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Figure 2. (a) packed discs of two sizes just above the jamming transition. The
dark red lines are chains of force that are a response to the pressure required to
pack the particles at z > zc (courtesy of Carl Goodrich). (b) A representative
bond-diluted lattice near the rigidity percolation threshold of zc ≈ 3.96.

(a) (b) (c) (d)

Figure 3. (a) Square, (b) distorted square, (c) kagome lattice, and (d) twisted
kagome lattice

lT .
Though the transition to elastic stability in both rigidity percolation and jamming

occurs at or near the Maxwell critical point z = zc, properties at and above the two
transitions are quite different. Presumably, the difference is a reflection of the different
geometrical arrangements of the Maxwell lattices at or near the two transitions. An
interesting question then is what precisely are the differences. Can they be quantified,
and if so how? These questions then raise a broader question of whether there are
wider classes of Maxwell frames that lead to elastic and vibrational structure different
from those of the percolation and jamming lattices. As a first step toward answering
that question, it is useful to study periodic Maxwell lattices, like the square and
kagome lattices shown in figure 3 with NN bonds and z = 2d = 4, and the reduced
coordination lattices they spawn when bonds are cut to create free surfaces. They
can easily be moved away from the Maxwell limit toward greater rigidity by uniformly
[45] or randomly [46] adding further neighbor bonds, and they have an advantage
that they lend themselves to exact calculations of elastic response both in the uniform
and random systems (via effective medium theory). In addition, in spite of their
simplicity, they present a surprisingly rich phenomenology that inform us generally
about Maxwell frames.

Page 5 of 53 CONFIDENTIAL - AUTHOR SUBMITTED MANUSCRIPT  ROPP-100106.R1

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60

Zheng, Niloy, Celli, Tobasco, Plucinsky

Physical Review Letters ’22

Redoutey, Roy, Filipov

International Journal of 
Solids and Structures ’21

Dudte, Vouga, Tachi, Mahadevan

Nature Materials ’16

ARTICLES NATUREMATERIALS DOI: 10.1038/NMAT4540

Mountain fold
Valley foldFree node

Fixed node

Flat unit cells Folded unit cells

Quad planarity

Interior angle sum

a

c

b

d

Standard Miura cell

Modified Miura cell

2α
1α

4α

3α

Figure 1 | Geometry of generalized Miura-ori. a, Planar periodic Miura-ori. b, Standard (top) and modified (bottom) Miura-ori unit cells showing the
mountain–valley folds. c, Mountain/valley fold orientations and the pattern of fixed/free nodes for the numerical optimization method. Grey shaded area
represents one unit cell. d, Constraints at nodes and facets. Facet (quad) planarity implies that the volume of the tetrahedron defined by each quad will
vanish. Developability requires that

P4
i ↵i=2⇡ and local flat-foldability requires ↵1 +↵3 =↵2 +↵4 =⇡ (Kawasaki’s theorem).
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Figure 2 | Optimal calculated origami tessellations and their physical paper analogues. Optimal calculated origami tessellations (a–f) and their physical
paper analogues (g–l). a,g, Logarithmic spiral—zero Gauss curvature (generalized cylinder). b,h, Sphere—positive Gauss curvature. c,i, Hyperbolic
paraboloid—negative Gauss curvature. d,j, Pill—cylindrical waist with positively curved caps. e,k, Candlestick—cylindrical waist with negatively curved
caps. f,l, Vase—positively curved base with negatively curved neck.

must satisfy two additional constraints to be an embedding of a
generalized Miura-ori tessellation: each face must be planar, and
the neighbourhood of each vertex must be developable—that is, the
interior angles around that vertex must sum to 2⇡ (Fig. 1d).

Inverse origami design
A generalized Miura-ori tessellation is guaranteed to possess some,
but not all, of the four geometric properties of the regular Miura-ori

pattern. An arbitrary unit cell has only one degree of freedom, and
this local property guarantees that the global Miura-ori pattern, if
it is rigid-foldable at all, must have only one degree of freedom.
Moreover, because each unit cell must consist of three valley and
one mountain crease, or vice versa, it must fold with negative
Poisson’s ratio. Unfortunately, no local condition is known for
whether an origami pattern is flat-foldable; indeed it has been
shown23 that the problem of determining global flat-foldability is

584

© 2016 Macmillan Publishers Limited. All rights reserved

NATUREMATERIALS | VOL 15 | MAY 2016 | www.nature.com/naturematerials

ARTICLES NATUREMATERIALS DOI: 10.1038/NMAT4540

Mountain fold
Valley foldFree node

Fixed node

Flat unit cells Folded unit cells

Quad planarity

Interior angle sum

a

c

b

d

Standard Miura cell

Modified Miura cell

2α
1α

4α

3α

Figure 1 | Geometry of generalized Miura-ori. a, Planar periodic Miura-ori. b, Standard (top) and modified (bottom) Miura-ori unit cells showing the
mountain–valley folds. c, Mountain/valley fold orientations and the pattern of fixed/free nodes for the numerical optimization method. Grey shaded area
represents one unit cell. d, Constraints at nodes and facets. Facet (quad) planarity implies that the volume of the tetrahedron defined by each quad will
vanish. Developability requires that

P4
i ↵i=2⇡ and local flat-foldability requires ↵1 +↵3 =↵2 +↵4 =⇡ (Kawasaki’s theorem).

a d

g j k lh i

b e fc

5 cm 5 cm 20 cm 20 cm10 cm10 cm

Figure 2 | Optimal calculated origami tessellations and their physical paper analogues. Optimal calculated origami tessellations (a–f) and their physical
paper analogues (g–l). a,g, Logarithmic spiral—zero Gauss curvature (generalized cylinder). b,h, Sphere—positive Gauss curvature. c,i, Hyperbolic
paraboloid—negative Gauss curvature. d,j, Pill—cylindrical waist with positively curved caps. e,k, Candlestick—cylindrical waist with negatively curved
caps. f,l, Vase—positively curved base with negatively curved neck.

must satisfy two additional constraints to be an embedding of a
generalized Miura-ori tessellation: each face must be planar, and
the neighbourhood of each vertex must be developable—that is, the
interior angles around that vertex must sum to 2⇡ (Fig. 1d).

Inverse origami design
A generalized Miura-ori tessellation is guaranteed to possess some,
but not all, of the four geometric properties of the regular Miura-ori

pattern. An arbitrary unit cell has only one degree of freedom, and
this local property guarantees that the global Miura-ori pattern, if
it is rigid-foldable at all, must have only one degree of freedom.
Moreover, because each unit cell must consist of three valley and
one mountain crease, or vice versa, it must fold with negative
Poisson’s ratio. Unfortunately, no local condition is known for
whether an origami pattern is flat-foldable; indeed it has been
shown23 that the problem of determining global flat-foldability is

584

© 2016 Macmillan Publishers Limited. All rights reserved

NATUREMATERIALS | VOL 15 | MAY 2016 | www.nature.com/naturematerials

Singal, Dimitriyev, Gonzalez, Cachine, Quinn, Matsumoto

Nature Communications ’24

Niu, Dion, Kamien

PNAS ’25

What is a mechanical metamaterial?



A many-body system with elastic interactions 
and unusual bulk properties (e.g., negative Poisson’s ratio)

Lubensky, Kane, Mao, Souslov, Sun

Reports on Progress in Physics ’15

CONTENTS 5

(a) (b)

Figure 2. (a) packed discs of two sizes just above the jamming transition. The
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pack the particles at z > zc (courtesy of Carl Goodrich). (b) A representative
bond-diluted lattice near the rigidity percolation threshold of zc ≈ 3.96.
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Though the transition to elastic stability in both rigidity percolation and jamming

occurs at or near the Maxwell critical point z = zc, properties at and above the two
transitions are quite different. Presumably, the difference is a reflection of the different
geometrical arrangements of the Maxwell lattices at or near the two transitions. An
interesting question then is what precisely are the differences. Can they be quantified,
and if so how? These questions then raise a broader question of whether there are
wider classes of Maxwell frames that lead to elastic and vibrational structure different
from those of the percolation and jamming lattices. As a first step toward answering
that question, it is useful to study periodic Maxwell lattices, like the square and
kagome lattices shown in figure 3 with NN bonds and z = 2d = 4, and the reduced
coordination lattices they spawn when bonds are cut to create free surfaces. They
can easily be moved away from the Maxwell limit toward greater rigidity by uniformly
[45] or randomly [46] adding further neighbor bonds, and they have an advantage
that they lend themselves to exact calculations of elastic response both in the uniform
and random systems (via effective medium theory). In addition, in spite of their
simplicity, they present a surprisingly rich phenomenology that inform us generally
about Maxwell frames.
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Figure 2. (a) packed discs of two sizes just above the jamming transition. The
dark red lines are chains of force that are a response to the pressure required to
pack the particles at z > zc (courtesy of Carl Goodrich). (b) A representative
bond-diluted lattice near the rigidity percolation threshold of zc ≈ 3.96.
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Figure 3. (a) Square, (b) distorted square, (c) kagome lattice, and (d) twisted
kagome lattice

lT .
Though the transition to elastic stability in both rigidity percolation and jamming

occurs at or near the Maxwell critical point z = zc, properties at and above the two
transitions are quite different. Presumably, the difference is a reflection of the different
geometrical arrangements of the Maxwell lattices at or near the two transitions. An
interesting question then is what precisely are the differences. Can they be quantified,
and if so how? These questions then raise a broader question of whether there are
wider classes of Maxwell frames that lead to elastic and vibrational structure different
from those of the percolation and jamming lattices. As a first step toward answering
that question, it is useful to study periodic Maxwell lattices, like the square and
kagome lattices shown in figure 3 with NN bonds and z = 2d = 4, and the reduced
coordination lattices they spawn when bonds are cut to create free surfaces. They
can easily be moved away from the Maxwell limit toward greater rigidity by uniformly
[45] or randomly [46] adding further neighbor bonds, and they have an advantage
that they lend themselves to exact calculations of elastic response both in the uniform
and random systems (via effective medium theory). In addition, in spite of their
simplicity, they present a surprisingly rich phenomenology that inform us generally
about Maxwell frames.
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must satisfy two additional constraints to be an embedding of a
generalized Miura-ori tessellation: each face must be planar, and
the neighbourhood of each vertex must be developable—that is, the
interior angles around that vertex must sum to 2⇡ (Fig. 1d).

Inverse origami design
A generalized Miura-ori tessellation is guaranteed to possess some,
but not all, of the four geometric properties of the regular Miura-ori

pattern. An arbitrary unit cell has only one degree of freedom, and
this local property guarantees that the global Miura-ori pattern, if
it is rigid-foldable at all, must have only one degree of freedom.
Moreover, because each unit cell must consist of three valley and
one mountain crease, or vice versa, it must fold with negative
Poisson’s ratio. Unfortunately, no local condition is known for
whether an origami pattern is flat-foldable; indeed it has been
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must satisfy two additional constraints to be an embedding of a
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the neighbourhood of each vertex must be developable—that is, the
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General soft modes look locally mechanistic
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General soft modes look locally mechanistic
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General soft modes look locally mechanistic

�ye↵(x) = R(⇠(x))A(�(x)).

Homogenization rule:
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A(⇠) = shape change tensor
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Experiments vs. PDE solutions
�ye↵(x) = R(⇠(x))A(�(x)).
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In general: hyperbolic = pos. Poisson’s ratio / elliptic = neg. Poisson’s ratio



FEM sims of mechanism gradient theory

monotonically as a function of increasing c1/c0, and hinge elasticity cannot be ignored at large values of
stretch for this sample. Also, the ratio c1/c0 = 10�2 provides a good fit to our experimental data. We use
c1/c0 = 10�2 from here on when comparing the deformed rotating-squares sample to analogous simulations.

5.3. Heterogeneous loading

We turn now to a comparison between FEM simulations of the model and experiments under complex
loading conditions. We perform the FEM simulations in Abaqus/Standard using the UEL subroutine
developed in Section 4.2: a 2D square domain non-dimensionalized to have unit length is meshed by
1600 (8 node quadratic quadrilateral) user elements and is subjected to various displacement boundary
conditions. The model has three moduli c0, c1, c2 which need to be supplied for the two samples, along
with the cell parameters ↵ and � from Fig. 5. We normalize the elasticity by c0; this choice influences the
overall magnitude of the stresses, but not the predicted deformation. (Generally, c0 can be determined by
an experimental force-displacement curve. We do not report its value here, since friction makes it di�cult
to accurately measure such curves for large, soft kirigami samples.) Lastly, we fit the ratios c1/c0 and c2/c0
so as to accurately capture the response of a broad range of experiments. For simplicity, the fit is done by
trial and error for a variety of boundary conditions. Each simulation typically takes less than minute on a
standard laptop, so this approach is not tedious or di�cult. In the following comparison, we use

(Rotating-Squares:) c1/c0 = 10�2, c2/c0 = 5⇥ 10�5,

(Hyperbolic Pattern:) c1/c0 = 3⇥ 10�2, c2/c0 = 10�4.
(30)

One should not extrapolate these values to other samples. We expect c1/c0 and c2/c0 to vary for patterns
fabricated with a di↵erent number of cells or hinge-panel dimensions, even if the unit cell geometry and

Fig. 7. Experiments and simulations of rotating-squares sample. Three boundary conditions are applied: (a) pulling along
diagonal line; (b) pulling along centerline; (c) pulling a center point with opposite corner points fixed. L is the undeformed
sample length. Color maps show the slit actuation angle ⇠, extracted from the experiment per Appendix B.
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Fig. 8. Experiments and simulations of the hyperbolic sample. Three boundary conditions are applied: (a) pulling along
diagonal line; (b) pulling along centerline; (c) pulling a center point with opposite corner points fixed. L is the undeformed
sample length. Color maps show the slit actuation angle ⇠, extracted from the experiment per Appendix B.

underlying material are otherwise the same. As discussed in Section 3.1, basic physical reasoning suggests
c1/c0 scales as ⇠ �2/`2 and c2/c0 as ⇠ `2/L2 [27, 32, 43] (up to a log factor [45]).

With Figs. 7-8, we demonstrate numerical simulations that accurately capture the heterogeneous engi-
neering scale response of the two kirigami patterns under complex boundary conditions. We consider, in
particular, three boundary conditions: pulling along diagonal line (Figs. 7-8(a)), pulling along centerline
(Figs. 7-8(b)), and pulling a center point with the opposite corner points fixed (Figs. 7-8(c)). Each such
loading leads to a soft response in the two experimental patterns, far from any pure mechanism.

Some general features emerge from the experiments. In the rotating-squares sample, slit actuation
quickly decays in arcs around the loading points. In the hyperbolic sample, slit actuation instead radiates
from the loaded boundary, yielding large bands of actuation within the sample’s bulk. This “decay versus
persistence” in actuation a�rms the link to Poisson’s ratio derived in Ref. [43] and discussed in Section
3.3 and Section 5.1. Our simulations capture these general features, as well as finer details.

With the moduli parameters of the model given by Eq. (30), we carry out simulations by matching the
boundary conditions of the three experiments for each sample. (These boundary conditions include the
displacements where the sample is loaded, as well as the natural traction-free and ⇠ boundary conditions
in Eq. (21)). The simulations are shown on the bottom row of Fig. 7 and Fig. 8, and each recovers the
pattern’s engineering scale response on the top row. As the figures highlight, the solved-for slit actuation
agrees qualitatively with that of the experiments. Table 1 also compares various metrics of the normed
di↵erence in boundary displacement between the experimental and simulation results. The agreement is
quantitatively excellent. Each pattern is subject to roughly 10� 30% engineering strain, yet the boundary
discrepancies are but a fraction of the length of a unit cell.
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µ = shear modulus
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Mismatch in lengths + confinement -> patterns
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Fig. 1. (A–D) Examples of GIC of thin sheets/shells. (A) Circular sheet in a spherical stamp. Reprinted with permission from ref. 6. Copyright 2012 by the
American Physical Society. (B) Top view of conical sheet confined between rigid, planar plates. Image courtesy of Eran Sharon (The Hebrew University of
Jerusalem, Jerusalem). (C) Top view of simulated flat sheet confined to a “spherical Winkler” substrate (schematically drawn in G and H). (D) A polygonal
patch cut from a thin spherical shell floated at a (planar) air/liquid interface. Image courtesy of O. Albarrán (Max Planck Institute for Dynamics and Self-
Organization, Göttingen, Germany), D. V. Todorova (University of Pennsylvania, Philadelphia), E. Katifori (University of Pennsylvania, Philadelphia), and
L. Goehring (Nottingham Trent University, Nottingham, United Kingdom). (E and F) A schematic of the system shown in A. (G and H) A schematic of the
spherical Winkler model in C. A thin sheet is attached to a sphere made of N � 1 radial harmonic springs, with rest length R and spring constant 4⇡R
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Ksub/N.

Gsub =R�2 >Gtar =0. Considering t ⌧ �⌧W ⌧R, the con-
finement strength and bendability are conveniently defined
as:

��1 =
⇣

W 2/2R
�

⌘
2 ; ✏�1 =

⇣
W 2/2R

t

⌘
2. [3]

When �&W 2/R (i.e., ��1 . 1), the wide gap requires no deflec-
tion, and the sheet remains flat (i.e., no confinement). If the
gap is sufficiently small (i.e., ��1 & ✏�1), the stamp imposes per-
fect spherical shape, requiring a “bare” geometric strain "bare⇠
(W /R)2, due to the elongation of its longitudes and shorten-
ing of latitudes. Our study focuses on the intermediate regime,
✏�1 ���1 � 1, in which the sheet shape is strongly sensitive
to confinement, but can relieve the energetically costly strain
down to a residual value, "res ⌧ "bare, through deflections within
the gap that are only penalized by their bending cost. We pro-
pose that these elastic deformations are described by a variant
of Eq. 1:

Gauss-Euler elastica : �Ubend =0; subject toUstrain/Ubend ! 0,

[4]

where “!” refers to the doubly asymptotic limit of high
bendability and strong confinement, ✏�1 ���1 � 1.

Eq. 4 describes an energy-minimization problem that is dom-
inated by bending, while being constrained by the high cost of
strain, much like the original elastica problem, but with two
key and nontrivial distinctions. First, the minimization princi-
ple, �Ubend =0, means that, despite the presence of Gaussian
curvature, the elastic energy is dominated by bending rather
than strain; thus, Eq. 4 is closer to Euler’s elastica (1) than to
the generic FvK problem (2). Second, the suppression of strain
that is expressed as an exact isometry constraint (Ustrain =0) in
Euler’s elastica is now imposed in a weaker, asymptotic manner
(Ustrain/Ubend ! 0). Again, this latter distinction derives from
the unavoidable distortion of a confined solid from its intrinsic
metric due to a confining topography with Gsub 6=Gtar. We will
show that the ratio Ustrain/Ubend, and the deformed shape of
the confined solid, are controlled by the confinement strength
and bendability parameters, ��1 and ✏�1, yielding distinct types
of energy minimizers at various sectors of the parameter regime,
✏�1 ���1 � 1.

We commence with a simpler model of a 2D sheet attached
to a ball of stiff, radial springs (8–10). The relative simplicity of
this “minimal” GIC problem enables a pedagogic exposition and
an explicit derivation of the principle (4), which we then use to
study spherical stamping.

Spherical Winkler Foundation
Consider a circular solid sheet of thickness t and radius W , made
of Hookean solid of Young’s modulus E , with stretching and
bending moduli, Y =Et and B /Yt2, respectively. The sheet is
attached to a stiff spherical surface of radius R; deflections away
from the substrate are penalized by N radial, uniformly spaced
harmonic springs, each spring with constant 4⇡R2Ksub/N (Fig. 1
G and H). The energy density (per area), u , of the system is
written schematically as:

u = ustrain + ubend + usub , [5]

where ustrain⇠Y · (strain)2 , ubend⇠B · (curvature)2 , and
usub⇠Ksub · (deflection)2 . The strain and curvature tensors, "ij
and ij , respectively, are given in terms of the in-plane displace-
ments, ur , u✓ , and normal deflection ⇣ of the sheet from its rest,
planar state (SI Appendix). Here, the two dimensionless groups
that quantify the strength of confinement and bendability of the
sheet are defined as (8, 9):

��1 =
KsubR

2

Y
; ✏�1 =

YW 4

BR2
⇠
✓
W 2

tR

◆
2 . [6]

The physical meaning of these parameters can be grasped
by considering an ideal, axisymmetric deformation of the sys-
tem. If Ksub is very small, the sheet remains nearly planar,
and the energetic cost of flattening the substrate beneath it
is usub ⇠Ksub(W
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R )2, whereas if Ksub is large, the substrate is
barely deformed, and the sheet conforms to its spherical shape
with characteristic energies, ubend ⇠B/R2 and ustrain ⇠Y "2bare
[where "bare ⇠ (W /R)2]. In this light, the dimensionless param-
eters in Eq. 6 are seen as the ratios ��1 ⇠ usub

ustrain
, ✏�1 ⇠ ustrain

ubend
.

Here, we focus on the regime:
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Fig. 1. (A–D) Examples of GIC of thin sheets/shells. (A) Circular sheet in a spherical stamp. Reprinted with permission from ref. 6. Copyright 2012 by the
American Physical Society. (B) Top view of conical sheet confined between rigid, planar plates. Image courtesy of Eran Sharon (The Hebrew University of
Jerusalem, Jerusalem). (C) Top view of simulated flat sheet confined to a “spherical Winkler” substrate (schematically drawn in G and H). (D) A polygonal
patch cut from a thin spherical shell floated at a (planar) air/liquid interface. Image courtesy of O. Albarrán (Max Planck Institute for Dynamics and Self-
Organization, Göttingen, Germany), D. V. Todorova (University of Pennsylvania, Philadelphia), E. Katifori (University of Pennsylvania, Philadelphia), and
L. Goehring (Nottingham Trent University, Nottingham, United Kingdom). (E and F) A schematic of the system shown in A. (G and H) A schematic of the
spherical Winkler model in C. A thin sheet is attached to a sphere made of N � 1 radial harmonic springs, with rest length R and spring constant 4⇡R

2
Ksub/N.

Gsub =R�2 >Gtar =0. Considering t ⌧ �⌧W ⌧R, the con-
finement strength and bendability are conveniently defined
as:

��1 =
⇣

W 2/2R
�

⌘
2 ; ✏�1 =

⇣
W 2/2R

t

⌘
2. [3]

When �&W 2/R (i.e., ��1 . 1), the wide gap requires no deflec-
tion, and the sheet remains flat (i.e., no confinement). If the
gap is sufficiently small (i.e., ��1 & ✏�1), the stamp imposes per-
fect spherical shape, requiring a “bare” geometric strain "bare⇠
(W /R)2, due to the elongation of its longitudes and shorten-
ing of latitudes. Our study focuses on the intermediate regime,
✏�1 ���1 � 1, in which the sheet shape is strongly sensitive
to confinement, but can relieve the energetically costly strain
down to a residual value, "res ⌧ "bare, through deflections within
the gap that are only penalized by their bending cost. We pro-
pose that these elastic deformations are described by a variant
of Eq. 1:

Gauss-Euler elastica : �Ubend =0; subject toUstrain/Ubend ! 0,

[4]

where “!” refers to the doubly asymptotic limit of high
bendability and strong confinement, ✏�1 ���1 � 1.

Eq. 4 describes an energy-minimization problem that is dom-
inated by bending, while being constrained by the high cost of
strain, much like the original elastica problem, but with two
key and nontrivial distinctions. First, the minimization princi-
ple, �Ubend =0, means that, despite the presence of Gaussian
curvature, the elastic energy is dominated by bending rather
than strain; thus, Eq. 4 is closer to Euler’s elastica (1) than to
the generic FvK problem (2). Second, the suppression of strain
that is expressed as an exact isometry constraint (Ustrain =0) in
Euler’s elastica is now imposed in a weaker, asymptotic manner
(Ustrain/Ubend ! 0). Again, this latter distinction derives from
the unavoidable distortion of a confined solid from its intrinsic
metric due to a confining topography with Gsub 6=Gtar. We will
show that the ratio Ustrain/Ubend, and the deformed shape of
the confined solid, are controlled by the confinement strength
and bendability parameters, ��1 and ✏�1, yielding distinct types
of energy minimizers at various sectors of the parameter regime,
✏�1 ���1 � 1.

We commence with a simpler model of a 2D sheet attached
to a ball of stiff, radial springs (8–10). The relative simplicity of
this “minimal” GIC problem enables a pedagogic exposition and
an explicit derivation of the principle (4), which we then use to
study spherical stamping.

Spherical Winkler Foundation
Consider a circular solid sheet of thickness t and radius W , made
of Hookean solid of Young’s modulus E , with stretching and
bending moduli, Y =Et and B /Yt2, respectively. The sheet is
attached to a stiff spherical surface of radius R; deflections away
from the substrate are penalized by N radial, uniformly spaced
harmonic springs, each spring with constant 4⇡R2Ksub/N (Fig. 1
G and H). The energy density (per area), u , of the system is
written schematically as:

u = ustrain + ubend + usub , [5]

where ustrain⇠Y · (strain)2 , ubend⇠B · (curvature)2 , and
usub⇠Ksub · (deflection)2 . The strain and curvature tensors, "ij
and ij , respectively, are given in terms of the in-plane displace-
ments, ur , u✓ , and normal deflection ⇣ of the sheet from its rest,
planar state (SI Appendix). Here, the two dimensionless groups
that quantify the strength of confinement and bendability of the
sheet are defined as (8, 9):

��1 =
KsubR

2

Y
; ✏�1 =

YW 4

BR2
⇠
✓
W 2

tR

◆
2 . [6]

The physical meaning of these parameters can be grasped
by considering an ideal, axisymmetric deformation of the sys-
tem. If Ksub is very small, the sheet remains nearly planar,
and the energetic cost of flattening the substrate beneath it
is usub ⇠Ksub(W

2

R )2, whereas if Ksub is large, the substrate is
barely deformed, and the sheet conforms to its spherical shape
with characteristic energies, ubend ⇠B/R2 and ustrain ⇠Y "2bare
[where "bare ⇠ (W /R)2]. In this light, the dimensionless param-
eters in Eq. 6 are seen as the ratios ��1 ⇠ usub

ustrain
, ✏�1 ⇠ ustrain

ubend
.

Here, we focus on the regime:

✏�1 ���1 � 1 =) �⌧ 1 , (✏/�)⌧ 1 , [7]

1484 | www.pnas.org/cgi/doi/10.1073/pnas.1815507116 Davidovitch et al.

image credit to 
Sharon 

video credit to Octavio Albarrán (arXiv:1806.03718)

Curvature-Driven Wrinkling

Hure, Roman 

& Bico

PRL '12


Davidovitch, Sun 
& Grason 

PNAS '19



A B C

E

D

 < 0  > 0

�L = 0

T̂

T̂ T̂

Fig 1. Thin floating shells, 
cut out of a sphere or a saddle

Wrinkle patterns depend on initial shape

 < 0  > 0

 < 0  > 0



A B C

E

D

 < 0  > 0

�L = 0

T̂

T̂ T̂

Fig 1. Thin floating shells, 
cut out of a sphere or a saddle

Wrinkle patterns depend on initial shape

disordered 
wrinkle domain 

ordered 
wrinkle domain

 < 0  > 0

 < 0  > 0



A
 > 0 < 0

C

D F

p

q

r

pq

r

s

t

B

E

A
 > 0 < 0

C

D F

p

q

r

pq

r

s

t

B

E

A B C

E

D

 < 0  > 0

�L = 0

T̂

T̂ T̂

A B C

E

D

 < 0  > 0

�L = 0

T̂

T̂ T̂

Fig 2. Simple geometric rules 
govern ordered/disordered domains

 < 0  > 0

 < 0  > 0

ARTICLES
https://doi.org/10.1038/s41567-022-01672-2

1Department of Mathematics, Statistics and Computer Science, University of Illinois at Chicago, Chicago, IL, USA. 2Department of Physics, Syracuse 
University, Syracuse, NY, USA. 3BioInspired Syracuse: Institute for Material and Living Systems, Syracuse University, Syracuse, NY, USA. 4Department of 
Physics and Astronomy, University of Pennsylvania, Philadelphia, PA, USA. ✉e-mail: itobasco@uic.edu; jdpaulse@syr.edu; katifori@sas.upenn.edu

Dried fruits wrinkle for the same reason that leaves and flow-
ers do, namely mechanical instabilities arising from a mis-
match in lengths1–7. A similar mismatch manifests when a 

thin elastic shell adheres to a substrate of a different shape8–12. Can 
such incompatibilities be used to design and control complex wrin-
kled surfaces at will? Wrinkles have been in the limelight for their 
theoretical importance in understanding geometric nonlinearities 
in elasticity13–20 and also for their practical significance in emerg-
ing engineering applications such as lithography-free micropat-
terning21–24. Yet, despite decades of study, a general predictive 
theory of confinement-induced wrinkling remains elusive. Such 
a theory would enable the creation of targeted yet reconfigurable 
wrinkle patterns and could identify the broadest possible class of 
wrinkle morphologies that can be obtained through geometrically  
incompatible confinement.

Predicting the wrinkling of confined elastic shells is a difficult 
problem of nonlinear mechanics. Basic theoretical issues stem 
from a lack of applied tensile forces that would act to organize the 
response. In problems dominated by tension, the guiding princi-
ple is known as tension field theory25–27, and solving it is the first 
step in the far-from-threshold expansion that has explained many 
tension-driven patterns9,28–32. Organized wrinkles nevertheless man-
ifest in confined shells subject to weak or even zero tensile loads8,16, 
raising the question of what sets their features. Although theoreti-
cal methods beyond tension field theory have been devised19, their 
use requires advance knowledge of the wrinkled topography. Here, 
we show using theory, experiment and simulation that the wrinkles 
of confined shells are in fact predicted by a compact set of simple, 
geometric rules. We derive our rules using a stress-like Lagrange 
multiplier that arises from a maximum coverage problem for the 
macroscopic displacement of the shell (equation (3)).

These rules imply a string of predictions about the nature of 
confinement-driven wrinkling, which we confirm using experi-
ments and simulations over a broad range of parameters and shell 
shapes. As we prove, a typical shell exhibits finitely many, ordered 
wrinkle domains where the wrinkle layout is robust. The theory also 
anticipates the existence of disordered wrinkle domains, whose local 

features behave stochastically but whose location is well defined (Fig. 
1a,b). Second, the arrangement of these domains, and their division 
into ordered versus disordered, is fundamentally tied to the shell’s 
medial axis, a distinguished locus of points from geometry. Third, 
although the wrinkle amplitude depends on the details of the shell’s 
natural Gaussian curvature, within an ordered domain, the wrinkle 
topography actually depends only on its sign. Finally and perhaps 
most surprisingly, the wrinkle domains of oppositely curved shells 
are reciprocally related, so that the response of a given shell can be 
deduced from another. Although our study focuses on the model 
problem of a shallow shell confined to a plane, we imagine that a 
similar approach can be taken to understand confinement-driven 
patterns more generally, including ones arising from differential 
growth or in response to external stimuli15,33,34. We turn to introduce 
the setup of our study and to state our rules.

Confined shells. A prototypical setup for confinement-driven 
wrinkling is shown in Fig. 1a,b, where square domains are cut 
out from a thin saddle shell or spherical cap and are confined to 
an initially planar liquid bath. By Gauss’s theorema egregium, no 
length-preserving map exists from a curved surface to the plane. 
Here, this geometric incompatibility manifests as a mechanical 
instability producing a wrinkle pattern. Figure 3 shows similar 
wrinkles obtained by altering the cutout shape from a square to a 
triangle, rectangle, ellipse or some other shape altogether. The lay-
out of the resulting patterns depends strongly on the chosen cutout 
shape, as well as on the sign of the shell’s initial Gaussian curvature κ,  
which is negative for saddle cutouts and positive for spherical ones. 
Complicating things further, the typical spherical shell exhibits a 
mixed ‘ordered–disordered’ response. In disordered regions, such as 
the central diamonds in Fig. 1b, the response is sensitive to pertur-
bations and changes between trials. In ordered regions, the wrinkles 
are robust and repeatable.

To decipher this zoo of patterns, look first at the wrinkles of the 
saddle cutouts in Figs. 1–3 (κ < 0). Apparently, their wrinkles fall 
along paths of quickest exit from the cut-out shape. Such paths are 
line segments that meet the boundary perpendicularly and meet 
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Complex textured surfaces occur in nature and industry, from fingerprints to lithography-based micropatterns. Wrinkling by 
confinement to an incompatible substrate is an attractive way of generating reconfigurable patterned topographies, but con-
trolling the often asymmetric and apparently stochastic wrinkles that result remains an elusive goal. Here, we describe a new 
approach to understanding the wrinkles of confined elastic shells, using a Lagrange multiplier in place of stress. Our theory 
reveals a simple set of geometric rules predicting the emergence and layout of orderly wrinkles, and explaining a surprisingly 
generic co-existence of ordered and disordered wrinkle domains. The results agree with numerous test cases across simulation 
and experiment and represent an elementary geometric toolkit for designing complex wrinkle patterns.
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wrinkle morphologies that can be obtained through geometrically  
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The Theory of Locking Materials*

ARIS PHILLIPS, Department of Civil Engineering, Yale University,
New Haven, Connecticut

I. Introduction

According to the nomenclature introduced by Prager,' materials
may be classified into soft and hard. For a soft material the stress
increment required to produce a specified strain increment diminishes
with increasing deformation. For a hard material this stress incre-
ment grows as the deformation proceeds. Examples of the two types
of materials are aluminum, which is a soft material, and cellular rub-
ber, which is a hard material.

BAcrol-----------'-'--

Figure 1.

An extreme case of a soft material is the rigid-plastic one, Figure 1
(line A). For such a material the stress increases up to the yield
stress 0'0 without any strain, and then the stress stays at 0'0 while the
strain can increase to any value. An extreme case of a hard material
• The results presented in this paper were obtained in the course of research

sponsored by the Office of Naval Research.
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On Ideal Locking Materials

WILLIAM PRAGER, Broum University, Providence, R. I.

I. INTRODUCTION

Stress analyses in engineering are most frequenrly based on the
linear theory of elastir-ity, though deviations from the linear strcss-
strain law are observed for practically all engineering materials.
Depending on the character of these deviations, materials may be

classified as soft 01' hard. For a soft material, the stress increment re-
quired to produce a sper-ified strain inerement diminishes with pro-
gressing deformation; for a hard material, on the other hand, this
stress increment grows as the deformation proceeds. Examples of
these two types of rnechanical behavior are provided by the structural
metals (steel 01' aluminurn) and the materials used for package cush-
ioning! (excelsior 01' foam rubber).
The perfectly plastic solid" exhibits an extreme type of soft be-

havior: once a certain stress level (called the yield limit) has been
reached, deformation may proeeed under a constant state of stress.
Since the theory of perfeetly plastic solids has proved useful in es-
tahlishing a qualitative understanding of the mechanical behavior of
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Locking stress Lagrange multiplier,  
convex Airy potential
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Consequences of  
the locking stress theory
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