done by solving a cell problem on a single
“representat㜴ve volume element” (RVE)
(of㘶en one unit cell ).
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Heurist㜴c Derivat㜴on of the Cell Problem

Warning: not intended as a rigorous derivat㜴on; just for intuit㜴on!

High-level strategy:
Construct an infinite periodic t㜴ling.
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Heurist㜴c Derivat㜴on of the Cell Problem

Warning: not intended as a rigorous derivat㜴on; just for intuit㜴on!

High-level strategy:
Construct an infinite periodic t㜴ling.

Distort it by the macroscopic deformat㜴on gradient.
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Heurist㜴c Derivat㜴on of the Cell Problem

Warning: not intended as a rigorous derivat㜴on; just for intuit㜴on!

High-level strategy:
Construct an infinite periodic t㜴ling.

Distort it by the macroscopic deformat㜴on gradient.

Determine how the microstructure relaxes to minimize .
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Heurist㜴c Derivat㜴on of the Cell Problem

Fundamental simplifying assumpt㜴on:
 preserves the la㐠ꑧce translat㜴onal symmetry.

Undeformed grid is generated by repeat㜴ng cell  at translat㜴ons  for .

We assume deformed grid repeats  at translat㜴ons .

Formally: 
10



Heurist㜴c Derivat㜴on of the Cell Problem

To understand how this assumpt㜴on restricts admissible deformat㜴ons,
we introduce a convenient change of variables:

This transforms our assumpt㜴on into:

which simplifies to a periodicity condit㜴on on the
fluctuat㜴on displacement field :

Therefore,  has the requested symmetry
 it is “linear plus periodic.” 11



The Nonlinear Elast㜴city Cell Problem

Homogenized energy density  is the minimum over admissible  of the average
energy density in the full t㜴ling.

Since every cell experiences the same strains by assumpt㜴on,
this is just the average over one cell :

 

Therefore, the periodic homogenizat㜴on process reduces to
solving a “cell problem” on a single unit cell .

 more on this later

Uniqueness? See Problem Set Exercise 1.
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Weak Form of Cell Problem Equilibrium

The first-order opt㜴mality condit㜴on for the cell problem is that, at a minimizer , all
admissible (periodic) perturbat㜴ons  must sat㜴sfy:

An expression for this first variat㜴on can be obtained as:

which, by the chain rule, equals:

This leads to the weak form of the equilibrium problem:

 periodic
13



Important Caveat: Symmetry-Breaking Instabilit㜴es

Under finite deformat㜴ons, instabilit㜴es can break the assumed cell-level periodicity.

The deformat㜴on is st㜴ll periodic, but the wavelength can be larger than the cell size.

Accurately comput㜴ng the deformat㜴on requires solving the cell problem on a  or
larger supercell. How large? Cannot be predicted a priori!

Onset of instabilit㜴es st㜴ll can be detected efficiently on a single unit cell using Bloch-
wave methods.

We’ll neglect these instabilit㜴es in this course, assuming no such instabilit㜴es
(or that  has been enlarged appropriately). 14



Homogenized Stress: The Effect㜴ve Stress-Strain Relat㜴on

 

The (PK1) stress of a material with energy density  is given by .

Likewise effect㜴ve stress of the metamaterial is obtained by different㜴at㜴ng .

Introducing

 

and assuming local uniqueness and smoothness of the minimizer yields an expression we
can different㜴ate:
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Homogenized Stress: The Effect㜴ve Stress-Strain Relat㜴on

Proceeding via the chain rule:

We note that  is the fourth-order ident㜴ty tensor.

Recall the weak form of the cell problem equilibrium!

 periodic

The  term vanishes, leaving just the average of the microscopic stress over the cell:
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Cell Problem for Linear Elast㜴city

While linear elast㜴city is inaccurate for large bending deformat㜴ons characterist㜴c of
flexible structures, it is st㜴ll an essent㜴al tool for computat㜴onal design.

Periodic homogenizat㜴on for linear elast㜴city
is far less expensive than the full nonlinear
homogenizat㜴on problem.

The vast majority of microstructure design algorithms
are based on linear elast㜴city.
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Cell Problem for Linear Elast㜴city

The nonlinear weak form of the cell equilibrium problem is:

 periodic

We take , where  is a symmetric infinitesimal macroscopic strain tensor.

Linearizing the weak form about the undeformed configurat㜴on ( ) then gives:

 periodic

Recall that .This is the weak form of the linear elast㜴city cell problem,
which is a linear PDE for periodic fluctuat㜴on displacement .

Because the problem is linear also with respect to , the solut㜴on  depends linearly on :

where  solves cell problem for basis strain 

Thus characterizing the microscopic requires only 3 cell problem solves in 2D and 6 in 3D!
18



Periodic Homogenizat㜴on for Linear Elast㜴city

Recall the formula for homogenized stress:

Since  depends linearly on , this stress expression does too.

We write this linear relat㜴onship as:

where  is the homogenized elast㜴city tensor.

The stress formula can be seen as a definit㜴on of :

Problem Set Exercise 3 asks you to explain how this
definit㜴on can be applied to compute the values of .19



Inadequacy of Linear Elast㜴city Microstructure Design

For flexible metamaterials undergoing finite strains (e.g., for shape morphing),
the geometric linearizat㜴on of linear elast㜴city introduces severe inaccuracies.

This microstructure was designed for :

Solving the full nonlinear cell problem is needed to accurately predict this behavior.
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Characterizing Flexible Metamaterials

 

Characterizing a flexible metamaterial requires solving the nonlinear cell problem for for
each macroscopic deformat㜴on gradient  in some “region of interest” :

Most efforts to extend microstructure design to finite strains have avoided this complexity
by controlling at a few sampled loads or along one deformat㜴on path (e.g., uniaxial
stretching).
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Characterizing Flexible Metamaterials: Interpolat㜴on

 

Exactly solving the characterizat㜴on problem for all  usually means an infinite
number of nonlinear cell problem solves.

However, approximate solut㜴ons to the characterizat㜴on problem can be obtained by
sampling and interpolat㜴on over .

[Other Slide Deck]
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HOMOGENIZATION

36

Strain 10%
ℰ

Adaptive SubdivisionChoose Strain DomainInterpolation



HOMOGENIZATION
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Interpolation

Strain 10%
ℰ

ε + I = F

ω* = arg min
ω periodic

1

|Y | ∫
Ω

ψ(∇ω + F) dX

Interpolate displacement field ω*



HOMOGENIZATION
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Interpolation

Strain 10%
ℰ

ε + I = F

ω* = arg min
ω periodic

1

|Y | ∫
Ω

ψ(∇ω + F) dX

Interpolate displacement field ω*

1. Efficient to evaluate the accuracy 

(no need for ground truth)

2. Accelerates nonlinear solves 

(provides high-quality initialization)

NOT energy  !Ψ



HOMOGENIZATION
Interpolation

Linear Interpolation

ω*

C0

Evaluate at every center of tet

Check for the residual only

Interpolate displacement field ω*

ω* = arg min
ω periodic

1

|Y | ∫
Ω

ψ(∇ω + F) dX
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HOMOGENIZATION
Interpolation

Linear Interpolation

ω*

C0

Evaluate at every center of tet

Check for the residual only

Interpolate displacement field ω*

Subdivision Tolerance
S
a
m

p
le

 P
o
in

ts

Powell Sabin + BFS
Powell Sabin
Piecewise Linear

Hermite

Linear
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ω* = arg min
ω periodic

1

|Y | ∫
Ω

ψ(∇ω + F) dX



HOMOGENIZATION
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Interpolation

ω* = arg min
ω periodic

1

|Y | ∫
Ω

ψ(∇ω + F) dX

Powell-Sabin Interpolation

(ω*,
∂ω*

∂F )
C1

Interpolate displacement field ω*

derivative with respect to 


the macroscopic strain



HOMOGENIZATION
Interpolation
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Adaptive Subdivision

ω*
interp

Strain 10%
ℰ

ε



HOMOGENIZATION
Interpolation
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Strain 10%
ℰ

Stress Domain
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Auxetic Metamaterials
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ković
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Deforming to Curved Surfaces

Mina Konaković Luković
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Deforming to Curved Surfaces

[Konaković Luković et al. 2018]

Idea: "program" a target shape into 

the material by controlling expansion. 

Nonuniform stretch introduces curvature!



Bistable Auxetics
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[Rafsanjani and Pasini 2016]



Parametric Unit Cell
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#$

Parametric Unit Cell
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# $

Parameters influence: 

• Stretch factor 

• Degree of bistability



Pattern Analysis
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• The simple rotating triangle pattern can be 

understood analytically, but the bistable pattern is 

more complicated. 

• Apply a simplified nonlinear homogenization: 

• Pattern is a unimode material, strongly resisting 

all deformations but uniform expansion. 

• So we can simply stretch along any axis (allowing 

transverse relaxation). 

• Goal is to determine: 

• stretching at second stable state; and 

• stiffness around that state.



Bistable Auxetics Homogenization

53

Solve for the minimum energy 

configuration whose horizontal strain 

averages to the applied stretch: Ω

ψ(λ) = min
F,ω

ω periodic

F 11=λ

1

Y

∫
Ω

ψ(F +→ω) dX

(λ = 1 + ε11) Macroscopic deformation 

gradient is now an 

optimization variable!



Bistable Auxetics Homogenization
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εbist

ψ(λ) = min
F,ω

ω periodic

F 11=λ

1

Y

∫
Ω

ψ(F +→ω) dX

(λ = 1 + ε11)

Solve for the minimum energy 

configuration whose horizontal strain 

averages to the applied stretch:



Bistability
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Height of Energy Barrier

∂ψ

∂λ
(1 + ε)

Stiffness

∂2ψ

∂λ2

ψ(λ) = min
F,ω

ω periodic

F 11=λ

1

Y

∫
Ω

ψ(F +→ω) dX

ψ(1 + ε)



Homogenization Results
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Homogenization Results
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SIMULATION
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SIMULATION
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Work Done by Inflation Pressure

Minimize total potential energy:

min
Φ

EShell[Φ]− p Vol(Φ(Ω))



SIMULATION
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Minimize total potential energy:

min
Φ

EShell[Φ]− p Vol(Φ(Ω))

Koiter's Shell Theory:

EΩ

shell
[Φ] :=

h

2

∫
Ω

εs : C : εs dA +
h3

24

∫
Ω

εb : C : εb dA,

εs :=
1

2

(
(→ΩΦ)

→
→ΩΦ↑ I

)
, εb := II↑ II0

Membrane Bending

Wrinkles rather 
than resisting 
compression!



• Drop bending energy term. 

• Use a relaxed membrane energy density given by tension field theory. 

[Pipkin 1994: Relaxed energy densities for large deformations of membranes] 

• This membrane energy is now convex!

TENSION FIELD THEORY MEMBRANES

61

Minimize total potential energy:

C = (→ΩΦ)
→
→ΩΦψrel(C) = min

A→0

ψ(C +A)

min
Φ

EMembrane[Φ]− p Vol(Φ(Ω))

EShell[Φ] → EMembrane[Φ] =

∫
Ω

ψ(↑ΩΦ) dA



TENSION FIELD THEORY MEMBRANES
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Tension field theory relaxation for incompressible 

neo-Hookean membrane in closed form:

Minimize total potential energy:

min
Φ

EMembrane[Φ]− p Vol(Φ(Ω))

[Simulation Demo]



GEOMETRIC ABSTRACTION/HOMOGENIZATION
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GEOMETRIC ABSTRACTION/HOMOGENIZATION
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Inflation

w

d

d
2
π w

Inflation

Transverse Contraction by Factor 



GEOMETRIC ABSTRACTION/HOMOGENIZATION
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Inflation

w

d

d
2
π w

Inflation

Circumference Preserved

Transverse Contraction by Factor 

Homogenized Viewpoint 

Inflation assigns a new 

metric to the flat sheet!



CELL PROBLEM FOR INFLATABLES (WITHOUT BENDING)
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unit cell

fusing curves simulated tilings

fabricated tilings

Φ(X) = FX+ ω(X)

What is the 
enclosed 
volume?

ψ(p) =
1

|Y |
min
F,

ω periodic

Emem[Φ]− pVol(Φ(Ω))

antity of interest for 
shape morphing: F

∗

(p)



Φ(X) = bendκ,â(FX+ ω(X))

CELL PROBLEM FOR INFLATABLES (WITH BENDING)

67

ψ(p) =
1

|Y |
min
F,κ,â

ω periodic

Emem[Φ]− pVol(Φ(Ω))

Wrap the tiling onto a cylinder aer in-plane stretch:

Double curvature 
would break tiling

[Simulation Demo]



HOMOGENIZATION RESULTS

68

cosine dash line elliptic holesparallel tubes 3-star

stretching

bending



Solving the Cell Problems Computat㜴onally

23



Discret㜴zing the Hyperelast㜴c Model
Reference Configuration Deformed Configuration

elast㜴c

To minimize this energy on a computer we need to discret㜴ze
(construct finite-dimensional approximat㜴ons of):

The shape .

The (infinite dimensional) map .

In simple cases, integrals can be computed exactly with a finite sum over just a few
“quadrature” (sample) points; in general cases, this is st㜴ll sufficiently accurate.
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Brief Overview of the Finite Element Method
Reference Configuration Deformed Configuration

Approximate rest-shape geometry  using a mesh .
Simplest examples: triangle mesh in 2D, tetrahedral mesh in 3D.

Can use curved triangles/tets for bet㜴er accuracy (meshing gets trickier)

Also hexahedral meshes, B-splines, etc.

Lagrange elements: approximate  as an interpolat㜴on of the
deformed posit㜴ons  of a finite set of nodes.

Simplest example: linearly interpolate the corner vertex posit㜴ons of a triangle/tet mesh.

More accurate: quadrat㜴c interpolat㜴on with addit㜴onal edge midpoint nodes.

25



FEM Deformat㜴on Map
Reference Configuration Deformed Configuration

The finite-dimensional deformat㜴on map will take the form:

where  is a deformed mesh node posit㜴on, and  is a scalar-valued basis funct㜴on sat㜴sfying:

if 
otherwise.

In other words, we are using the Lagrange polynomial basis, hence the term “Lagrange element.”
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Piecewise Linear Basis

The simplest basis funct㜴ons are piecewise linear.
Also known as barycentric coordinate funct㜴ons

Within a triangle: the unique linear funct㜴on taking value  at
one vertex and  at the others.

Simple to work with, but does not strike an opt㜴mal balance
between accuracy and computat㜴onal cost.

 
1 2

3

Especially convenient since the gradients are constant over each element!

Vol

This formula is exact regardless of !
27



Gradients of Linear Basis Funct㜴ons

Within a part㜴cular tri or tet element, the gradient of the linear basis funct㜴on associated
with a corner can be found with simple geometric arguments

Funct㜴on is constant along lines (planes) parallel to opposite edge (face)…

  

and increases from 0 to 1 throughout the height of the element:

tri

tet
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Piecewise Linear Basis Gradients: Example
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Piecewise Linear Basis Gradients: Example
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Piecewise Linear Basis Gradients: Example

31



Piecewise Linear Basis Gradients: Example
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Piecewise Linear Basis Gradients: Example
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Discrete Energy Minimizat㜴on

Recall the general simulat㜴on problem formulat㜴on:

 admissible
elast㜴c

We have now established how elast㜴c  can be discret㜴zed into elast㜴c .

The loads, if any, likewise can be discret㜴zed into a funct㜴on .

The full problem then becomes a finite-dimensional opt㜴mizat㜴on problem over :

 admissible

We need fast simulat㜴on methods for computat㜴onal design, and Newton-type solvers
are the preferred choice.

34



Newton’s Method

Newton’s method for opt㜴mizat㜴on iterat㜴vely improves an approximat㜴on  to a
minimizer , start㜴ng from some init㜴al guess .

It works by construct㜴ng a local quadrat㜴c approximat㜴on to  around :

Finding the crit㜴cal point of this approximat㜴on is easy:

This is a linear system that is solved for the Newton step , which is used to produce

35



How far to step?

 

The Taylor expansion suggests the full step  (= 1) is opt㜴mal, but this is not true if
higher-order terms are significant.

Finding the best  is a 1D opt㜴mizat㜴on problem (regardless of ):

A line search is used to quickly obtain a step length that guarantees sufficient progress
to eventually convergence.

36



Solving the Newton Equat㜴ons

This will be the t㜴me and memory bot㜴leneck of the opt㜴mizat㜴on.

Useful propert㜴es of the system:
Symmetric ( )

Posit㜴ve definite in a neighborhood around local minima

Sparse (for large finite element problems)

We can use efficient linear system solvers
 Sparse Cholesky factorizat㜴on

 (“Newton CG”)Conjugate gradient method

Iterat㜴ve method with extremely low memory requirements.

Building  is not even necessary: CG just needs products  (i.e., direct㜴onal derivat㜴ves)

Requires a precondit㜴oner to be pract㜴cal for ill-condit㜴oned  (like ours…)

37

https://en.wikipedia.org/wiki/Cholesky_decomposition
https://en.wikipedia.org/wiki/Conjugate_gradient_method


Caveat: Hessian Indefiniteness due to Nonconvexity

Both Hessian eigenvalues positive:
guaranteed minimum.

One Hessian eigenvalue negative:
saddle point, not a minimum.

One Hessian eigenvalue zero: inconclusive
(could be strong min, weak min, or saddle).

To guarantee  is a descent direct㜴on, we must detect and modify indefinite 

 indefinite  posit㜴ve definite

Brute-force strategy:
Compute full eigendecomposit㜴on: 

Modify eigenvalues to  to be posit㜴ve.

For example: with   (This actually minimizes  subject to min !)

or:   (Flip ’s components along neg. curvature direct㜴ons.)

Construct the modified Hessian: 

Efficient version: do it only when necessary (failed Cholesky factorizat㜴on)
and apply it at the level of individual element Hessians

38



Discrete FEM Energy and Gradient

With piecewise linear FEM, discrete elast㜴c energy is:

elast㜴c Vol

Can be evaluated efficiently by looping over triangles/tets  and accessing corner posit㜴ons.

What about the gradient (forces)? The th component of (negat㜴ve) elast㜴c force on th vertex is:

elast㜴c Vol

Vol

Collect㜴ng all of these components, the gradient with respect to the th vertex is:

Vol

39



Hessian and Per-element Assembly

elast㜴c Vol

elast㜴c
elast㜴c Vol

Different㜴at㜴ng again with respect to th component of vertex  obtains a Hessian entry:

elast㜴c Vol

This can be evaluated efficiently by looping over elements and assembling the contribut㜴ons to the
global Hessian matrix.

40



Finite Element Cell Problem

 

Solving the cell problem is now a straight㜴orward applicat㜴on of the FEM machinery we
have developed:

Discret㜴ze the periodic cell  with a mesh of triangles/tets.

Approximate  by interpolat㜴ng fluctuat㜴on displacements defined at the nodes.

Solve the discrete minimizat㜴on problem using Newton’s method.

How to handle periodic boundary condit㜴ons:
Generate a periodic mesh.

Node ident㜴ficat㜴on: assign same degrees of freedom to opposite sides of the periodic cell.

41



Tangent St㜴ffness Formulas

In addit㜴on to solving the cell problem, we can use it to extract tangent st㜴ffnesses:

Tangent elast㜴city tensor 

Bistable auxet㜴c st㜴ffness 

Inflatable patch bending st㜴ffness .

It is simplest to derive these quant㜴t㜴es in the discrete formulat㜴on and decompose the
variables into relaxed and imposed sets:

where  represents, e.g.,  and  could be .

The solut㜴on to the cell problem for a fixed se㐠ꑧng of  is:

and we seek the st㜴ffness 
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Tangent St㜴ffness Formulas

Different㜴at㜴ng once:

where the first term vanishes by opt㜴mality of  (envelope theorem).

Different㜴at㜴ng again:

The equilibrium derivat㜴ve can no longer be neglected. It is obtained using the implicit funct㜴on
theorem, not㜴ng the opt㜴mality condit㜴ons that implicitly define :
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Tangent St㜴ffness Formulas

This is a linear system for , involving the same sparse Hessian matrix  as in the Newton

solve for .

Formally:

(but don’t actually invert ; solve linear systems instead using, e.g., Cholesky).
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Opt㜴mal Design
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Introduct㜴on to Sensit㜴vity Analysis

High-level structure of a inverse design problem:

s.t. : design parameters,
: state variables

Examples:
Compliance minimizat㜴on (maximize st㜴ffness):

ext

 stress minimizat㜴on:

Deformat㜴on goal:

tgt
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Introduct㜴on to Sensit㜴vity Analysis

High-level structure of a inverse design problem:

s.t.

 are the design parameters,
 the state variables.

This “all at once” formulat㜴on has advantages, but it:
is a large constrained opt㜴mizat㜴on problem;

cannot leverage exist㜴ng fast simulat㜴on code; and

fails to dist㜴nguish between stable and unstable equilibria
(if the constraint is implemented as the nonlinear system ).

Instead, the simulat㜴on can be used to eliminate the state variable ,
posing a reduced form of the problem:

where
Nonlinear Design Optimization

Nonlinear Optimization
for Equilibrium

Step Calculation

Objective Evaluation
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Introduct㜴on to Sensit㜴vity Analysis

where

The design derivat㜴ve is:

As in tangent st㜴ffness computat㜴on, equilibrium derivat㜴ve  is obtained via the

implicit funct㜴on theorem:

Thus, formally:
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Introduct㜴on to Sensit㜴vity Analysis

where

This form of the equat㜴ons suggests the “forward sensit㜴vity” approach:
first solve for , then subst㜴tute into .

Forward sensit㜴vity involves solving one linear system per design parameter in 
of which can be thousands, millions, or even billions!

With just a few simulat㜴on-dependent quant㜴t㜴es of interest (e.g., only ),
the adjoint method is vastly more efficient.
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Adjoint Sensit㜴vity Analysis

where

With just a few simulat㜴on-dependent quant㜴t㜴es of interest (e.g., only ),
the adjoint method is vastly more efficient:

where

This is the adjoint equat㜴on
solved for the adjoint state .
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Adjoint Sensit㜴vity Analysis

where

Forward vs. adjoint sensit㜴vity analysis is analogous to
forward- vs. reverse-mode automat㜴c different㜴at㜴on (i.e., backprop).

What derivat㜴ves must be calculated?
 and : generally straight㜴orward to compute by hand or via automat㜴c different㜴at㜴on.

: depends on simulat㜴on model and design parameterizat㜴on.

Also can be computed analyt㜴cally or via automat㜴c different㜴at㜴on.
Autodiff must not be done with “brute-force” approach (leverage sparsity of FEM structure).
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Design Representat㜴ons
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Density-based Topology Opt㜴mizat㜴on

?

Superimpose regular grid on design domain.

Decide whether to fill each grid cell with material.
Intractable combinatorial opt㜴mizat㜴on when posed over

 binary variables.

Smooth relaxat㜴on: assign a density variable  for
each element  (at㜴enuat㜴ng st㜴ffness); apply gradient-based
opt㜴mizat㜴on.

Incorporate penalt㜴es to push  to  or  at the end.
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Density-based Topology Opt㜴mizat㜴on

What do intermediate densit㜴es  mean?

Homogenizat㜴on method:
Interpret material with density  as a maximally st㜴ff microstructure with that volume fract㜴on:

Closed-form expressions for the opt㜴mal moduli obtained via sequent㜴al laminates.

St㜴ll a rather complicated relat㜴onship between  and .
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Density-based Topology Opt㜴mizat㜴on

What do intermediate densit㜴es  mean?
SIMP (Solid Isotropic Material with Penalisat㜴on) heurist㜴c

Final design is usually pushed to binary, so intermediate st㜴ffnesses
need not be physically meaningful.

Given elast㜴city tensor base of the fabricat㜴on material, use the
interpolat㜴on rule:

base
 is a small constant ( )

to prevent singular .
p = 1
p = 2
p = 3
p = 4

0.0 0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0

Increasing power  makes intermediate densit㜴es “inefficient” for the
compliance object㜴ve, encouraging a binary design.

Design variables  determine density field via chain of filters
(length scale enforcement via smoothing, etc.) . [Demo]
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Linearly elast㜴c design:

target

target target target base

Can discover any design! 

Topology Opt㜴mizat㜴on for Metamaterial Design

Challenges:

Finding good local opt㜴ma/
avoiding excess complexity

Pushing toward a binary design

Evaluat㜴ng accurate stresses

Ensuring manufacturability. E.g.:
controlling minimum feature size,

ensuring connect㜴vity,

sat㜴sfying overhang constraints. 56



Parametric La㐠ꑧce Shape Opt㜴mizat㜴on

Our preferred approach has instead been to opt㜴mize smooth la㐠ꑧce structures:

Simplified manufacturability constraint enforcement

Stress reduct㜴on by smoothing the joints
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Parametric La㐠ꑧce Shape Opt㜴mizat㜴on

Design strategy:

...
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Implicit Modeling of Parametric La㐠ꑧces

Represent geometry by an implicit funct㜴on  depending also on shape parameters.

Mesh the sublevel set .
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Shape Opt㜴mizat㜴on: Shape Derivat㜴ve Formulas

The adjoint sensit㜴vity formula needs:

We now determine a formula for  for arbitrary .

Applying  flows material points along a velocity field .

Af㘶er “t㜴me” , this flow reaches  via flow map .

The init㜴al rate of change of  (holding  fixed) is:

Pulling this expression back to  to keep the integrat㜴on domain fixed:
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Shape Opt㜴mizat㜴on: Shape Derivat㜴ve Formulas

Since :

So:

It is convenient to isolate the  term:

where
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Shape Opt㜴mizat㜴on: Shape Derivat㜴ve Formulas

where

This is the “distributed” form of the shape derivat㜴ve.

To obtain exact gradient with respect to mesh node posit㜴on , subst㜴tute .
Since  has local support, only incident elements contribute.

Computed by different㜴at㜴ng the implicit funct㜴on

defining points on the structure boundary.

Alternat㜴vely, subst㜴tute edit velocit㜴es induced by changing a la㐠ꑧce parameter:
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Shape Opt㜴mizat㜴on: Shape Derivat㜴ve Formulas

where

Now what about the full term ?

Just compute a direct㜴onal derivat㜴ve of  with respect to the state field ,
perturbing  by  (the field corresponding to adjoint state ):

This completes the derivat㜴ons needed to evaluate the design derivat㜴ve:
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Inverse Homogenizat㜴on: Linear Elast㜴city

Basic linear elast㜴city metamaterial design:

 admissible

target

 actually can be different㜴ated without an adjoint solve!
See Problem Set Exercise 10.

Avoid stress concentrat㜴ons:

 admissible
target

worst_case_stress

Property Coverage and
Stress Reduct㜴on Factor
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Inverse Homogenizat㜴on: Nonlinear Elast㜴city

Recall forward homogenizat㜴on:

A finite-strain material fi㐠ꑧng formulat㜴on:

Design as linear-as-possible materials:

target
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LARGE-SCALE VALIDATION
Isotropic Linear Material Design
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{origin}
Isotropic Linear Material Design

LARGE-SCALE VALIDATION
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Isotropic Linear Material Design

LARGE-SCALE VALIDATION



72

LARGE-SCALE VALIDATION

(Young’s Modulus)

(Poisson’s Ratio)
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RESULTS



RESULTS
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Old Opt

-0.25

 0.00

 0.25

Different Poisson’s Ratio



RESULTS
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 0.25

Old Opt

Different Poisson’s Ratio
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Algorithm Output

???

User Input

INFLATABLE DESIGN

76

Inflation Deployed 

Shape

Differential Geometry + Physical Simulation

Inverse Design 

Algorithm



S0

PHYSICS-GUIDED OPTIMIZATION
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Optimize the wall vertex positions         :Xwall

Where



S0
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Where

PHYSICS-GUIDED OPTIMIZATION



OPTIMIZATION EXAMPLES
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OPTIMIZATION EXAMPLES
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Example: Umbrella Mesh Optimization
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2

−

2

−++
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Motivation: Initializing Inflatables

1

Equilibrium Shape Target Surface

Fusing Curve Pattern

How to obtain fusing curve network topology?

… a reasonable initial mesh for optimization?



83

Coarsening / Two-Scale Design
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Deforming to Curved Surfaces

[Konaković Luković et al. 2018]Geometric abstraction: 

• Material undergoes a uniform scale and rotation at each point: 

• In other words,    approximates a conformal map 

• Scale factor field  determines the metric––and thus the deployed shape 

(up to isometric deformations).

Idea: "program" a target shape 

into the material by controlling . 
<latexit sha1_base64="zr11pf1nPWEhJcMm3nxhqU3AijI="></latexit>

�
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Deforming to Curved Surfaces

u

<latexit sha1_base64="knnX+aOZyUzw/ThKKB3bAWJWKRg="></latexit>

− ∆
0

u = e
2 u

K

Prescribed Gaussian curvature equation:

<latexit sha1_base64="8LEDtbBpc9jhaLcv2N6i7LZCTcc="></latexit>

� = e
u

Conformal Scale Factor



Off-the-Shelf Conformal Mapping Software
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Coarsened Design via Conformal Maps
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Conformal flattening

Target surface

Discretization

Initialization 

Scale factors 0.7 1.05



Coarsened Design of Bistable Auxetics
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Full Structure Simulation

89

Deployed structure fits target surface well even without shape optimization!



GEOMETRIC ABSTRACTION/HOMOGENIZATION
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GEOMETRIC ABSTRACTION/HOMOGENIZATION
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Inflation

w

d

d
2
π w

Inflation

Transverse Contraction by Factor 



GEOMETRIC ABSTRACTION/HOMOGENIZATION
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Inflation

w

d

d
2
π w

Inflation

Circumference Preserved

Transverse Contraction by Factor 

Homogenized Viewpoint 

Inflation assigns a new 

metric to the flat sheet!



SURFACE CONTRACTION ANALYSIS

93

Map from flat sheet to inflated sheet midsurface:

f : R2
→ R

3

Jacobian takes the form:

U ∈ SO(3), R ∈ SO(2)

α ∈ [αmin,αmax]

Admissible 

singular 

values



INVERSE DESIGN: PARAMETRIZATION APPROACH

94

Target surface

f−1

f

Not an off-the-shelf parametrization algorithm!
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Target surface

f−1

Goal: find flattening

Such that:

f

INVERSE DESIGN: PARAMETRIZATION APPROACH
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Target surface

f−1

f

INVERSE DESIGN: PARAMETRIZATION APPROACH

Minimize singular-value-fitting parametrization energy: (Singular value ! of flattening is 1/⍺)
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Target surface

θ

f−1

f

INVERSE DESIGN: PARAMETRIZATION APPROACH

Minimize singular-value-fitting parametrization energy: (Singular value ! of flattening is 1/⍺)

Singular Value Fitting

Analytical Formula in Simple Cases

[Aharoni et al. 2014]

Local-Global Approach

[Aharoni et al. 2018]

applied to Nematic Elastomer Design.

ARAP-style alternating minimization of:

Problems:


• Noisy direction fields


• Ignores extrinsic curvature, which is relevant to the physical system



REGULARIZATIONS FOR PARAMETRIZATION
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Direction Regularization

Stretch Regularization

Singular Value Fitting

Directions Stretch Factors

Singular-Value Fitting Only Regularized

Directions Stretch Factors



BENDING EFFECTS: INSUFFICIENCY OF METRIC-BASED DESIGN
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BENDING EFFECTS: INSUFFICIENCY OF METRIC-BASED DESIGN
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BENDING EFFECTS: INSUFFICIENCY OF METRIC-BASED DESIGN

101

The target shape is robustly encoded in the 

metric used to generate the tubes!

Confirmed by solving for an 

immersion of the sheet 

with this metric:



BENDING EFFECTS: INSUFFICIENCY OF METRIC-BASED DESIGN
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EFFECT OF BENDING REGULARIZATION

Without Bending 

Regularization

With Bending 

Regularization
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PARALLEL TUBES PARAMETRIZATION ENERGY
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Direction Regularization

Stretch Regularization

Singular Value Fitting

Bending Regularization



GENERATING AIR CHANNELS
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Initial Design Guess

Stripe Patterns on Surfaces 

[Knöppel et al. 2015]



HOMOGENIZATION RESULTS
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cosine dash line elliptic holesparallel tubes 3-star

stretching

bending
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GENERAL INFLATABLES PARAMETRIZATION ENERGY

Flaening 
+ 

Parameters
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PHYSICAL INFLATION



Optimal Design Pipeline For Deployable Structures

110

Homogenization-

Based Initialization

Differentiable 

Physics Simulation

Shape Optimization

Design 

Candidate

Performance, 

Derivatives

Determine design topology 

and reasonable initial shape 

parameters

Fabrication-Ready 

Design




