Geometric Elasticity in Soft Matter Physics
Boulder Summer School

Michael Moshe
Racah Institute of Physics
The Hebrew University of Jerusalem

Edmond J. Safra Campus, Jerusalem 9190401, Israel

July 1, 2026



3 Extra Material

3.1 Noneuclidean Plates - Thin sheets and dimension reduction

We now turn to thin sheets. Let w denote the coordinate through the thickness. The three-
dimensional metric induced by a surface may be expanded as

aps — 2wbag + w?cas 0
gij(%w):( g o g 1>+-~. (3.1)

Similarly, the reference metric may be expanded as

Gos — 2wh 2Cag 0
gij(l’,w) = (acxﬁ w 8[3 + wCap 1) o, (3‘2)

Here aqg is the first fundamental form and b, is the second fundamental form of the mid-surface.
We now plug in these metrics into the definition of strain, and then into the energy

1
E = /Q gA”kl (9i5 — Gij) (g1 — Grt) dVg (3.3)

After integrating through the thickness, the term that mixes the metric and curvature strains
vanishes, and the elastic energy becomes

h
E=z / A (agp — dag) (a5 — Gys) V]al dz (34)
h3 _ _
+ 24/ Aaﬁwé (baﬁ — baﬁ) (bws - b’y(S) \/ﬁde + e (3‘5)
w

The first term is stretching and scales as h. The second term is bending and scales as h>.

Remark: Monge-patch representation

For a nearly flat sheet one may work directly with a configuration in Monge form,

o(x,y) = (& + ue(x, ), y + uy(x,y), w(z,y)). (3.6)
Then the metric and curvature
Ao = 0ap + Oaig + Oguq + Oqw Ogw, bap = 0aOpw. (3.7)

Since a and b come from an actual map, the Gauss and Mainardi-Codazzi compatibility
conditions are automatic. Minimizing the stretching-bending energy with respect to u,
and w gives the Foppl-von Karméan equations. In the absence of ateral or transverse
loads

930 =0, BA?w = 0"P9,5w, (3.8)
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3.1.1 Gauss and Mainardi—-Codazzi compatibility

The intrinsic and extrinsic geometries of a surface are not independent. They must satisfy the
Gauss equation
Ke(a) = det (a7 'b), (3.9)

and the Mainardi-Codazzi equations
Vabgy = Vgbay. (3.10)

Contrary to the actual fields, the reference fields do not have to satisfy the compatibility
conditions, in which case the elastic sheet is frustrated since its reference field would not
be simultanously realizable. We distinct between two kinds of incompatibility: The Gauss’
incompatibility

Ke(a) # det (@ 'b), (3.11)

and Mainardi—-Codazzi incompatibility

Vab/g7 #* Vﬁbav; . (3.12)

Bilayer of fibers. A simple model for a bilayer of fibers, as in Bauhinia seed pods, is

a:<(1) (1’> b:<2 ’5) (3.13)

These reference fields violate the Gauss compatibility condition.

Rose petals. In polar coordinates a simplified reference geometry is
_ 1 0 - k 0
(0 8). 5= (50). a10)

Kq(a) =0, det (a~'b) =0, (3.15)

Then

so the Gauss equation is satisfied. However,
Vabsy # Vbay, (3.16)
so the Mainardi—Codazzi equations are violated. The symmetric solution may lose stability,

and a lower-energy nonsymmetric configuration is obtained.

3.2 Curvature potentials for non-Euclidean plates

The stretching and bending strains are therefore
1

1 _
8% = — (aug — Gas) , e — = (bog — bag) - 3.17
o = 5 (Gap — ap) af 2\/3( 8 = bas) (3.17)
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The elastic energy is

1
E = 5 /Q <hA°"37562552% + thaB“"SEZ%sSg) ds. (3.18)

Here h is the sheet thickness and A%P79 is the elastic tensor of the two-dimensional material.

The corresponding stretching stress and bending moment are

OF OF h3
O_aﬁ _ oot _ hAa’B'Yé{-:,SY%, af _ W _ 714045766231' (3_19)
eSs e 2V/3
It is useful to define the effective in-plane stress
b = g L, 5%, = a"7b,,, (3.20)

where s = a~'b is the shape operator.

The equilibrium equations are obtained by varying the energy with respect to the configuration
¢. A virtual displacement can be decomposed into a tangential part and a normal part,

5 = (“0nd + 1. (3.21)

The tangential variation changes the parametrized distances along the surface, while the normal
variation bends the surface. The corresponding variations of the fundamental forms have the
schematic form

daap = Vals + VsCa — 2nbag, (3.22)
0bap = Lcbap + VaVn —nbayb’ s, (3.23)

where L¢ denotes the Lie derivative along the tangential field ¢. After integration by parts, the
coefficients of the arbitrary fields (¢ and 1 must vanish separately. The coefficient of (% gives
the tangential, or in-plane, force balance. The coefficient of 7 gives the normal force balance, in
which bending moments are balanced against the normal projection of the in-plane stresses.

In the notation of geometric plate theory these two bulk equations can be written as

0= (divaa) g 2% + (diva,a) g m*” a7¥bsys, (3.24)

0= Va |(divaa), maﬂ — 985 (3.25)
The mixed divergence operator is
(divaa), T =V, T" + (Thg — Thp) T (3.26)
The appearance of both a and a in this operator is one reason why the fully geometric equations
are nonlinear and implicit: the differential operator itself depends on the unknown metric.

For the Foppl-von Kdrman scaling, one assumes small stretching strain and small bending
strain, with b = 0, so that the difference I' — I" is higher order. To leading order the equilibrium

equations reduce to -
Vso®? =0, (3.27)

VaVam® — c*b,5 = 0. (3.28)
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The first equation is the in-plane force balance. The second is the normal force balance. It
states that the transverse force generated by gradients of bending moments is balanced by the
work done by in-plane stresses on a curved surface.

The equilibrium equations are not yet a closed theory for the fundamental forms a and b,
because not every pair (a,b) comes from an embedded surface. They must also satisfy the
compatibility equations

Ke(a) = det (a7 'b), (3.29)

Vabgy — Vgbay = 0. (3.30)

The first equation is Gauss’ theorem: the intrinsic Gaussian curvature of the metric equals the
determinant of the shape operator. The second equation is the Mainardi-Codazzi compatibility
condition, expressing the integrability of the normal field. The reference forms (a,b) need
not satisfy these conditions. Their failure to do so is precisely the geometric frustration of a
non-Euclidean plate. The actual forms (a,b), however, must always satisfy these conditions.

The curvature-potential formulation is based on replacing the direct configuration variables
by scalar potentials that solve the two differential compatibility problems. The first scalar is
the Airy stress potential . In the FvK limit the in-plane equilibrium equation ?500‘5 =0is
solved by writing the stress as a double curl,

el _ af
0 = EVERT Wy, B = \EIFI (3.31)
a
For a flat reference metric this reduces to the usual expressions
o™ = 859(, ¥ = 9%y, o™ = —0,0yX. (3.32)

Thus the stress potential automatically enforces in-plane force balance.

The second scalar is the curvature potential ¥. In the small-strain regime, and locally for a
Euclidean or nearly Euclidean reference metric, the Mainardi—-Codazzi equation is solved by
writing

bap = VaVa1h. (3.33)

This is the key replacement of the classical height function by an intrinsic curvature-generating
field. If the surface is a shallow graph z = f(z,y), then byg ~ 0,03 f, so that 1 coincides with
the height function f. In general, however, 1 is not a height. It is a scalar potential whose
Hessian gives the curvature tensor, and the configuration is reconstructed only later from a and
b by solving the Weingarten equations.

The Gauss compatibility condition then becomes the stretching equation. In the FvK approxi-
mation the metric is written as a small perturbation of the reference metric,

(af = Gag + 2Uag. (3.34)

Using the isotropic stress—strain relation to express u,g in terms of 03 and then using the
Airy representation of ¢®?, the linearized intrinsic curvature of the metric gives

SAAy = det (a78) - Ko (3.35)
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Here Y is the two-dimensional Young modulus and Kg = Kg(a). This equation says that
Gaussian curvature is the source of stretching stress. For a non-Euclidean reference metric, K¢
acts as a prescribed geometric source. Bending can partially screen this source through the
extrinsic term det(a~1b).

For an isotropic plate with b = 0, the bending moment in the FvK regime is

m* =B [(1 — )b 4 va*PpY B= Yilﬁ. (3.36)
7 12(1 — v2)
Substituting b,z = ?aﬁﬁw into the normal force balance gives
BAAY = 0P, (3.37)
Equivalently,
Yh2AAY = 12(1 — 1%)0%Pbyg. (3.38)
The curvature-potential form of the FvK equations is therefore
1 _ _ _
?AQX =det (a 'VV¥) — K¢ (3.39)
Yi}ﬂﬁ%p AV ¥ (3.40)
120 —p2)" V77 Yals '
with
o = EMEB(S@V?(;X (3.41)

These equations have the same structure as the classical FvK equations, but the field v is
interpreted as a curvature potential rather than as a height function.

In flat coordinates, where a,3 = d,3, these equations become

1 _
?A2X = w,zmw,yy - @D?xy - Kg, (3'42)
Yh? 5
mA Y = Xayy¥ae + XazVyy — 2X,ay¥ 2y- (3.43)
Using the bracket
[f7 g] = f,ac:cg,yy + f,yygyac;t - 2f,acyg,acy7 (3.44)
this can be written as
1 1 _ Y h?
A2y — = - K — A% = . 3.45
yAX =S¥ - Ke, 51— 07 ¥ =[x, ¥] (3.45)

The advantage of the curvature-potential formulation is that it keeps the scalar-potential
structure of FvK theory while removing the need to represent the surface as a single-valued
height graph. Once x and v are known, the curvature tensor follows from b,3 = V.V, and
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the metric follows from the stress—strain relation. The actual configuration is then recovered
from the Weingarten equations

Ot = —b 40, Da0pp = Fiiﬂam + bash. (3.46)

Thus the potentials determine the intrinsic and extrinsic geometry first, and the embedding is
reconstructed only afterward. This is why the formulation can describe large rotations, multi-
valued configurations, and non-Euclidean geometric frustration while retaining the analytic
form of the FvK equations.
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